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In this new edition we have sought to reflect the changing emphasis in the applica-
tions of molecular quantum mechanics and to make the text more accessible 
without sacrificing rigour. We describe below the key features used to achieve this 
aim. There are many new organizational and content changes throughout. All 
the artwork has been redrawn and augmented.

We have introduced and placed brief Mathematical background sections 
following the chapter where a particular mathematical technique is used for the 
first time. The Further information sections of the previous edition have either 
been incorporated into the Mathematical background sections or moved to the 
end of the chapter to which they most directly relate. New Further information
sections, such as one on the Thomas–Fermi method (Chapter 7), have also been 
introduced. Subsections have been added to the chapters to help make the mater-
ial more digestible. A lot of material has been shipped to diCerent locations to 
make the exposition more systematic, to improve its flow, or to remove diAcult
material from early parts of the text.

Problem solving is always a diAcult but important area, and we have paid 
special attention to helping students. In the chapters we have made extensive use 
of brief illustrations to provide quick and succinct examples of the use of equa-
tions, in some cases simply to establish the order of magnitude of a property and 
not leave it as an abstract entity. As in previous editions, there are numerous 
Worked examples, which require a more detailed approach; they are accom-
panied by Self-tests, which let readers test their grasp of the approach in a related 
problem. To provide a more gentle series of tests at the end of each chapter we 
have divided the questions into straightforward Exercises and more demanding 
Problems. Answers to numerical questions are given at the end of the book. A 
Student’s solutions guide provides more detailed solutions to designated Exercises
and Problems, and an Instructor’s guide provides detailed solutions to them all. 
Both guides are available in the book’s Online Resource Centre.1

One almost entirely rewritten chapter on computational chemistry (Chapter 9) 
deals in detail with density functional theory, one of the most widely used current 
techniques. We have adopted the novel pedagogical device of developing the 
theory around the H2 molecule, which though too simple to be of much profes-
sional interest has the advantage that the approach can be illustrated in explicit 
detail, so illustrating exactly what otherwise obscure computer programs are 
achieving. Computational problems that are best solved by using software are 
available on the website.1,2

We have encouraged readers to develop their understanding by using inter-
active spreadsheets on the website, which provide opportunities to explore 
numerous equations presented in the text by substituting numerical values for 
variable parameters.
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0.1 Black-body radiation 1

0.2 Heat capacities 2

0.3 The photoelectric and 
Compton effects 3

0.4 Atomic spectra 4

0.5 The duality of matter 5

Introduction and orientation

There are two approaches to quantum mechanics. One is to follow the historical 
development of the theory from the fi rst indications that the whole fabric of classical 
mechanics and electrodynamics should be held in doubt to the resolution of the problem 
in the work of Planck, Einstein, Heisenberg, Schrödinger, and Dirac. The other is to stand 
back at a point late in the development of the theory and to see its underlying 
theoretical structure. The fi rst is interesting and compelling because the theory is seen 
gradually emerging from confusion and dilemma. We see experiment and intuition jointly 
determining the form of the theory and, above all, we come to appreciate the need for 
a new theory of matter. The second, more formal approach is exciting and compelling 
in a diff erent sense: there is logic and elegance in a scheme that starts from only a few 
postulates, yet reveals as their implications are unfolded, a rich, experimentally verifi able 
structure.

This book takes that latter route through the subject. However, to set the scene we 
shall take a few moments to review the steps that led to the revolutions of the early 
twentieth century, when some of the most fundamental concepts of the nature of 
matter and its behaviour were overthrown and replaced by a puzzling but powerful new 
description.

0.1 Black-body radiation

In retrospect—and as will become clear—we can now see that theoretical physics 
hovered on the edge of formulating a quantum mechanical description of matter 
as it was developed during the nineteenth century. However, it was a series of 
experimental observations that motivated the revolution. Of these observations, 
the most important historically was the study of black-body radiation, the 
radiation in thermal equilibrium with a body that absorbs and emits without 
favouring particular frequencies. A pinhole in an otherwise sealed container is 
a good approximation (Fig. 0.1).

Two characteristics of the radiation had been identified by the end of the nine-
teenth century and summarized in two laws. According to the Stefan–Boltzmann
law, the excitance, M, the power emitted divided by the area of the emitting 
region, is proportional to the fourth power of the temperature:

M = sT4 (0.1)

The Stefan–Boltzmann constant, s, is independent of the material from which 
the body is composed, and its modern value is 56.7 nW m−2 K−4. So, a region 
of area 1 cm2 of a black body at 1000 K radiates about 6 W if all frequencies 
are taken into account. Not all frequencies (or wavelengths, with l = c/n),
though, are equally represented in the radiation, and the observed peak moves 
to shorter wavelengths as the temperature is raised. According to Wien’s dis-
placement law,
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lmaxT = constant (0.2)

with the constant equal to 2.9 mm K.
One of the most challenging problems in physics at the end of the nineteenth 

century was to explain these two laws. Each one of them concentrated on finding 
an expression for the energy density E(l),the energy in a region divided by the 
volume of the region, and writing the contribution dE(l) from radiation in the 
wavelength range l to l + dl as

dE(l) = rR(l)dl (0.3)

where rR(l) is the spectral density of states at the wavelength l. Lord Rayleigh, 
with minor help from James Jeans,1 brought his formidable experience of classical 
physics to bear on the problem, and formulated the theoretical Rayleigh–Jeans
law for this quantity

rR(l) = 
8pkT
l4

(0.4)

where k is Boltzmann’s constant (k = 1.381 × 10−23 J K−1). This formula summar-
izes the failure of classical physics. Because rR(l) becomes infinite as l approaches 
zero, eqn 0.4 suggests that regardless of the temperature, there should be an 
infinite energy density at very short wavelengths. This absurd result was termed 
by Ehrenfest the ultraviolet catastrophe.

At this point, Planck made his historic contribution. His suggestion was equiva-
lent to proposing that an oscillation of the electromagnetic field of frequency n
could be excited only in steps of energy of magnitude hn, where h is a new fun-
damental constant of nature now known as Planck’s constant. According to this 
quantization of energy, the supposition that energy can be transferred only in 
discrete amounts, the oscillator can have the energies 0, hn, 2hn, . . . , and no 
other energy. Classical physics allowed a continuous variation in energy, so even 
a very high frequency oscillator could be excited with a very small energy: that 
was the root of the ultraviolet catastrophe since short wavelength radiation 
could be emitted at even low temperature. Quantum theory is characterized 
by discreteness in energies (and, as we shall see, of certain other properties), and 
the need for a minimum excitation energy eCectively switches oC oscillators of 
very high frequency, and hence eliminates the ultraviolet catastrophe.

When Planck implemented his suggestion, he derived what is now called the 
Planck distribution for the spectral density of a black-body radiator:

rR(l) = 8phc
l5

e−hc/lkT

1 − e−hc/lkT
(0.5)

This expression, which is plotted in Fig. 0.2, avoids the ultraviolet catastrophe, 
and fits the observed energy distribution extraordinarily well if we take h = 6.626 
× 10−34 J s. Just as the Rayleigh–Jeans law epitomizes the failure of classical 
physics, the Planck distribution epitomizes the inception of quantum theory. It 
began the new century as well as a new era, for it was published in 1900.

0.2 Heat capacities

In 1819, science had a deceptive simplicity. The French scientists Dulong and 
Petit, for example, were able to propose their law that ‘the atoms of all simple 
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1 ‘It seems to me’, said Jeans, ‘that Lord Rayleigh has introduced an unnecessary factor 8 by 
counting negative as well as positive values of his integers.’ (Phil. Mag., 91, 10 (1905).)

Fig. 0.2 The Planck distribution.
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bodies have exactly the same heat capacity’ of about 25 J K−1 mol−1 (in modern 
units). Dulong and Petit’s rather primitive observations, though, were done at 
room temperature, and it was unfortunate for them and for classical physics 
when measurements were extended to lower temperatures and to a wider range 
of materials. It was found that all elements had heat capacities lower than those 
predicted by Dulong and Petit’s law and that the values tended towards zero 
as T → 0.

Dulong and Petit’s law was easy to explain in terms of classical physics by 
assuming that each atom acts as a classical oscillator in three dimensions. The 
calculation predicted that the molar isochoric (constant volume) heat capacity, 
CV,m, of a monatomic solid should be equal to 3R = 24.94 J K−1 mol−1, where R
is the gas constant (R = NAk, with NA Avogadro’s constant). That the heat 
capacities were smaller than predicted was a serious embarrassment. Einstein 
recognized the similarity between this problem and black-body radiation, for if 
each atomic oscillator required a certain minimum energy before it would actively 
oscillate and hence contribute to the heat capacity, then at low temperatures 
some would be inactive and the heat capacity would be smaller than expected. 
He applied Planck’s suggestion for electromagnetic oscillators to the material, 
atomic oscillators of the solid, and deduced the following expression:

CV,m(T) = 3RfE(T) fE(T) = !
@
qE

T
·

eqE/2T

1 − eqE/T
#
$

2

(0.6a)

where the Einstein temperature, qE, is related to the frequency of atomic oscil-
lators by qE = hn/k. The function CV,m(T)/R, which is plotted in Fig. 0.3, provides 
a reasonable fit to experimental heat capacities except at very low temperatures, 
but that can be traced to Einstein’s assumption that all the atoms oscillated with 
the same frequency. When this restriction was removed by Debye, he obtained

CV,m(T) = 3RfD(T) fD(T) = 3A
C

T
qD

D
F

3

�
qD/T

0

x4ex

(ex − 1)2
dx (0.6b)

where the Debye temperature, qD, is related to the maximum frequency of the 
oscillations that can be supported by the solid. This expression gives a very good 
fit to experimental heat capacities.

The importance of Einstein’s contribution is that it complemented Planck’s. 
Planck had shown that the energy of radiation is quantized; Einstein showed that 
matter is quantized too. Quantization appeared to be universal. Neither was able 
to justify the form that quantization took (with oscillators excitable in steps of 
hn), but that is a problem we shall solve later in the text.

0.3 The photoelectric and Compton eff ects

In those enormously productive months of 1905–6, when Einstein formulated 
not only his theory of heat capacities but also the special theory of relativity, he 
found time to make another fundamental contribution to modern physics. His 
achievement was to relate Planck’s quantum hypothesis to the phenomenon of 
the photoelectric eIect, the emission of electrons from metals when they are 
exposed to ultraviolet radiation. The puzzling features of the eCect were that 
the emission was instantaneous when the radiation was applied however low 
its intensity, but there was no emission, whatever the intensity of the radiation, 
unless its frequency exceeded a threshold value typical of each metallic element. 
It was also known that the kinetic energy of the ejected electrons varied linearly 
with the frequency of the incident radiation.

Marginal comment
Using the Worksheet entitled 
Equation 0.6a on this text’s 
website, explore the variation 
of the Einstein molar heat 
capacity with temperature for 
diIerent values of the Einstein 
temperature.
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Einstein pointed out that all the observations fell into place if the electromag-
netic field was quantized, and that it consisted of bundles of energy of magnitude 
hn. These bundles were later named photons by G.N. Lewis, and we shall use that 
term from now on. Einstein viewed the photoelectric eCect as the outcome of a 
collision between an incoming projectile, a photon of energy hn, and an electron 
buried in the metal. This picture accounts for the instantaneous character of the 
eCect, because even one photon can participate in one collision. It also accounted 
for the frequency threshold, because a minimum energy (which is normally 
denoted F and called the ‘work function’ for the metal, the analogue of the ion-
ization energy of an atom) must be supplied in a collision before photoejection 
can occur; hence, only radiation for which hn > F can be successful. The linear 
dependence of the kinetic energy, Ek, of the photoelectron on the frequency of the 
radiation is a simple consequence of the conservation of energy, which implies that

Ek = hn − F (0.7)

If photons do have a particle-like character, then they should possess a linear 
momentum, p. The relativistic expression relating a particle’s energy to its mass 
and momentum is

E2 = m2c4 + p2c2 (0.8)

where c is the speed of light. In the case of a photon, E = hn and m = 0, so

p = hn
c

= h
l

(0.9)

This linear momentum should be detectable if radiation falls on an electron, for 
a partial transfer of momentum during the collision should appear as a change in 
wavelength of the photons. In 1923, A.H. Compton performed the experiment 
with X-rays scattered from the electrons in a graphite target, and found the 
results fitted the following formula for the shift in wavelength, dl = lf − li, when 
the radiation was scattered through an angle q:

dl = 2lC sin2 1
2 q (0.10)

where lC = h/mec is called the Compton wavelength of the electron (lC = 2.426 pm). 
This formula is derived on the supposition that a photon does indeed have a 
linear momentum h/l and that the scattering event is like a collision between two 
particles (Problem 0.12). There seems little doubt, therefore, that electromagnetic 
radiation has properties that classically would have been characteristic of particles.

The photon hypothesis seems to be a denial of the extensive accumulation 
of data that apparently provided unequivocal support for the view that electro-
magnetic radiation is wave-like. By following the implications of experiments and 
quantum concepts, we have accounted quantitatively for observations for which 
classical physics could not supply even a qualitative explanation.

0.4 Atomic spectra

There was yet another body of data that classical physics could not elucidate 
before the introduction of quantum theory. This puzzle was the observation that 
the radiation emitted by atoms was not continuous but consisted of discrete 
frequencies, or spectral lines. The visible spectrum of atomic hydrogen had a very 
simple appearance, and by 1885 J. Balmer had already noticed that their wave-
numbers, â, where â = n/c, fitted the expression

â = RH
A
C

1
22

− 1
n2

D
F (0.11)
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where RH has come to be known as the Rydberg constant for hydrogen (RH =
1.097 × 105 cm−1) and n = 3, 4, . . . . Rydberg’s name is commemorated because he 
generalized this expression to accommodate all the transitions in atomic hydro-
gen, not just those in the visible region of the electromagnetic spectrum. Even more 
generally, the Ritz combination principle states that the frequency of any spectral 
line could be expressed as the diCerence between two quantities, or terms:

â = T1 − T2 (0.12)

This expression strongly suggests that the energy levels of atoms are confined 
to discrete values, because a transition from one term of energy hcT1 to another 
of energy hcT2 can be expected to release a photon of energy hcâ, or hn, equal to 
the diCerence in energy between the two terms: this argument leads directly to 
the expression for the wavenumber of the spectroscopic transitions.

But why should the energy of an atom be confined to discrete values? In clas-
sical physics, all energies are permissible. The first attempt to weld together 
Planck’s quantization hypothesis and a mechanical model of an atom was made 
by Niels Bohr in 1913. By arbitrarily assuming that the angular momentum of 
an electron around a central nucleus (the picture of an atom that had emerged 
from Rutherford’s experiments in 1910) was confined to certain values, he was 
able to deduce the following expression for the permitted energy levels of an 
electron in a hydrogen atom (Problem 0.18):

En = − me4

8h2e2
0

·
1
n2

n = 1,2, . . . (0.13)

where 1/m = 1/me + 1/mp and e0 is the vacuum permittivity, a fundamental con-
stant. This formula marked the first appearance in quantum mechanics of a 
quantum number, here denoted n, which identifies the state of the system and is 
used to calculate its energy. Equation 0.13 is consistent with Balmer’s formula 
(eqn 0.11) and accounted with high precision for all the transitions of hydrogen 
that were then known.

Bohr’s achievement was the union of theories of radiation and models of 
mechanics. However, it was an arbitrary union, and we now know that it is con-
ceptually untenable (for instance, it is based on the view that an electron travels 
in a circular path around the nucleus). Nevertheless, the fact that he was able to 
account quantitatively for the appearance of the spectrum of hydrogen indicated 
that quantum mechanics was central to any description of atomic phenomena 
and properties.

0.5 The duality of matter

The grand synthesis of these ideas and the demonstration of the deep links that 
exist between electromagnetic radiation and matter began with Louis de Broglie, 
who proposed on the basis of relativistic considerations that with any moving body 
there is ‘associated a wave’, and that the momentum of the body and the wave-
length are related by the de Broglie relation:

l = h
p

(0.14)

We have seen this formula already (eqn 0.9), in connection with the properties of 
photons. De Broglie proposed that it is universally applicable.

The significance of the de Broglie relation is that it summarizes a fusion of 
opposites: the momentum is a property of particles; the wavelength is a property 
of waves. This duality, the possession of properties that in classical physics are 



6 | INTRODUCTION AND ORIENTATION

characteristic of both particles and waves, is a persistent theme in the inter-
pretation of quantum mechanics. It is probably best to regard the terms ‘wave’ 
and ‘particle’ as remnants of a language based on a false (classical) model of the 
universe, and the term ‘duality’ as a late attempt to bring the language into line 
with a current (quantum mechanical) model.

The experimental results that confirmed de Broglie’s conjecture are the obser-
vation of the diCraction of electrons by the ranks of atoms in a metal crystal 
acting as a diCraction grating. Davisson and Germer, who performed this experi-
ment in 1925 using a crystal of nickel, found that the diCraction pattern was 
consistent with the electrons having a wavelength given by the de Broglie 
relation. Shortly afterwards, G.P. Thomson also succeeded in demonstrating the 
diCraction of electrons by thin films of celluloid and gold.2

If electrons—if all particles—have wave-like character, then we should expect 
there to be observational consequences. In particular, just as a wave of definite 
wavelength cannot be localized at a point, we should not expect an electron in 
a state of definite linear momentum (and hence wavelength) to be localized at 
a single point. It was pursuit of this idea that led Werner Heisenberg to his 
celebrated uncertainty principle, that it is impossible to specify the location 
and linear momentum of a particle simultaneously with arbitrary precision. In 
other words, information about location is at the expense of information about 
momentum, and vice versa. This complementarity of certain pairs of observables, 
the mutual exclusion of the specification of one property by the specification of 
another, is also a major theme of quantum mechanics, and almost an icon of the 
diCerence between it and classical mechanics, in which the specification of exact 
trajectories (positions and momenta) was a central theme.

The consummation of all this faltering progress came in 1926 when Werner 
Heisenberg and Erwin Schrödinger formulated their seemingly diCerent but 
equally successful versions of quantum mechanics. These days, we step between 
the two formalisms as the fancy takes us, for they are mathematically equivalent, 
and each one has particular advantages in diCerent types of calculation. Although 
Heisenberg’s formulation preceded Schrödinger’s by a few months, it seemed 
more abstract and was expressed in the then unfamiliar vocabulary of matrices. 
Still today it is more suited for the more formal manipulations and deductions 
of the theory, and in the following pages we shall employ it in that manner. 
Schrödinger’s formulation, which was in terms of functions and diCerential
equations, was more familiar in style but still equally revolutionary in implica-
tion. It is more suited to elementary manipulations and to the calculation of 
numerical results, and we shall employ it in that manner. You should already 
be familiar with an application of Schrödinger’s formulation in the case of the 
‘particle in a box’, a particle confined by infinite potential energy walls to a finite 
region of one-dimensional space. Keep the solution of the particle in a box prob-
lem (which we treat in detail in Chapter 2) in mind as we unroll the postulates of 
quantum mechanics in Chapter 1.

‘Experiments’, said Planck, ‘are the only means of knowledge at our disposal. 
The rest is poetry, imagination.’ It is time for that imagination to unfold.

2 It has been pointed out by M. Jammer that J.J. Thomson was awarded the Nobel Prize for 
showing that the electron is a particle, and G.P. Thomson, his son, was awarded the Prize for 
showing that the electron is a wave. (See The conceptual development of quantum mechanics,
McGraw-Hill, New York (1966), p. 254.)
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Exercises

*0.1 Calculate the size of the quanta involved in the 
excitation of (a) an electronic motion of period 1.0 fs, 
(b) a molecular vibration of period 10 fs, and 
(c) a pendulum of period 1.0 s.

*0.2 The peak in the Sun’s emitted energy occurs at 
about 480 nm. Estimate the temperature of its surface 
on the basis of it being regarded as a black-body 
emitter.

*0.3 An unknown metal has a specific heat capacity of 
0.91 J K−1 g−1 at room temperature. Use Dulong and 
Petit’s law to identify the metal.

*0.4 Calculate the energy of 1.00 mol photons of 
wavelength (a) 510 nm (green), (b) 100 m (radio), 
(c) 130 pm (X-ray).

*0.5 Calculate the wavelength of the radiation scattered 
through an angle of 60o when X-rays of wavelength 
25.878 pm impinge upon a graphite target.

*0.6 Calculate the speed of an electron emitted from 
a clean potassium surface (F = 2.3 eV) by light of 
wavelength (a) 300 nm, (b) 600 nm.

*0.7 Compute the highest and lowest wavenumbers of 
the spectral lines in the Balmer series for atomic hydrogen. 
What are the corresponding wavelengths?

*0.8 Compute the energies (in joules and electronvolts) for 
the two lowest energy levels of an electron in a hydrogen 
atom.

*0.9 Calculate the de Broglie wavelength of a tennis ball of 
mass 57 g travelling at 80 km h−1.

Problems

*0.1 Find the wavelength corresponding to the maximum in 
the Planck distribution for a given temperature, and show 
that the expression reduces to the Wien displacement law at 
short wavelengths. Determine an expression for the constant 
in the law in terms of fundamental constants. (This constant 
is called the second radiation constant, c2.)

0.2 Show that the Planck distribution reduces to the 
Rayleigh–Jeans law at long wavelengths.

0.3 Compute the power emitted by the Sun regarding it as 
a black-body radiator at 6 kK; the Sun has a surface area 
of 6 × 1018 m2. What energy is emitted during a 24-hour 
period?

*0.4 Derive the Einstein formula for the heat capacity of 
a collection of harmonic oscillators. To do so, use the 
quantum mechanical result that the energy of a harmonic 
oscillator of force constant kf and mass m is one of the 
values (n + 1/2)hn with n = (1/2p)(kf /m)1/2 and n = 0, 1, 
2, . . . . Hint. Calculate the mean energy, E, of a collection 
of oscillators by substituting these energies into the 
Boltzmann distribution, and then evaluate C = dE/dT.

0.5 Find the (a) low temperature, (b) high temperature 
forms of the Einstein heat capacity function.

0.6 Show that the Debye expression for the heat capacity 
is proportional to T3 as T → 0.

*0.7 Estimate the molar heat capacities of metallic sodium 
(qD = 150 K) and diamond (qD = 1860 K) at room 
temperature (300 K).

0.8 Calculate the molar entropy of an Einstein solid at
T = qE. Hint. The entropy is S(T) = 2T

0 (CV/T)dT. Evaluate 
the integral numerically.

0.9 How many photons would be emitted per second by 
a sodium lamp rated at 100 W which radiated all its energy 
with 100 per cent eAciency as yellow light of wavelength 
589 nm?

*0.10 When ultraviolet radiation of wavelength 195 nm 
strikes a certain metal surface, electrons are ejected at 
1.23 Mm s−1. Calculate the speed of electrons ejected from 
the same metal surface by radiation of wavelength 255 nm.

0.11 At what wavelength of incident radiation do the 
relativistic and non-relativistic expressions for the ejection 
of electrons from potassium diCer by 10 per cent? That is, 
find l such that the non-relativistic and relativistic linear 
momenta of the photoelectron diCer by 10 per cent. 
Use F = 2.3 eV.

0.12 Deduce eqn 0.10 for the Compton eCect on the basis 
of the conservation of energy and linear momentum. Hint.
Use the relativistic expressions. Initially the electron is at 
rest with energy mec

2. When it is travelling with momentum 
p its energy is (p2c2 + m2

ec
4)1/2. The photon, with initial 

momentum h/li and energy hni, strikes the stationary 
electron, is deflected through an angle q, and emerges 
with momentum h/lf and energy hnf. The electron is initially 
stationary (p = 0) but moves oC with an angle q′ to the 
incident photon. Conserve energy and both components 
of linear momentum (parallel and perpendicular to the 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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initial momentum). Eliminate q′, then p, and so arrive at 
an expression for dl.

*0.13 The first few lines of the visible (Balmer) series in 
the spectrum of atomic hydrogen lie at l/nm = 656.46, 
486.27, 434.17, 410.29, . . . . Find a value of RH, the 
Rydberg constant for hydrogen. The ionization energy, I,
is the minimum energy required to remove the electron. 
Find it from the data and express its value in electronvolts 
(1 eV = 1.602 × 10−19 J). How is I related to RH? Hint. The 
ionization limit corresponds to n → ∞ for the final state of 
the electron.

0.14 Use eqn 0.13 for the energy levels of an electron 
in a hydrogen atom to determine an expression for the 
Rydberg constant (as a wavenumber) in terms of 
fundamental constants. Evaluate the Rydberg constant 
(a) using the reduced mass of a hydrogen atom, 
(b) substituting the mass of the electron for the 
reduced mass. (c) What is the percentage diCerence
between the two expressions?

0.15 Derive an expression that could be used to determine 
the mass of a deuteron from the shift in spectral lines of 
1H and 2H.

*0.16 A measure of the strength of coupling between 
the electromagnetic field and an electric charge is the 

fine-structure constant, a = e2/4pHce0. Express the 
Rydberg constant (as a wavenumber) in terms of this 
constant.

0.17 Calculate the de Broglie wavelength of (a) a mass of 
1.0 g travelling at 1.0 cm  s−1, (b) the same at 95 per cent of 
the speed of light, (c) a hydrogen atom at room temperature 
(300 K); estimate the mean speed from the equipartition 
principle, which implies that the mean kinetic energy of 
an atom is equal to 3

2 kT, where k is Boltzmann’s constant, 
(d) an electron accelerated from rest through a potential 
diCerence of (i) 1.0 V, (ii) 10 kV. Hint. For the momentum 
in (b) use p = mv/(l − v2/c2)1/2 and for the speed in (d) use 
1/2mev

2 = eV, where V is the potential diCerence.

0.18 Derive eqn 0.13 for the permitted energy levels for the 
electron in a hydrogen atom. To do so, use the following 
(incorrect) postulates of Bohr: (a) the electron moves in 
a circular orbit of radius r around the nucleus and (b) the 
angular momentum of the electron is an integral multiple 
of H, that is mevr = nH. Hint. Mechanical stability of the 
orbital motion requires that the Coulombic force of 
attraction between the electron and nucleus equals the 
centrifugal force due to the circular motion. The energy of 
the electron is the sum of the kinetic energy and potential 
(Coulombic) energy. For simplicity, use me rather than 
the reduced mass m.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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1The foundations of quantum 
mechanics

The whole of quantum mechanics can be expressed in terms of a small set of postu-
lates. When their consequences are developed, they embrace the behaviour of all known 
forms of matter, including the molecules, atoms, and electrons that will be at the centre 
of our attention in this book. This chapter introduces the postulates and illustrates 
how they are used. The remaining chapters build on them, and show how to apply them 
to problems of chemical interest, such as atomic and molecular structure and the 
properties of molecules. We assume that you have already met the concepts of ‘hamil-
tonian’ and ‘wavefunction’ in an elementary introduction, and have seen the Schrödinger 
equation written in the form

Hy = Ey

This chapter establishes the full signifi cance of this equation and provides a foundation 
for its application in the following chapters. It will also be helpful to bear in mind the solu-
tions of the Schrödinger equation for a particle in a box, which we also presume to be 
generally familiar. In brief, for a particle of mass m in a one-dimensional box of length L:

• The energies are quantized, with En = n2h2/8mL2, n = 1,2, . . .

• The normalized wavefunctions are yn(x) = (2/L)1/2 sin(npx/L)

We use these solutions to illustrate some of the points made in this chapter (they are 
developed formally in Chapter 2). A fi nal preparatory point is that quantum mechanics 
makes extensive use of complex numbers: they are reviewed in Mathematical back-
ground 1 following this chapter.

Operators in quantum mechanics

An observable is any dynamical variable that can be measured. The principal 
mathematical diCerence between classical mechanics and quantum mechanics 
is that whereas in the former physical observables are represented by functions 
(such as position as a function of time), in quantum mechanics they are repre-
sented by mathematical operators. An operator is a symbol for an instruction to 
carry out some action, an operation, on a function. In most of the examples we 
shall meet, the action will be nothing more complicated than multiplication or 
diCerentiation. Thus, one typical operation might be multiplication by x, which 
is represented by the operator x ×. Another operation might be diCerentiation
with respect to x, represented by the operator d /dx. We shall represent operators 
by the symbol W (uppercase omega) in general, but use A, B, . . . when we want 
to refer to a series of operators. We shall not in general distinguish between the 
observable and the operator that represents that observable; so the position of 
a particle along the x-axis will be denoted x and the corresponding operator will 
also be denoted x (with multiplication implied). We shall always make it clear 
whether we are referring to the observable or the operator.
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We shall need a number of concepts related to operators and functions on 
which they operate, and this first section introduces some of the more important 
features.

1.1 Linear operators

The operators we shall meet in quantum mechanics are all linear. A linear oper-
ator is one for which

W(af ) = aWf (1.1)

where a is a constant and f is a function. Multiplication is a linear operation; so 
are diCerentiation and integration. An example of a non-linear operation is that 
of taking the logarithm of a function, because it is not true, for example, that 
log 2x = 2 log x for all x. The operation of taking a square is also non-linear, 
because it is not true, for example, that (2x)2 = 2x2 for all x.

1.2 Eigenfunctions and eigenvalues

In general, when an operator operates on a function, the outcome is another 
function. DiCerentiation of sin x, for instance, gives cos x. However, in certain 
cases, the outcome of an operation is the same function multiplied by a constant. 
Functions of this kind are called ‘eigenfunctions’ of the operator. More formally, 
a function f (which may be complex) is an eigenfunction of an operator W if it 
satisfies an equation of the form

Wf = wf (1.2)

where w is a constant. Such an equation is called an eigenvalue equation. The 
function eax is an eigenfunction of the operator d /dx because (d /dx)eax = aeax,
which is a constant (a) multiplying the original function. In contrast, eax2 is not an 
eigenfunction of d /dx, because (d /dx)eax2 = 2axeax2, which is a constant (2a) times 
a diFerent function of x (the function xeax2). The constant w in an eigenvalue 
equation is called the eigenvalue of the operator W.

Example 1.1 Determining if a function is an eigenfunction

Is the wavefunction y1(x) = (2/L)1/2 sin(px/L) of a particle in a box an eigenfunc-
tion of the operator d2/dx2 and, if so, what is the corresponding eigenvalue?

Method Perform the indicated operation on the given function and see if the func-
tion satisfies an eigenvalue equation. Use (d /dx)sinax = acosax and (d /dx)cosax
= −a sinax.

Answer The operation on the function yields

d2y1(x)
dx2

= A
C
2
L

D
F

1/2 d2sin(px/L)
dx2 = A

C
2
L

D
F

1/2A
C
p
L

D
F

dcos(px/L)
dx

= − AC
2
L

D
F

1/2A
C
p
L

D
F

2

sin(px/L) = −A
C
p
L

D
F

2

y1(x)

and we see that the original function reappears multiplied by a constant, so y1(x)
is an eigenfunction of d2/dx2, and its eigenvalue is −(p/L)2.

Self-test 1.1 Is the function e3x+5 an eigenfunction of the operator d2/dx2 and, if so, 
what is the corresponding eigenvalue?

[Yes; 9]
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An important point is that a general function can be expanded in terms of all 
the eigenfunctions of an operator, a so-called complete set of functions. The func-
tions used to construct a general function are called basis functions. That is, 
if fn is an eigenfunction of an operator W with eigenvalue wn (so Wfn = wnfn), then 
a general function g can be expressed as the linear combination

g = ∑
n

cnfn (1.3)

where the cn are coeAcients and the sum is over a complete set of basis func-
tions fn. For instance, the straight line g = ax can be recreated over a certain range 
(−L/2 ≤ x ≤ L/2) by superimposing an infinite number of sine functions, each of 
which is an eigenfunction of the operator d2/dx2:

g(x) =
A
C
aL
p

D
F

∞

∑
n=1

{(−1)n+1/n}sin(2npx/L)

(The formulation and illustration of expressions like this are described in 
Mathematical background 5 following Chapter 10.) The same function may also 
be constructed from an infinite number of exponential functions, which are 
eigenfunctions of d /dx.

The advantage of expressing a general function as a linear combination of 
a set of eigenfunctions is that it allows us to deduce the eCect of an operator on 
a function that is not one of its own eigenfunctions. Thus, the eCect of W on g in 
eqn 1.3, using the property of linearity, is simply

Wg = W∑
n

cnfn = ∑
n

cnWfn = ∑
n

cnwnfn (1.4)

A special case of these linear combinations is when we have a set of degenerate
eigenfunctions, a set of functions with the same eigenvalue. Thus, suppose that 
f1, f2, . . . , fk are all eigenfunctions of the operator W, and that they all correspond 
to the same eigenvalue w:

Wfn = wfn with n = 1,2, . . . , k (1.5)

Then it is quite easy to show that any linear combination of the functions fn is 
also an eigenfunction of W with the same eigenvalue w. The proof is as follows. 
For an arbitrary linear combination g of the degenerate set of functions, we can 
write

Wg = W 
k

∑
n=1

cnfn =
k

∑
n=1

cnW fn =
k

∑
n=1

cnw fn = w
k

∑
n=1

cnfn = wg (1.6)

This expression has the form of an eigenvalue equation (Wg = wg).

Example 1.2 Demonstrating that a linear combination of degenerate 
eigenfunctions is also an eigenfunction

Show that any linear combination of the complex functions e2ix and e−2ix is an 
eigenfunction of the operator d2/dx2, where i = (−1)1/2.

Method Consider an arbitrary linear combination ae2ix + be−2ix and see if the func-
tion satisfies an eigenvalue equation.

Answer First we demonstrate that e2ix and e−2ix are degenerate eigenfunctions:

d2

dx2
e±2ix = d

dx
(±2ie±2ix) = −4e±2ix

››
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A further technical point is that from N basis functions it is possible to con-
struct N linearly independent combinations. A set of functions g1, g2, . . . , gN is 
said to be linearly independent if we cannot find a set of constants c1, c2, . . . , cN

(other than the trivial set c1 = c2 = · · · = 0) for which

∑
i

cigi = 0 (1.7)

A set of functions that are not linearly independent are said to be linearly depend-
ent. From a set of N linearly independent functions, it is possible to construct 
an infinite number of sets of linearly independent combinations, but each set can 
have no more than N members.

where we have used i2 = −1. Both functions correspond to the same eigenvalue, − 4.
Then we operate on a linear combination of the functions:

d2

dx2
(ae2ix + be−2ix) = −4(ae2ix + be−2ix)

The linear combination satisfies the eigenvalue equation and has the same eigen-
value (− 4) as do the two exponential functions.

Self-test 1.2 Show that any linear combination of the functions sin(3x) and 
cos(3x) is an eigenfunction of the operator d2/dx2.

[Eigenvalue is −9]

A brief illustration

Consider an H1s orbital on each hydrogen atom in NH3, and denote them sA, sB,
and sC. The three linear combinations

2sA − sB − sC 2sB − sC − sA 2sC − sA − sB

are not linearly independent (their sum is zero). Put another way: the third can be 
expressed as the sum of the first two. On the other hand, the linear combinations

2sA − sB − sC sA + sB + sC sB − sC

are linearly independent, and any one cannot be expressed as a sum or diCerence
of the other two. The three p orbitals (px, py, pz) of a shell of an atom are linearly 
independent. It is possible to form any number of sets of linearly independent 
combinations of them, but each set has no more than three members. One such set 
(which will be discussed further in Section 3.15) is

p+1 = − 1
21/2

(px + ipy) p−1 = 1
21/2

(px − ipy) p0 = pz

1.3 Representations

The remaining work of this section is to put forward some explicit forms of the 
operators we shall meet. Much of quantum mechanics can be developed in terms 
of an abstract set of operators, as we shall see later. However, it is often fruitful 
to adopt an explicit form for particular operators and to express them in terms 
of the mathematical operations of multiplication, diCerentiation, and so on. 
DiCerent choices of the operators that correspond to a particular observable give 
rise to the diCerent representations of quantum mechanics, because the explicit 
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forms of the operators represent the abstract structure of the theory in terms of 
actual manipulations.

One of the most common representations is the position representation, in 
which the position operator is represented by multiplication by x (or whatever 
coordinate is specified) and the linear momentum parallel to x is represented by 
diCerentiation with respect to x. Explicitly:

Position representation: x → x × px → H
i
[
[x

(1.8)

where H = h/2π. We replace the partial derivative, [/[x, by an ordinary derivative, 
d /dx, when considering one-dimensional systems in which x is the only variable. 
Why the linear momentum should be represented in precisely this manner is 
explained in the following section. For the time being, it may be taken to be 
a basic postulate of quantum mechanics. An alternative choice of operators is 
the momentum representation, in which the linear momentum parallel to x is 
represented by the operation of multiplication by px and the position operator 
is represented by diCerentiation with respect to px. Explicitly:

Momentum representation: x → −H
i

[
[px

px → px × (1.9)

There are other representations. We shall normally use the position representa-
tion when the adoption of a representation is appropriate, but we shall also see 
that many of the calculations in quantum mechanics can be done independently 
of a representation.

1.4 Commutation and non-commutation

An important feature of operators is that in general the outcome of successive 
operations (A followed by B, which is denoted BA, or B followed by A, denoted 
AB) depends on the order in which the operations are carried out. That is, in 
general BA ≠ AB. We say that, in general, operators do not commute.

A brief illustration

Consider the operators x and px and a specific function x2. In the position 
representation,

(xpx)x
2 = x × H

i
d

dx
x2 = −2iHx2

whereas

(pxx)x2 = H
i

d
dx

x × x2 = −3iHx2

We see that because the outcomes are diCerent, the operators x and px do not 
commute.

The quantity AB − BA is called the commutator of A and B and is denoted 
[A,B]:

[A,B] = AB − BA  (1.10)

It is instructive to evaluate the commutator of the position and linear momentum 
operators in the two representations shown above; the procedure is illustrated in 
the following example.
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The non-commutation of operators is highly reminiscent of the non-commutation 
of matrix multiplication. Indeed, Heisenberg formulated his version of quantum 
mechanics, which is called matrix mechanics, by representing position and linear 
momentum by the matrices x and px, and requiring that xpx − pxx = iH1 where 1
is the unit matrix, a square matrix with all diagonal elements equal to 1 and 
all others 0. (Matrices are discussed in Mathematical background 4 following 
Chapter 5.)

1.5 The construction of operators

Operators for other observables of interest can be constructed from the operators 
for position and momentum. For example, the kinetic energy operator T can be 
constructed by noting that kinetic energy is related to linear momentum by 
T = p2/2m, where m is the mass of the particle and p2 (in general W2) means that 
the operator is applied twice in succession. It follows that in one dimension and 
in the position representation

T = p2
x

2m
= 1

2m
A
C
H
i

d
dx

D
F

2

= − H2

2m
d2

dx2
 (1.11a)

In three dimensions the operator in the position representation is

T = − H2

2m
!
@
[2

[x2
+ [2

[y2
+ [2

[z2
#
$ = − H2

2m
∇2 (1.11b)

The operator ∇2, which is read ‘del squared’ and called the laplacian, is the sum 
of the three second derivatives.

Because the potential energy depends only on position coordinates, the oper-
ator for potential energy of a particle in one dimension, V(x), is multiplication by 
the function V(x) in the position representation. The same is true of the potential 
energy operator in three dimensions. For example, in the position representation 
the operator for the Coulomb potential energy of an electron (charge −e) in the 
field of a nucleus of atomic number Z and charge Ze is the multiplicative operator

Example 1.3 Evaluating a commutator

Evaluate the commutator [x,px] in the position representation.

Method To evaluate the commutator [A,B] we need to remember that the oper-
ators operate on some function, which we shall write f. So, evaluate [A,B]f for 
an arbitrary function f, and then cancel f at the end of the calculation.

Answer Substitution of the explicit expressions for the operators into [x,px] pro-
ceeds as follows:

[x,px]f = (xpx − pxx)f = x × H
i
[f
[x

− H
i
[(xf )
[x

= x × H
i
[f
[x

− H
i

f − x × H
i
[f
[x

= iHf

where we have used (1/i) = −i. This derivation is true for any function f, so in terms 
of the operators themselves, [x,px] = iH. The right-hand side of this expression 
should be interpreted as the operator ‘multiply by the constant iH’.

Self-test 1.3 Evaluate the same commutator in the momentum representation.
[Same]

A brief comment
Although eqn 1.11b has 
explicitly used Cartesian 
coordinates, the relation 
between the kinetic energy 
operator and the laplacian is 
true in any coordinate system; 
for example, spherical polar 
coordinates. These alternative 
versions of the laplacian are 
given in Mathematical
background 3 following 
Chapter 4.



V = − Ze2

4pe0r
(1.12)

where r is the distance from the nucleus to the electron. As here, it is usual to 
omit the multiplication sign from multiplicative operators, but it should not be 
forgotten that such expressions imply multiplications of whatever stands on their 
right.

The operator for the total energy of a system is called the hamiltonian operator
and is denoted H:

H = T + V (1.13)

The name commemorates W.R. Hamilton’s contribution to the formulation of 
classical mechanics in terms of what became known as a hamiltonian function.
To write the explicit form of this operator we simply substitute the appropriate 
expressions for the kinetic and potential energy operators in the chosen represen-
tation. For example, the hamiltonian operator for a particle of mass m moving in 
one dimension is

H = − H2

2m
d2

dx2
+ V(x) (1.14)

where V(x) is the operator for the potential energy. Similarly, the hamiltonian 
operator (from now on, just ‘the hamiltonian’) for an electron of mass me in 
a hydrogen atom is

H = − H2

2me

 ∇2 − e2

4pe0r
(1.15)

The general prescription for constructing operators in the position representa-
tion should be clear from these examples. In short:

1. Write the classical expression for the observable in terms of position co-
ordinates and the linear momentum.

2. Replace x by multiplication by x, and replace px by (H/i)[/[x (and likewise 
for the other coordinates).

1.6 Integrals over operators

When we want to make contact between a calculation done using operators and 
the actual outcome of an experiment, it will turn out that we shall need to evalu-
ate certain integrals. These integrals all have the form

I = � f*mWfn dt (1.16)

where f*m is the complex conjugate (Mathematical background 1) of fm. In this 
integral dt is the volume element. In one dimension, dt can be identified as dx; in 
three dimensions it is dxdydz. The integral is taken over the entire space avail-
able to the system, which is typically from x = −∞ to x = +∞ (and similarly for the 
other coordinates). A glance at the later pages of this book will show that many 
molecular properties are expressed as combinations of integrals of this form 
(often in a notation which will be explained later). Certain special cases of this 
type of integral have special names, and we shall introduce them here.

When the operator W in eqn 1.16 is simply multiplication by 1, the integral is 
called an overlap integral and commonly denoted S:

S = � f*mfn dt (1.17)
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16 | 1 THE FOUNDATIONS OF QUANTUM MECHANICS

It is helpful to regard S as a measure of the similarity of two functions: when 
S = 0, the functions are classified as orthogonal, rather like two perpendicular 
vectors. When S is close to 1, the two functions are almost identical. The recogni-
tion of mutually orthogonal functions often helps to reduce the amount of calcu-
lation considerably, and rules will emerge in later sections and chapters.

The normalization integral is the special case of eqn 1.17 for m = n. A function 
fm is said to be normalized (strictly, normalized to 1) if

� f*mfm dt = 1 (1.18)

The integration here, as (by convention) it always is when dt is used to denote 
the volume element, is over all space. It is almost always easy to ensure that 
a function is normalized by multiplying it by an appropriate numerical factor, 
which is called a normalization factor, typically denoted N and taken to be real 
so that N* = N. We could take N to have any complex phase, but because all 
observables are proportional to N*N, the phase cancels and it is simply conveni-
ent to make N real. The procedure is illustrated in the following example.

Example 1.4 Normalizing a function

The ground state wavefunction of a particle in a box is y1(x) = N sin(px/L) between
x = 0 and x = L and is zero elsewhere. Confirm that N = (2/L)1/2.

Method To find N we substitute this expression into eqn 1.18, evaluate the inte-
gral, and select N to ensure normalization. Note that ‘all space’ in eCect extends 
from x = 0 to x = L because the function is identically zero outside this region.

Answer The necessary integration is

� f*fdt = �
L

0  
N2 sin2(px/L)dx = 1

2LN2

where we have used ∫ sin2 ax dx = (x/2) − (sin 2ax)/4a + constant. For this integral 
to be equal to 1, we require N = (2/L)1/2.

Self-test 1.4 Normalize the function f = eij, where j ranges from 0 to 2p.
[N = 1/(2p)1/2]

A set of functions fn that are (a) normalized and (b) mutually orthogonal are 
said to satisfy the orthonormality condition:

� f*mfn dt = dmn (1.19)

In this expression, dmn denotes the Kronecker delta, which is 1 when m = n and 
0 otherwise.

1.7 Dirac bracket and matrix notation

The appearance of many quantum mechanical expressions is greatly simplified 
by adopting a simplified notation.

(a) Dirac brackets

In the Dirac bracket notation integrals are written as follows:

〈m | W | n〉 = � f*mWfn dt (1.20)
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The symbol | n〉 is called a ket, and denotes the state described by the function fn.
Similarly, the symbol 〈n | is called a bra, and denotes the complex conjugate of the 
function, f*n. When a bra and ket are strung together with an operator between 
them, as in the bracket 〈m |W |n〉, the integral in eqn 1.20 is to be understood. 
When the operator is simply multiplication by 1, the 1 is omitted and we use the 
convention

〈m | n〉 = � f*mfn dt (1.21)

This notation is very elegant. For example, the normalization integral becomes 
〈n |n〉 = 1 and the orthogonality condition becomes 〈m |n〉 = 0 for m ≠ n. The 
combined orthonormality condition (eqn 1.19) is then

〈m |n〉 = dmn (1.22)

A further point is that, as can readily be deduced from the definition of a Dirac 
bracket,

〈m |n〉 = 〈n |m〉* (1.23)

(b) Matrix notation

A matrix, M, is an array of numbers (which may be complex), called matrix
elements. Each element is specified by quoting the row (r) and column (c) that it 
occupies, and denoting the matrix element as Mrc. The rules of matrix algebra are 
set out in Mathematical background 4 following Chapter 5, where they are centre 
stage. Dirac brackets are commonly abbreviated to Wmn, which immediately 
suggests that they are elements of a matrix. For this reason, the Dirac bracket 
〈m |W |n〉 is often called a matrix element of the operator W. A diagonal matrix 
element Wnn is then a bracket of the form 〈n |W |n〉 with the bra and the ket refer-
ring to the same state.

We shall often encounter sums over products of Dirac brackets that have the 
form

∑
s

〈r |A | s〉〈s |B |c〉

If the brackets that appear in this expression are interpreted as matrix elements, 
then we see that it has the form of a matrix multiplication, and we may write

∑
s

〈r |A | s〉〈s |B |c〉 = ∑
s

ArsBsc = (AB)rc = 〈r |AB |c〉 (1.24)

That is, the sum is equal to the single matrix element (bracket) of the product of 
operators AB. Comparison of the first and last terms in this line of equations also 
allows us to write the symbolic relation

∑
s

| s〉〈s | = 1 (1.25)

This completeness relation (or closure relation) is exceptionally useful for devel-
oping quantum mechanical equations. It is often used in reverse: the matrix 
element 〈r |AB |c〉 can always be split into a sum of two factors by regarding it 
as 〈r |A1B |c〉 and then replacing the 1 by a sum over a complete set of states of 
the form in eqn 1.25.

1.8 Hermitian operators

‘Hermitian operators’ are central to the development of quantum theory. Here 
we define what it means to be Hermitian and then unfold the consequences of 
that property.
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(a) The defi nition of hermiticity

An operator is Hermitian if it satisfies the following relation:

�f*mW fn dt =
1
2
3�f*nW fm dt

5
6
7
*

(1.26a)

for any two functions fm and fn. An alternative version of this definition is

�f*mW fn dt = �(W fm)*fn dt (1.26b)

This expression is obtained by taking the complex conjugate of each term on the 
right-hand side of eqn 1.26a. In terms of the Dirac notation, the definition of 
hermiticity is

〈m |W |n〉 = 〈n |W |m〉* (1.26c)

Example 1.5 Confirming the hermiticity of operators

Show that the position and momentum operators in the position representation 
are Hermitian.

Method We need to show that the operators satisfy eqn 1.26a. In some cases (the 
position operator, for instance), the hermiticity is obvious as soon as the integral 
is written down. When a diCerential operator is used, it may be necessary to use 
integration by parts at some stage in the argument to transfer the diCerentiation
from one function to another:

�udv = uv − �vdu

Answer That the position operator is Hermitian is obvious from inspection:

�f*mxfn dt = �fnxf*m dt =
1
2
3�f*n xfm dt

5
6
7
*

We have used the facts that (f*)* = f and x is real. The demonstration of the 
hermiticity of px, a diCerential operator in the position representation, involves 
an integration by parts and we consider the definite integral over all space to show 
the disappearance of one of the terms:

�
∞ 

−∞

f*mpxfn dx = �
∞ 

−∞

f*m
H
i

dfn

dx
dx = H

i�
∞ 

−∞

f*m dfn

= H
i

1
2
3f*m fn − � fn df*m

5
6
7

∞ 

−∞

= H
i

1
2
3f*m fn |∞

−∞ − �
∞ 

−∞

fn
df*m
dx

dx
5
6
7

The first term on the right is zero (because when |x | is infinite, a normalizable 
function must be vanishingly small; see Section 1.12). Therefore, reverting for 
notational simplicity to indefinite integrals:

� f*mpxfn dx = − H
i � fn

d
dx

f*m dx =
1
2
3� f*n

H
i

d
dx

fm dx
5
6
7
*

=
1
2
3� f*n pxfm dx

5
6
7
*

Hence, the operator is Hermitian.

Self-test 1.5 Show that the two operators are Hermitian in the momentum 
representation.



(b) The consequences of hermiticity

As we shall now see, the property of hermiticity has far-reaching implications. 
First, we shall establish the following property:

Property 1. The eigenvalues of Hermitian operators are real.

Proof 1.1 The reality of eigenvalues

Consider the eigenvalue equation

W |w〉 = w |w〉

The ket |w〉 denotes an eigenstate of the operator W in the sense that the cor-
responding function fw is an eigenfunction of the operator W and we are labelling 
the eigenstates with the eigenvalue w of the operator W. It is often convenient to use 
the eigenvalues as labels in this way. Multiplication from the left by 〈w | results 
in the equation

〈w |W |w〉 = w〈w |w〉 = w

taking |w〉 to be normalized. Now take the complex conjugate of both sides:

〈w |W |w〉* = w*

However, by hermiticity, 〈w |W |w〉* = 〈w |W |w〉. Therefore, it follows that w = w*,
which implies that the eigenvalue w is real.

The second property we shall prove is as follows:

Property 2. Eigenfunctions corresponding to diCerent eigenvalues of an 
Hermitian operator are orthogonal.

That is, if we have two eigenfunctions of an Hermitian operator W with eigen-
values w and w′, with w ≠ w′, then 〈w |w′〉 = 0. For example, it follows at once that 
all the eigenfunctions of a particle in a box are mutually orthogonal, for as 
we shall see each one corresponds to a diCerent energy (the eigenvalue of the 
hamiltonian, an Hermitian operator).

A brief illustration

The (real) wavefunctions y1(x) = (2/L)1/2 sin(px/L) and y2(x) = (2/L)1/2 sin(2px/L)
of a particle in a box correspond to diCerent energies (h2/8mL2 and h2/2mL2,
respectively). That they are mutually orthogonal is verified by writing

�
L

0

y1(x)y2(x)dx = 2
L�

L

0

sin(px/L)sin(2px/L)dx = 0

We have made use of a standard result to evaluate the integral; alternatively, 
note that sin(px/L) is an even function with respect to reflection in x = 1/2L whereas 
sin(2px/L) is odd.

Proof 1.2 The orthogonality of eigenstates

Suppose we have two eigenstates |w〉 and |w′〉 that satisfy the following relations:

W |w〉 = w |w〉 and W |w′〉 = w′ |w′〉 ››
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The postulates of quantum mechanics

Now we turn to an application of the preceding material, and move into the 
foundations of quantum mechanics. The postulates we use as a basis for quan-
tum mechanics are by no means the most subtle that have been devised, but they 
are strong enough for what we have to do.

1.9 States and wavefunctions

The first postulate concerns the information we can know about a state:

Postulate 1. The state of a system is fully described by a function Y(r1, r2,
. . . , t).

Then multiplication of the first relation by 〈w′ | and the second by 〈w | gives

〈w′ |W |w〉 = w〈w′ |w〉 and 〈w |W |w′〉 = w′〈w |w′〉

Now take the complex conjugate of the second relation and subtract it from 
the first while using Property 1 (w′* = w′):

〈w′ |W |w〉 − 〈w |W |w′〉* = w〈w′ |w〉 − w′〈w |w′〉*

Because W is Hermitian, the left-hand side of this expression is zero; so (noting that 
w′ is real and using 〈w |w′〉* = 〈w′ |w〉 as explained earlier) we arrive at

(w − w′)〈w′ |w〉 = 0

However, because the two eigenvalues are diCerent, the only way of satisfying this 
relation is for 〈w′ |w〉 = 0, as was to be proved.

Example 1.6 Making use of the completeness relation

Use the completeness relation to prove that the eigenvalues of the square of an 
Hermitian operator are non-negative.

Method We have to prove, for W2 |w〉 = a(w) |w〉, that a(w) ≥ 0 if W is Hermitian. 
If both sides of the eigenvalue equation are multiplied by 〈w |, converting it to 
〈w |W2 |w〉 = a(w), we see that the proof requires us to show that the expectation 
value on the left is non-negative. As it has the form 〈w |WW |w〉, it suggests that the 
completeness relation might provide a way forward. The hermiticity of W implies 
that it will be appropriate to use the property 〈m |W |n〉 = 〈n |W |m〉* at some stage 
in the argument.

Answer The diagonal matrix element 〈w |W2 |w〉 can be developed as follows:

〈w |W2 |w〉 = 〈w |WW |w〉 = ∑
s

〈w |W | s〉〈s |W |w〉

 = ∑
s

〈w |W | s〉〈w |W | s〉* = ∑
s

| 〈w |W | s〉 |2 ≥ 0

The final inequality follows from the fact that all the terms in the sum are 
non-negative.

Self-test 1.6 Show that if (Wf )* = −Wf*, then 〈W〉 = 0 for any real function f.
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In this statement, r1, r2, . . . are the spatial coordinates of particles 1, 2, . . . that 
constitute the system and t is the time, a variable parameter common to the entire 
system. The function Y (uppercase psi) plays a central role in quantum mech-
anics, and is called the wavefunction of the system (more specifically, the time-
dependent wavefunction). When we are not interested in how the system changes 
in time we shall denote the wavefunction by a lowercase psi as y(r1, r2, . . .) and 
refer to it as the time-independent wavefunction. The state of the system may 
also depend on some internal variable of the particles (their spin states); we 
ignore that for now and return to it later. By ‘describe’ we mean that the wave-
function contains information about all the properties of the system that are 
open to experimental determination.

The wavefunction must also behave in a certain way (specifically, change sign 
or not change sign) when the labels of identical particles are interchanged. This 
is the realm of the ‘Pauli principle’. The principle is properly considered to be 
an additional postulate of quantum mechanics, but as it requires concepts that 
are beyond the scope of this chapter (specifically, the classification of particles 
according to their spin, their intrinsic angular momentum), we delay its introduc-
tion until Section 7.11, where it first plays a role.

We shall see that the wavefunction of a system will be specified by a set of labels 
called quantum numbers, and may then be written ya,b, . . . , where a, b, . . . are 
the quantum numbers. For a particle in a one-dimensional box, the single quan-
tum number is n = 1, 2, . . . . The values of these quantum numbers specify the 
wavefunction and thus allow the values of various physical observables to be 
calculated (for instance, from En = n2h2/8mL2). It is often convenient to refer to 
the state of the system without referring to the corresponding wavefunction; 
the state is specified by listing the values of the quantum numbers that define it.

1.10 The fundamental prescription

The next postulate concerns the selection of operators:

Postulate 2. Observables are represented by Hermitian operators chosen to 
satisfy the commutation relations

[q,pq′] = iHdqq′ [q,q′] = 0 [pq,pq′] = 0 (1.27)

where q and q′ each denote one of the coordinates x, y, z and pq and pq′ the 
corresponding linear momenta.

The requirement that the operators are Hermitian ensures that the observables 
have real values (see below). Each commutation relation can be regarded as 
a basic, unprovable, and underivable postulate. This postulate is the basis of the 
selection of the form of the operators in the position and momentum representa-
tions for all observables that depend on the position and the momentum.1

1 This prescription excludes intrinsic observables, such as spin (Section 4.8).

A brief illustration 

If we choose the operator for position along the coordinate q as q ×, then (as we saw 
in Example 1.3), the appropriate operator for pq is (H/i)[/[q, for these two operators 
satisfy the first of the three commutation relations in eqn 1.27. The second of the 
commutation relations implies, trivially, xy = yx and the third implies pxpy = pypx,
which also follows from the properties of partial diCerentials, [2/[x[y = [2/[y[x.
Similarly, if the linear momentum is represented by multiplication, then the form of 
the position operator is fixed as a derivative with respect to the linear momentum.
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1.11 The outcome of measurements

The next postulate brings together the wavefunction and the operators and 
establishes the link between formal calculations and experimental observations:

Postulate 3. When a system is described by a wavefunction y, the mean value 
of the observable W in a series of measurements is equal to the expectation 
value of the corresponding operator.

The expectation value of an operator W for an arbitrary state y is denoted 〈W〉
and defined as

〈W〉 =
2y*Wy dt
2y*y dt

= 〈y |W |y〉
〈y |y〉

(1.28a)

If the wavefunction is chosen to be normalized to 1, then the expectation value 
is simply

〈W〉 = �y*Wy dt = 〈y |W |y〉 (1.28b)

Unless we state otherwise, from now on we shall assume that the wavefunction 
is normalized to 1.

A brief illustration

The average value of the position of a particle in the ground state of a one-
dimensional box is

〈x〉 = �
L

0

!
@

A
C
2
L

D
F

1/2

sin(px/L)#$x!
@

A
C
2
L

D
F

1/2

sin(px/L)#$dx = 2
L�

L

0

x sin2(px/L)dx

The integral evaluates to L2/4 (use mathematical software), so 〈x〉 = 1/2L: the aver-
age value of x is half the length of the box. Similarly, the average value of the linear 
momentum along the x-axis is

〈px〉 = 2
L�

L

0

sin(px/L)
H
i

d
dx

 sin(px/L)dx = 2pH
L2i�

L

0

sin(px/L)cos(px/L)dx

The integral on the right is zero (use software, or note that the sine function is 
symmetric and the cosine function is antisymmetric around the centre of the 
range), so we conclude that the average linear momentum is zero: in the classical 
picture, the particle travels to the right as often as it travels to the left.

The meaning of Postulate 3 can be unravelled as follows. First, suppose that 
y is an eigenfunction of W with eigenvalue w; then

〈W〉 = �y*Wy dt = �y*wy dt = w�y*y dt = w (1.29)

That is, for an ensemble of identically prepared systems all in the state y (an 
eigenstate of the operator W), each measurement of the property W will give the 
same outcome w (a real quantity, because W is Hermitian), and that outcome 
will therefore also be the average value of the observations. Now suppose that 
although the system is in an eigenstate of the hamiltonian it is not in an eigenstate 
of W. In this case the wavefunction can be expressed as a linear combination of 
eigenfunctions of W:

y = ∑
n

cnyn where Wyn = wnyn (1.30)



In this case, the expectation value is

〈W〉 = �A
C∑

m

cmym
D
F*W A

C∑
n

cnyn
D
F dt = ∑

m,n

c*mcn�y*mWyn dt = ∑
m,n

c*mcnwn�y*m yn dt

Because the eigenfunctions form an orthonormal set, the integral in the last expres-
sion is zero if n ≠ m, is 1 if n = m, and the double sum reduces to a single sum:

〈W〉 = ∑
n

c*ncnwn�y*nyn dt = ∑
n

c*ncnwn = ∑
n

|cn |2wn (1.31)

That is, the expectation value is a weighted sum of the eigenvalues of W, the 
contribution of a particular eigenvalue to the sum being determined by the square 
modulus of the corresponding coeAcient in the expansion of the wavefunction.

We can now interpret the diCerence between eqns 1.29 and 1.31 in the form of 
a subsidiary postulate:

Postulate 3′. When y is an eigenfunction of the operator W, the determination 
of the property W always yields one result, namely the corresponding eigen-
value w. The expectation value will simply be the eigenvalue w. When y is not 
an eigenfunction of W, a single measurement of the property yields a single 
outcome which is one of the eigenvalues of W, and the probability that a 
particular eigenvalue wn is measured is equal to |cn |2, where cn is the coeAcient
of the eigenfunction yn in the expansion of the wavefunction. Moreover, 
immediately after that measurement, the state of the system will be yn.

That the measurement of the property W forces a general wavefunction to become 
an eigenfunction of the operator W, and specifically that the observation of the 
eigenvalue wn forces the wavefunction to become yn, is called the collapse of 
the wavefunction.

One measurement can give only one result: a pointer can indicate only one 
value on a dial at any instant. In an ensemble of systems all identically prepared 
in some particular state y, a series of determinations will result in a series of 
values. The subsidiary postulate asserts that a measurement of the observable W
in each case results in the pointer indicating one of the eigenvalues of the cor-
responding operator. If the function that describes the state of the system is an 
eigenfunction of W, then every pointer reading is precisely w and the mean value 
is also w. If the systems have been prepared in a state that is not an eigenfunction 
of W, then diCerent measurements give diCerent values, but each individual 
measurement is one of the eigenvalues of W, and the probability that a particular 
outcome wn is obtained is determined by the value of |cn |2. In this case, the mean 
value of all the observations is the weighted average of the eigenvalues. Note 
that in either case, the hermiticity of the operator guarantees that the observables 
are real.

A brief illustration

The wavefunction for the ground state of a particle in a box is not an eigenfunc-
tion of the linear momentum operator px = (H/i)d /dx. However, by using Euler’s 
relation, eix = cos x + i sin x we note that sin(px/L) = (eipx/L − e−ipx/L)/2i; therefore,
we recognize that the wavefunction is the linear combination, with equal weights, 
of two functions that are eigenfunctions of px with eigenvalues +Hp/L and −Hp/L,
respectively. Therefore in a series of measurements of the linear momentum along 
x, we obtain one of these two values in each measurement with equal probability. 
(The average, as we saw in the preceding brief illustration, is zero.)
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1.12 The interpretation of the wavefunction

The next postulate concerns the interpretation of the wavefunction itself, and is 
commonly called the Born interpretation:

Postulate 4. The probability that a particle will be found in the volume 
element dt at the point r is proportional to |y(r) |2 dt.

As we have already remarked, in one dimension the volume element is dx. In 
three dimensions the volume element is dx dy dz. It follows from this postulate 
that |y(r) |2 is a probability density, in the sense that it yields a probability when 
multiplied by the volume dt of an infinitesimal region (just as a mass density gives 
a mass when multiplied by a volume element). The wavefunction itself is a prob-
ability amplitude, and has no direct physical meaning. Note that whereas the 
probability density is real and non-negative, the wavefunction may be complex 
and negative. It is usually convenient to use a normalized wavefunction; then the 
Born interpretation becomes an equality rather than a proportionality.

A brief illustration

We continue to use the ground-state wavefunction of the particle in a box, y1(x)
= (2/L)1/2 sin(px/L). We can infer that the probability of finding the particle in the 
range x to x + dx is (2/L) sin2(px/L)dx. At the centre of the box, x = 1/2L, and at 
that point the probability density is (2/L) sin2(p/2) = 2/L and the probability itself 
is 2 dx/L. At x = 1/4L, the probability density has fallen to (2/L) sin2(p/4) = 1/L and 
the probability itself is dx/L. If we approximate the infinitesimal quantity dx by 
10−3L (so, in a box of length 1 m, we are interested in a region of length 1 mm), 
then the two probabilities are 0.002 (that is, in an ensemble of 500 identically 
prepared systems all in the state y1(x), in only one of these systems the particle will 
be found in the region inspected) and 0.001 (1 in 1000 inspections), respectively.

The implication of the Born interpretation is that the wavefunction should be 
square-integrable; that is

� |y |2 dt < ∞ (1.32)

because there must be a finite probability of finding the particle somewhere in the 
whole of space (and that probability is 1 for a normalized wavefunction). This 
postulate in turn implies that y → 0 as x → ± ∞, for otherwise the integral of |y |2

would be infinite. We shall make frequent use of this implication throughout 
the text.

1.13 The equation for the wavefunction

The final postulate concerns the dynamical evolution of the wavefunction with 
time:

Postulate 5. The wavefunction Y(r1, r2, . . . , t) evolves in time according to 
the equation

iH 
[Y
[t

= HY (1.33)

This partial diCerential equation is the celebrated Schrödinger equation intro-
duced by Erwin Schrödinger in 1926. The operator H in the Schrödinger 
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equation is the hamiltonian operator for the system, the operator corresponding 
to the total energy.

A brief illustration

The hamiltonian for the motion of a particle of mass m free to move in one dimension 
in a region where its potential energy varies with position but not time is specified 
in eqn 1.14. The corresponding time-dependent Schrödinger equation is therefore

iH [Y
[t

= − H2

2m
[2Y
[x2

+ V(x)Y (1.34)

If the potential energy is that of a particle in a box, then V is infinite outside the 
box and zero within the box (between 0 and L).

Needless to say, we shall have a great deal to say about the Schrödinger equation 
and its solutions in the rest of the text.

1.14 The separation of the Schrödinger equation

The Schrödinger equation can often be separated into equations for the time and 
space variation of the wavefunction. The separation is possible when the poten-
tial energy is independent of time.

In one dimension the equation has the form

HY = − H2

2m
[2Y
[x2

+ V(x)Y = iH 
[Y
[t

Equations of this form can be solved by the technique of separation of variables,
in which a trial solution takes the form

Y(x,t) = y(x)q(t) (1.35)

When this substitution is made, we obtain

− H2

2m
q d2y

dx2
+ V(x)yq = iHy dq

dt

Division of both sides of this equation by yq gives

− H2

2m
1
y

d2y
dx2

+ V(x) = iH
1
q

dq
dt

Only the left-hand side of this equation is a function of x, so when x changes, 
only the left-hand side can change. But as the left-hand side is equal to the right-
hand side, and the latter does not change, the left-hand side must be equal to a 
constant. Because the dimensions of the constant are those of an energy (the same 
as those of V), we shall write it E. It follows that the time-dependent equation 
separates into the following two diCerential equations:

− H2

2m
d2y
dx2

+ V(x)y = Ey (1.36a)

iH
dq
dt

= Eq (1.36b)

The second of these equations has the solution

q ∝ e−iEt/H (1.37)
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Therefore, the complete wavefunction (Y = yq) has the form

Y(x,t) = y(x)e−iEt/H (1.38)

The constant of proportionality in eqn 1.37 has been absorbed into the normal-
ization constant for y. The time-independent wavefunction satisfies eqn 1.36a, 
which may be written in the form

Hy = Ey (1.39)

This expression is the time-independent Schrödinger equation, on which much of 
the following development will be based.

This analysis stimulates several remarks. First, eqn 1.36a has the form of a 
standing-wave equation. Therefore, as long as we are interested only in the spatial 
dependence of the wavefunction, it is legitimate to regard the time-independent 
Schrödinger equation as a wave equation. Second, when the potential energy of 
the system does not depend on the time, and the system is in a state of energy E,
it is a very simple matter to construct the time-dependent wavefunction from 
the time-independent wavefunction simply by multiplying the latter by e−iEt/H.
The time dependence of such a wavefunction is simply a modulation of its phase, 
because we can use Euler’s relation, eix = cosx + i sinx to write

e−iEt/H = cos(Et/H) − i sin(Et/H) (1.40)

It follows that the time-dependent factor oscillates periodically from 1 to −i to 
−1 to i and back to 1 with a frequency E/h and period h/E. This behaviour is 
depicted in Fig. 1.1. Therefore, to imagine the time variation of a wavefunction 
of a definite energy, think of it as rotating from positive through imaginary to 
negative amplitudes with a frequency proportional to the energy.

A brief illustration

The time-independent ground-state wavefunction of a particle in a box is y(x)
= (2/L)1/2 sin(px/L) and its energy is h2/8mL2. The time-dependent wavefunction 
for the same state is Y(x,t) = (2/L)1/2 sin(px/L)e−ihpt/4mL2

. As well as containing all 
the dynamical information about the particle in this state, it also shows how the 
wavefunction evolves with time.

Although the phase of a wavefunction Y with definite energy E oscillates in 
time, the product Y*Y (or |Y |2) remains constant:

Y*Y = (y*eiEt/H)(ye−iEt/H) = y*y (1.41)

States of this kind are called stationary states. From what we have seen so far, 
it follows that systems with a specific, precise energy and in which the potential 
energy does not vary with time are in stationary states. Although their wave-
functions oscillate from real to imaginary with frequency E/h, the value of Y*Y
remains constant in time.

The specifi cation and evolution of states

Let us suppose for the moment that the state of a system can be specified as
|a, b, . . . 〉, where each of the eigenvalues a, b, . . . corresponds to the operators 
representing diCerent observables A, B, . . . of the system. If the system is in the 

R
e

Im

Re

Im

Fig. 1.1 A wavefunction 
corresponding to an energy E
rotates in the complex plane 
from real to imaginary and 
back to real at a frequency E/h
(and circular frequency E/H).
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state |a, b, . . . 〉, then when we measure the property A we shall get exactly a as 
an outcome, and likewise for the other properties. But can a state be specified 
arbitrarily fully? That is, can it be simultaneously an eigenstate of all possible 
observables A, B, . . . without restriction? With this question we are moving into 
the domain of the uncertainty principle.

1.15 Simultaneous observables

As a first step, we establish the conditions under which two observables may be 
specified simultaneously with arbitrary precision. That is, we establish the condi-
tions for a state |y〉 corresponding to the wavefunction y to be simultaneously 
an eigenstate of two operators A and B. In fact, we shall prove the following:

Property 3. If two observables are to have simultaneously precisely defined 
values, then their corresponding operators must commute.

That is, AB must equal BA, or equivalently, [A,B] = 0.

Proof 1.3 Simultaneous eigenstates

Assume that |y〉 is an eigenstate of both operators: A |y〉 = a |y〉 and B |y〉 = b |y〉.
That being so, we can write the following chain of relations:

AB |y〉 = Ab |y〉 = bA |y〉 = ba |y〉 = ab |y〉 = aB |y〉 = Ba |y〉 = BA |y〉

Therefore, if |y〉 is an eigenstate of both A and B, and if the same is true for all 
functionsy of a complete set, then it is certainly necessary that [A,B] = 0. However, 
does the condition [A,B] = 0 actually guarantee that A and B have simultaneous 
eigenvalues? In other words, if A |y〉 = a |y〉 and [A,B] = 0, can we be confident 
that |y〉 is also an eigenstate of B? We confirm this as follows for non-degenerate 
eigenstates. Because A |y〉 = a |y〉, we can write

BA |y〉 = Ba |y〉 = aB |y〉

Because A and B commute, the first term on the left is equal to AB |y〉. Therefore, 
this relation has the form

A(B |y〉) = a(B |y〉)

However, on comparison of this eigenvalue equation with A |y〉 = a |y〉, we can 
conclude that, for non-degenerate eigenstates |y〉, B |y〉 ∝ |y〉, or B |y〉 = b |y〉,
where b is a coeAcient of proportionality. That is, |y〉 is an eigenstate of B, as was 
to be proved.

It follows from this discussion that we are now in a position to deter-
mine which observables may be specified simultaneously. All we need do is to 
inspect the commutator [A,B]: if it is zero, then A and B may be specified 
simultaneously.

A brief illustration

All three position operators x, y, and z commute with one another, so there is no 
constraint on the complete specification of position. The same is true of the three 
operators for the components of linear momentum, so all three components can be 
determined simultaneously. However, x and px do not commute, so these two observ-
ables cannot be specified simultaneously, and likewise for (y,py) and (z,pz). ››
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Pairs of observables that cannot be determined simultaneously are said to be 
complementary. Thus, position along the x-axis and linear momentum parallel 
to that axis are complementary observables. Classical physics (in the absence of 
any evidence to the contrary) made the mistake of presuming that there was no 
restriction on the simultaneous determination of observables, that there was 
no complementarity. Quantum mechanics forces us to choose a selection of all 
possible observables if we seek to specify a state fully.

1.16 The uncertainty principle

Although we cannot specify the eigenvalues of two non-commuting operators 
simultaneously, it is possible to give up precision in the specification of one prop-
erty in order to acquire greater precision in the specification of a complementary 
property. For example, if we know the location of a particle to within a range Dx,
then we can specify the linear momentum parallel to x to within a range Dpx

subject to the constraint

DxDpx ≥ 1
2 H (1.42)

Thus, as Dx increases (an increased uncertainty in x), the uncertainty in px can 
decrease, and vice versa. This relation between the uncertainties in the specification 
of two complementary observables is a special case of the uncertainty principle
proposed by Werner Heisenberg in 1927. A very general form of the un-
certainty principle was developed by H.P. Robertson in 1929 for two observables 
A and B:

DADB ≥ 1
2 | 〈[A,B]〉 | (1.43a)

where the root mean square deviation of A is defined as

DA = {〈A2〉 − 〈A〉2}1/2 (1.43b)

Equation 1.43 is an exact and precise form of the uncertainty principle: the pre-
cise form of the ‘uncertainties’ DA and DB are given (they are root mean square 
deviations) and the right-hand side of eqn 1.43a gives a precise lower bound on 
the value of the product of uncertainties.

Self-test 1.7 Can the kinetic energy and the linear momentum be specified 
simultaneously?

[Yes]

Proof 1.4 The uncertainty principle

Suppose that the observables A and B obey the commutation relation [A,B] = iC.
(The imaginary i is included for future convenience. For A = x and B = px it follows 
from the fundamental commutation relation that C = H.) We shall suppose that 
the system is prepared in a normalized but otherwise arbitrary state |y〉, which 
is not necessarily an eigenstate of either operator A or B. The mean values of the 
observables A and B are expressed by the expectation values

〈A〉 = 〈y |A |y〉 and 〈B〉 = 〈y |B |y〉

The operators for the spread of individual determinations of A and B around their 
mean values are

dA = A − 〈A〉 and dB = B − 〈B〉 ››



It is easy to verify that the commutation relation for these deviation operators is

[dA,dB] = [A − 〈A〉,B − 〈B〉] = [A,B] = iC

because the expectation values 〈A〉 and 〈B〉 are simple numbers and commute with 
operators.

To evaluate the constraints on the joint values of dA and dB it turns out to be 
fruitful to consider the properties of the following integral, where a is a real but 
otherwise arbitrary number:

I = � | (adA − idB)y |2 dt

The integral I is clearly non-negative as the integrand is positive everywhere. This 
integral can be developed as follows:

I = � {(adA − idB)y}*{(adA − idB)y}dt

= � {[(adA)y]* + i[(dB)y]*}{(adA − idB)y}dt

= �y*(adA + idB)(adA − idB)y dt

In the third step we have used the Hermitian character of the two operators (as 
expressed in eqn 1.26b). At this point it is convenient to recognize that the final 
expression is an expectation value, and to write it in the form

I = 〈(adA + idB)(adA − idB)〉

This expression expands to

I = a2(〈dA〉2) + (〈dB〉2) − ia〈dAdB − dBdA〉 = a2(〈dA〉2) + (〈dB〉2) + a〈C〉

In the second step we have recognized the presence of the commutator. The inte-
gral is still non-negative, even though that is no longer obvious. At this point we 
recognize that I has the general form of a quadratic expression in a, and so express 
it as a square:

I = 〈(dA)2〉 ACa + 〈C〉
2〈(dA)2〉

DF
2

+ 〈(dB)2〉 − 〈C〉2

4〈(dA)2〉

(We have ‘completed the square’ for the first term.) This expression is still non-
negative whatever the value of a, and remains non-negative even if we choose 
a value for a that corresponds to the minimum value of I. That value of a is 
the value that ensures that the first term on the right is zero (because that term 
always supplies a positive contribution to I). Therefore, with that choice of a,
we obtain

I = 〈(dB)2〉 − 〈C〉2

4〈(dA)2〉
≥ 0

The inequality rearranges to

〈(dA)2〉〈(dB)2〉 ≥ 1
4 〈C〉2

The expectation values on the left can be put into a simpler form by writing them 
as follows:

〈(dA)2〉 = 〈(A − 〈A〉)2〉
= 〈A2 − 2A〈A〉 + 〈A〉2〉 = 〈A2 〉 − 2〈A〉〈A〉 + 〈A〉2

= 〈A2 〉 − 〈A〉2 ››
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1.17 Consequences of the uncertainty principle

The first point to note is that the uncertainty principle is consistent with Property 3, 
for if A and B commute, then C is zero and there is no constraint on the un-
certainties: there is no inconsistency in having both DA = 0 and DB = 0. On the other 
hand, when A and B do not commute, the values of DA and DB are related. For 
instance, while it may be possible to prepare a system in a state in which DA = 0, 
the uncertainty principle then implies that DB must be infinite in order to ensure 
that DADB is not less than 1

2 | 〈[A,B]〉 |. In the particular case of the simultaneous 
specification of x and px, as we have seen, [x,px] = iH, so the lower bound on the 
simultaneous specification of these two complementary observables is 1

2 H.

We see that 〈(dA)2〉 is the mean square deviation of A from its mean value (and 
likewise for B). Then the inequality becomes

DADB ≥ 1
2 | 〈C〉 |

Finally, because [A,B] = iC, we obtain the final form of the uncertainty principle in 
eqn 1.43a.

Example 1.7 Calculating the joint uncertainty in two observables

Calculate the value of DxDpx for the ground state of a particle of mass m in a box 
of length L.

Method The wavefunction isy1(x) = (2/L)1/2 sin(px/L). We must evaluate the expect-
ation values 〈x〉, 〈x2〉, 〈px〉, and 〈px

2〉 by integration and then combine their values to 
obtain Dx and Dpx. There are two short cuts. For 〈x〉, we note that y is symmetrical 
around x = 1/2L, and so 〈x〉 = 1/2L. We have already seen (in the brief illustration in 
Section 1.11) that 〈px〉 = 0. For the remaining integrals it is best to use mathem-
atical software.

Answer The following integrals are obtained:

〈x2〉 = 2
L�

L

0

x2 sin2(px/L)dx = L2

6p2
(2p2 − 3)

〈px
2〉 = 2

L�
L

0

 sin(px/L)A
C−H2 d2

dx2

D
F sin(px/L)dx = 2p2H2

L3 �
L

0

 sin2(px/L)dx = p2H2

L2

It follows that (because 〈x〉 = L/2 and 〈px〉 = 0)

DxDpx = !
@
G
I

L2

6p2
(2p2 − 3) − L2

4
J
L
p2H2

L2

#
$

1/2

= { 1
12(p2 − 6)}1/2H ≈ 0.568H

The product of uncertainties is greater than 1/2H, in accord with the uncertainty 
principle.

Self-test 1.8 A particle was prepared in a state with wavefunction y =
N exp(−x2/2G), where N = (1/pG)1/4. Evaluate Dx and Dpx, and confirm that the 
uncertainty principle is satisfied. Hint: use mathematical software to evaluate 
the integrals.

[DxDpx = 1
2 H]

The uncertainty principle in the form given in eqn 1.43a can be applied to all 
pairs of complementary observables. We shall see additional examples in later 
chapters.



1.18 The uncertainty in energy and time

It is appropriate at this point to make a few remarks about the so-called energy–
time uncertainty relation, which is often expressed in the form DEDt ≥ H and 
interpreted as implying a complementarity between energy and time. As we have 
seen, for this relation to be a true uncertainty relation, it would be necessary 
for there to be a non-zero commutator for energy and time. However, although 
the energy operator is well defined (it is the hamiltonian for the system), there is 
no operator for time in quantum mechanics. Time is a parameter, not an observ-
able. Therefore, strictly speaking, there is no uncertainty relation between energy 
and time. In Section 6.11 we shall see the true significance of the energy–time 
‘uncertainty principle’ is that it is a relation between the uncertainty in the energy 
of a system that has a finite lifetime t (tau), and is of the form dE ≈ H/t.

1.19 Time-evolution and conservation laws

As well as determining which operators are complementary, the commutator of 
two operators also plays a role in determining the time-evolution of systems and 
in particular the time-evolution of the expectation values of observables. The 
precise relation for operators that do not have an intrinsic dependence on the 
time (in the sense that [W/[t = 0) is

d〈W〉
dt

= i
H

〈[H,W]〉 (1.44)

We see that if the operator for the observable commutes with the hamiltonian, 
then the expectation value of the operator does not change with time. An observ-
able that commutes with the hamiltonian for the system, and which therefore has 
an expectation value that does not change with time, is called a constant of the 
motion, and its expectation value is said to be conserved.

Proof 1.5 Time-evolution

DiCerentiation of 〈W〉 with respect to time gives

d〈W〉
dt

= d
dt

〈Y |W |Y〉 = � A
C
[Y*
[t

D
F WY dt + �Y*W A

C
[Y
[t

D
F dt

because only the state Y (not the operator W) depends on the time. The Schrödinger 
equation lets us write

�Y*W A
C
[Y
[t

D
F dt = �Y*W A

C
1
iH

D
F HY dt = 1

iH �Y*WHY dt

� A
C
[Y*
[t

D
F WY dt = −� A

C
1
iH

D
F  (HY)*WY dt = − A

C
1
iH

D
F�Y*HWY dt

In the second line we have used the hermiticity of the hamiltonian (in the form of 
eqn 1.26b). It then follows, by combining these two expressions, that

d〈W〉
dt

= − AC
1
iH

D
F  (〈HW〉 − 〈WH〉) = i

H
〈[H,W]〉

as was to be proved.
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As an important example, consider the rate of change of the expectation value 
of the linear momentum of a particle in a one-dimensional system. The commu-
tator of H and px is

[H,px] = G
I− H2

2m
d2

dx2
+ V,

H
i

d
dx

J
L = H

i
G
IV,

d
dx

J
L

because the derivatives commute. The remaining commutator can be evaluated 
by remembering that there is an unwritten function on the right on which the 
operators operate, and writing

[H,px]y = H
i

!
@V

dy
dx

− d(Vy)
dx

#
$ = H

i
!
@V

dy
dx

− V
dy
dx

− dV
dx

y#
$ = −H

i
dV
dx

y

This relation is true for all functions y; therefore the commutator itself is

[H,px] = −H
i

dV
dx

(1.45)

It follows that the linear momentum is a constant of the motion if the potential 
energy does not vary with position, that is when dV/dx = 0. Specifically, we can 
conclude that the rate of change of the expectation value of linear momentum is

d
dt

〈px〉 = i
H

〈[H,px]〉 = − �dV
dx � (1.46a)

Then, because the negative slope of the potential energy is by definition the force
that is acting (F = −dV/dx), the rate of change of the expectation value of linear 
momentum is given by

d
dt

〈px〉 = 〈F 〉 (1.46b)

That is, the rate of change of the expectation value of the linear momentum is 
equal to the expectation value of the force. It is also quite easy to prove in the 
same way (see Problem 1.28) that

d
dt

〈x〉 = 〈px〉
m

(1.47)

which shows that the rate of change of the mean position can be identified with 
the mean velocity along the x-axis. These two relations (eqns 1.46b and 1.47) 
jointly constitute Ehrenfest’s theorem. Ehrenfest’s theorem clarifies the relation 
between classical and quantum mechanics: classical mechanics deals with aver-
age values (expectation values); quantum mechanics deals with the underlying 
details.
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Exercises

Problems

*1.1 Which of the following operations are linear and which 
are non-linear: (a) integration, (b) extraction of a square 
root, (c) translation (replacement of x by x + a, where a is
a constant), (d) inversion (replacement of x by −x)?

*1.2 Which of the following functions are eigenfunctions of 
(a) d /dx, (b) d2/dx2: (i) eax, (ii) eax2

, (iii) x, (iv) x2, (v) ax + b,
(vi) sin x? If it is an eigenfunction, identify the eigenvalue.

*1.3 Demonstrate that the linear combinations A + iB and
A − iB are not Hermitian if A and B are Hermitian operators.

*1.4 An electron is confined to a linear box of length 
0.10 nm. What are the minimum uncertainties in 
(a) its velocity and (b) its kinetic energy?

*1.5 Calculate the value of DxDpx for the first excited state 
(n = 2) of a particle of mass m in a box of length L. Can 
you infer a general trend for the uncertainty product as 
n increases?

*1.1 Evaluate the expectation values of the operators px

and px
2 for a particle with wavefunction (2/L)1/2 sin(px/L)

in the range 0 to L.

1.2 Are the linear combinations 2x − y − z, 2y − x − z,
2z − x − y linearly independent?

1.3 Evaluate the commutators (a) [x,y], (b) [px,py], (c) [x,px],
(d) [x2,px], (e) [xn,px].

*1.4 Show that (a) [A,B] = −[B,A], (b) [Am,An] = 0 
for all m, n, (c) [A2,B] = A[A,B] + [A,B]A,
(d) [A,[B,C]] + [B,[C,A]] + [C,[A,B]] = 0.

1.5 Evaluate the commutator [ly,[ly,lz]] given that 
[lx,ly] = iHlz, [ly,lz] = iHlx, and [lz,lx] = iHly.

1.6 A particle in an infinite one-dimensional system was 
described by the wavefunction y(x) = Ne−x2/2G2

. Normalize 
this function. Calculate the probability of finding the 
particle in the range −G ≤ x ≤ G. Hint. The integral 
encountered in the second part is the error function. 
It is available in mathematical software.

*1.7 The ground-state wavefunction of a hydrogen atom has 
the form y(r) = Ne−br, b being a collection of fundamental 
constants with the magnitude 1/a0, with a0 = 53 pm. 
Normalize this spherically symmetrical function. Hint.
The volume element is dt = sin q dq dj r2 dr, with 0 ≤ q ≤ p,
0 ≤ j ≤ 2p, and 0 ≤ r < ∞. ‘Normalize’ always means 
‘normalize to 1’ in this text.

1.8 Confirm that the operators (a) T = −(H2/2m)(d2/dx2)
and (b) lz = (H/i)(d /dj) are Hermitian. Hint. Consider 

*1.6 A particle is confined to the region 0 ≤ x ≤ ∞ and 
its state is described by the unnormalized wavefunction 
y(x) = e−2x. What is the probability of finding the particle 
at a distance x ≥ 1?

*1.7 Confirm that the z-component of angular momentum, 
lz = (H/i) d /dj, is a constant of the motion for a particle on 
a ring with uniform potential energy V(j) = V.

*1.8 A state of a system is described by the wavefunction 
y(x) = Nxe−x2/2G2

. Where is the most probable location 
of the particle?

*1.9 On the basis of the information in Problem 1.7, 
calculate the probability density of finding the electron 
(a) at the nucleus, (b) at a point in space at a distance a0

from the nucleus. Calculate the probabilities of finding the 
electron inside a region of volume 1.0 pm3 located at these 
points assuming that the probability density is constant 
inside the small volume region.

the integrals 2L

0
ya*Tyb dx and 2

0

2pya*lzyb dj and integrate 
by parts.

1.9 Find the operator for position x if the operator 
for momentum p is taken to be (H/2m)1/2(A + B), with 
[A,B] = 1 and all other commutators zero. Hint. Write 
x = aA + bB and find one set of solutions for a and b.

*1.10 Evaluate the commutators (a) [(1/x),px], (b) [(1/x),px
2],

(c) [xpy − ypx,ypz − zpy], (d) [x2([2/[y2),y([/[x)].

1.11 Evaluate the commutators (a) [H,px] and (b) [H,x],
where H = px

2/2m + V(x). Choose (i) V(x) = V, a constant, 
(ii) V(x) = 1

2kfx
2, (iii) V(x) → V(r) = e2/4pe0r. Hint. For part 

(b), case (iii), use ([r−1/[x) = −x/r3.

1.12 Use the momentum representation and a general 
function f(px) of the linear momentum to confirm that the 
position and momentum operators in this representation 
do not commute, and find the value of their commutator.

*1.13 Construct quantum mechanical operators in the position 
representation for the following observables: (a) kinetic

energy in one and in three dimensions, (b) the inverse 
separation, 1/x, (c) electric dipole moment (∑iQiri where ri

is the position of a charge Qi), (d) z-component of angular 
momentum (xpy − ypx), (e) the mean square deviations of the 
position and momentum of a particle from the mean values.

1.14 Repeat Problem 1.13, but find operators in the 
momentum representation. Hint. The observable 1/x
should be regarded as x−1; hence the operator required 
is the inverse of the operator for x.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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1.15 In relativistic mechanics, energy and momentum 
are related by the expression E2 = p2c2 + m2c4. (a) Show 
that when p2c2 << m2c4 this expression reduces to 
E = p2/2m + mc2. (b) Construct the relativistic analogue 
of the Schrödinger equation from the relativistic expression. 
(c) What can be said about the conservation of probability? 
Hint: For part (b), use iH([/[t) for the energy operator. For 
part (c), see Problem 1.16.

*1.16 Show that if the Schrödinger equation had the form of 
a true wave equation, then the integrated probability would 
be time dependent. Hint. A wave equation has k[2/[t2 in
place of iH[/[t, where k is a constant with the appropriate 
dimensions (what are they?). Solve the time component of 
the separable equation and investigate the behaviour of 
2Y*Y dt.

1.17 The operator eA has a meaning if it is expanded 
as a power series: eA = ∑n(1/n!)An. Show that if |a〉
is an eigenstate of A with eigenvalue a, then it is also 
an eigenstate of eA. Find the latter’s eigenvalue.

1.18 Evaluate the expectation value of eiLpx for a particle in a 
square well of length L and described by the wavefunction 
(2/L)1/2 sin(px/L) in the range 0 to L. Hint: eiA = cos A +
i sin A, cos q = 1 − (1/2!)q2 + (1/4!)q4 − · · ·, sin q = q −
(1/3!)q3 + (1/5!)q5 − · · ·.

*1.19 (a) Show that eAeB = eA+B only if [A,B] = 0. (b) If 
[A,B] ≠ 0 but [A,[A,B]] = [B,[A,B]] = 0, show that eAeB =
eA+Bef, where f is a simple function of [A,B]. Hint. This is 
another example of the diCerences between operators 
(q-numbers) and ordinary numbers (c-numbers). The 
simplest approach is to expand the exponentials and to 
collect and compare terms on both sides of the equality. 
Note that eAeB will give terms like 2AB while eA+B will
give AB + BA. Be careful with order.

1.20 Evaluate (by considering eqn 1.43a) the limitation on 
the simultaneous specification of the following observables: 
(a) the position and momentum of a particle, (b) the three 
components of linear momentum of a particle, (c) the 
kinetic energy and potential energy of a particle, (d) the 
electric dipole moment (−ex) and the total energy of 
a one-dimensional system, (e) the kinetic energy and 
the position of a particle in one dimension.

1.21 Evaluate the quantity D4xD4px for the ground state 
(n = 1) of a particle of mass m in a box of length L, where 
D4W = 〈(W − 〈W〉)4〉1/4.

*1.22 Use eqn 1.44 to find expressions for the rate of change 
of the expectation values of position and momentum of 
a harmonic oscillator; solve the pair of diCerential
equations, and show that the expectation values change 
in time in the same way as for a classical oscillator. Hint.
Use the results of Problem 1.11 part (ii).

1.23 The only non-zero matrix elements of x and px for 
a harmonic oscillator are

 
〈v + 1 |x |v〉 = A

C
H

2mw
D
F

1/2

(v + 1)1/2

〈v − 1 |x |v〉 = A
C

H
2mw

D
F

1/2

v1/2

〈v + 1 |px |v〉 = i 
A
C

Hmw
2

D
F

1/2

(v + 1)1/2

〈v − 1 |px |v〉 = −i
A
C

Hmw
2

D
F

1/2

v1/2

See Section 2.15. Use the completeness relation, eqn 1.25, 
to deduce the value of the matrix element 〈v |xpx

2x |v〉.

1.24 Write the time-independent Schrödinger equations 
for (a) the hydrogen atom, (b) the helium atom, (c) the 
hydrogen molecule, (d) a free particle, (e) a particle 
subjected to a constant, uniform force. Hint. Identify the 
appropriate potential energy terms and express them as 
operators in the position representation.

*1.25 The time-dependent Schrödinger equation is separable 
when V is independent of time. (a) Show that it is also 
separable when V is a function only of time and is uniform 
in space. (b) Solve the pair of equations. Let V(t) = V coswt;
find an expression for Y(x,t) in terms of Y(x,0). (c) Is Y(x,t)
stationary in the sense specified in Section 1.14?

1.26 (a) Calculate the probability of the electron being 
found anywhere within a sphere of radius a0 for the atom 
defined in Problem 1.7. (b) If the radius of the atom is 
defined as the radius of the sphere inside which there 
is a 90 per cent probability of finding the electron, what 
is the atom’s radius? Hint. For part (b), find the solution 
numerically (e.g. by successive approximation, using 
software, or graphically).

1.27 A particle is moving in a circle in the xy plane. The 
only coordinate of importance is the angle j which can vary 
from 0 to 2p as the particle goes around the circle. We are 
interested in measurements of the angular momentum lz of
the particle. The angular momentum operator for such a 
system is given by (H/i)d /dj. (a) Suppose that the state of the 
particle is described by the wavefunction y(j) = Ne−ij where
N is the normalization constant. What values will we find 
when we measure the angular momentum of the particle? 
If more than one value is possible, what is the probability 
of obtaining each result? What is the expectation value of 
the angular momentum? (b) Now suppose that the state of 
the particle is described by the normalized wavefunction 
y(j) = N{(3/4)1/2e−ij − (i/2)e2ij}. When we measure the 
angular momentum of the particle, what values will we 
find? If more than one value is possible, what is the 
probability of obtaining each result? What is the 
expectation value of the angular momentum?

*1.28 Provide a proof of eqn 1.47; eqns 1.47 and 1.46b 
jointly form Ehrenfest’s theorem.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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We describe here general properties of complex num-
bers and functions, which are mathematical constructs 
frequently encountered in quantum mechanics.

MB1.1 Defi nitions

Complex numbers have the general form

z = x + iy (MB1.1)

where i = (−1)1/2. The real numbers x and y are, respect-
ively, the real and imaginary parts of z, denoted Re(z)
and Im(z). When y = 0, z = x is a real number; when 
x = 0, z = iy is a pure imaginary number. Two complex 
numbers z1 = x1 + iy1 and z2 = x2 + iy2 are equal when 
x1 = x2 and y1 = y2. Although the general form of the 
imaginary part of a complex number is written iy,
a specific numerical value is typically written in the 
reverse order; for instance, as 3i.

The complex conjugate of z, denoted z*, is formed 
by replacing i by −i:

z* = x − iy (MB1.2)

The product of z* and z is denoted |z |2 and is called the 
square modulus of z. From eqn MB1.1,

|z |2 = (x + iy)(x − iy) = x2 + y2 (MB1.3)

since i2 = −1. The square modulus is a real number. The 
absolute value or modulus is itself denoted |z | and is 
given by:

|z | = (z*z)1/2 = (x2 + y2)1/2 (MB1.4)

Since zz* = |z |2 it follows that z × (z*/ |z |2) = 1, from 
which we can identify the (multiplicative) inverse of z
(which exists for all non-zero complex numbers):

z−1 = z*
|z |2

(MB1.5)

MB1.2 Polar representation

The complex number z = x + iy can be represented as 
a point in a plane, the complex plane, with Re(z) along 
the x-axis and Im(z) along the y-axis (Fig. MB1.1). If, 
as shown in the figure, r and q denote the polar coordin-
ates of the point, then since x = r cos q and y = r sin q, we 
can express the complex number in polar form as

z = r(cosq + i sin q) (MB1.6)

The angle q, called the argument of z, is the angle that 
z makes with the x-axis. Because y/x = tan q, it follows 
that the polar form can be constructed from

r = (x2 + y2)1/2 = |z | q = arctan 
y

x
(MB1.7a)

To convert from polar to Cartesian form, use

x = r cos q and y = r sin q to form z = x + iy
(MB1.7b)

One of the most useful relations involving complex 
numbers is Euler’s formula:

eiq = cos q + i sin q (MB1.8a)

The simplest proof of this relation is to expand the 
exponential function as a power series and to collect 
real and imaginary terms. It follows that

cosq = 1/2(eiq + e−iq) sin q = −1/2i(eiq − e−iq) (MB1.8b)

The modulus is therefore |z | = 731/2. From eqn MB1.5, 
the inverse of z is

z−1 =
8 + 3i

73
= 8

73 + 3
73 i

A brief illustration

Consider the complex number z = 8 − 3i. Its square 
modulus is

|z |2 = z*z = (8 − 3i)*(8 − 3i) = (8 + 3i)(8 − 3i) 
= 64 + 9 = 73 ››

y = Im(z)

x = Re(z)

r

z = x + iy

Fig. MB1.1 The representation of a complex number z as a point 
in the complex plane using Cartesian coordinates (x,y) or polar 
coordinates (r,q).
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This multiplication is depicted in the complex plane as 
shown in Fig. MB1.2. The nth power and the nth root 
of a complex number are

zn = (reiq)n = rneinq z1/n = (reiq)1/n = r1/neiq/n (MB1.12)

The depictions in the complex plane are shown in 
Fig. MB1.3.

A brief illustration

Consider the complex number z = 8 − 3i. From the 
previous brief illustration, r = |z | = 731/2. The argument 
of z is

q = arctan 
−3

8
= −0.359 rad or −20.6o

The polar form of the number is therefore

z = 731/2e−0.359i

A brief illustration

Consider the complex numbers z1 = 6 + 2i and 
z2 = −4 − 3i. Then

z1 + z2 = (6 − 4) + (2 − 3)i = 2 − i

z1 − z2 = 10 + 5i

z1z2 = {6(−4) − 2(−3)} + {6(−3) + 2(−4)}i = −18 − 26i

z1

z2

= (6 + 2i)A
C

−4 + 3i

25
D
F = − 6

5 + 2
5 i

A brief illustration

To determine the 5th root of z = 8 − 3i, we note that 
from the second brief illustration its polar form is

z = 731/2e−0.359i = 8.544e−0.359i

The 5th root is therefore

z1/5 = (8.544e−0.359i)1/5 = 8.5441/5e−0.359i/5

= 1.536e−0.0718i

It follows that x = 1.536 cos(−0.0718) = 1.532 and 
y = 1.536 sin(−0.0718) = −0.110 (note that we work 
in radians), so

(8 − 3i)1/5 = 1.532 − 0.110i

The polar form in eqn MB1.6 then becomes

z = reiq (MB1.9)

MB1.3 Operations

The following rules apply for arithmetic operations for 
the complex numbers z1 = x1 + iy1 and z2 = x2 + iy2.

1. Addition: z1 + z2 = (x1 + x2) + i(y1 + y2)
(MB1.10a)

2. Subtraction: z1 − z2 = (x1 − x2) + i(y1 − y2)
(MB1.10b)

3. Multiplication: z1z2 = (x1 + iy1)(x2 + iy2) = (x1x2

− y1y2) + i(x1y2 + y1x2) (MB1.10c)

4. Division: We interpret z1/z2 as z1z2
−1 and use 

eqn MB1.5 for the inverse:

z1

z2

= z1z2
−1 = z1z2*

|z2 |2
(MB1.10d)

The polar form of a complex number is commonly 
used to perform arithmetical operations. For instance 
the product of two complex numbers in polar form is

z1z2 = (r1e
iq1)(r2e

iq2) = r1r2e
i(q1+q2) (MB1.11)

y 
= 

Im
(z

)

x = Re(z)

2

r1

r2

z1

z2

1 + 2

r1r2

z1z2

θ

θ θ 1θ

Fig. MB1.2 The multiplication of two complex numbers 
depicted in the complex plane.
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Im
(z
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x = Re(z)
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Im
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r1/4r1/3
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Fig. MB1.3 (a) The nth powers and (b) the nth roots (n = 1, 2, 3, 
4, 5) of a complex number depicted in the complex plane.
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2Linear motion and the 
harmonic oscillator

In this chapter we consider the quantum mechanics of translation and vibration. Both 
types of motion can be solved exactly in certain cases, and both are important not 
only in their own right but also because they form a basis for the description of more 
complicated types of motion. Translational motion also has the advantage of introduc-
ing in a simple way many of the striking features of quantum mechanics.

The characteristics of wavefunctions

There are certain features of wavefunctions that are common to all the problems 
we shall encounter, and we start by considering them. As we shall see, it is the 
combination of these features with the solution of the Schrödinger equation that 
results in one of the most characteristic features of quantum mechanics, the 
quantization of energy.

2.1 Constraints on the wavefunction

We have seen that the Born interpretation of the wavefunction y, like that of its 
time-dependent version Y, is that y*y is a probability density. It must therefore 
be square-integrable (Section 1.12), and specifically the wavefunction must 
satisfy the normalization condition

�y*y dt = 1 (2.1)

A brief illustration

The (real) wavefunction for a particle in a box in its ground state, y1(x) = (2/L)1/2

sin(px/L) for 0 ≤ x ≤ L and zero everywhere else, that was used in illustrations 
throughout Chapter 1 is normalized because

�y*1y1 dt = 2
L�

L

0

 sin2 px
L

dx = 1

Remember that ∫ . . . dt always implies integration over the entire space available 
to the particle, in this case the region 0 ≤ x ≤ L.

The implication of this condition is that the wavefunction cannot become infinite 
over a finite region of space, as in Fig. 2.1. If it did become infinite, the integral 
would be infinite, and the Born interpretation would be untenable. This restric-
tion does not rule out the possibility that the wavefunction could be infinite over 
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an infinitesimal region of space because then its integral may remain finite (the 
integral is the area under the curve of y*y, and infinitely high × infinitely narrow 
may result in a finite area). A function that is infinite over an infinitesimal region 
of space is the Dirac d-function d(r − r ′); it can be pictured as being zero at all 
positions r except at r = r ′. Such a wavefunction corresponds to the localization 
of a particle at a single, precise point, like the centre of mass of a speck of dust on 
a table at absolute zero. By the uncertainty principle (Section 1.17), we know 
that a particle described by a wavefunction of this kind would have an infinitely 
uncertain linear momentum.

Another implication of the Born interpretation is that for y*y to be a valid 
probability density, it must be single valued; that is, have one value at each point. 
The Born interpretation would be untenable if y*y could take more than one 
value at each point of space. In simple applications, the single-valued character 
of y*y implies that y itself must be single valued, and we shall normally impose 
that condition on the wavefunction. (The exceptions arise when electron spin is 
taken into account.)

There are two other conditions on the form of the wavefunction that stem 
from the requirement that y is a solution of a second-order diCerential equation, 
and therefore that its second derivative should exist. In the first place, in order to 
define a second derivative of a function, it is necessary that the function itself 
should be continuous (Fig. 2.2). A weaker requirement is that the first derivative 
should also be continuous. This condition is weaker because there are systems—
those with certain ill-behaved potential energies—where the restriction is too 
severe. For example, when we deal with a particle in a box, we encounter a 
potential energy that is excessively ill-behaved because it jumps from zero to 
infinity in an infinitesimal distance (when the particle touches the wall of the 
box). In such a case there is no need for the particle to have a continuous first 
derivative.

In summary, in general a wavefunction must satisfy the following conditions:

1. Single valued (strictly, y*y should be single valued).

2. Not infinite over a finite range.

3. Continuous everywhere.

4. Possess a continuous first derivative, except at ill-behaved regions of the 
potential.

2.2 Some general remarks on the Schrödinger equation

The time-independent Schrödinger equation is an equation for the second deriva-
tive of the wavefunction, which we can interpret informally as its curvature.
With this idea established, it is possible to guess the form of its solutions even 
when the form of the potential energy is complicated.

(a) The curvature of the wavefunction

A function with positive curvature looks like ( and one with negative curvature 
looks like ). The one-dimensional Schrödinger equation expresses the curvature 
of the wavefunction as

d2y
dx2

= 2m
H2

(V − E)y (2.2)

Therefore, if we know the values of V − E and y at a particular point, then we 
can state the curvature of the wavefunction there. In this section, we concentrate 

A brief comment
An important property of the 
Dirac d-function is that

� f(r)d(r − r ′)dt == f(r ′)

∞ ∞ ∞

Acceptable

Not
acceptable

W
av

ef
u

n
ct

io
n

, ψ

Position, x

Fig. 2.1 A wavefunction must 
not be infinite over a finite range 
because it is then not square-
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on the qualitative features of the equations, because they show us how to unfold 
the qualitative features of the solutions without the clutter of detail.

Several features of the curvature of the wavefunction will prove to be useful for 
anticipating the form of solutions of the Schrödinger equation for a one-particle, 
one-dimensional system.

• The curvature of y is proportional to the amplitude of y. Therefore, for 
a given value of V − E, when y is large, the curvature is large. Where y falls 
towards zero its curvature decreases (Fig. 2.3). Where y is zero, its curvature 
is zero.

• The sign of the curvature of y depends on the relative sign of y and V − E. 
Where E > V, the factor V − E < 0, so the sign of the curvature of y is oppo-
site to the sign of y itself. For example, if E > V and y > 0, then y has nega-
tive curvature and looks like ). Where E < V, the factor V − E is positive, and 
the curvature of y has the same sign as its amplitude. A wavefunction with 
positive amplitude would then have a positive curvature, and look like (.
These features are summarized in Fig. 2.4.

• The curvature is proportional to the diFerence |V − E |. If the total energy is 
greatly in excess of the potential energy (that is, the kinetic energy is high), 
then the magnitude of the curvature is large.

(b) Qualitative solutions

Consider a system in which the potential energy depends on position as depicted 
in Fig. 2.5. Suppose that at x″ the wavefunction has the amplitude and slope 
shown as A, and that the total energy of the particle is E. Note that E < V
for positions to the right of x′ but that E > V to the left of x′: the sign of E − V
therefore changes at x′. Because yA > 0 at x″ and V < E, the curvature of yA is 
negative. The wavefunction remains positive at x′, but to the right of that point
V > E. Its curvature therefore becomes positive, and it bends away from the
x-axis and rises to infinity as x increases. Therefore, according to the Born inter-
pretation, y is an inadmissable wavefunction.
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Fig. 2.3 The variation of the 
curvature of a wavefunction with 
its amplitude, for a constant 
energy E < V.

E < V E > V
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Fig. 2.4 The variation of the 
curvature of a wavefunction with 
the sign of the wavefunction at 
the point in question and the 
relative size of the energy and 
potential energy at the point.

A brief comment 
This use of the term curvature 
is colloquial. In fact, in 
mathematics, curvature is 
a precisely defined concept in 
the theory of surfaces: in one 
dimension the curvature of 
a function f is

Curvature of f

= = (d2f/dx2)
{1 + (df/dx)2}3/2

For example, the curvature 
of the parabola f = x2 is 
2/(1 + 4x2)3/2, and decreases 
as |x | increases, whereas 
d2f/dx2 = 2, a constant 
at all values of x. For simplicity 
of expression, we shall adopt 
the colloquial meaning, and 
identify curvature with the 
second derivative d2f/dx2.
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by the amplitude and slope 
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With this failure in mind, we select a function yB that has a diCerent slope 
at x″ but the same amplitude. This function has a negative curvature (because 
E > V). Its curvature becomes positive to the right of x′ because its amplitude is 
positive but now E < V. The change in curvature is insuAcient to stop yB falling 
through zero to a negative value, and as it does so its curvature changes sign. This 
negative curvature forces yB to a negatively infinite value as x increases, and it is 
therefore an inadmissable wavefunction.

Learning from our mistakes, we now select a wavefunction yC that has a slope 
intermediate between those of yA and yB. Its curvature changes sign at x′ but 
it does so in such a way that yC approaches zero asymptotically as x increases. 
As it does so, its curvature lessens (because the curvature is proportional to the 
amplitude) and it curls oC to neither positive nor negative infinity. Such a wave-
function is acceptable. Note that for the potential shown in Fig. 2.5, a well-
behaved wavefunction can be found for any value of E simply by adjusting the 
amplitude or slope of the function at x″. Therefore, the energies of such systems 
are not quantized.

(c) The emergence of quantization

Now that we have seen the sensitivity of the wavefunction to a potential that 
rises to a large value only on one side, it should be easy to appreciate the diAculty
of fitting a function to a system in which the potential confines the particle on 
both sides (Fig. 2.6). The function yC that was acceptable in the system shown in 
Fig. 2.5 has been traced to the left, where V rises above E again. We see that its 
behaviour at this boundary means that yC is unacceptable. In fact, in general it is 
impossible to find an acceptable solution for an arbitrary value of E. Only for 
some values of E is it possible to construct a well-behaved function. One such 
function is yD in Fig. 2.6. In other words, the energy is quantized in a system with 
a boundary on each side.

The considerable importance of this conclusion cannot be overemphasized. 
The Schrödinger equation, being a diCerential equation, has an infinite number 
of solutions. It has mathematically acceptable solutions for any value of E.
However, the Born interpretation imposes restrictions on the solutions. When 
the system has boundaries that confine the particle to a finite region, almost all 
the solutions are unacceptable: acceptable solutions occur only for special values 
of E. That is, energy quantization is a consequence of boundary conditions.

The diagram in Fig. 2.7 depicts the eCect of boundaries on the quantization of 
the energy of a particle. Quantization occurs only when the particle is confined 
to a finite region of space. When its energy exceeds E′ the particle can escape 
to positive values of x, and when its energy exceeds E″ the particle can travel 
indefinitely to positive and negative values of x. Furthermore, as the potential 
becomes less confining (that is, when the region for which E > V becomes larger), 
the separation between neighbouring quantized levels is reduced because it gets 
progressively easier to find energies that give well-behaved functions. The region 
of quantized energy is generally taken to signify that we are dealing with bound
states of a system, in which the wavefunction is localized in a definite region (like 
an electron in a hydrogen atom). The region of non-quantized energy is typically 
associated with scattering problems in which projectiles collide and then travel 
oC to infinity. We introduce both types of solution in this chapter, but delay the 
complications of scattering problems until Chapter 14 at the end of the book.

(d) Penetration into non-classical regions

A glance at Fig. 2.6 shows that a wavefunction may be non-zero even where 
E < V; that is, y need not vanish where the kinetic energy is negative. A negative 
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kinetic energy is forbidden classically because v2 cannot be negative, and the fact 
that a particle may be found in a region where the kinetic energy is negative is 
an example of quantum mechanical ‘penetration’. We shall elaborate on this 
term in the course of this chapter.

The penetration of a particle into a region where the kinetic energy is negative 
is no particular cause for alarm. We have seen that observed energies are the 
expectation values of operators, and the expectation value of the kinetic energy 
operator is invariably positive (the operator for kinetic energy is proportional to 
the square of an Hermitian operator, px). In addition, because the eigenvalues of 
the squares of Hermitian operators are always non-negative (Example 1.6), each 
individual determination of the kinetic energy cannot have a negative outcome. 
Finally, any attempt to confine a particle within a non-classical region, and then 
to measure its kinetic energy, will be doomed by the uncertainty principle. The 
confinement would have to be to such a small region that the corresponding 
uncertainty in momentum, and hence in kinetic energy, would be so great that we 
would be unable to conclude that the kinetic energy was indeed negative.

Translational motion

The easiest type of motion to consider is that of a completely free particle travel-
ling in an unbounded one-dimensional region. Because the potential energy is 
constant, and may be chosen to be zero, the hamiltonian for the system is

H = − H2

2m
d2

dx2
(2.3)

The time-independent Schrödinger equation, Hy = Ey, therefore has the form

− H2

2m
d2y
dx2

= Ey (2.4)

The general solutions of this diCerential equation are (see Mathematical
background 2 following this chapter for a general discussion of diCerential
equations)

y = Aeikx + Be−ikx k = A
C
2mE

H2

D
F

1/2

(2.5)

as may readily be checked by substitution. Because e±ikx = cos kx ± i sin kx (Euler’s 
relation), an alternative form of this solution is

y = C cos kx + D sin kx (2.6)

In both forms, the solutions of the coeAcients A, B, C, and D are to be found by 
considering the boundary conditions (see below). However, an important point 
is that functions of the form e±ikx are not square-integrable (Section 1.12), so care 
needs to be taken with their normalization. In practice, it is assumed that the 
particle is free to move in a finite region of space of length L, with L allowed to 
approach infinity at the end of the calculation.

2.3 Energy and momentum

The first point to note about the solutions is that, as the motion is completely 
unconfined, the energy of the particle is not quantized. An acceptable solution 
exists for any value of E: we simply use the appropriate value of k in eqn 2.5.
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The relation between the energy of a free particle and its linear momentum 
is E = p2/2m. According to eqn 2.5, the energy is related to the parameter k by 
E = k2H2/2m. It follows that the magnitude of the linear momentum of a 
particle described by the wavefunctions in eqn 2.5 is

p = kH (2.7)

This expression can be developed in a number of ways. For example, we can turn 
it round, and say that the form of the wavefunction of a particle with linear 
momentum of magnitude p is given by eqn 2.5 with k = p/H. A second point is 
that the wavefunctions in eqn 2.5 have a definite wavelength. This may be easier 
to see in the case of eqn 2.6, because a wave of wavelength l is commonly written 
as cos(2px/l) or as sin(2px/l). It follows that the wavelength of the wavefunction 
in eqn 2.6 is l = 2p/k. That is, the wavefunction for a particle with linear momen-
tum p = kH has a wavelength l = 2p/k. It follows that the wavelength and linear 
momentum are related by

p = 2p
l

× H = h
l

(2.8)

This is the de Broglie relation (Section 0.5).

2.4 The signifi cance of the coeffi  cients

The significance of the coeAcients in the wavefunction can be determined by 
considering the eCect of the linear momentum operator in the position represen-
tation, p = (H/i)d/dx. Suppose initially that B = 0, then

py = H
i

dy
dx

= H
i

d(Aeikx)
dx

= kHAeikx = kHy (2.9a)

We see that the wavefunction is an eigenfunction of the linear momentum oper-
ator, and that its eigenvalue is kH. Alternatively, if A = 0, then

py = H
i

dy
dx

= H
i

d(Be−ikx)
dx

= −kHBe−ikx = −kHy (2.9b)

The distinction between the two solutions is the sign of the eigenvalue. Because 
linear momentum is a vector quantity, we are immediately led to the conclusion 
that the two wavefunctions correspond to states of the particle with the same 
magnitude of linear momentum but in opposite directions. This is a very import-
ant point, for it lets us write down the wavefunctions for particles that not only 
have a definite kinetic energy and therefore magnitude of linear momentum, but 
for which we can also specify directions of travel (Fig. 2.8).

The significance of the coeAcients A and B should now be clearer: they depend 
on how the state of the particle was prepared. If it was shot from a gun in the 
direction of positive x, then B = 0. If it had been shot in the opposite direction (by 
the duelling partner), then its state would be described by a wavefunction with 
A = 0.

Now we turn to the significance of the coeAcients C and D in the alternative 
form of the wavefunction. Suppose D = 0, so that the particle is described by the 
wavefunction C cos kx. When we examine the eCect of the momentum operator 
we find

py = H
i

dy
dx

= H
i

d(C cos kx)
dx

= ikHC sinkx

ψ

ψ

= eikx

= e–ikx

p = +kh

p = –kh

Fig. 2.8 Wavefunctions for 
a particle travelling to the right 
(towards increasing x) and left 
(towards decreasing x) with a 
given magnitude of linear 
momentum (kH) are each other’s 
complex conjugate.

A brief comment
Note that 1/i = −−i and 
d /dx (coskx) = −−k sinkx.
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We see that the wavefunction is not an eigenfunction of the linear momentum 
operator. However, by using Euler’s relation and writing

y = 1
2Ceikx + 1

2Ce−ikx

we see that the wavefunction is a superposition, a linear combination, of the two 
linear momentum eigenstates with equal coeAcients. From the general consider-
ations set out in Section 1.11, we can conclude that in a series of observations, 
we would obtain the linear momentum +kH half the time and −kH half the time, 
but we would not be able to predict which direction we would detect in any given 
observation. The expectation value of the linear momentum, its average value, is 
zero if its wavefunction is a sine (or a cosine) function.

An important general point illustrated by this discussion is that a complex 
wavefunction (such as eikx), or any function that cannot be made real simply by 
multiplication by a constant, corresponds to a definite state of linear momentum 
(in direction as well as in magnitude), whereas a real function (such as cos kx)
does not (see Self-test 1.6). To illustrate this point, Fig. 2.9 depicts both the real 
and imaginary components of a complex wavefunction in a single diagram by 
plotting the points (cos kx, sin kx) against x. The two functions shown there, 
(a) eikx and (b) e−ikx, which correspond to opposite directions of travel, then form 
two helices of diCerent handedness, which convey the diCerent senses of motion.

2.5 The fl ux density

Further insight into the form of the general solutions of the Schrödinger equation 
for free particles can be obtained by introducing a quantity called the flux density,
Jx. The full usefulness of this quantity will become clear in later chapters where 
we are interested in the flow of charge in a molecule and the impact of beams of 
molecules on one another. The flux density in the x-direction is defined as follows:

Jx = 1
2m

(Y*pxY + Yp*xY*) (2.10)

In the position representation, we interpret px as (H/i)d /dx and p*x = −(H/i)(d /dx).
For a state with a definite energy, the time-dependent phase factors in Y and Y*
cancel (eqn 1.41), and the flux density is

Jx = 1
2m

(y*pxy + yp*xy*) (2.11)

Re y

Re y

Im y

Im y

(a)

(b)

Fig. 2.9 The relative phases 
of the imaginary and real 
components of a wavefunction 
determine the direction of 
propagation of the particle: 
the real component seems to 
chase the imaginary component. 
(a) eikx, (b) e−ikx.

Example 2.1 Calculating a flux density

Calculate the flux density for a system that is described by the wavefunction in 
eqn 2.5 with B = 0.

Method To calculate the flux density, substitute the wavefunction in eqn 2.5 (with 
B set to 0) into eqn 2.11. Use the expression for the linear momentum operator in 
the position representation.

Answer Using px = (H/i)d /dx, we obtain for the flux density

Jx = 1
2m

!
@(Aeikx)*A

C
H
i

d
dx

D
F (Aeikx) + (Aeikx)AC

H
i

d
dx

D
F
*

(Aeikx)*#
$

 = 1
2m

!
@(A*e−ikx)AC

H
i

d
dx

D
F (Aeikx) − (Aeikx)AC

H
i

d
dx

D
F (A*e−ikx)#$

 = H | A |  2

2mi
{(e−ikx)(ik)(eikx) − (eikx)(−ik)(e−ikx)} = kH |A | 2

m ››
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2.6 Wavepackets

So far, we have considered a case in which the energy of the particle is specified 
exactly. But suppose that the particle had been prepared with an imprecisely 
specified energy. Because the energy is imprecise, the wavefunction that describes 
the particle must be a superposition of functions corresponding to diCerent ener-
gies. Such a superposition is called a wavepacket. For example, suppose the 
particle is a projectile fired towards positive x; then we know that the wavefunc-
tion of the projectile must be a superposition of functions of the form eikx with 
a range of values of k corresponding to the range of linear momenta (and hence 
kinetic energies) possessed by the particle.

A wavepacket is a wavefunction that has a non-zero amplitude in a small 
region of space and is close to zero elsewhere. In general, wavepackets move 
through space in a manner that resembles the motion of a classical particle. To 
see both these features, we consider a superposition of time-dependent wave-
functions of the form

Yk(x,t) = Aeikxe−iEkt/H (2.12)

The superposition is a linear combination of such functions, each one of which is 
weighted by a coeAcient g(k) called the shape function of the packet. Because k
is a continuously variable parameter, the sum is actually an integral over k, and 
so the wavepacket has the form

Y(x,t) = �g(k)Yk(x,t)dk (2.13)

The pictorial form of such a packet is shown in Fig. 2.10. As a result of the inter-
ference between the component waves, at one instant the wavepacket has a large 
amplitude at one region of space. However, because the time-dependent factor 
aCects the phases of the waves that contribute to the superposition, the region of 
constructive interference changes with time (Fig. 2.11). It should not be hard 
to believe that the centre of the packet moves to the right, and this is confirmed 
by a mathematical analysis of the motion (see Further information 2.1). The clas-
sical motion of a projectile is captured by the motion of the wavepacket, and 
once again we see how classical mechanics emerges from quantum mechanics.

Penetration into and through barriers

A highly instructive extension of the results for free translational motion is to the 
case where the potential energy of a particle rises sharply to a high, constant 
value, perhaps to decline to zero again after a finite distance. Classically we know 
what happens: if a particle approaches the barrier from the left, then it will pass 
over it only if its initial energy is greater than the potential energy it possesses 
when it is inside the barrier. If its energy is lower than the height of the barrier, 
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Fig. 2.11 Because each wave in 
a superposition oscillates with a 
diCerent frequency, the point of 
constructive interference moves 
as time increases.

To
ta

l w
av

ef
u

n
ct

io
n

,Y

Position, x

Fig. 2.10 A wavepacket 
formed by the superposition 
of many waves with diCerent
wavelengths. Twenty waves have 
been superimposed to produce 
this figure.

Comment We now note that +kH/m is the classical velocity of the particle (moving 
in the direction of positive x), so the flux density is the velocity multiplied by the 
probability that the particle is in that particular state.

Self-test 2.1 Calculate the flux density for a system that is described by the wave-
function in eqn 2.5 with A = 0.

[ Jx = −kH | B |2/m]
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then the particle is reflected. To see what quantum mechanics predicts, we shall 
consider three types of barrier of increasing diAculty.

2.7 An infi nitely thick potential wall

The Schrödinger equation for the problem of a particle and an infinitely thick 
potential wall falls apart into two equations, one for each of the zones in 
Fig. 2.12. The potential energy has the form:

x < 0 (Zone I): V(x) = 0 (2.14a)
x ≥ 0 (Zone II): V(x) = V

and the hamiltonians for the two zones are given by

Zone I (x < 0): H = − H
2

2m
d2

dx2
(2.14b)

Zone II (x ≥ 0): H = − H
2

2m
d2

dx2
+ V

The corresponding equations are free-particle Schrödinger equations (eqn 2.4), 
except for the replacement of E by E − V in Zone II. Therefore, the general solu-
tions can be written down by referring to eqn 2.5:

Zone I: y = Aeikx + Be−ikx kH = {2mE}1/2 (2.15)

Zone II: y = A′eik′x + B′e−ik′x k′H = {2m(E − V)}1/2

We shall concentrate on the case when E < V, so that classically the particle 
cannot be found at x > 0 (inside the wall). The condition E < V implies that k′ is 
imaginary; so we shall write k′ = ik, where k (kappa) is real. It then follows that

Zone II: y = A′e−kx + B′ekx kH = {2m(V − E)}1/2 (2.16)

This wavefunction is a mixture of decaying and increasing exponentials: we see 
that a wavefunction does not oscillate when E < V.

Because the barrier is infinitely wide, the increasing exponential must be ruled 
out because it leads to an infinite amplitude. Therefore, inside a barrier like that 
shown in Fig. 2.12, the wavefunction must be simply an exponentially decaying 
function, e−kx. One important point about this conclusion is that, because the 
wavefunction is non-zero inside the barrier, the particle may be found inside 
a classically forbidden region, the eCect called penetration. The rapidity with 
which the wavefunction decays to zero is determined by the value of k, for the 
amplitude of the wavefunction decreases to 1/e of its value at the edge of the bar-
rier in a distance 1/k, which is called the penetration depth. The penetration 
depth decreases with increasing mass of the particle and the height of the barrier 
above the energy of the incident particle (the value of V − E). Macroscopic 
particles have such large masses that their penetration depth is almost zero what-
ever the height of the barrier, and for all practical purposes they are not found in 
classically forbidden regions. An electron or a proton, on the other hand, may 
penetrate into a forbidden zone to an appreciable extent.
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Fig. 2.12 The potential energy 
of a barrier of finite height 
but of semi-infinite extent.

A brief illustration

Consider an electron that has been accelerated through a potential diCerence of 
1.0 V, and which has acquired a kinetic energy of 1.0 eV, incident on a potential 
barrier equivalent to 2.0 eV. The penetration depth will be ››
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2.8 A barrier of fi nite width

We now consider the case of a barrier of a finite width (Fig. 2.13). In particular, 
the potential energy, V(x), has the form:

Zone I (x < 0): V(x) = 0 (2.17)

Zone II (0 ≤ x < L): V(x) = V

Zone III (x ≥ L): V(x) = 0

The general solutions of the time-independent Schrödinger equation can be writ-
ten down immediately:

Zone I: y = Aeikx + Be−ikx kH = {2mE}1/2 (2.18)

Zone II: y = A′eik′x + B′e−ik′x k′H = {2m(E − V)}1/2

Zone III: y = A″eikx + B″e−ikx kH = {2mE}1/2

In scattering problems, of which this is a simple example, it is common to dis-
tinguish between ‘incoming’ and ‘outgoing’ waves. An incoming wave is a 
contribution to the total wavefunction with a component of linear momentum 
towards the target (from any direction). An outgoing wave is a contribution 
with a component of linear momentum away from the target. Each contribution 
corresponds to a flux of particles either towards or away from the target. In 
the problem we are currently considering, in Zone I, A is the coeAcient of the 
incoming wave and B the coeAcient of the outgoing wave. In Zone III, A″ is the 
coeAcient of the outgoing wave and B″ the coeAcient of the incoming wave.

(a) The case E < V

In this section we first consider solutions for E < V. Classically, the particle does 
not have enough energy to overcome the potential barrier. Therefore, for a par-
ticle incident from the left, the probability is exactly zero that it will be found on 
the right of the barrier (x > L). Quantum mechanically, however, the particle 
can be found on the right of the barrier even though E < V. In Zone II, the wave-
function has the form given in eqn 2.16. We need to note that the increasing 
exponential function in the wavefunction in this zone will not rise to infinity 
before the potential has fallen to zero again and oscillations resume. Therefore, 
the coeAcient B′ will not be zero. The values of the coeAcients are established by 
using the acceptability criteria for wavefunctions set out at the beginning of this 
chapter, and in particular the requirement that they and their slopes must be 
continuous. The continuity condition lets us match the wavefunction at the 
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Fig. 2.13 The potential energy of 
a finite barrier. Particles incident 
from one side may be found on 
the opposite side of the barrier. 
According to classical mechanics, 
that is possible only if E is 
not less than V. According to 
quantum mechanics, however, 
barrier penetration may occur 
whatever the energy.

1
k

= H
{2m(V − E)}1/2

= 1.055 × 10−34 J s
{2 × 9.109 × 10−31 kg × (2.0 eV − 1.0 eV) × 1.602 × 10−19 J/eV}1/2

= 2.0 × 10−10 m

The wavefunction decays to 1/e of its initial amplitude after 0.20 nm, which is 
comparable to the diameter of one atom. Hence, penetration can have very import-
ant eCects on processes at surfaces, such as electrodes, and for all events on an 
atomic scale.

Self-test 2.2 What is the penetration depth for a proton with kinetic energy 1.0 eV 
incident on a potential barrier of 2.0 eV?

[4.6 pm]
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points where the zones meet, and therefore to find conditions for the coeAcients.
For example, the continuity of the amplitude at x = 0 and at x = L leads to the 
two conditions

At x = 0: A + B = A′ + B′ (2.19)

At x = L: A′e−kL + B′ekL = A″eikL + B″e−ikL

Similarly, the continuity of slopes at the same two points leads to the two 
conditions

At x = 0: ikA − ikB = −kA′ + kB′ (2.20)

At x = L: −kA′e−kL + kB′ekL = ikA″eikL − ikB″e−ikL

These four equations give four conditions for finding six unknowns. The remain-
ing conditions include a normalization requirement (one more condition) and a 
statement about the initial state of the particle (such as the fact that it approaches 
the barrier from the left).

Consider the case where the particles are prepared in Zone I with a linear 
momentum that carries them to the right. It then follows that the coeAcient
B″ = 0, because the exponential function it multiplies corresponds to particles 
with linear momentum towards the left on the right-hand side of the barrier, 
and there can be no such particles. That is, there is no incoming wave, no inward 
flux of particles, in Zone III. There may be particles travelling to the left on the 
left of the barrier because reflection can take place at the barrier. We can there-
fore identify the coeAcient B as determining (via | B | 2) the flux density of particles 
reflected from the barrier in Zone I. The reflection probability, R, is the ratio 
of the reflected flux density to the incident flux density, so from the results of 
Example 2.1 we can write (disregarding signs):

R = (kH/m)|B | 2

(kH/m)|A | 2
= | B | 2

| A | 2
(2.21a)

Similarly, the coeAcient A″, the coeAcient of the outgoing wave in Zone III, 
determines (via | A″ | 2) the flux of particles streaming away from the barrier on the 
right. The transmission probability, T, is the ratio of the transmitted flux density 
to the incident flux density, and is given by

T = | A″ | 2

| A | 2
(2.21b)

The complete calculation of T involves only elementary manipulations of the 
relations given above, and the result (Problem 2.6) is

T = 1
1 + (ekL − e−kL)2/{16(E/V)(1 − E/V)}

R = 1 − T (2.22a)

InterActivity Using the Worksheet entitled Equation 2.22 on the text’s website, 
explore the dependence of the transmission probability on energy and its variation 

with L, m, and V.

with k = {2mV(1 − E/V)}1/2/H. Because we have been considering energies E < V,
T represents the probability that a particle incident on one side of the barrier will 
penetrate the barrier and emerge on the opposite side. That is, T is the probabil-
ity of tunnelling, non-classical penetration, through the barrier (Fig. 2.14). For 
barriers that are high and wide (in the sense that kL >> 1), eqn 2.22a simplifies to 
(Problem 2.6)

T = 16(E/V)(1 − E/V)e−2kL (2.22b)

Tr
an

sm
is

si
o

n
 p

ro
b

ab
ili

ty
, T

0
0

0.1

0.2

0.2

0.3

0.4

0.4

0.5

Energy, E/V
0.6 0.8 1

2

3

4

6
8

10
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The tunnelling probability decreases exponentially with the thickness of the 
barrier and with m1/2. Therefore, particles of low mass are more eCective at 
tunnelling through barriers than heavy ones.

(b) The case E > V

We now deal with energies E > V. Classically, the particle now has suAcient
energy to overcome the potential barrier. A particle incident from the left would 
have unit probability of being found on the right of the barrier. Once again, 
though, quantum mechanics gives a diCerent result. To determine the expres-
sions for T and R we could proceed as we did above for energies E < V, write 
down four relations for the six coeAcients, and then manipulate them. However, 
it is considerably easier to take the expression for T given above and replace k by 
k′/i = −ik′. This procedure gives

T = 1
1 + (sin2(k′L))/{4(E/V)(E/V − 1)}

 R = 1 − T (2.23)

with Hk′ = {2mV(E/V − 1)}1/2. This function is plotted in Fig. 2.15.

InterActivity Using the Worksheet entitled Equation 2.23 on the text’s website, 
explore the dependence of the transmission probability on energy and its variation 

with L, m, and V.

The transmission probability, T, takes on its maximum value of 1 and the 
barrier is transparent when sin(k′L) = 0, which occurs at energies E correspond-
ing to1

k′ = np
L

n = 1,2, . . . (2.24a)

Furthermore, T has minima near

k′ = np
2L

n = 1,3, . . . (2.24b)

At high energies (E >>V), T approaches its classical value of 1. We see in Fig. 2.15 
how the transmission probability for energies above the barrier height fluctuates 
between maxima and minima.

We should take note of two striking diCerences between the quantum mech-
anical and classical results. First, even when E > V, there is still a probability of 
the particle being reflected by the potential barrier even though classically it has 
enough energy to travel over the barrier. This phenomenon is known as anti-
tunnelling or non-classical reflection. Second, the strong variation of T with the 
energy of the incident particle is a purely quantum mechanical eCect. The peaks 
in the transmission probability for energies above V are examples of scattering
resonances. We shall have more to say concerning resonances in Chapter 14 when 
we discuss scattering in general.

2.9 The Eckart potential barrier

The rectangular barrier we have been considering is obviously not very realistic, 
but it does serve to introduce a number of concepts, and it has properties that are 
found in more realistic models. In fact, there are only a few realistic potentials for 

A brief comment
To obtain this result, we 
have used the first of the 
two relations

sinx = eix − e−ix

2i

cosx = eix + e−ix

2

We shall use the fact a number 
of times that sin x = 0 at
x = np with n = 0,1,2, . . . , 
and cos x = 0 at x = np/2,
with n = 1,3,5, . . . .

1 The value n = 0 is excluded because in the limit of k′ → 0, T = 1/(1 + mVL2/2H2), which is 
not equal to 1.
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Fig. 2.15 The same as in the 
preceding figure, but for E > V.
Note that according to quantum 
mechanics, the particle may be 
reflected back from the barrier 
(so that T < 1) even though 
classically it has enough energy 
to pass over it.
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which analytical expressions for the reflection and transmission probabilities are 
available. One such potential is the Eckart potential barrier:2

V(x) = 4V0e
bx

(1 + ebx)2
(2.25)

InterActivity Using the Worksheet entitled Equation 2.25 on the text’s website, 
explore the dependence of the Eckart potential V(x) on x for diCerent values 

of b.

where V0 and b are constants with dimensions of energy and inverse length, 
respectively. The Eckart potential function is often invoked in models of chemical 
reactivity as it bears a resemblance to the graph of the potential energy barrier 
for a reaction as a function of the reaction coordinate. The potential is shown in 
Fig. 2.16; we see that it is symmetric in x with a maximum value of V0 at x = 0, 
and approaches zero as |x | → ∞. The Schrödinger equation associated with this 
potential can be solved and its solutions2 are the so-called hypergeometric func-
tions. All we shall do here is quote the analytical expression for the transmission 
probability:

T = cosh{4p(2mE)1/2/Hb} − 1
cosh{4p(2mE)1/2/Hb} + cosh{2p | 8mV0 − (Hb/2)2 |1/2/Hb}

(2.26)

InterActivity Using the Worksheet entitled Equation 2.26 on the text’s website, 
explore the dependence of the transmission probability on energy and its variation 

with b, m, and V0.

Figure 2.17 shows how T varies with E/V0. For E << V0, T ≈ 0. As the energy 
approaches the top of the barrier (E = V0), the transmission probability increases. 
This increase corresponds to the tunnelling of the particle through the barrier 
and its emergence on the other side. As the energy increases beyond V0, T
approaches 1, but T < 1 even when E > V0. There is still a probability of the 
particle being reflected by the barrier even when classically it can pass over it. 
This behaviour is another example of the antitunnelling displayed by the rectan-
gular barrier. Finally, when E >> V0, T ≈ 1, as expected classically. However, 
unlike the rectangular barrier, there are no oscillations in the transmission prob-
ability for E > V0.

Particle in a box

We now turn to a case in which a particle is confined by walls to a region of space 
of length L. The walls are represented by a potential energy that is zero inside 
the region but rises abruptly to infinity at the edges (Fig. 2.18). This system is 
called a one-dimensional square well or a particle in a box. The squareness in the 
former name refers to the steepness with which the potential energy goes to 
infinity at the ends of the box. Because the particle is confined, its energy is quant-
ized, and the boundary conditions determine which energies are permitted. We 
have presumed that this problem is familiar from introductory courses; what 
follows is a review and elaboration of its formal solution.

2 This barrier was investigated by C. Eckart in 1930. For details, see C. Eckart, Phys. Rev.,
1303, 35 (1930).
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A brief comment
The hyperbolic sin (sinh) and 
cosine (cosh) functions are 
defined as

sinhx = ex − e−x

2

coshx = ex + e−x

2
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2.10 The solutions

The hamiltonian for the system is

H = − H2

2m
d2

dx2
+ V(x) V(x) = !

@
0 for 0 ≤ x ≤ L
∞ otherwise

(2.27)

Because the potential energy of a particle that touches the walls is infinite, the 
particle cannot in fact penetrate them. This result is justified by the behaviour 
of the wavefunctions described in Section 2.7. It follows that the hamiltonian for 
the region where the potential is not infinite, and therefore the only region where 
the wavefunction is non-zero, is

H = − H2

2m
d2

dx2
(2.28)

This expression is the same as the hamiltonian for free translational motion 
(eqn 2.3), so we know at once that the solutions are those given in eqn 2.6. 
However, in this case there are boundary conditions to satisfy, and they will have 
the eCect of eliminating most of the possible solutions.

The wavefunctions are zero outside the box where x < 0 or x > L. Wavefunctions 
are everywhere continuous. Therefore, the wavefunctions must be zero at the 
walls at x = 0 and x = L. The boundary conditions are therefore y(0) = 0 and 
y(L) = 0. We now apply each condition in turn to a general solution of the form

y(x) = C cos kx + D sin kx kH = (2mE)1/2

First, at x = 0,

y(0) = C cos 0 + D sin 0 = C

because cos 0 = 1 and sin 0 = 0. Therefore, to satisfy the condition y(0) = 0 we 
require C = 0. Next, at x = L, after setting C = 0,

y(L) = D sin kL

One way to achieve y(L) = 0 is to set D = 0, but then the wavefunction would be 
zero everywhere and the particle found nowhere. The alternative is to require 
that the sine function itself vanishes. It does so if kL is equal to an integral 
multiple of p. That is, we must require k to take the values

k = np
L

n = 1,2, . . . (2.29)

The value n = 0 is excluded because it would give sin kx = 0 for all x, and the 
particle would not be found anywhere. The integer n is an example of a quantum
number, a number that labels a state of the system and that, by the use of an 
appropriate formula, can be used to calculate the value of an observable of the 
system. For instance, because E = k2H2/2m, it follows that the energy is related 
to n by

En = n2H2p2

2mL2
= n2h2

8mL2
n = 1,2, . . . (2.30)

A major conclusion of this calculation at this stage is that the energy of the 
particle is quantized; that is, confined to a series of discrete values.

There now remains only the constant D to determine before the solution is 
complete. The probability of finding the particle somewhere within the box must 
be 1, so the integral of y2 over the region between x = 0 and x = L must be equal 
to 1. The integral is

�
L

0

y*ydx = D2�
L

0

 sin2A
C
npx
L

D
F dx = 1

2 LD2
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Fig. 2.18 The infinite square-well 
potential characteristic of 
a particle in a box.

A brief comment
To evaluate this integral we 
have used the standard form

� sin2 ax dx

= 1
2x − 1

4a sin 2ax + constant
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Therefore, as we saw in Example 1.4, D = (2/L)1/2. The complete solution is

yn(x) = A
C
2
L

D
F

1/2

 sinA
C
npx
L

D
F (2.31)

En = n2h2

8mL2
n = 1,2, . . .

InterActivity Using the Worksheet entitled Equation 2.31 on the text’s website, 
explore the variation of the wavefunction and energy of the particle in a box with n,

m, and L.

We see that there is a single quantum number, n, which determines the wave-
functions and the energies.

Figure 2.19 shows some of the solutions and Fig. 2.20 shows the squares of the 
wavefunctions: the latter are the probability densities for finding the particle in 
each location. Note how the particle seems to avoid the walls in the low energy 
states but becomes increasingly uniformly distributed as n increases. The distri-
bution at high values of n corresponds to the classical expectation that the 
particle spends, on the average, equal times at all points as it bounces between 
the walls. This behaviour is an example of the correspondence principle, which 
states that classical mechanics emerges from quantum mechanics at high quan-
tum numbers.

A point where a wavefunction passes through zero (not simply approaches 
zero without passing through) is called a node. We see from Fig. 2.19 that the 
lowest energy state has no nodes, and that the number increases as n increases: in 
general, the number of nodes is n − 1. It is a common feature of wavefunctions 
that the higher the number of nodes, the higher the energy. With more nodes, 
there is greater curvature of the wavefunction and therefore, as discussed at the 
end of Section 2.2a, a greater kinetic energy.

2.11 Features of the solutions

The lowest energy that the particle can have is for the state with n = 1, its lowest 
value, and is E1 = h2/8mL2. This irremovable energy is called the zero-point energy.
It is a purely quantum mechanical property, and in a hypothetical universe in 
which h = 0 there would be no zero-point energy. The uncertainty principle gives 
some insight into its origin, because the uncertainty in the position of the particle 
is finite (it is somewhere between 0 and L), so the uncertainty in the momentum 
of the particle cannot be zero. Because Dp ≠ 0 but 〈p〉 = 0 (Section 2.4), it follows 
that 〈p2〉 ≠ 0 and consequently that the average kinetic energy, which is propor-
tional to 〈p2〉, also cannot be zero. A more fundamental way of understanding the 
origin of the zero-point energy, though, is to note that the wavefunction is neces-
sarily curved if it is to be zero at each wall but not zero throughout the interior 
of the box. We have already seen that the curvature of a wavefunction signifies 
the possession of kinetic energy, so the particle necessarily possesses non-zero 
kinetic energy if it is inside the box.

The energy separation of neighbouring states decreases as the walls move back 
and give the particle more freedom

En+1 − En = {(n + 1)2 − n2}
h2

8mL2
= (2n + 1) 

h2

8mL2
(2.32)

As the length of the box approaches infinity (corresponding to a box of macro-
scopic dimensions), the separation of neighbouring levels approaches zero, and 
the eCects of quantization become completely negligible. In eCect, the particle 
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Fig. 2.20 The probability 
distribution of a particle in 
a box. Note that the distribution 
becomes more uniform as the 
energy increases.
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wavefunctions for a particle in 
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energy increases; the maximum 
amplitude of the wavefunctions 
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becomes unbounded and free, and its state is described by the wavefunctions in 
eqn 2.5. The same is true as the mass, m, becomes large. Consequently, classical 
mechanics can be used to describe the translational motion of macroscopic 
objects.

2.12 The two-dimensional square well

Interesting new features arise when we consider a particle confined to a rectan-
gular planar surface with linear dimensions L1 in the x direction and L2 in the y
direction (Fig. 2.21). Just as in one dimension, where the wavefunctions look like 
those of a vibrating string with clamped ends, so in two dimensions they can be 
expected to correspond to the vibrations of a rectangular drum with the edges 
rigidly clamped.

The hamiltonian for the two-dimensional, infinitely deep square well in the 
interior of the well (the only region where the particle will be found, and where 
its potential energy is zero) is

H = − H
2

2m
A
C
[2

[x2
+ [2

[y2

D
F (2.33)

The Schrödinger equation for the particle inside the walls is therefore

[2y
[x2

+ [2y
[y2

= − 2mE
H2

y (2.34)

The boundary conditions are that the wavefunction must vanish at all four 
walls.

To solve this equation in two variables, we try the separation of variables 
technique described in Section 1.14 and Mathematical background 2. The trial 
solution is written y(x,y) = XY, where X is a function of only x and Y is a function 
only of y. Inserting the trial solution into the Schrödinger equation we get first

Y
d2X
dx2

+ X
d2Y
dy2

= − 2mE
H2

XY

and then, after dividing through by XY,

1
X

d2X
dx2

+ 1
Y

d2Y
dy2

= − 2mE
H2

We now use the same argument as in Section 1.14, and conclude that the original 
equation can be separated into two parts:

d2X
dx2

= − 2mEX

H2
X

d2Y
dy2

= − 2mEY

H2
Y

with EX + EY = E. Both equations have the same form as the equation for a one-
dimensional system, and the boundary conditions are the same. Therefore, we 
may write the solutions immediately (using y = XY):

yn1n2
(x,y) = 2

(L1L2)
1/2

sinA
C
n1px
L1

D
F sinA

C
n2py
L2

D
F (2.35)

En1n2
= h2

8m
A
C
n1

2

L1
2

+ n2
2

L2
2

D
F n1 = 1,2, . . . n2 = 1,2, . . .

Note that to define the state of a particle in a two-dimensional system, we need 
to specify the values of two quantum numbers; n1 and n2 can take any integer 
values in their range independently of each other.

∞

∞
∞

∞

0 L1

L2

x

y

V(x,y)

Fig. 2.21 The potential energy of 
a particle in a two-dimensional 
square well.
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Many of the features of the one-dimensional system are reproduced in higher 
dimensions. There is a zero-point energy (E1,1), and the energy separations 
decrease as the walls move apart and become less confining. The energy is 
quantized as a consequence of the boundary conditions. The shapes of some of 
the low-energy wavefunctions are illustrated in Fig. 2.22 and the corresponding 
probability densities are shown in Fig. 2.23. As in the one-dimensional case, the 
particle is distributed more uniformly at high energies than at low; that is, for 
large values of the quantum numbers n1 and n2, the wavefunction oscillates so 
rapidly that the probability density appears to be uniform.

2.13 Degeneracy

One feature found in two dimensions but not in one dimension is apparent when 
the box is geometrically square. Then L1 = L2 = L and the energies are given by

En1n2
= h2

8mL2
 (n1

2 + n2
2) (2.36)

This expression implies that a state with the quantum numbers n1 = a and n2 = b
(which we could denote | a,b〉) has exactly the same energy as one with n1 = b and 
n2 = a (the state | b,a〉) even when a ≠ b. This is an example of the degeneracy of 
states mentioned in Section 1.2. For example, the two states |1,2〉 and |2,1〉 both 
have the energy 5h2/8mL2 but their two wavefunctions are diCerent:

y1,2(x,y) = 2
L

sinA
C
px
L

D
F sinA

C
2py
L

D
F

y2,1(x,y) = 2
L

sinA
C
2px
L

D
F sinA

C
py
L

D
F

Inspection of Fig. 2.24 shows the origin of this degeneracy: one wavefunction 
can be transformed into the other by rotation of the box through 90°. We should 
always expect degeneracies to be present in systems that have a high degree of 
symmetry, as we shall see in more detail in Chapter 5.

In the case of a rectangular but not square box, the symmetry and the degen-
eracy are lost. However, sometimes degeneracy is encountered where there is no 
rotation that transforms one wavefunction into another; it is then called acciden-
tal degeneracy. In certain cases, accidental degeneracy is known to arise when the 
full symmetry of the system has not been recognized, and a deeper analysis of the 
system shows the presence of a hidden symmetry that does interrelate the degen-
erate functions. It may be the case that all accidental degeneracies can be traced 
to the existence of hidden symmetries. Accidental degeneracy occurs in the 
hydrogen atom, and we shall continue the discussion there.
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Fig. 2.22 Three wavefunctions for a particle in a two-dimensional square well: 
(a) n1 = 1, n2 = 1, (b) n1 = 2, n2 = 1, and (c) n1 = 2, n2 = 2.
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Fig. 2.23 Three probability 
distributions for a particle in 
a two-dimensional square well. 
(a) n1 = 1, n2 = 1, (b) n1 = 2, 
n2 = 1, and (c) n1 = 2, n2 = 2 
(as in the previous figure).
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Fig. 2.24 A contour 
representation of the two 
degenerate states (a) n1 = 2, 
n2 = 1 and (b) n1 = 1, n2 = 2 for 
a particle in a square well. Note 
that one wavefunction is rotated 
into the other by a symmetry 
transformation of the box (its 
rotation through 90° about a 
vertical axis). In this perspective 
view, the plane looks oblong; it is 
in fact square.
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The harmonic oscillator

We now turn to one of the most important individual topics in quantum mechan-
ics, the harmonic oscillator. Harmonic oscillations occur when a system contains 
a part that experiences a restoring force proportional to the displacement from 
equilibrium. Pendulums and vibrating strings are familiar examples. An example 
of chemical importance is the vibration of atoms in a molecule. Another example 
is the electromagnetic field, which can be treated as a collection of harmonic 
oscillators, one for each frequency of radiation present. The importance of the 
harmonic oscillator also lies in the way that the same algebra occurs in a variety 
of diCerent problems; for example, it also occurs in the treatment of rotational 
motion.

The restoring force in a one-dimensional harmonic oscillator is given by 
Hooke’s law as −kfx, where the constant of proportionality kf is called the force
constant. A stiC spring has a large force constant; a weak spring has a small one. 
Because the force acting on a particle is the negative gradient of the potential 
energy (F = −dV/dx), it follows that the potential energy of the oscillator varies 
with displacement x from equilibrium as

V(x) = 1
2kfx

2 (2.37)

and a graph of potential energy against displacement is a parabola (Fig. 2.26). 
The diCerence between this potential and the square-well potential is the rapidity 
with which it rises to infinity: the ‘walls’ of the oscillator are much softer, and so 
we should expect the wavefunctions of the oscillator to penetrate them slightly. 
In other respects the two potentials are similar, and we can imagine the slow 
deformation of the square well into the smooth parabola of the oscillator. The 
wavefunctions of one system should change slowly into those of the other: they 
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Fig. 2.26 The parabolic potential 
energy characteristic of an 
harmonic oscillator and the 
evenly spaced ladder of allowed 
energies (which continues up to 
infinity).

Fig. 2.25 An example of 
accidental degeneracy: the 
two functions shown here 
schematically are degenerate 
even though one cannot be 
transformed into the other by 
a symmetry transformation of 
the system. Note, however, that 
a hidden symmetry (the separate 
rotation of the two halves of the 
box) does interconvert them.

Example 2.2 Identifying hidden symmetry and accidental degeneracy

Show that in a rectangular box with sides L1 = L and L2 = 2L there is an accidental 
degeneracy between the states |1,4〉 and | 2,2〉.

Method To confirm the degeneracy, all we need do is to substitute the data into the 
expression for the energy, eqn 2.35.

Answer The two states have the following energies:

E1,4 = h2

8m
AC

12

L2
+ 42

(2L)2

DF = 5h2

8mL2

E2,2 = h2

8m
AC

22

L2
+ 22

(2L)2

DF = 5h2

8mL2

The energies are the same, despite the lack of symmetry.

Comment In fact, inspection of the wavefunctions (Fig. 2.25) shows that there is 
a kind of hidden symmetry, as one half of the box can be rotated relative to the 
other half, and as a result the two wavefunctions are interconverted, including 
their behaviour at their nodes and at the walls.

Self-test 2.3 Find other examples of degeneracy in the system where L1 = L and 
L2 = 2L.

[For instance, the pair (| 2,8〉, | 4,4〉)]
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will have the same general form, but will penetrate into classically disallowed 
displacements.

Another point about the harmonic oscillator is that it is really much too 
simple. Its simplicity arises from the symmetrical occurrence of momentum and 
displacement in the expression for the total energy. Classically, the energy is 
E = p2/2m + kfx

2/2, and both p and x occur as their squares. This hidden sym-
metry has important implications, one being that if there is a new theory that 
can be applied to the harmonic oscillator and solved, then it may still be unsolv-
able for other systems. Another implication involves the uncertainty principle, 
for in the ground state of the harmonic oscillator, the product of the uncertainties 
Dp and Dx is equal to 12 H (see Problem 2.29).

2.14 The solutions

Because the potential energy is V = 1/2kfx
2, the hamiltonian operator for the 

harmonic oscillator of mass m and force constant kf is

H = − H2

2m
d2

dx2
+ 1

2 kfx
2 (2.38)

The Schrödinger equation is therefore

− H2

2m
d2y
dx2

+ 1
2 kfx

2y = Ey (2.39)

The best method for solving this equation—a method that also works for rota-
tional motion and the hydrogen atom—is set out in Further information 2.2. 
This method depends on looking for a way of factorizing the hamiltonian and 
introduces the concepts of ‘creation and annihilation operators’. The con-
ventional solution, which involves expressing the solutions as polynomials 
(Mathematical background 2) in the displacement, is described in Further infor-
mation 2.3. That algebra, however, need not deflect us from the main thread of 
this chapter, the discussions of the solutions themselves. As might be expected 
for such a highly symmetrical system, their properties are remarkably simple.

The energy of an harmonic oscillator is quantized (as expected from the shape 
of the potential) and limited to the values

Ev = (v + 1
2)Hw where w = A

C
kf

m
D
F

1/2

v = 0,1,2, . . . (2.40)

These energy levels are illustrated in Fig. 2.26. The wavefunctions are no longer 
the simple sine functions of the square well, but do show a family resemblance 
to them. They can be pictured as sine waves that collapse towards zero at large 
displacements (Fig. 2.27). Their precise form is that of a bell-shaped Gaussian 
function, a function of the form e−x2

, multiplied by a polynomial in the 
displacement:

yv(x) = NvHv(ax)e−a2x2/2 a = A
C
mkf

H2

D
F

1/4

Nv = A
C

a
2vv!p1/2

D
F

1/2

(2.41)

where Nv is the normalization constant. The parameter a has the dimensions 
of 1/length (so ax is dimensionless). The Hv(ax) are Hermite polynomials
(Table 2.1). Because H0(ax) = 1, the wavefunction for the state with v = 0 is pro-
portional to the bell-shaped Gaussian function e−a2x2/2:

y0(x) = A
C
a
p1/2

D
F

1/2

e−a2x2/2
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Fig. 2.27 The wavefunctions of 
an harmonic oscillator for v up 
to 4: (a) even values, (b) odd 
values. Note that the number of 
nodes increases with v, and that 
even v functions are symmetric 
whereas odd v functions are 
antisymmetric about x = 0.
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When v = 1, because H1(ax) = 2ax, the wavefunction is the same Gaussian func-
tion multiplied by 2ax, with a diCerent normalization factor:

y1(x) = A
C

a
2p1/2

D
F

1/2

2axe−a2x2/2 = A
C
2a3

p1/2

D
F

1/2

xe−a2x2/2

InterActivity Using the Worksheet entitled Equation 2.41 on the text’s website, 
explore the dependence of the harmonic oscillator wavefunctions and corresponding 

probability densities on a.

Table 2.1 Hermite polynomials

v Hv(z)

0 1

1 2z

2 4z2 − 2

3 8z3 − 12z

4 16z4 − 48z2 + 12

5 32z5 − 160z3 + 120z

6 64z6 − 480z4 + 720z2 − 120

7 128z7 − 1344z5 + 3360z3 − 1680z

8 256z8 − 3584z6 + 13440z4 + 1680

DiCerential equation: H″v − 2zH ′v + 2vHv = 0

Recursion relation: Hv+1 = 2zHv − 2vHv−1

Orthogonality: �
∞

−∞

 Hv(z)Hv′(z)e−z2

dz = 0 for v ≠ v′

Normalization: �
∞

−∞

 Hv(z)2e−z2

dz = p1/22uv!

A brief comment
Factorial n, denoted n!, is the 
product n! = n(n − 1)(n − 2) 
. . . 1, with 0! = 1 by definition. 
The factorials of large values 
of n can be estimated from 
Stirling’s approximation,

n! ≈ (2p)1/2nn+1/2e−n

Example 2.3 Locating the nodes of harmonic oscillator wavefunctions

Locate the nodes of the harmonic oscillator wavefunction with v = 4.

Method The Gaussian function has no nodes, so we need to determine the nodes 
of the Hermite polynomials by determining the values of x at which they pass 
through zero. The polynomials are listed in Table 2.1. We will need the solutions 
of a quadratic equation:

ax2 + bx + c = 0 x = −b ± (b2 − 4ac)1/2

2a

Answer Because H4(ax) = 16(ax)4 − 48(ax)2 + 12, we need to solve

16(ax)4 − 48(ax)2 + 12 = 0

This is a quadratic equation in y = (ax)2,

16y2 − 48y + 12 = 0

with roots

y = 48 ± {482 − 4 × 16 × 12}1/2

2 × 16
= 2.7247 and 0.2753

The nodes are therefore at x = ±1.6507/a and ±0.5246/a (see Fig. 2.27). ››
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2.15 Properties of the solutions

Table 2.2 summarizes the properties of the harmonic oscillator. The most signifi-
cant point about the energy levels is that they form a ladder with equal spacing. 
The energy separation between neighbours is

Ev+1 − Ev = Hw (2.42)

regardless of the value of v. The equal spacing of the energy levels is another 
consequence of the hidden x2,p2 symmetry of the harmonic oscillator. The energy 
level spacing has the following properties:

• As the mass increases, so w decreases, and the separation between neigh-
bouring levels decreases too.

• As the force constant kf increases and the potential becomes more confining, 
so the separation between neighbouring levels also increases (w ∝ kf

1/2).

• In the limit of zero force constant the parabolic potential fails to confine the 
particle (it corresponds to an infinitely weak spring) and the energy can vary 
continuously. There is no quantization in this limit of an unconstrained, free 
particle.

When thinking about the contributions to the total energy of an harmonic 
oscillator we have to take into account both the kinetic energy (which depends 
on the curvature of the wavefunction) and the potential energy (which depends on 
the probability of the particle being found at large displacements from equilib-
rium). The discussion of the balance between the kinetic and potential contribu-
tions to the total energy is greatly simplified by the virial theorem, which although 
originally derived from classical mechanics has a quantum mechanical counter-
part (see Further information 2.4). The virial theorem states that if the potential 
energy can be expressed in the form V = axs, where a is a constant, then the mean 
kinetic, Ek, and potential, Ep, energies are related by

2〈Ek〉 = s〈Ep〉 (2.43)
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Fig. 2.28 The distribution of 
nodes in the first 13 states of 
an harmonic oscillator (up to
v = 12). The shaded regions 
show where the wavefunction is 
positive, the white regions where 
it is negative, and the boundary 
of a shaded and white region is 
the location of a node. Compare 
to Fig. 2.27 for the first 5 states.

Comment For more complicated polynomials it is best and sometimes essential to 
use numerical methods (the root extracting program of a mathematics package). 
Figure 2.28 shows the pattern of nodes: note how they spread away from the 
origin but become more uniformly distributed as v increases.

Self-test 2.4 Identify the location of the five nodes of H5(ax).
[At ax = 0, ±0.959, ±2.020]

Table 2.2 Properties of the harmonic oscillator

Energies: Ev = (v + 1
2)Hw, w = (kf/m)1/2

Wavefunctions: yv(x) = NvHv(ax)e−a2x2/2

a = A
C

mkf

H2

D
F

1/4

Nv = A
C

a
2vv!p1/2

D
F

1/2

Matrix elements: 〈v + 1 | x | v〉 = A
C

H

2mw
D
F

1/2

(v + 1)1/2 〈v − 1 | x | v〉 = A
C

H

2mw
D
F

1/2

v1/2

 〈v + 1 | px | v〉 = i AC
Hmw

2
D
F

1/2

(v + 1)1/2 〈v − 1 | px | v〉 = −i A
C

Hmw
2

D
F

1/2

v1/2

Virial theorem: 〈Ek〉 = 〈Ep〉 for all v
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It follows that the total mean energy is

E = 〈Ek〉 + 〈Ep〉 = A
C1 + 2

s
D
F 〈Ek〉 (2.44)

For the harmonic oscillator, s = 2, so 〈Ek〉 = 〈Ep〉 (hidden symmetry again), and 
therefore E = 2〈Ek〉. Consequently, as the total energy increases (as it does as kf

increases for a given quantum state), both the kinetic and the potential energy 
increase. Not only does the curvature of the wavefunction increase, but the wave-
function also spreads into regions of higher potential energy. In classical terms, 
this behaviour corresponds to a pendulum swinging more rapidly and with 
greater amplitude as its energy is increased.

An harmonic oscillator has a zero-point energy of magnitude E0 = 1
2Hw. The 

classical interpretation of such a conclusion is that the oscillator never stops 
fluctuating about its equilibrium position. The reason for the existence of the 
zero-point energy is the same as for a particle in a box: the wavefunctions must 
be zero at large displacements in either direction (because the potential energy is 
confining), non-zero in between (because the particle must be somewhere), and 
continuous (as for all wavefunctions). These conditions can be satisfied only if 
the wavefunction has curvature; hence the expectation value of the kinetic energy 
of the oscillator must be non-zero in all its states. By the virial theorem, the 
expectation values of the kinetic and potential energies are equal in each state, 
therefore the expectation value of the energy is non-zero even in its lowest state. 
This argument can also be turned round: if E = 0, then for an oscillator 〈Ek〉 = 〈Ep〉
= 0, which implies that both 〈p2〉 = 0 and 〈x2〉 = 0. For these to be possible mean 
values, both p and x must be zero, which is contrary to the uncertainty 
principle.

2.16 The classical limit

The shapes of the wavefunctions have already been drawn in Fig. 2.27. Their 
similarities to the square-well wavefunctions should be noted. The major diCer-
ence between the two is the penetration of the harmonic oscillator wavefunctions 
into classically forbidden regions where E < V. In the same way as for the square 
well, the particle clusters away from the walls (and stays close to x = 0) in its 
lowest energy states. This is the behaviour to be expected classically of a station-
ary particle, for such a particle will be found at zero displacement and nowhere 
else. When the oscillator is moving, the classical prediction is that it has the 
highest probability of being found at its maximum displacement, the turning
points of its classical trajectory, where it is briefly stationary. The behaviour of 
the quantum oscillator is quite diCerent for low energy levels, but the two descrip-
tions become increasingly similar as it is excited into higher levels. We see from 
Fig. 2.29 that at high v, the wavefunctions have their dominant maxima close to 
the classical turning points and resemble the classical distribution, as we would 
expect from the correspondence principle.

When the energy levels of the oscillator are close in comparison with the 
precision with which its state can be prepared (for example, when the parabolic 
potential is so broad or the mass so great that the levels lie close together), the 
state of the oscillator must be expressed as a superposition of the wavefunctions 
considered so far. For example, because the energy levels are only about 10−34 J 
apart for a pendulum of period 1 s, we cannot hope to set it swinging with such 
precision that we can be confident that only one level is occupied. Setting the 
pendulum swinging results in its being described by a superposition of wavefunc-
tions, and the interference between the components of the superposition results 
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Fig. 2.29 A comparison of the 
probability distribution for 
a highly excited state of an 
harmonic oscillator (v = 12) and 
that of a classical oscillator with 
the same energy. Note how the 
former is starting to resemble 
the latter.
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in the formation of a wavepacket. The time dependence of the components 
results in a region of constructive interference that moves from one side of the 
potential to the other with an angular frequency w. That is, for coarse prepar-
ations of initial states, there is a sharply defined wavepacket which oscillates in 
the potential with the angular frequency w = (kf /m)1/2. This is precisely the 
classical behaviour of an oscillator, with the wavepacket denoting the location 
of the classical particle. In other words, when we see a pendulum swing, we are 
seeing a display of the separation of its quantized energy levels.

123

–4 –2 0 02 4
Displacement, xα Displacement, xα

P
ro

b
ab

ili
ty

 d
en

si
ty

, P
(x

,t
)

P
ro

b
ab

ili
ty

 d
en

si
ty

, P
(x

,t
)

(a) (b)

0

12

3

0

–5–10 5 10

Fig. 2.30 (a) The trajectory of 
a wavepacket, in this case of 
a ‘coherent state’, a wavefunction 
for which the uncertainty 
product DpDx has its minimum 
value of 1

2H. This wavepacket 
oscillates backwards and 
forwards with the classical 
frequency, and although it 
spreads and contracts a little 
with time, at the end of each 
period it has its initial shape and 
location. The numbers denote 
the sequence of four snapshots. 
(b) This wavepacket has 
a diCerent composition, with 
the spreading more pronounced.

Example 2.4 Constructing and analysing the motion of a wavepacket

Show that whatever superposition of harmonic oscillator states is used to con-
struct a wavepacket, it is localized at the same place at the times 0, T, 2T, . . . , 
where T is the classical period of the oscillator.

Method The classical period is T = 2p/w. We need to form a time-dependent wave-
packet by superimposing the Yv(x,t) for the oscillator, and then evaluate it at 
t = nT, with n = 0,1,2, . . . .

Answer The wavepacket has the following form:

Y(x,t) = ∑
v

cvYv(x,t) = ∑
v

cvyv(x)e−iEvt/H = ∑
v

cvyv(x)e−i(v+1/2)wt

It follows that

Y(x,nT) = ∑
v

cvyv(x)e−2npi(v+1/2) = ∑
v

cvyv(x)(−1)n = (−1)nY(x,0)

because e2pi = 1 and eip = −1.

Comment The wavefunction changes sign after each period T, but is otherwise 
unchanged. Because the probability density is proportional to the square of the 
amplitude, it follows that the original distribution of the particle is recovered after 
each successive period (Fig. 2.30).

Self-test 2.5 Construct the explicit form of Y at x = 0 and discuss its time 
behaviour.



60 | 2 LINEAR MOTION AND THE HARMONIC OSCILLATOR

Further information

2.1  The motion of wavepackets

The time-dependent form of the wavefunction of a particle 
of mass m in a state of linear momentum p = kH is given by 
eqn 2.12 as

Yk(x,t) = Aeikx−iE(k)t/H E(k) = k2H2

2m

Such a particle is regarded as having a phase velocity, vp,
given by

vp = p
m

= kH
m

= H
lm

 (2.45)

The wavefunction of an imprecisely prepared system is 
the superposition (see eqn 2.13)

Y(x,t) = �g(k)Yk(x,t)dk

We suppose that the shape function, g(k), peaks sharply 
around k0 and falls to zero for values of | k − k0 | >> G,
the width parameter. For example, g(k) might be 
the normalized Gaussian function

g(k) = Ne−(k−k0)
2/2G 2

N = 1
G 2p

 (2.46)

If we write

G(x) = N �e−(k−k0)
2/2G 2+i(k−k0)x dk = e−x2G 2/2

then it follows that the probability density for finding 
the particle at t = 0 is

|Y(x,0)| 2 = |AG(x)eik0x | 2 = |A | 2e−x2G 2 (2.47)

which is a Gaussian function centred on x = 0 with a width 
dx ≈ 1/G.

Now consider the shape of the packet at later times. 
Because g peaks sharply around k0, the only values of E(k)
that contribute significantly to the integral are those near 
E(k0). Therefore, we expand E(k) as a Taylor series and 
discard all but the first few terms:

E(k) = E(k0) + (k − k0)
A
C
dE
dk

D
F k0

+ 1
2

(k − k0)
2 A
C
d2E
dk2

D
F k0

+ ⋅ ⋅ ⋅

 = E(k0) + (k − k0)vgH + 1
2

(k − k0)
2wgH + ⋅ ⋅ ⋅

where the group velocity, vg, is

vg = 1
H

A
C
dE
dk

D
F k0

= k0H
m

= p0

m
 (2.48)

and

wg = 1
H

A
C
d2E
dk2

D
F k0

= H
m

 (2.49)

The wavepacket therefore has the form

Y(x,t) = AN �e−(k−k0)
2/2G 2+ikx−iE(k0)t/H−i(k−k0)vgt−

1
2 i(k−k0)

2wgt+⋅⋅⋅ dk

If we wait for only short times, in the sense G 2wgt << 1, we 
can neglect the term 1

2(k − k0)
2wgt relative to (k − k0)

2/2G 2,
and write

Y(x,t) ≈ ANeik0x−iE(k0)t/H �e−(k−k0)
2/2G 2+i(k−k0)(x−vgt) dk

≈ Aeik0x−iE(k0)t/HG(x − vgt)

and its probability density is

| Y(x,t)| 2 ≈ | AG(x − vgt)| 2 = | A | 2e−(x−vgt)
2G 2

This expression is the same function as in eqn 2.47, but 
centred on x = vgt. That is, the packet has moved without 
change of shape from x = 0 to x = vgt and is therefore 
travelling uniformly with the group velocity vg = p0/m,
the classical velocity of the particle.

The conclusion is valid provided that G 2wgt << 1, or 
HG 2t/m << 1. When suAcient time has elapsed for this 
condition to be invalid, we may no longer neglect terms 
in wg. These additional terms result in the spreading of 
the packet. For example, G(x) becomes

G(x) = N�e−(k−k0)
2/2G 2+i(k−k0)(x−vgt)−

1
2 i(k−k0)

2wgt dk

so that

| G(x) |2 = 1
g

e−(x−vgt)
2G 2/g2 g2 = 1 + wg

2t2G 4 (2.50)

This function has the same exponential dependence as 
before with G replaced by G/g. Therefore, the width of the 
packet increases as time passes (as G/g decreases), and if its 
initial uncertainty in location is dx0 = 1/G, then at a time t its 
spread has become

dx = g
G

= 1
G

(1 + wg
2t2G 4)1/2 = A

C1 +
wg

2t2

dx0
4

D
F dx0 (2.51)

Because wg = H/m, we find

dx = A
C1 + t2H2

m2dx0
4

D
F

1/2

dx0 (2.52)

It follows that the time for the uncertainty in location to 
spread from dx0 to dx is

t = m
H
dx0{(dx)2 − (dx0)

2}1/2 (2.53)

If dx >> dx0 this expression simplifies to

t ≈ m
H
dx0dx (2.54)

This result means that the location even of an apparently 
stationary particle spreads with time, but the eCect is 
negligible for most macroscopic objects.

A brief illustration

If m = 1 g and dx0 = 1 nm, then the uncertainty in location 
reaches 1 mm after an interval of 1016 s, or about 300 million 
years. On the other hand, for an electron localized to within 
1 pm initially, an uncertainty in position of 0.1 nm (the radius 
of an atom) is reached in only 1 as (1 as = 10−18 s).
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2.2  The harmonic oscillator: solution by factorization

The Schrödinger equation for the harmonic oscillator is 
specified in eqn 2.39. Its appearance is greatly simplified 
by making the following substitutions:

l = E
Hw/2

y = A
C
mw
H

D
F

1/2

x w = A
C

kf

m
D
F

1/2

 (2.55)

The equation then becomes

A
C

d2

dy2
− y2DF y = -ly (2.56)

The left-hand side of this equation is factorized by noting 
that

A
C

d
dy

+ yD
F

A
C

d
dy

− yD
F y = A

C
d2

dy2
− y2 − 1D

F y

A
C

d
dy

− y
D
F

A
C

d
dy

+ yD
F y = A

C
d2

dy2
− y2 + 1D

F y
To derive these relations we have used the relation 
(d /dx)fg = (df/dx)g + f(dg/dx), in this case, 
as (d /dy)yy = y + y(dy/dy).

We now introduce the following operators:

a = 1
21/2

A
Cy + d

dy
D
F a+ = 1

21/2

A
Cy − d

dy
D
F  (2.57)

so that the operators a and a+ are each other’s Hermitian 
conjugate (Section 4.6). Then because the two preceding 
results may be expressed as

A
C

d2

dy2
− y2DF y = −(2aa+ − 1)y = −(2a+a + 1)y (2.58)

the Schrödinger equation may be written in either of 
the following forms:

aa+yl = 1
2(l + 1)yl a+ayl = 1

2(l − 1)yl (2.59)

where yl is the wavefunction corresponding to the energy 
equivalent to l. It follows that

(aa+ − a+a)yl = yl

This equation is true for any value of l, so it can be 
expressed as the operator identity

aa+ − a+a = 1 (2.60)

or, equivalently, as the commutator [a,a+] = 1.
We shall now see what can be developed from this 

commutation relation. From the second expression in 
eqn 2.59, multiplication from the left with a produces

aa+ayl = 1
2(l − 1)ayl

Use of eqn 2.60 in the form aa+ = a+a + 1 turns this equation 
into

a+aayl = 1
2(l − 3)ayl

However, it follows from the second expression of eqn 2.59 
that the Schrödinger equation for a state of energy 
equivalent to l − 2 is

a+ayl−2 = 1
2(l − 3)yl−2

Hence, by comparison of the last two equations,

ayl ∝yl−2 (2.61)

This proportionality is valid only for non-degenerate states; 
but by symmetry, all the states of a one-dimensional 
oscillator are non-degenerate. We conclude that the 
wavefunction corresponding to the energy l − 2 is generated 
from the wavefunction corresponding to the energy l
by operating on the latter with a. This process may be 
continued, and wavefunctions corresponding to the energies 
l − 4, l − 6, . . . may be constructed similarly. In the same 
way, it is easy to show that successive operations with 
a+ on the wavefunction yl generate the wavefunctions 
corresponding to l + 2, l + 4, . . . . The fact that a steps 
wavefunctions down a ladder of energy levels is the origin 
of its name, the annihilation operator. Similarly, a+ is called 
a creation operator.

The generation of states of lower energy by repeated 
application of a cannot be continued indefinitely because 
the energy of a harmonic oscillator is non-negative (it is the 
eigenvalue of a hamiltonian that is the sum of the squares of 
two Hermitian operators, Example 1.6). Therefore, there 
must exist a certain minimum value of l, which we shall call 
lmin. Because there is no wavefunction corresponding to a 
lower energy, it follows that aylmin

= 0. If both sides of this 
equation are operated on by a+ we obtain a+aylmin

= 0. Then, 
by using eqn 2.59, this expression becomes

0 = a+aylmin
= 1

2 (lmin − 1)ylmin

Consequently, lmin = 1 and the allowed values of l are 1, 3, 
5, . . . , or l = 2v + 1 with v = 0,1,2, . . . . We conclude that 
the allowed energy levels are

E = (2v + 1)(Hw/2) = (v + 1
2)Hw v = 0,1,2, . . . (2.62)

which are the values quoted in Section 2.14.
The wavefunction for a state of any energy can be found 

by applying a+ the appropriate number of times to the 
wavefunction corresponding to v = 0 (that is, l = 1). From 
now on, we shall label the wavefunctions with v in place 
of l. It follows that we need to determine the form of y0.
Because we know that ay0 = 0, it follows that

1
21/2

A
C

d
dy

+ yD
F y0 = 0

This first-order diCerential equation rearranges into

dy0

y0

= −ydy

and its solution is

y0 = N0e
−y2/2 (2.63)

where N0 is a normalization constant. Successive 
applications of a+ (with the constants of proportionality 
absorbed into normalization constants) then yield

y1 = N1ye−y2/2

y2 = N2(2y2 − 1)e−y2/2

and so on. Each wavefunction has the form of a Gaussian 
function multiplied by a Hermite polynomial, as was 
asserted in Section 2.16 and as is demonstrated explicitly 
in Further information 2.3.

The following matrix elements are consistent with the 
commutation rule in eqn 2.60:

〈v + 1|a+ |v〉 = (v + 1)1/2 〈v − 1|a |v〉 = v1/2 (2.64)

All other matrix elements of a+ and a are zero.
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2.3  The harmonic oscillator: the standard solution

The Schrödinger equation for the harmonic oscillator is

d2y
dy2

− y2y = −ly (2.65)

where we have made the substitutions described at the start 
of the preceding section. In the conventional approach to 
solving such an equation, we first establish the solutions for 
y → ∞. (This approach will be used a number of times in the 
text: see particularly Chapter 14.) In such a limit, the term 
in y2 dominates the term in l, so the asymptotic form of the 
equation is

d2y
dy2

− y2y � 0

where the � symbol means ‘asymptotically equal to’ in the 
limit of a variable (in this case y ) becoming infinitely large. 
The solutions have the form

y � e±y2/2

as may be verified as follows:

d2y
dy2

− y2y � y2e±y2/2 − y2e±y2/2 � 0

The solution with + in the exponent is not square-integrable, 
so we discard it and write

y � e−y2/2

The next stage is to set up an equation for the entire 
function by writing

y = f(y)e−y2/2 (2.66)

where f(y) is a polynomial in y. Substitution of this solution 
into the full Schrödinger equation (eqn 2.65) produces the 
following equation:

(f″ − 2yf ′ + y2f − f )e−y2/2 − y2fe−y2/2 = (f ″ − 2yf ′ − f )e−y2/2

 = −lfe−y2/2

That is, we need to solve

f ″ − 2yf ′ + (l − 1)f = 0 (2.67)

To solve this equation we suppose that the polynomial f has 
the form

f = ∑
n

anyn

To ensure that the wavefunction (eqn 2.66) is square-
integrable, the polynomial cannot go to infinity more 
rapidly than ey2/2, for otherwise the wavefunction would 
become infinite as | y | → ∞. Substitution of this polynomial 
solution into the diCerential eqn 2.67 for f produces the 
following expression:

∑
n

an{n(n − 1)yn−2 − 2nyn + (l − 1)yn}= 0

Inspection of the expression on the left shows that the 
coeAcient of yn is

(n + 1)(n + 2)an+2 + (l − 2n − 1)an

Therefore, for the sum to vanish for any value of y, this 
coeAcient must itself be equal to zero for all values of n.
It follows that

an+2 = !
@

2n + 1 − l
(n + 1)(n + 2)

#
$an (2.68)

This expression is a recursion formula for the coeAcients,
for it enables all an with n even to be expressed in terms 
of a0 and all an with n odd to be expressed in terms of a1.
Notice that it implies that all the powers of y that appear 
in f are either even or odd, not a mixture (symmetry 
considerations also require the same conclusion).

For the function f to be a polynomial rather than an 
infinite series, the coeAcients must vanish after some value 
of n, which we shall call v. By eqn 2.68, termination is 
ensured if l = 2v + 1. It follows from eqn 2.55 that the 
allowed values of the energy are

E = l(Hw/2) = (2v + 1)Hw/2 = (v + 1
2)Hw

v = 0,1,2, . . . (2.69)

which is the result quoted in the text and derived in the 
preceding section. The recursion relation in eqn 2.68 
enables us to write down the polynomial for any value 
of v and the procedure develops the polynomials in 
Table 2.1, which are termed the Hermite polynomials.

The following definition of the Hermite polynomials 
is sometimes more useful than their definition in terms 
of the recursion relation:

Hv(y) = (−1)vey2 dv

dyv
 e−y2

 (2.70)

2.4  The virial theorem

In classical mechanics, the proof of the virial theorem 
(Section 2.15) is based on the disappearance of the time 
average of the time derivative of the product p · r, where p
is the linear momentum and r is the position of a particle. 
The proof is similar in quantum mechanics, but it makes 
use of the time derivative of the expectation value of the 
operator p · r.

From the equation

d〈W〉
dt

=
i

H
〈 |H,W | 〉

(this is eqn 1.44), we can write

d

dt
〈p · r〉 =

i

H
〈[ H,p · r ]〉 (2.71)

For simplicity, we shall consider only a one-dimensional 
system, but the extension to more dimensions is 
straightforward. We need the following relations:

[H,pxx] = [H,px]x + px[H,x]

[H,px] = GI−
H2

2m

d2

dx2
+ V,

H

i

d

dx
JL = iH 

dV

dx

[H,x] = GI−
H2

2m

d2

dx2
, xJL = −2 A

C
H2

2m
D
F

d

dx
= −

iH

m
px

The first of these relations is a special case of the general 
result that

[A,BC] = [A,B]C + B[A,C]

Then, because the kinetic energy operator T can be 
identified with the operator px

2/2m, it follows that
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d

dt
〈pxx〉 = 2〈T 〉 − �x

dV
dx �

The time average of this expression is

1

t �
t

0

d

dt
〈pxx〉dt =

1

t �
t

0

!
@2〈T 〉 − �x

dV
dx �#

$dt

Therefore, because the expectation values on the right are 
independent of time,

1

t
〈pxx〉 | 0t = 2〈T 〉 − �x

dV
dx �

The term on the left is zero, for if the motion is periodic 
we may choose t to be the period, and if the motion is not 
periodic, then we may choose t to be infinite. In the latter 
case, the value of 〈pxx〉t − 〈pxx〉0 is finite in a bounded system 
and t is infinite. Therefore,

2〈T 〉 = �x
dV
dx �  (2.72)

The force experienced by the particle is Fx = −dV/dx, so this 
equation may be written

2〈T 〉 = −〈xFx〉 (2.73)

and in three dimensions this expression is the virial theorem:

2〈T 〉 = −〈r ·F 〉 (2.74)

If the potential energy of the particle has the form V = axs,
then eqn 2.72 gives

〈T 〉 = 1
2 s〈V 〉 (2.75)

as used in the text. The theorem may be extended to 
operators other than p·r; then, diCerent choices lead 
to a variety of hypervirial theorems.

Exercises

*2.1 Write the wavefunctions for (a) an electron travelling to 
the right (x > 0) after being accelerated from rest through 
a potential diCerence of (i) 1.0 V, (ii) 10 kV, (b) a particle of 
mass 1.0 g travelling to the right at 10 m s−1.

*2.2 Find expressions for the probability densities of 
the particles in the preceding exercise.

*2.3 Confirm that the wavefunctions in eqns 2.5 and 2.6 
satisfy the time-independent Schrödinger equation, eqn 2.4.

*2.4 Calculate the flux density for a particle with a 
wavefunction A sin kx.

*2.5 Calculate the kinetic energy of the electron incident on 
a potential energy barrier of height 2.0 eV and having 
a penetration depth of 0.40 nm.

*2.6 Calculate the transmission probability for an electron 
incident upon an Eckart potential barrier with V0 = 2.0 eV, 
b = 1.0 × 1010 m−1, and E = V0.

*2.7 Identify the locations of the nodes in the wavefunction 
with n = 4 for a particle in a one-dimensional square well.

*2.8 Confirm that the n = 1 and n = 2 wavefunctions for 
a particle in a box are orthogonal.

*2.9 Identify the locations of (a) the nodes and (b) the 
maxima in the probability densities for a particle in 
a geometrically square two-dimensional box of length L
and in the state (i) | n1 = 2, n2 = 1〉, (ii) | n1 = 3, n2 = 2〉.

*2.10 For a particle in a three-dimensional cubic box, find 
the degeneracy of the level that has an energy three times 
that of the lowest level.

*2.11 Locate the nodes of the harmonic oscillator 
wavefunction for the state with v = 2.

*2.12 Calculate the wavelength and wavenumber of 
the photon needed to excite a transition between the 
neighbouring vibrational energy levels of a harmonic 
oscillator of mass 1.33 × 10−25 kg and force constant 
275 N m−1.

Problems

*2.1 Use the qualitative ‘wavefunction generator’ in 
Fig. 2.4 to sketch the wavefunctions for (a) a particle 
with a potential energy that decreases linearly to the right, 
(b) a particle with a potential energy that is constant to x = 0, 
then falls in the shape of a semicircle to a low value to climb 
back to its original constant value at x = L, (c) the same as 
in part (b), but with the dip replaced by a hump.

2.2 Express the coeAcients C and D in eqn 2.6 in terms of 
the coeAcients A and B in eqn 2.5.

2.3 Calculate the flux density (eqn 2.11) for a particle 
with a wavefunction with coeAcients A = A0 cos z and 
B = A0 sin z, for a particle undergoing free motion in 
one dimension, with z a parameter, and plot Jx as 
a function of z.

*2.4 A particle was prepared travelling to the right with all 
momenta between (k − 1

2Dk)H and (k + 1
2Dk)H contributing 

equally to the wavepacket. Find the explicit form of the 
wavepacket at t = 0, normalize it, and estimate the range 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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of positions, Dx, within which the particle is likely to be 
found. Compare the last conclusion with a prediction based 
on the uncertainty principle. Hint. Use eqn 2.13 with g = B,
a constant, inside the range k − 1

2Dk to k + 1
2Dk and zero 

elsewhere, and eqn 2.12 with t = 0 for Yk. To evaluate 
2 | Yk | 2 dt (for the normalization step) use the integral 
2

∞
−∞(sinx/x)2 dx = p. Take Dx to be determined (numerically) 

by the locations where | Y |2 falls to half its value at x = 0. 
For the last part use Dpx ≈ HDk.

2.5 Sketch the form of the wavepacket | Y(x,0)| 2 constructed 
in Problem 2.4. Sketch its form | Y(x,t)| 2 a short time later, 
when t is non-zero but still small. Hint. For the second part 
use eqn 2.13 but with e−iHk2t/2m ≈ 1 − iHk2t/2m.

2.6 Complete the derivation of eqn 2.22a for the 
transmission probability at energies E < V. Show that 
eqn 2.22a simplifies to eqn 2.22b for barriers that are 
high and wide (in the sense that kL >> 1).

*2.7 Repeat the evaluation (see the preceding problem) that 
led to eqn 2.22a but do so for the case E > V. Compare your 
result to the transmission probability in eqn 2.23.

2.8 Demonstrate that eqns 2.22a and 2.23 coincide at 
E = V and identify the value of T at that energy. Hint.
To find the value of T, note that sin2 x → x2 as x → 0.

2.9 A particle of mass m is incident from the left on a wall 
of infinite thickness and which may be represented by 
a potential energy V. Calculate the reflection probability 
for (a) E ≤ V, (b) E > V. For electrons incident on a metal 
surface V = 10 eV. Evaluate and plot the reflection 
probability. Hint. Proceed as in Problems 2.6 and 2.7 
but consider only two domains, inside the barrier and 
outside it. The reflection probability is the ratio | B | 2/ | A | 2

in the notation of eqn 2.21a.

*2.10 A particle of mass m is confined to a one-dimensional 
box of length L. Calculate the probability of finding it 
in the following regions: (a) 0 ≤ x ≤ 1

2 L, (b) 0 ≤ x ≤ 1
4 L,

(c) 1
2 L − dx ≤ x ≤ 1

2 L + dx. Derive expressions for a general 
value of n. Then evaluate the probabilities (i) for n = 1, 
(ii) in the limit n → ∞. Compare the latter to the classical 
expectations.

2.11 An electron is confined to a one-dimensional box of 
length L. What should be the length of the box in order 
for its zero-point energy to be equal to its rest mass energy 
(mec

2)? Express the result in terms of the Compton 
wavelength, lC = h/mec.

2.12 Energy is required to compress the box when a particle 
is inside: this suggests that the particle exerts a force on 
the walls. (a) On the basis that when the length of the box 
changes by dL the energy changes by dE = −FdL, find 
an expression for the force. (b) At what length does F = 1 N 
when an electron is in the state n = 1?

*2.13 The mean position 〈x〉 of a particle in a one-
dimensional well can be calculated by weighting its 
position x by the probability that it will be found in the 

region dx at x, which is y2(x)dx, and then summing 
(i.e. integrating) these values. Show that 〈x〉 = 1

2L for 
all values of n. Hint. Evaluate 2

L

0 xyn
2(x)dx.

2.14 The root mean square deviation of the particle from its 
mean position is Dx = {〈x2〉–〈x〉2}1/2. Evaluate this quantity 
for a particle in a well and show that it approaches its 
classical value as n → ∞. Hint. Evaluate 〈x2〉 = 2

L

0 x2y2(x)dx.
In the classical case the distribution is uniform across 
the box, and so in eCect y(x) = 1/L1/2.

2.15 For a particle in a box, the mean value and mean 
square value of the linear momentum are given by 
2L

0y*py dx and 2L

0y*p2y dx, respectively. Evaluate these 
quantities. Form the root mean square deviation 
Dp = {〈p2〉 − 〈p〉2}1/2 and investigate the consistency of 
the outcome with the uncertainty principle. Hint. Use
p = (H/i)d /dx. For 〈p2〉 notice that E = p2/2m and we already 
know E for each n. For the last part, form DxDp and show 
that DxDp ≥ 1

2 H, the precise form of the principle, for all n;
evaluate DxDp for n = 1.

*2.16 Calculate the energies and wavefunctions for 
a particle in a one-dimensional square well in which the 
potential energy rises to a finite value V at each end, and 
is zero inside the well; that is

V(x) = V x ≤ 0 and x ≥ L

V(x) = 0 0 < x < L

Show that for any V and L there is always at least one 
bound level, and that as V → ∞ the solutions coincide with 
those in eqn 2.31. Hint. Divide space into three zones, 
solve the Schrödinger equations, and impose the boundary 
conditions (finiteness and continuity of y and continuity 
of dy/dx across the zone boundaries: combine the latter 
continuity requirements into the continuity of the 
logarithmic derivatives ((1/y)(dy/dx)). After some algebra 
arrive at

kL + 2 arcsin !@
kH

(2mV)1/2
#
$ = np kH = (2mE)1/2

Solve this expression graphically for k and hence find 
the energies for each value of the integer n.

2.17 A very simple model of a polyene is the free electron 
molecular orbital (FEMO) model. Regard a chain of N
conjugated carbon atoms, bond length RCC, as forming 
a box of length L = (N − 1)RCC. Find an expression for the 
allowed energies. Suppose that the electrons enter the states 
in pairs so that the lowest 1

2 N states are occupied. Estimate 
the wavelength of the lowest energy transition, taking 
RCC = 140 pm and N = 22. Repeat the calculation of 
the wavelength if the length of the chain is taken to be 
(N + 1)RCC (an assumption that allows for electrons to 
spill over the ends slightly).

2.18 (a) Show that the variables in the Schrödinger 
equation for a cubic box may be separated and the overall 
wavefunctions expressed as X(x)Y(y)Z(z). (b) Deduce the 
energy levels and wavefunctions. (c) Show that the functions 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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are orthonormal. (d) What is the degeneracy of the level 
with E = 14(h2/8mL2)?

*2.19 Demonstrate that accidental degeneracies can exist in 
a rectangular infinite square-well potential provided that the 
lengths of the sides are in a rational proportion, that is when 
L1 = lL2, with l an integer. What is the degeneracy?

2.20 Confirm that the completeness relation, eqn 1.25, may 
be expressed in terms of wavefunctions as

∑
n

yn(r)yn*(r ′) = d(r − r ′)

where d(r − r′) is the Dirac d-function described in Section 2.1.

2.21 For the ground-state wavefunction of a particle in 
a three-dimensional cubic box of length L, evaluate the 
matrix element 〈y | d | y〉 where d is the Dirac d-function
d(r − r ′) and r ′ is taken to be the point at the centre of the 
cube. What is the relation between the matrix element 
and probability amplitudes? Hint. Use the results of 
Problem 2.18 and the brief comment in Section 2.1.

*2.22 The Hermite polynomials Hv(y) satisfy the diCerential
equation

H″v(y) − 2yH ′v (y) + 2vHv(y) = 0

Confirm that the wavefunctions in eqn 2.41 are solutions 
of the harmonic oscillator Schrödinger equation.

2.23 Locate the nodes of the harmonic oscillator 
wavefunction for the state with v = 6. Hint. Use
mathematical software.

2.24 Confirm the expression for the normalization factor 
of a harmonic oscillator wavefunction, eqn 2.41.

*2.25 Evaluate the matrix elements (a) 〈v + 1| x | v〉 and 
(b) 〈v + 2 | x2 | v〉 of a harmonic oscillator by using the 
relations given at the bottom of Table 2.1 for the Hermite 
polynomials.

2.26 The oscillation of the atoms around their equilibrium 
positions in the molecule HI can be modelled as a harmonic 
oscillator of mass m ≈ mH (the iodine atom is almost 
stationary) and force constant kf = 313.8 N m−1. Evaluate 
the separation of the energy levels and predict the 
wavelength of the light needed to induce a transition 
between neighbouring levels.

2.27 What is the relative probability of finding the HI 
molecule with its bond length 10 per cent greater than its 
equilibrium value (equilibrium bond length of 161 pm) 
when it is in (a) the v = 0 state, (b) the v = 4 state? Use 
the information in Problem 2.26.

*2.28 Determine the probability of finding the ground-state 
harmonic oscillator stretched to a displacement beyond 
the classical turning point. Hint. Relate the expression for 
the probability to the error function, erf z, defined as

erfz = 1 − 2
p1/2�

∞

z

 e−y2

 dy

and evaluate it using erf 1 = 0.8427. The error function is 
incorporated into most mathematical software packages.

2.29 Calculate the values of (a) 〈x〉, (b) 〈x2〉, (c) 〈px〉, (d) 〈px
2〉

for a harmonic oscillator in its ground state by evaluation 
of the appropriate integrals (as in Problems 2.13–2.15). 
Examine the value of DxDpx in the light of the uncertainty 
principle. Hint. Use the integrals

�
∞

−∞

 e−ax2

 dx = A
C
p
a

D
F

1/2

�
∞

0

xe−ax2

 dx = 1
2a

�
∞

−∞

 x2e−ax2

 dx = 1
2

A
C
p
a3

D
F

1/2

2.30 Show that the flux density associated with a 
time-dependent wavefunction Y of definite energy is 
independent of location. Hint. Use eqn 2.10 in conjunction 
with the time-dependent Schrödinger equation (eqn 1.33) 
to show that Jx is independent of x; that is, [Jx/[x = 0.

*2.31 A particle of mass m is confined in a one-dimensional 
box of length L. The state of the particle is given by the 
normalized wavefunction y(x) = 1

3y1(x) + 1
3 iy3(x) − (7

9)
1/2y5(x)

where yn(x) is a normalized particle-in-a-box wavefunction 
corresponding to quantum number n (eqn 2.31). (a) What 
will be the outcome when the energy of the particle is 
measured? (b) If more than one result is possible, give 
the probability of obtaining each result. (c) What is the 
expectation value of the energy?

2.32 Consider a harmonic oscillator of mass m undergoing 
harmonic motion in two dimensions x and y. The potential 
energy is given by V(x,y) = 1

2 kxx2 + 1
2 kyy

2. (a) Write down the 
expression for the hamiltonian operator for such a system. 
(b) What is the general expression for the allowable energy 
levels of the two-dimensional harmonic oscillator? (c) What 
is the energy of the ground state (the lowest energy state)? 
Hint. The hamiltonian operator can be written as a sum 
of operators.

2.33 Consider a particle of mass 1.00 × 10−25 g moving 
freely in a three-dimensional cubic box of side 10.00 nm. 
The potential energy is zero inside the box and is infinite 
at the walls and outside of the box.

(a) Evaluate the zero-point energy of the particle.

(b) Consider the energy level that has an energy 9 times 
greater than the zero-point energy. What is the degeneracy 
of this level? Identify all the sets of quantum numbers that 
correspond to this energy. (The energy levels of the cubic 
box were deduced in Problem 2.18.)

(c) Compute the wavelength, frequency, and wavenumber 
of the photon responsible for the transition from the ground 
state of the particle to the energy level of part (b).

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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A diIerential equation is a relation between a function 
and its derivatives, as in

a
d2f
dx2

+ b
df
dx

+ cf = 0  (MB2.1)

where f is a function of the variable x and the factors a,
b, and c may be either constants or functions of x. If 
the unknown function depends on only one variable, 
as in this example, the equation is called an ordinary
diIerential equation; if it depends on more than one 
variable, as in

a
[2f
[x2

+ b
[2f
[y2

+ cf = 0 (MB2.2)

it is called a partial diIerential equation. Here, f is a 
function of x and y, and the factors a, b, and c may be 
either constants or functions of both variables. Note 
the change in symbol from d to [ to signify a ‘partial 
derivative’.

MB2.1 The structure of diff erential equations

The order of the diCerential equation is the order of 
the highest derivative that occurs in it: both examples 
above are second-order equations. Only rarely in 
science is a diCerential equation of order higher than 
2 encountered.

A linear diIerential equation is one for which if f
is a solution then so is constant × f. Both examples 
above are linear. If the 0 on the right were replaced by 
a diCerent number or a function other than f, then they 
would cease to be linear.

Solving a diCerential equation means something 
diCerent from solving an algebraic equation. In the 
latter case, the solution is a value of the variable x (as 
in the solution x = ±2 of the quadratic equation x2 − 4 
= 0). The solution of a diCerential equation is the entire 
function that satisfies the equation, as in

d2f
dx2

+ f = 0 has the solution f = A sin x + B cos x

(MB2.3)

with A and B constants. The process of finding a solu-
tion of a diCerential equation is called integrating the 

equation. The solution in eqn MB2.3 is an example of 
a general solution of a diCerential equation; that is, it 
is the most general solution of the equation and is 
expressed in terms of a number of constants (A and B
in this case). When the constants are chosen to accord 
with certain specified initial conditions (if one variable 
is the time) or certain boundary conditions (to fulfil 
certain spatial restrictions on the solutions), we obtain 
the particular solution of the equation. The particular 
solution of a first-order diCerential equation requires 
one such condition; a second-order diCerential equa-
tion requires two.

MB2.2 The solution of ordinary 
diff erential equations

The first-order linear diCerential equation

df
dx

+ af = 0 (MB2.4a)

A brief illustration

If we are informed that f(0) = 0, then because from 
eqn MB2.3 it follows that f(0) = B, we can conclude 
that B = 0. That still leaves A undetermined. If we are 
also told that df/dx = 2 at x = 0 (that is, f ′(0) = 2, where 
the prime denotes a first derivative), then because the 
general solution (but with B = 0) implies that f ′(x) =
A cos x, we know that f ′(0) = A, and therefore A = 2. 
The particular solution is therefore f(x) = 2 sin x.
Figure MB2.1 shows a series of particular solutions 
corresponding to diCerent boundary conditions.

0 2 4 6 8 10x

1.5

1

0.5

0

–0.5

–1

–1.5

f (x)

A = 1, B =1

A = 0, B =1

A = ½, B =1

Fig. MB2.1 The solution of the diCerential equation in 
eqn MB2.3 with three diCerent boundary conditions (as 
indicated by the resulting values of the constants A and B).
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with a a function of x or a constant can be solved by 
direct integration. To proceed, we use the fact that the 
quantities df and dx (called diCerentials) can be treated 
algebraically like any quantity and rearrange the equa-
tion into

df
f

= −a dx (MB2.4b)

and integrate both sides.  For the left-hand side, we use 
the familiar result 2dy/y = ln y + constant. After pooling 
all the constants into a single constant A, we obtain:

ln f = −�a dx + A (MB2.4c)

Second-order diCerential equations are in general 
much more diAcult to solve than first-order equations. 
One powerful approach commonly used to lay siege to 
second-order diCerential equations is to express the 
solution as a power series:

f(x) =
∞

∑
n=0

cnxn (MB2.6)

and then to use the diCerential equation to find a 
relation between the coeAcients. This approach results, 
for instance, in the Hermite polynomials that form 
part of the solution of the Schrödinger equation for 
the harmonic oscillator (Section 2.14). Many of the 
second-order diCerential equations that occur in this 
text are tabulated in compilations of solutions or can 
be solved with mathematical software, and the special-
ized techniques that are needed to establish the form of 
the solutions may be found in mathematical texts.

MB2.3 The solution of partial 
diff erential equations

The partial diCerential equations that we will need to 
solve are those that can be separated into two or more 
ordinary diCerential equations by the technique known 
as separation of variables. To discover if the diCer-
ential equation in eqn MB2.2 can be solved by this 
method we suppose that the full solution can be fac-
tored into functions that depend only on x or only 
on y, and write f(x,y) = X(x)Y(y). At this stage there is 
no guarantee that the solution can be written in this 
way. Substituting this trial solution into eqn MB2.2 
and recognizing that

[2XY
[x2

= Y
d2X
dx2

[2XY
[y2

= X
d2Y
dy2

we obtain

aY
d2X
dx2

+ bX
d2Y
dy2

+ cXY = 0

We are using d instead of [ at this stage to denote 
diCerentials because each of the functions X and Y

A brief illustration

Suppose that in eqn MB2.4a the factor a = 2x; then the 
general solution, eqn MB2.4c, is

ln f = −2�x dx + A = −x2 + A

(We have absorbed the constant of integration into the 
constant A.) Therefore f = eAe−x2

If we are told that f(0) = 1, then we can infer that 
A = 0 and therefore that f = e−x2

.

The solution of even first-order diCerential equa-
tions quickly becomes more complicated. A non-linear 
first-order equation of the form

df
dx

+ af = b (MB2.5a)

with a and b functions of x (or constants) has a solu-
tion of the form

fe2adx = �e2adxb dx + A (MB2.5b)

as may be verified by diCerentiation.  Mathematical 
software packages can often perform the required 
integrations.

which corresponds to

fe2x = 1
2 e2x + A

and therefore to

f = Ae−2x + 1
2

If we are told that f(0) = 1, then we can infer that 
A = 1/2  and therefore that f = 1/2(e−2x + 1).

A brief illustration

Suppose that we wish to solve the equation

df

dx
+ 2f = 1

We note that a = 2 and b = 1; then the general solution, 
eqn MB2.5b, is

fe22dx = � e22dx dx + A
››
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depend on one variable, x and y, respectively. Division 
through by XY turns this equation into

a
X

d2X
dx2

+ b
Y

d2Y
dy2

+ c = 0

Now suppose that a is a function only of x, b a func-
tion of y, and c a constant.  (There are various other 
possibilities that permit the argument to continue.) 
Then the first term depends only on x and the second 
only on y. If x is varied, only the first term can change. 
But as the other two terms do not change and the sum 

of the three terms is a constant (0), even that first term 
must be a constant. The same is true of the second 
term. Therefore because each term is equal to a con-
stant, we can write

a
X

d2X
dx2

= c1
b
Y

d2Y
dy2

= c2 with c1 + c2 = −c

We now have two ordinary diCerential equations to 
solve by the techniques described in Section MB2.2. 
An example of this procedure is given in Section 2.12, 
for a particle in a two-dimensional region.
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3Rotational motion and 
the hydrogen atom

The second class of motion we consider is rotational motion, the motion of an object 
around a fi xed point. With this problem we encounter ‘angular momentum’, which is one 
of the most important topics in quantum mechanics. In this chapter we discuss rota-
tional motion and angular momentum in terms of solutions of the Schrödinger equation, 
but we return to the topic in the next chapter and see how its properties emerge from 
the operators for angular momentum and their commutation relations. This is a chapter 
for pictures; the next provides the algebra beneath the pictures.

The material we describe here occurs throughout quantum mechanics. In particular, it 
crops up wherever we are interested in the motion of a particle in a central potential, 
in which the potential energy depends only on the distance from a single point. One 
example is the central potential experienced by an electron in a hydrogen atom. That 
problem is also exactly solvable, and we consider it in this chapter too.

Particle on a ring

As a first step, we consider the quantum mechanical description of a particle 
travelling on a circular ring. This problem is more general than it might seem, for 
as well as applying to the motion of a bead on a circle of wire, it also applies to 
any body rotating in a plane (Fig. 3.1). This generality stems from the fact that 
any such body can be represented by a mass point moving in a circle of radius r,
its radius of gyration about the centre of mass. We shall see, in fact, that the 
property that determines the characteristics of the rotational motion of a body is 
the moment of inertia, I = mr2, and it is not necessary to enquire into whether the 
value of I for a body is that of an actual particle moving on a ring of radius r or 
is that of a body of mass m and radius of gyration r rotating about its own centre 
of mass.

3.1 The hamiltonian and the Schrödinger equation

We consider a particle of mass m travelling on a circle of radius r in the xy-plane.
Its potential energy is constant and taken to be zero. The hamiltonian is therefore

H = − H
2

2m
A
C
[2

[x2
+ [2

[y2

D
F (3.1)

Because the motion is confined to a circle, a simpler expression is obtained by 
adopting polar coordinates and writing x = r cos j and y = r sin j where j ranges 
from 0 to 2p. The laplacian ∇2 in two dimensions is

[2

[x2
+ [2

[y2
= [2

[r2
+ 1

r
[
[r

+ 1
r2

[2

[j2
(3.2)
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Fig. 3.2 The energy levels of a 
particle on a ring of radius a.

Then, with r constant so that derivatives with respect to r can be discarded, the 
hamiltonian is

H = − H2

2mr2

d2

dj2
= − H2

2I
d2

dj2
(3.3)

The wavefunction depends only on the angle j, so we denote it F. The Schrödinger 
equation is therefore

d2F
dj2

= − 2IE
H2

F (3.4)

The general solutions are

F = Aeimlj + Be−imlj ml = A
C
2IE
H2

D
F

1/2

(3.5)

The quantity ml is a dimensionless number, and at this stage it is completely un-
restricted in value; the significance of the subscript l will become apparent later.

Now we introduce the boundary conditions. Because wavefunctions must be 
single valued (Section 2.1), it follows that F(j + 2p) = F(j). This requirement is 
an example of a cyclic boundary condition. It follows that

Aeimlje2piml + Be−imlje−2piml = Aeimlj + Be−imlj

This relation is satisfied only if ml is an integer, for then, using Euler’s relation, 
e2piml = 1. The cyclic boundary condition therefore implies that ml = 0, ±1, ±2,
. . . . It follows (from eqn 3.5) that the allowed energies are

Eml
= ml

2H2

2I
 with ml = 0, ±1, ±2, . . . (3.6)

This expression implies the following features of the energy levels:

1. The separation of neighbouring levels increases as the quantum number ml

increases (Fig. 3.2).

2. The separation of energy levels is small for systems with large moment of 
inertia.

3. There is no zero-point energy (the lowest energy is E0 = 0).

4. All energy levels other than the ground state are doubly degenerate: we 
establish below that opposite signs of ml correspond to opposite directions 
of travel.

3.2 The angular momentum

By analogy with the discussion of wavefunctions for linear momenta p = kH with 
opposite signs of k, it can be anticipated that opposite signs of ml correspond to 
opposite directions of circular motion. To confirm that this is so, we consider the 
z-component of the angular momentum l.

The classical expression for l is

l = r × p =
i
x
px

j
y
py

k
z
pz

(3.7)

where i, j, and k are orthogonal unit vectors along the x-, y-, and z-axes, respect-
ively. With the angular momentum written as l = lxi + ly j + lzk, we can expand 
the determinant in eqn 3.7 and pick out the z-component (the factor multiplying 
k in the expansion of the determinant) as

A brief comment
Determinants are discussed in 
Mathematical background 4. 
At this stage we need to know 
the following two expansions:

a
d

b
c

= ac − bd

a
f
g

b
e
h

c
d
i

= a
e
h

d
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− b
f
g

d
i

+ c
f
g

e
h

R

m

m

R/21/2

Fig. 3.1 The rotational 
characteristics of a uniform disk 
of radius R are represented by 
the motion of a single mass 
point at its radius of gyration 
r = R/21/2.
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lz = xpy − ypx (3.8)

At this point we express the classical observable as an operator in the position 
representation:

lz → xA
C
H
i
[
[y

D
F − yA

C
H
i
[
[x

D
F = H

i
A
Cx

[
[y

− y
[
[x

D
F (3.9)

Substitution of the polar coordinates defined above results in the expression

lz = H
i
[
[j

(3.10)

Now consider the eCect of this operator on the wavefunction with B = 0:

lzFml
= H

i
[
[j

Aeimlj = mlHAeimlj = mlHFml
(3.11)

This is an eigenvalue equation, and we see that the wavefunction corresponds to 
an angular momentum mlH. If ml > 0, then the angular momentum is positive, 
and if ml < 0, then the angular momentum is negative (Fig. 3.3).

The remaining task is to normalize the wavefunctions. For the function with 
B = 0, we write

�
0

2p

F*F dj = | A |2�
0

2p

 e−imljeimlj dj = | A |2�
0

2p

 dj = 2p | A |2 (3.12)

It follows that | A | = 1/(2p)1/2, and A is conventionally chosen to be real (so the 
modulus bars can be dropped from this relation). It is easy to go on to show that 
the wavefunctions with diCerent values of ml are mutually orthogonal (see 
Exercise 3.4).

3.3 The shapes of the wavefunctions

The physical basis of the quantization of rotation becomes clear when we inspect 
the shapes of the wavefunctions. The wavefunction corresponding to a state of 
definite angular momentum mlH is

Fml
= A

C
1
2p

D
F

1/2

eimlj = A
C

1
2p

D
F

1/2

{cos mlj + i sin mlj} (3.13)

Note that the wavefunction is complex (for ml ≠ 0), which is another illustration 
of the fact that wavefunctions corresponding to definite states of motion (other 
than being stationary in the sense that ml = 0) are complex. We shall consider 
explicitly only the cosine component of the function, but similar remarks apply 
to the sine component too: the two components are 90° out of phase.

When ml is an integer, the cosine functions form a wave with an integral number 
of wavelengths wrapped round the circular ring. The ‘ends’ of the wave join at j
and j + 2p, and the function reproduces itself on the next circuit (Fig. 3.4). When 
ml is not an integer (for one of the disallowed solutions), the wavefunction has an 
incomplete number of wavelengths between 0 and 2p, and does not reproduce 
itself on the next circuit of the ring. At any point, it is double-valued, and hence 
must be rejected.

There are several ways of depicting the wavefunctions. The simplest procedure 
is to plot the real part of F on the perimeter of the ring (Fig. 3.5). It should be 
noted that in general the wavefunction is complex, and so it has real and imagin-
ary components displaced by 90°. It is therefore easier to unwrap the ring into 
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Fig. 3.4 The wavefunction 
must satisfy cyclic boundary 
conditions; only the dark curve 
of these three is acceptable. 
The horizontal coordinate 
corresponds to an entire 
circumference of the ring, 
and the end points should be 
considered to be joined.

z ml > 0

ml < 0

Fig. 3.3 The vector 
representation of angular 
momentum of a particle (or 
an eCective particle) confined 
to a plane. Note the right-hand 
screw convention for the 
orientation of the vector.

Wavefunction, (j)Φ

j

Fig. 3.5 One wavefunction for 
a particle on a ring (with ml = ±1).
Only the real part is shown.
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a straight line in the range 0 ≤ j ≤ 2p and to plot the wavefunctions on this line 
(Fig. 3.6). Drawing the two components helps to remind us that although the 
amplitude of each one varies with angle, the probability density is uniform:

| Fml
 |2 = A

C
1
2p

D
F

1/2

e−imljA
C

1
2p

D
F

1/2

eimlj = 1
2p

(3.14)

We should note the following points:

1. In a state of definite angular momentum, the particle is distributed uni-
formly round the ring: certainty in the value of the angular momentum 
implies total uncertainty in the location of the particle.

2. As the energy and the angular momentum increase, so the number of nodes 
in the real and imaginary components of the wavefunction increases too. 
This is an example of the behaviour we have already discussed: as the 
number of nodes is increased, the wavefunction is buckled backwards 
and forwards more sharply to fit into the perimeter of the ring, and con-
sequently the kinetic energy of the particle increases.

3. It will prove to be of significance later that

Fml
(j + p) = A

C
1
2p

D
F

1/2

eiml(j+p) = A
C

1
2p

D
F

1/2

eimlj(eip)ml = (−1)mlFml
(j) (3.15)

 That is, at points across the diameter of the ring the wavefunction diCers in 
sign if ml is odd but have the same sign if ml is even.

3.4 The classical limit

When a particle is prepared with an energy that is imprecise in comparison with 
the separation of energy levels, as when a macroscopic disc is set spinning, the 
correct description of the system is as a superposition of angular momentum 
(and energy) eigenfunctions to form a wavepacket. The amplitude of the wave-
packet may represent the location of the actual particle or of a point representing 
the mass of the spinning disk. Because each component has the form (recall 
eqn 1.38)

Yml
(j,t) = A

C
1
2p

D
F

1/2

eimlj−iml
2Ht/2I (3.17)

the point of maximum interference rotates in a circle (Fig. 3.7). This motion 
corresponds to the classical description of a rotating body. The wavepacket also 
spreads with time, but for macroscopic bodies the spreading is negligible (see 
Further information 2.1).

InterActivity Using the Worksheet entitled Figure 3.7 on the website for this text, 
explore the dependence of the wavepacket on time and its variation with I.

Rotational motion in classical physics is normally denoted by a vector that 
represents the state of angular momentum of the body. For motion confined 
to the xy-plane, the vector lies parallel to the z-axis (eqn 3.7). The length of the 
vector represents the magnitude of the angular momentum, and its direction 
indicates the direction of motion. The right-hand screw convention is adopted: 
a vector pointing towards positive z represents clockwise rotation seen from 

W
av

ef
u

n
ct

io
n

, 
(j

)

Angle, j
0 2π

Im

Re

Φ

ΦΦ

Fig. 3.6 A wavefunction 
corresponding to a definite state 
of motion is complex. The real 
and imaginary components 
shown here correspond to
ml = +1. Note that the real 
component seems to chase 
the imaginary one. The state 
with ml = −1 has the imaginary 
component shifted in phase 
by p (that is, the component is 
multiplied by −1).

A brief comment
Although a definite state of 
angular momentum implies 
complete uncertainty in 
angular location, as we would 
expect from the uncertainty 
principle, great care must 
be taken when applying the 
uncertainty principle to 
periodic variables in general. 
In such cases it is appropriate 
to use more elaborate forms 
of the observables than 
simply j itself, and then1

DlzDsinj ≥≥ 1
2™ | 〈 | 〈cosj〉 |〉 | (3.16)

1 See P. Carruthers and M.M. Nieto in Rev. Mod. Phys. 411, 40 (1968).

Y

j

Fig. 3.7 A wavepacket formed 
from the superposition of 
many angular momentum 
eigenfunctions moves round 
the ring like the location of 
a classical particle. However, 
it also spreads with time.
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below (as in Fig. 3.3). A vector pointing towards negative z represents motion in 
a counter-clockwise sense seen from below. The same representation can be used 
in quantum mechanics, the only diCerence being that in this case the length of 
the vector is confined to discrete values corresponding to the allowed values of ml

whereas in classical physics the length is continuously variable.

3.5 The circular square well

The wavefunctions for a particle on a ring also arise in connection with a particle 
confined to a circular region of zero potential energy by potential walls of infinite 
height (a ‘circular square well’). This kind of system has acquired importance 
now that nanostructures that emulate it have been produced. We suppose that 
the particle has mass m and is confined to a disk of radius a.

(a) The separation of variables

The hamiltonian for the problem has only a kinetic energy contribution in the 
circular region where the particle may be found. The laplacian in two dimen-
sions, which is needed to write the hamiltonian, is given in eqn 3.2. It follows that 
the Schrödinger equation inside the well is

− H2

2m
!
@
[2y
[r2

+ 1
r
[y
[r

+ 1
r2

[2y
[j2

#
$ = Ey (3.18)

The circular symmetry of the problem suggests that the wavefunction ought to be 
separable into an angular part and a radial part, and so we try the solution y(r,j)
= R(r)F(j). Substitution of y = RF and then division of both sides by RF gives

−A
C

H2

2m
D
F

1
R

!
@
d2R
dr2

+ 1
r

dR
dr

#
$ − H2

2mr2

1
F

d2F
dj2

= E (3.19)

The 1/r2 in the second term can be eliminated by multiplication through by r2,
and after a little rearrangement the equation becomes

1
R

!
@r2d2R

dr2
+ r

dR
dr

#
$ + 2mE

H2
r2 = − 1

F
d2F
dj2

(3.20)

This equation is separable, because the left is a function only of r and the right is 
a function only of j. We therefore write

d2F
dj2

= −ml
2F (3.21)

which implies that

r2d2R
dr2

+ r
dR
dr

+ 2mE
H2

r2R = ml
2R (3.22)

The angular solutions are those of a particle on a ring, with the same cyclic 
boundary conditions (Section 3.1), so that part of the system is solved.

(b) The radial solutions

To solve eqn 3.22 we write k2 = 2mE/H2 and z = kr, which turns the equation into

d2R
dz2

+ 1
z

dR
dz

+ A
C1 − ml

2

z2

D
F R = 0 (3.23)

This equation is well known to mathematicians as Bessel’s equation and the 
solutions that satisfy one of the two boundary conditions of this second-order 



74 | 3 ROTATIONAL MOTION AND THE HYDROGEN ATOM

diCerential equation—that the wavefunction must be finite everywhere—are the 
so-called Bessel functions, Jml

(z), which when ml is an integer are defined as

Jml
(kr) = (1

2 kr)ml

∞

∑
n=0

(−1)n (1–2kr)2n

n!(n + ml)!
(3.24)

Because the particle is confined to the disk, its wavefunction must vanish at the 
edge at r = a (just like a particle in a square well), so the second boundary con-
dition that must be satisfied is

Jml
(ka) = 0 (3.25)

Therefore, we can find the allowed values of k and hence the permitted energy 
levels E = k2H2/2m by looking for the zeros of the Bessel functions. These zeros 
are tabulated or are easily found by using mathematical software; the first few 
are listed in Table 3.1 and illustrated in Fig. 3.8. Some radial wavefunctions are 
shown in Fig. 3.9 and some representative probabilities are shown in Fig. 3.10. 
We take this discussion further when we consider a particle trapped inside a 
spherical cavity (Section 3.10).

(a)

(b)

(c)

ml = 0, ka = 2.4

ml = 0, ka = 5.5

ml = 0, ka = 8.7

Fig. 3.10 The probability density of the particle for 
various values of ml and ka.
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Fig. 3.9 The radial wavefunctions of a particle confined to a circular 
region of radius a with (a) ml = 0, (b) | ml | = 1; the curves are labelled 
with the value of ka. These functions are the Bessel functions, Jml

(ka).
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Table 3.1 The energy levels of a particle in a circular square well of radius a

n* ml ka Ek/(™2/2ma2) Degeneracy

 1 0 2.405  5.783 1

 2 1 3.832 14.682 2

 3 2 5.136 26.375 2

 4 0 5.520 30.471 1

 5 3 6.380 40.706 2

 6 1 7.016 49.218 2

 7 4 7.588 57.583 2

 8 2 8.417 70.850 2

 9 0 8.654 74.887 1

10 5 8.771 76.939 2

11 3 9.761 95.278 2

12 6 9.936 98.726 2

*The number n has no physical significance: it simply orders the energy levels in sequence of increasing 
energy.

A brief illustration

When ml = 0, with a wavefunction that is independent of angle, the allowed value 
of k is found from J0(ka) = 0, which tables or software shows occurs at approxi-
mately ka = 2.405. Therefore, the zero-point energy of the particle is

E0 = (2.405/a)2H2

2m
= h2

13.65ma2

Compare this result with the zero-point energy of a particle in a rectangular square 
well of side 2a, which is h2/16ma2: the corners give the particle just a little more 
room and the zero-point energy is slightly lower.

Particle on a sphere

Now we consider the case of a particle free to move over the surface of a sphere. 
The mass point can be an actual particle or a point in a solid body that represents 
the motion of the whole body. For example, a solid uniform sphere of mass m
and radius a can be represented by the motion of a single point of mass m at a 
distance r = (2/5)1/2a (the radius of gyration) from the centre of the sphere. This 
problem will build on the material covered in the previous sections and prove 
to be the foundation for many applications in later chapters.

3.6 The Schrödinger equation and its solution

The potential energy of the particle is a constant taken to be zero, so the hamil-
tonian for the problem is simply
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H = − H
2

2m
∇2 (3.26)

It is convenient to acknowledge the spherical symmetry of the problem by 
expressing the derivatives in terms of spherical polar coordinates (Fig. 3.11):

x = r sin q cos j y = r sin q sin j z = r cos q (3.27)

Standard manipulation of the diCerentials leads to the following expression for 
the laplacian operator:

∇2 = 1
r
[2

[r2
r + 1

r2
L2 (3.28a)

Two equivalent, alternative forms are

∇2 = 1
r2

[
[r

r2 [
[r

+ 1
r2
L2 (3.28b)

∇2 = [2

[r2
+ 2

r
[
[r

+ 1
r2
L2 (3.28c)

The legendrian, L2, the angular part of the laplacian, is

L2 = 1
sin2q

[2

[j2
+ 1

sinq
[
[q

sinq [
[q

(3.29)

The condition that the particle is confined to the surface of fixed radius is equiva-
lent to ignoring the radial derivatives, so we retain only the legendrian part of the 
laplacian and treat r as a constant. The hamiltonian is therefore

H = − H2

2mr2
L2 (3.30)

Then, because the moment of inertia is I = mr2, the Schrödinger equation we need 
to solve is

L2y = − AC
2IE
H2

D
F y (3.31)

where y is a function of the angles q and j.
There are three ways of solving this second-order partial diCerential equation. 

One is to realize that the functions should resemble the solutions we have already 
found for the particle on a ring, for from one point of view (from any point 
of view, in fact) a sphere can be regarded as a stack of rings (Fig. 3.12). The 
diCerence is that for a sphere, the particle can travel from ring to ring. This 
view suggests that the wavefunction ought to be separable and be of the form 
y(q,j) = Q(q)F(j). Indeed, it is easy to verify (Exercise 3.8) that the Schrödinger 
equation does separate, and that the component equation for F is

d2F
dj2

= constant × F (3.32)

This equation is the same as the one for a particle on a ring, and the cyclic bound-
ary conditions are the same. The solutions are therefore the same as before, and 
are specified by the quantum number ml, with integral values. The equation for 
Q is much more involved and its solution by elementary techniques is cumber-
some (it is given in Further information 3.1). The second method of solution is 

x

y

z

Fig. 3.12 The motion of a 
particle on the surface of a sphere 
is like its motion on a stack of 
rings with the ability to pass 
between the rings.

j

q

r

x

y

z

Fig. 3.11 Spherical polar 
coordinates. The angle q is 
called the colatitude and 
the angle j is the azimuth.
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to avoid dealing with the Schrödinger equation directly, and to use the properties 
of the angular momentum operators themselves. The latter is a succinct and 
powerful approach and is described in Chapter 4. The third method of solution 
is to make the straightforward claim that we recognize eqn 3.31 as a well-known 
equation in mathematics, so that we can simply refer to tables for its solutions.2

Indeed, solution by recognition is in fact the way that many diCerential equa-
tions are tackled by professional theoreticians, and it is a method not to be 
scorned!

(a) The wavefunctions

As we show in Further information 3.1, the solutions of eqn 3.31 are the func-
tions called spherical harmonics, Ylml

(q,j). These highly important functions 
satisfy the equation

L2Ylml
= −l(l + 1)Ylml

(3.33)

with l = 0,1,2, . . . and ml = l, l − 1, . . . , −l (for a total of 2l + 1 values of ml for 
a given value of l ). Equation 3.33 has the same form as eqn 3.31, so the wave-
functions y are proportional to the spherical harmonics. The spherical harmonics 
are composed of two factors:

Ylml
(q,j) = Qlml

(q)Fml
(j) (3.34)

in accord with the separability of the Schrödinger equation. The functions F are 
the same as those already described for a particle on a ring. The functions Q
are called associated Legendre functions. Table 3.2 lists the first few spherical 
harmonics.

2 This is in practice a common way of solving diCerential equations, and M. Abramowitz 
and I.A. Stegun, Handbook of mathematical functions, Dover, New York (1965) is an excellent 
source of the appropriate information. It is an ideal desert-island book for shipwrecked quan-
tum chemists!

Example 3.1 Confirming that a spherical harmonic is a solution

Confirm that the spherical harmonic Y1,0 is a solution of eqn 3.33.

Method The direct method is to substitute the explicit expression for the spherical 
harmonic, taken from Table 3.2, into the left-hand side of eqn 3.33 and to verify 
that it is equal to the expression given on the right-hand side. The expression for 
the legendrian operator is given in eqn 3.29; because Y1,0 is independent of j (see 
Table 3.2), the partial derivatives with respect to j are zero, and we need consider 
only the derivatives with respect to q.

Answer It follows from Table 3.2 (writing N for the normalization constant) that

L2Y1,0 =
1

sinq
[
[q

 sin q [
[q

N cos q = −N
1

sinq
d

dq
 sin2q

 = −2N
1

sinq
 sin q cos q = −2Y1,0

This result is consistent with eqn 3.33 when l = 1.

Self-test 3.1 Confirm that Y2,+1 is a solution.
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(b) The allowed energies

Comparison of eqns 3.31 and 3.33 shows that the energies of the particle are 
confined to the values

Elml
= l(l + 1) 

H2

2I
(3.35)

The quantum number l is a label for the energy of the particle. Notice that Elml
 is 

independent of the value of ml. Therefore, because for a given value of l there are 
2l + 1 values of ml, we conclude that each energy level is (2l + 1)-fold degenerate. 
The properties of the energies are similar to those of the particle on a ring:

1. The separation of neighbouring levels, which is proportional to 2(l + 1), 
increases as the quantum number l increases (Fig. 3.13).

2. The separation of energy levels, which is proportional to 1/I, is small for 
systems with large moments of inertia.

3. There is no zero-point energy (the lowest energy is E0,0 = 0).

4. All energy levels other than the ground state are (2l + 1)-fold degenerate: 
we establish below that the 2l + 1 diCerent states of motion of the same 
energy correspond to 2l + 1 diCerent orientations of the angular momen-
tum in space.

3.7 The angular momentum of the particle

The rotational energy of a spherical body of moment of inertia I and angular 
velocity w is given by classical physics as E = 1

2Iw2. Because the magnitude of the 
angular momentum is related to the angular velocity by l = Iw, this energy can be 
expressed as E = l2/2I. Comparison of this expression with eqn 3.35 shows that

Magnitude of the angular momentum = {l(l + 1)}1/2H (3.36)

Thus, the magnitude of the angular momentum is quantized in quantum mech-
anics. Indeed, l is called the angular momentum quantum number. This result is 
confirmed formally in Chapter 4.

Table 3.2 Spherical harmonics

l ml Ylml
(q,j)

0 0 1/2p1/2

1 0 1
2(3/p)1/2 cos q

±1 ;1
2(3/2p)1/2 sin q e± ij

2 0 1
4(5/p)1/2(3 cos2q − 1)

±1 ;1
2(15/2p)1/2 cos q sin q e± ij

±2 1
4(15/2p)1/2 sin2q e± 2ij

3 0 1
4(7/p)1/2(2 − 5 sin2q)cosq

±1 ;1
8(21/p)1/2(5 cos2q − 1)sin q e± ij

±2 1
4(105/2p)1/2 cos q sin2q e± 2ij

±3 ;1
8(35/p)1/2 sin3q e± 3ij
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Fig. 3.13 The energy levels of 
a particle of mass m confined to 
a spherical surface of radius a.
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The spherical harmonics are also eigenfunctions of lz:

lzYlml
= H

i
[
[j

A
CQlml

eimlj

2p
D
F = mlHYlml

(3.37)

This result too is derived more formally in Chapter 4. We see from it that ml

specifies the component of the angular momentum around the z-axis, the con-
tribution to the total angular momentum that can be ascribed to rotation around 
that axis. However, because ml is restricted to 2l + 1 values, the z-component of 
the angular momentum is also restricted to 2l + 1 discrete values for a given 
value of l. This restriction of the component of angular momentum is called 
space quantization. The name stems from the vector representation of angular 
momentum in which the angular momentum is represented by a vector of length 
{l(l + 1)}1/2 orientated so that its component on the z-axis is of length ml

(Fig. 3.14). The vector can adopt only 2l + 1 orientations with

cosq = ml

{l(l + 1)}1/2
 (3.38)

in contrast to the classical description in which the orientation of the rotating 
body is continuously variable.

The quantum numbers l and ml do not enable us to specify the x- and y-
components of the angular momentum. Indeed, as we shall see later (Section 4.1), 
because the operators corresponding to these components do not commute with 
the operator for the z-component, these components cannot in general be 
specified if the z-component is known. Therefore, a better representation of 
the states of angular momentum of a body is in terms of the cones shown in 
Fig. 3.15, in which no attempt is made to display any components other than 
the z-component. At this stage you should not think of the angular momentum 
vector as sweeping around the cones but simply as lying at some unspecified posi-
tion on them.

–2
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0

+1

+2

√6

√6

√6

√6

√6

z

ml

Fig. 3.14 The five (that is, 2l + 1) 
allowed orientations of the 
angular momentum with l = 2. 
The length of the vector is 
{l(l + 1)}1/2, which in this case 
is 61/2.

–2

–1

0

+1

+2

z ml

Fig. 3.15 To represent the fact 
that if the z-component of 
angular momentum is specified, 
the x- and y-components cannot 
in general be specified, the 
angular momentum vector 
is supposed to lie at an 
indeterminate position on one of 
the cones shown here (for l = 2).

Example 3.2 Analysing the quantization of angular momentum for 
a macroscopic body

A solid ball of mass 250 g and radius 4.0 cm is spinning at 5.0 revolutions per 
second. Estimate the value of l and the minimum angle its angular momentum 
vector can make with respect to a selected axis.

Method We need to calculate first the angular momentum of the ball, Iw; we use the 
expression I = mr2, with r the radius of gyration given in the text for a solid sphere 
of radius a, which is r = (2/5)1/2a. Then identify l by setting the calculated value of 
angular momentum equal to {l(l + 1)}1/2H. The minimum angle can be obtained by 
trigonometry using eqn 3.38 for a general value of ml and then setting ml = l, its 
maximum value.

Answer The angular velocity of the ball is w = 2pn with n = 5.0 s−1. Its moment of 
inertia is I = 2/5ma2, so its angular momentum is 4/5pnma2. We set {l(l + 1)}1/2H equal 
to this quantity:

{l(l + 1)}1/2H = 4
5pnma2

Because l >> 1, it follows that l(l + 1) ≈ l2, and therefore that

l ≈
4pnma2

5H ››



80 | 3 ROTATIONAL MOTION AND THE HYDROGEN ATOM

3.8 Properties of the solutions

The wavefunctions for a particle on a sphere—the spherical harmonics—can be 
represented diagrammatically in a variety of ways. The most cumbersome method 
is to plot the amplitude of the function relative to the surface of the sphere, by 
analogy with the wavefunctions for a particle on a ring (Fig. 3.16). It is more 
convenient, however, to plot the amplitudes of the spherical harmonics as a 
surface, the distance from the origin indicating the amplitude at that orienta-
tion (Fig. 3.17). The spherical harmonics are complex functions for ml ≠ 0, and 
the diagrams show only their real components. As for the particle on a ring, 
the complex function consists of a real and an imaginary component, the latter 
being the same shape as the former but rotated by 90° around the z-axis. An 
example is shown in Fig. 3.18 which expresses the point that if ml is specified, 
then the azimuthal distribution of the particle (the distribution with respect 
to the azimuth j) is uniform: it is impossible to specify the azimuthal location 
of a particle with a well-defined component of angular momentum around the 
z-axis.

Insertion of the numerical values gives l ≈ 4.7 × 1031. Using eqn 3.38, for ml = l and 
l >> 1 we can write

cosq =
l

{l(l + 1)}1/2
=

1

(1 + 1/l)1/2
=

1

1 + 1/2l + · · ·
= 1 −

1

2l
+ · · ·

where we have used (1 + x)1/2 = 1 + 1/2x + · · · and 1/(1 + x) = 1 − x + · · · . Because 
q << 1, we can equate this expression with cos q = 1 − 1

2 q
2 + · · · . It follows that

q ≈ 1/l1/2 = 1.5 × 10−16 rad. This angle is virtually zero. Hence a macroscopic object 
can rotate eCectively solely around a single specified axis.

Self-test 3.2 Show that the diCerence between the angles q for the vectors with 
ml = l and ml = l − 1 becomes zero as l becomes infinite.

Nodal
plane

Positive
amplitude

Negative
amplitude

Fig. 3.16 One representation of 
the wavefunction of a particle on 
a sphere (with l = 1, ml = 0) plots 
the function in terms of a height 
above or below the surface of 
the sphere.

z

+

–

Fig. 3.17 In another 
representation of the same 
wavefunction as in the preceding 
figure, the function is plotted 
along a radius to the point in 
question. In this case, the 
resulting surface consists 
of two touching spheres.
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+
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–
x

y

Real
component

Imaginary
component

Fig. 3.18 The wavefunctions 
corresponding to l = 1, ml = ±1
are complex, with real and 
imaginary components like those 
shown here. The direction of 
motion is determined by the 
relative phases of the two 
components: the real chases 
the imaginary.
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Figure 3.19 shows the probability densities | Ylml
|2 for l = 0, 1, and 2 and the 

azimuthal uniformity is clearly apparent. Notice too how the distribution shifts 
towards the equator as | ml | approaches l. This change corresponds to a reduced 
tilt in the plane of classical rotation (that is, to l becoming more aligned to the 
z-axis corresponding to classical rotation taking place in the xy-plane). For each 
spherical harmonic Ylml

, there are l angular nodes or distinct angles (in the range 
0 ≤ q ≤ p) for which the probability density vanishes. This is also evident from 
Table 3.2. For example, Y1,0 has a nodal xy-plane (q = 1

2 p) whereas Y1,±1 has 
a nodal plane that includes the z-axis (q = 0).

It should be noticed that there is no zero-point energy (E0,0 = 0) because the 
wavefunction need not be curved (relative to the surface of the sphere); indeed, 
Y0,0 is a constant and its angular derivatives are zero. The classical description of 
a rotating particle is achieved when the particle is set rotating with an imprecisely 
defined energy. In that case, its wavefunction is a wavepacket formed from a 
superposition of the spherical harmonics. This wavepacket moves in accord with 
the predictions of classical physics and migrates through all angles, but spreads 
with time (Fig. 3.20). As for a particle on a ring, that spreading is negligible for 
macroscopic bodies.

3.9 The rigid rotor

It is convenient at this point to introduce a variation on the topic of a particle on 
a sphere, to see how the same results apply to a body made up of two masses m1

and m2 at a fixed separation a. We have seen that any rigid object is described 
by the same equations as for a single eCective particle, but it is appropriate to 
present the argument more formally. As we shall see, the separation-of-variables 
technique is the key.

l = 0, ml = 0

l = 1, ml = 0 l = 1, ml = ±1

l = 2, ml = ±1 l = 2, ml = ±2l = 2, ml = 0

Fig. 3.19 The boundary surfaces 
for | y |2 corresponding to l = 0, 1, 
2 and the allowed values of | ml |
in each case.

x y

z

Fig. 3.20 The motion of 
a wavepacket on the surface of 
a sphere. As the wavepacket 
traces out the path like that of 
a classical particle, it also spreads 
(but negligibly for macroscopic 
objects).
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The hamiltonian for two particles moving in free space is

H = − H2

2m1

∇1
2 − H2

2m2

∇2
2 (3.39)

where ∇i
2 diCerentiates with respect to the coordinates of particle i. As we show 

in Further information 3.2, this expression may be transformed by using

1
m1

∇1
2 + 1

m2

∇2
2 = 1

m
∇2

cm + 1
m

∇2 (3.40a)

where m = m1 + m2 is the total mass of the system and the reduced mass, m, is

1
m

= 1
m1

+ 1
m2

(3.40b)

The subscript ‘cm’ on the first laplacian on the right indicates that the derivatives 
are with respect to the centre of mass coordinates of the joint system, and the 
absence of subscripts on the second laplacian indicates that it is composed of 
derivatives with respect to the relative coordinates of the pair.

At this stage, the Schrödinger equation has become

− H
2m

∇2
cmY − H2

2m
∇2Y = EtotalY (3.41)

This equation can be separated into equations for the motion of the centre of 
mass and for the relative motion of the particles. To do so we write Y = ycmy, and 
by the same arguments as we have used several times before, find that the two 
factors separately satisfy the equations

− H2

2m
∇2

cmycm = Ecmycm (3.42a)

− H2

2m
∇2y = Ey (3.42b)

with Etotal = Ecm + E. The first of these equations should be recognized as the 
translational motion of a free particle of mass m, which we solved in Chapter 2, 
with coordinates given by the centre of mass of the particle.

The second equation needs a little more work, for although it looks as simple 
as the first equation, the fact that a is a constant must be taken into account by 
working in spherical polar coordinates. Because the separation a of the two 
particles is constant (for a rigid rotor), the derivative with respect to the radial 
coordinate plays no role in eqn 3.28. Consequently, only the legendrian com-
ponent need be retained, and we obtain

− H2

2ma2
L2y = Ey (3.43)

At this stage we write I = ma2 and obtain exactly the equation we have already 
considered (eqn 3.31). The solutions of this equation require two quantum num-
bers playing the role of l and ml, and for the rigid rotor it is common to use J and 
MJ. The wavefunctions of the diatomic rigid rotor are the spherical harmonics 
YJMJ

, and the energy levels are

EJMJ
= J(J + 1) 

H2

2I
(3.44)

with J = 0, 1, 2, . . . and MJ = 0, ±1, . . . , ±J. Note that because the energy is 
independent of MJ and there are 2J + 1 values of MJ for each value of J, each energy 
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level is (2J + 1)-fold degenerate. All the other features of the particle on a sphere 
apply equally to the rigid diatomic rotor, including the quantization of the angu-
lar momentum and space quantization. These properties will play a central role 
in the discussion of microwave and infrared spectroscopy in Chapter 10.

3.10 Particle in a spherical well

We have already explored a circular two-dimensional well: the natural extension 
is to a three-dimensional well. This model can be used to discuss electrons 
dissolved in liquid ammonia, which occupy cavities in the fluid, F-centres in crys-
tals, electrons trapped inside fullerene molecules, and quantum dots.

The starting point is the Schrödinger equation for a particle of mass m in 
a spherical region of zero potential energy of radius a:

− H2

2m
∇2y = − H2

2m
A
C
1
r
[2

[r2
r + 1

r2
L2DF y = Ey (3.45)

This equation is separable

y(r,q,j) = R(r)Y(q,j) (3.46)

where Y is a spherical harmonic that satisfies eqn 3.33 and R is a radial wave-
function that is a solution of

1
r

d2(rR)
dr2

− l(l + 1)
r2

R = − 2mE
H2

R (3.47a)

Just as we did for the particle in a circular well, we write k2 = 2mE/H2 and z = kr.
Then this equation becomes

d2R
dz2

+ 2
z

dR
dz

+ A
C1 − l(l + 1)

z2

D
F R = 0 (3.47b)

You should note the strong similarity of this equation to eqn 3.23. This equation, 
too, is well known to mathematicians, and the solutions that are finite every-
where (one of the boundary conditions) are the spherical Bessel functions jl(z).
These are relatively simple functions, such as

j0(kr) = sinkr
kr

j1(kr) = sinkr
(kr)2

− coskr
kr

(3.48)

and are illustrated in Fig. 3.21. All of them are available in tables and math-
ematical software. The second boundary condition that the wavefunctions must 
satisfy is that they must vanish at the edge of the cavity, at r = a. Therefore, 
allowed solutions must satisfy

jl(ka) = 0 (3.49)

Once the value of k has been established, we can use it to determine the energy 
through E = k2H2/2m, just as we did for a particle in a circular well. Some care 
must be taken to identify all the zeros, because the function jl(kr) in general has 
several nodes and we must be sure to capture them all. Mathematical software 
helps, and all the energies have the form

En,l = Fn,l
H2

2ma2
(3.50)

with the factors Fn,l for the first few energy levels given in Table 3.3 and illus-
trated in Fig. 3.22. The number n orders the energy levels by increasing energy; 
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Fig. 3.21 The radial 
wavefunctions of a particle of 
mass m confined to the interior 
of a spherical region of radius a
with (a) l = 0, (b) l = 1; the curves 
are labelled with the value of ka;
these functions are the spherical 
Bessel functions.
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it has no physical significance. Note that a level with quantum number l is 
(2l + 1)-fold degenerate (with states labelled with the appropriate values of ml).
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Fig. 3.22 The first ten energy 
levels of a particle of mass m
confined to the interior of a 
spherical region of radius a.
The number n denotes their order 
but has no physical significance.

Table 3.3 The energy levels of a particle in a spherical cavity of radius a

n* l ka/p El/(™2/2ma2) Degeneracy

 1 0 1  9.870  1

 2 1 1.430 20.191  3

 3 2 1.835 33.217  5

 4 0 2 39.478  1

 5 3 2.224 48.831  7

 6 1 2.459 59.680  3

 7 4 2.605 66.954  9

 8 2 2.895 82.719  5

 9 5 2.978 87.531 11

10 0 3 88.826  1

*The number n has no physical significance: it simply orders the energy levels in sequence of increasing 
energy.

Motion in a Coulombic fi eld

The motion of an electron in a Coulombic field, one in which the potential varies 
as 1/r, is of central importance in chemistry because it includes the structure of 
hydrogenic atoms, which are one-electron species with arbitrary atomic number 
Z (Z = 1 for hydrogen itself). Most of the work of solving the Schrödinger equa-
tion has in fact already been done, for the motion can be regarded as that of 
an electron on a series of concentric spheres (Fig. 3.23). It follows that the wave-
functions can be expected to contain factors that correspond to the motion of 
a particle on a sphere. The additional work we must do is to account for the 
radial dependence of the motion, the extra degree of freedom that allows the 
electron to travel between the nested spherical surfaces.

3.11 The Schrödinger equation for hydrogenic atoms

The hamiltonian for the two-particle electron–nucleus system is

H = − H2

2me

∇2
e − H2

2mN

∇2
N − Ze2

4pe0r
(3.51)

where me is the mass of the electron, mN is the mass of the nucleus, and ∇2
e and ∇2

N are 
the laplacian operators that act on the electron and nuclear coordinates, respectively. 

A brief illustration

In this case, the zero-point energy is E1,0 = 9.870H2/2ma2 = 0.125h2/ma2, or 
h2/8.00ma2. The zero-point energy of a particle in a cubic region of side 2a is 
3h2/32ma2 ≈ h2/10.7ma2. As for two dimensions, there is more room at the corners 
of a cube and the zero-point energy is lower than for a sphere that sits inside it.

Fig. 3.23 The motion of 
a particle in a central field of 
force is like its motion on a stack 
of spheres with the ability to pass 
between the spheres.
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The quantity e0 is the vacuum permittivity. Apart from the Coulombic potential 
energy term, this hamiltonian is the same as we considered for the two-particle 
rigid rotor. When we convert to centre-of-mass and relative coordinates, the 
potential energy term remains unchanged because it depends only on the separa-
tion of the particles. Therefore, we can use the work in Further information 3.2 
to write

H = − H2

2m
∇2

cm − H2

2m
∇2 − Ze2

4pe0r
(3.52)

where m = me + mN is the mass of the hydrogenic atom and the reduced mass is 
given by eqn 3.40b. The resulting Schrödinger equation is separable on account 
of the dependence of the potential energy on the particle separation alone, and 
by the same argument as we have used before, the Schrödinger equation for the 
relative motion of the electron and nucleus is

− H2

2m
∇2y − Ze2

4pe0r
y = Ey (3.53)

The other component of the Schrödinger equation is that for the translational 
motion of the atom as a whole, and we do not need to consider it further.

Unlike the rigid rotor, the electron and nucleus are not constrained to have 
a fixed separation and unlike the spherical well, the potential energy depends on 
the radius. The Schrödinger equation is

1
r
[2

[r2
ry + 1

r2
L2y + Ze2m

2pe0H2r
y = − A

C
2mE
H2

D
F y (3.54)

3.12 The separation of the relative coordinates

We have anticipated that the Schrödinger equation for the relative motion is 
separable into angular and radial components, with the former being the equa-
tion for a particle on a sphere. We therefore attempt a solution of the form

y(r,q,j) = R(r)Y(q,j) (3.55)

where Y is a spherical harmonic. (The function R is not the same radial function 
as in eqn 3.46.) When this trial solution is substituted into the Schrödinger equa-
tion and we use L2Y = − l(l + 1)Y, it turns into

1
r
[2

[r2
rRY − l(l + 1)

r2
RY + A

C
Ze2m

2pe0H2r
D
F RY = − A

C
2mE
H2

D
F RY (3.56)

The function Y may be cancelled throughout, and that leaves an equation for the 
radial wavefunction, R:

1
r

d2(rR)
dr2

+ !
@

Ze2m
2pe0H2r

− l(l + 1)
r2

#
$R = − A

C
2mE
H2

D
F R (3.57)

At this stage we write u = rR, and so obtain

d2u
dr2

+ A
C
2m
H2

D
F

!
@

Ze2

4pe0r
− l(l + 1)H2

2mr2
#
$u = − A

C
2mE
H2

D
F u (3.58)

This is the one-dimensional Schrödinger equation in the coordinate r (with r ≥ 0) 
that would have been obtained if, instead of the Coulomb potential, we had used 
an eIective potential energy VeC:

VeC = − Ze2

4pe0r
+ l(l + 1)H2

2mr2
(3.59)
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InterActivity Using the Worksheet entitled Equation 3.59 on the website for this 
text, explore the dependence of the eCective potential energy on r and its variation 

with l and Z.

The eCective potential energy may be given a simple physical interpretation. 
The first part is the attractive Coulomb potential energy. The second part is 
a repulsive contribution that corresponds to the existence of a centrifugal force 
that impels the electron away from the nucleus by virtue of its motion. When 
l = 0 the electron has no orbital angular momentum and the force—now solely 
the Coulombic force—is everywhere attractive. The potential energy for this 
special case is everywhere negative (Fig. 3.24). When l > 0 the electron possesses 
an orbital angular momentum which tends to fling it away from the vicinity of 
the nucleus, and there is a competition between this eCect and the attractive part 
of the potential. At very short distances from the nucleus, the repulsive com-
ponent tends more strongly to infinity (as 1/r2) than the attractive part (which 
varies as 1/r), and the former dominates.

3.13 The radial Schrödinger equation

The two eCective potentials (for l = 0 and l ≠ 0) are qualitatively quite diCerent
near r = 0, and we shall investigate them separately.

(a) The solutions close to the nucleus for l = 0

When l = 0, the repulsive part of the eCective potential energy is absent and 
the potential is everywhere attractive, even close to r = 0. When r is close to zero, 
the magnitude of the potential energy is locally so much larger than E that the 
latter may be neglected in eqn 3.58. The equation then becomes

d2u
dr2

+ A
C
2m
H2

D
F

A
C

Ze2

4pe0r
D
F u ≈ 0 for l = 0 and r ≈ 0 (3.60)

A solution of this equation is

u ≈ Ar + Br2 + · · · (3.61)

as can be verified by substitution of the solution and taking the limit r → 0.
Therefore, close to r = 0 the radial wavefunction itself has the form R = u/r ≈ A,

which may be non-zero; that is, when l = 0, there may be a non-zero probability 
of finding the electron at the nucleus.

(b) The solutions close to the nucleus for l ≠ 0

When l ≠ 0, the large repulsive component of the eCective potential energy of the 
electron at distances close to the nucleus has the eCect of excluding it from that 
region. In classical terms, the centrifugal force on an electron with non-zero 
angular momentum is strong enough at short distances to overcome the attract-
ive Coulomb force. When l ≠ 0 and r is close to zero, eqn 3.58 becomes

d2u
dr2

− l(l + 1)
r2

u ≈ 0 (3.62)

because 1/r2 is the dominant term. The solution has the form

u ≈ Arl+1 + B
rl

 for l ≠ 0 and r ≈ 0 (3.63)

as can be verified by substitution. Because u = rR and R must be finite every-
where, at r = 0 we know that u = 0; so it follows that B = 0. Therefore, the radial 
wavefunction has the form
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Fig. 3.24 The eCective potential 
experienced by an electron in a 
hydrogen atom. When l > 0 there 
is a centrifugal contribution to 
the potential that prevents the 
close approach of the electron 
to the nucleus, as it increases 
more rapidly (as 1/r2) than the 
Coulomb attraction (which 
varies as −1/r).

A brief comment
The coeGcients A and B are 
related by B = −−AmZe2/4pe0H2.
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R = u
r

≈ Arl for l ≠ 0 and r ≈ 0 (3.64)

This function implies that the amplitude is zero at r = 0 for all wavefunctions 
with l ≠ 0, and that the electron described by such a wavefunction will not be 
found at the nucleus. The radial wavefunction does not have a node at r = 0 as 
a node is defined as a point where a function passes through zero.

Example 3.3 Examining the asymptotic form of atomic wavefunctions at 
large distances

Show that at large distances from the nucleus, bound-state atomic wavefunctions 
decay exponentially towards zero.

Method We need to identify the terms in eqn 3.58 that survive as r → ∞, and then 
solve the resulting equation. When solving such asymptotic equations, the solu-
tions should also be tested in the limit r → ∞.

Answer When r → ∞, eqn 3.58 reduces to

d2u
dr2

� − A
C

2mE
H2

D
F u

(The sign � means ‘asymptotically equal to’.) However, because u = rR, in the 
same limit this equation becomes

d2u
dr2

= d2

dr2
rR = r

d2R
dr2

+ 2
dR
dr

� r
d2R
dr2

Hence

d2R
dr2

� − A
C

2mE
H2

D
F R = + A

C
2m | E |

H2

D
F R

where we have made use of the fact that E < 0 for bound states. This equation is 
satisfied (asymptotically) by

R � e−(2m|E| /H2)1/2r

The alternative solution, with a positive exponent, is not square-integrable and so 
can be rejected. Hence, we can conclude that the wavefunction decays exponen-
tially at large distances. All atomic wavefunctions, even those for many-electron 
atoms, decay exponentially at large distances because at suAciently large dis-
tances, any spherical charge distribution resembles a point charge.

Self-test 3.3 Show that the unbound states (for which E > 0) are travelling waves 
at large distances from the nucleus. 

[R � e±i(2m|E| /H2)1/2r]

(c) The complete solutions

Explicit solutions of the radial wave equation can be found in a variety of ways. 
The most elementary method of solution is given in Further information 3.3. As 
explained there, the acceptable solutions are the associated Laguerre functions.3

The solutions are acceptable in the sense of being well behaved and corresponding 

3 See M. Abramowitz and I.A. Stegun, Handbook of mathematical functions, Dover, New York 
(1965), Chapter 22.
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to states of negative energy (bound states of the atom). The first few hydrogenic 
wavefunctions are listed in Table 3.4. They consist of a decaying exponential 
function multiplied by a simple polynomial in r. Each one is specified by the labels 
n and l, with n = 1,2, . . . and l = 0,1, . . . ,n − 1. Some of the radial wavefunctions 
are plotted as functions of r = 2Zr/na0 in Fig. 3.25, where a0 is the Bohr radius:

a0 = 4pe0H2

mee
2

(3.65)

A brief comment
In a precise calculation, the 
Bohr radius a0, which depends 
on the mass of the electron, 
should be replaced by a, in 
which the reduced mass m
appears instead in eqn 3.65. 
Very little error is introduced 
by using a0 in place of a in this 
and the other equations in this 
chapter.

Table 3.4 Hydrogenic radial wavefunctions

n l Orbital Rnl(r)

1 0 1s (Z/a)3/22e−r/2

2 0 2s (Z/a)3/2(1/8)1/2(2 − r)e−r/2

1 2p (Z/a)3/2(1/24)1/2re−r/2

3 0 3s (Z/a)3/2(1/243)1/2(6 − 6r + r2)e−r/2

1 3p (Z/a)3/2(1/486)1/2(4 − r)re−r/2

2 3d (Z/a)3/2(1/2430)1/2r2e−r/2

r = (2Z/na)r with a = 4pe0H2/me2. For an infinitely heavy nucleus, m = me and a = a0, the Bohr radius.
Relation to associated Laguerre functions:

Rnl(r) = − !@
A
C
2Z

na
D
F

3 (n − l − 1)!

2n[(n + l)!]3

#
$ rlL2l+1

n+l (r)e−r/2
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Fig. 3.25 Hydrogenic radial 
wavefunctions: (a) 1s, (b) 2s, 
(c) 3s, (d) 2p, (e) 3p, (f) 3d.
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The numerical value of a0 is approximately 52.9 pm (see inside front cover). Note 
that the functions with l = 0 are non-zero (and finite) at r = 0, whereas all the 
functions with l ≠ 0 are zero at r = 0.

Each radial wavefunction has n − l − 1 nodes (the zero amplitude at r = 0 for 
functions with l ≠ 0 are not nodes; recall the definition in Section 2.10). The 
locations of these nodes are found by determining where the polynomial in 
the associated Laguerre function is equal to zero.

A brief illustration

The zeros of the function with n = 3 and l = 0 occur where

6 − 6r + r2 = 0 with r = AC
2Z
3a0

DF r

The zeros of this polynomial occur at r = 3 ± 3 , which corresponds to r =
(3 ± 31/2) × (3a0/2Z). In each case the function passes through zero at these points, 
so they correspond to radial nodes.

(d) The allowed energies

Insertion of the radial wavefunctions into eqn 3.57 gives the following expres-
sion for the energy:

En = − A
C

Z2me4

32p2e2
0H2

D
F

1
n2

n = 1,2, . . .  (3.66)

The same values are obtained whatever the value of l or ml. Therefore, in 
hydrogenic atoms (but not in any other kind of atom) the energy depends only on 
the principal quantum number n and is independent of the values of l and ml;
therefore, each level, as discussed below in Section 3.16, is n2-fold degenerate 
(that being the total number of wavefunctions for a given n). This degeneracy 
is peculiar to the Coulomb potential in a non-relativistic system, and we shall 
return to it shortly.

The roles of the quantum numbers in the hydrogen atom should now be clear, 
but may be summarized as follows:

1. The principal quantum number, n, specifies the energy through eqn 3.66 
and controls the range of values of l = 0, 1, . . . , n − 1; it also gives the total 
number of orbitals with the specified value of n as n2 and gives the total 
number of radial and angular nodes as n − 1.

2. The orbital angular momentum quantum number, l, specifies the orbital 
angular momentum of the electron through eqn 3.36, and determines the 
number of orbitals with a given n and l as 2l + 1. There are l angular nodes 
in the wavefunction; the number of radial nodes is n − l − 1.

3. The magnetic quantum number, ml, specifies the component of orbital 
angular momentum of an electron through ml H (see eqn 3.37) and, for a 
given n and l, specifies an individual one-electron wavefunction.

3.14 Probabilities and the radial distribution function

The complete wavefunctions of the electron in a hydrogenic atom have the form 
ynlml

= RnlYlml
 where the Rnl are related to the (real) associated Laguerre functions 

and the Ylml
 are the (in general, complex) spherical harmonics. The probability 
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of finding an electron in a volume element dt = r2 sin q dq dj dr at a point specified 
by the spherical polar coordinates (r,q,j) when the state of the electron is described 
by the wavefunction ynlml

 is |ynlml
(r,q,j)|2dt.

Although the wavefunction gives the probability of finding an electron at 
a specified location, it is sometimes more helpful to know the total probability of 
finding the electron at a given radius regardless of the direction. This probability 
is obtained by integration over the volume contained between two concentric 
spheres of radii r and r + dr (Fig. 3.26):

P(r)dr = �
surface 

|ynlml
|2 dt = �

p

0
�

0

2p

R2
nl |Ylml

|2r2 sin q dr dq dj (3.67)

The spherical harmonics are normalized to 1 in the sense that

�
p

0
�

0

2p

|Ylml
|2 sin q dq dj = 1 (3.68)

Therefore,

P(r)dr = R2r2 dr (3.69)

The quantity P(r) = R(r)2r2 is the radial distribution function: when multiplied by 
dr it gives the probability that the electron will be found between r and r + dr. For 
an orbital with n = 1 and l = 0, it follows from Table 3.4 that

P(r) = 4A
C
Z
a0

D
F

3

r2e−2Zr/a0 (3.70)

This function is illustrated in Fig. 3.27. Note that it is zero at r = 0 (on account of 
the factor r2) and approaches zero as r → ∞ on account of the exponential factor. 
By diCerentiation with respect to r and setting dP/dr = 0 it is easy to show that P
goes through a maximum at

rmax = a0

Z
(3.71)

For a hydrogen atom (Z = 1), rmax = a0. Therefore, the radius that Bohr calculated 
for the state of lowest energy in a hydrogen atom in his early pre-quantum 
mechanical model of the atom is in fact the most probable distance of the 
electron from the nucleus in the quantum mechanical model. Note that this most 
probable radius decreases in hydrogenic atoms as Z increases, because the elec-
tron is drawn closer to the nucleus as the charge of the latter increases.

InterActivity Using the Worksheet entitled Equation 3.69 on the website for 
this text, explore the dependence of the radial distribution function on r and its 

variation with Z.

3.15 Atomic orbitals

One-electron wavefunctions in atoms are called atomic orbitals; this name was 
chosen because it conveys a sense of less certainty than the term ‘orbit’ of classical 
theory. For historical reasons, atomic orbitals with l = 0 are called s-orbitals,
those with l = 1 are called p-orbitals, those with l = 2 are called d-orbitals,
and those with l = 3 are called f-orbitals. When an electron is described by the 
wavefunction ynlml

 we say that the electron occupies the orbital. An electron 
that occupies an s-orbital is called an s-electron, and similarly for electrons that 
occupy other types of orbitals.

0.6

0.4

0.2

0

R
ad

ia
l d

is
tr

ib
u

ti
o

n
 f

u
n

ct
io

n
, P

(r
)/

(Z
/a

0)
3

0 2 41 3
Radius, Zr/a0

Fig. 3.27 The radial distribution 
function for a 1s-electron. 
The function passes through 
a maximum at a0/Z. Where a0 is 
the Bohr radius.

x
y

z

dr

r

Fig. 3.26 The radial distribution 
function gives the probability 
that an electron will be found 
anywhere between two 
concentric spheres with radii 
that diCer by dr.

A brief comment
More generally, for any l = 0 
wavefunction (an s-orbital), 
R2r 2 is equivalent to 4pr 2| y |2.
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The shapes of atomic orbitals can be expressed in a number of ways. One way 
is to denote the probability of finding an electron in a region by the density of 
shading there (Fig. 3.28). A simpler and generally adequate procedure is to draw 
the boundary surface, the surface of constant probability within which there 
is a specified proportion of the probability density (typically 90 per cent). For 
real forms of the orbitals, the sign of the wavefunction itself is often indicated 
either by tinting the positive amplitude part of the boundary surface or by attach-
ing + and − signs to the relevant lobes of the orbitals. There are few occasions 
when a precise portrayal of either the amplitude or the probability density is 
required, and the qualitative boundary surfaces shown in Figs 3.28 and 3.29 are 
generally adequate.

(a) s-orbitals

The boundary surface in Fig. 3.28 shows that s-orbitals are spherically sym-
metrical; we have also already seen that s-orbitals diCer from other types of 
orbitals insofar as they have a non-zero amplitude at the nucleus. This feature 
stems from their lack of orbital angular momentum. It may be puzzling why, with 
no orbital angular momentum, an s-orbital can exist, because a classical electron 
without angular momentum would plunge into the nucleus as a result of the 
nuclear attraction. The answer is found in a quantum mechanical competition 
between kinetic and potential energies. For an s-electron to cluster close to 
the nucleus and hence minimize its potential energy, it needs a wavefunction 
that peaks strongly at the nucleus and is zero elsewhere. However, such a wave-
function is sharply curved, and, on account of its high curvature, corresponds to 
a very high kinetic energy for the electron. If, instead, the wavefunction spreads 
over a very wide region with a gentle curvature, then although its kinetic energy 
will be low, its potential energy will be high because it spends so much time far 
from the nucleus. The lowest total energy is obtained when the wavefunction is 
a compromise between confined-but-curved and dispersed-but-gently-curved.

(b) p-orbitals

The three p-orbitals with a given value of n correspond to the three values that ml

may have, namely 0 and ±1. The orbital with ml = 0 is real (see Y1,0 in Table 3.2) 
and has zero component of angular momentum around the z-axis; it is called 
a pz-orbital. The other two orbitals, p+1 and p−1, are complex, and have their 
maximum amplitude in the xy-plane (recall Fig. 3.19):
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Fig. 3.28 Two representations 
of the probability density 
corresponding to a 1s-orbital: 
(a) the density represented by 
the darkness of shading, (b) the 
boundary surface of the orbital.

Fig. 3.29 Boundary surfaces for
p- and d-orbitals.
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 pz = A
C

3
4p

D
F

1/2

Rn1(r)cosq (3.72)

p+1 = − AC
3
8p

D
F

1/2

Rn1(r)sinq eij

p−1 = A
C

3
8p

D
F

1/2

Rn1(r)sinq e−ij

It is usual to depict the real and imaginary components, and to call these orbitals 
px and py:

 px = 1
2

(p−1 − p+1) = A
C

3
4p

D
F

1/2

Rn1(r)sinq cos j (3.73)

 py = i
2

(p−1 + p+1) = A
C

3
4p

D
F

1/2

Rn1(r)sinq sin j

The complex orbitals are the appropriate forms to use in atoms and linear 
molecules where there are no well-defined x- and y-axes; the real forms are more 
appropriate when x- and y-axes are well defined, such as in non-linear molecules. 
All three real orbitals (px, py, and pz) have the same double-lobed shape, but 
aligned along the x-, y-, and z-axes, respectively; they are shown in Fig. 3.29 
for n = 2. We should also note that the three real orbitals are of the form (see 
eqn 3.27)

 px = xf(r) py = yf(r) pz = zf(r)

Example 3.4 Analysing the probability distribution of an electron

What is the most probable point in space at which a hydrogenic 2pz-electron will 
be found, and what is the probability of finding the electron inside a sphere of 
radius a centred on the nucleus?

Method For the first part, we need to inspect the form of the wavefunction and 
identify the location of the maximum amplitude by considering the maxima in r,
q, and j separately. The wavefunction itself is given by combining the information 
in Tables 3.2 and 3.4, and using n = 2, l = 1, and ml = 0. For the second part, 
we integrate |y |2 over a sphere of radius a (that is, over all angles and over all 
distances between 0 and a).

Answer The wavefunction we require is y2,1,0 = R2,1Y1,0. The spherical harmonic is 
proportional to cos q, and its maximum amplitude therefore lies at q = 0 and p,
which is along the z-axis. The wavefunction is constant with respect to the azi-
muth j. The radial wavefunction is proportional to re−r/2 with r = (Z/a0)r. To find 
the location of the maximum of this function we diCerentiate with respect to r
(which is proportional to r) and set the result equal to zero:

d
dr

re−r/2 = A
C 1 − r

2
D
F e−r/2 = 0

It follows that the maximum occurs at r = 2, corresponding to r = 2a0/Z. There are 
two points at which the probability reaches a maximum, at r = 2, q = 0 on the posi-
tive z-axis and at r = 2, q = p on the negative z-axis.

For the second part of the question, we need to integrate:

P(a) = �
Sphere of radius a

R2
2,1| Y1,0 |2dt = �

a

0 
R2

2,1r
2 dr

››



(c) d- and f-orbitals

There are five d-orbitals (l = 2) for n ≥ 3. All except the orbital with ml = 0 are 
complex, and correspond to definite states of orbital angular momentum around 
the z-axis. These complex orbitals have cylindrical symmetry around the z-axis;
however, it is more common to display them as their real components, as in 
Fig. 3.29 for n = 3:

 dz2 = d0 = A
C

5
16p

D
F

1/2

Rn2(r)(3 cos2q − 1) = A
C

5
16p

D
F

1/2

Rn2(r)(3z2 − r2)/r2 (3.74a)

 dx2−y2 = 1
2

(d+2 + d−2) = A
C

15
16p

D
F

1/2

Rn2(r)(x
2 − y2)/r2

 dxy = 1
i 2

(d+2 − d−2) = A
C
15
4p

D
F

1/2

Rn2(r)xy/r2

 dyz = 1
i 2

(d+1 + d−1) = −A
C
15
4p

D
F

1/2

Rn2(r)yz/r2

 dzx = 1
2

(d+1 − d−1) = −A
C
15
4p

D
F

1/2

Rn2(r)zx/r2

The notation stems from the identification of the angular dependence of the 
orbitals with the relations x = r sinq cos j and so on (eqn 3.27). In deriving these 
results, we have used the phases of the spherical harmonics specified in Table 3.2. 
Each of the functions in eqn 3.74a has the form

dz2 = (3z2 − r2)f(r) dx2−y2 = (x2 − y2)f(r) (3.74b)

dxy = xyf(r) dyz = yzf(r) dzx = zxf(r)

with various functions f(r) diCering only by a constant.
There are seven f-orbitals (l = 3) for n ≥ 4; their shapes are shown in Fig. 3.30.

(d) The radial extent of orbitals

Once the wavefunctions of orbitals are available it is a simple matter to calculate 
various properties of the electron distributions they represent. For example, the 

We have used the fact that the spherical harmonics are normalized to 1 when inte-
grated over the surface of a sphere. It then follows from Table 3.4 that

P(a) = 1
24

AC
Z
a0

DF
3

�
a

0 
r2e−rr2 dr

with r = (Z/a0)r. Therefore,

P(a) = 1
24

AC
Z
a0

DF
5

�
a

0 
r4e−Zr/a0 dr = 1

24�
0

Za/a0

x4e−x dx

= 1 − !
@1 + AC

Za
a0

DF + 1
2

AC
Za
a0

DF
2

+ 1
6

AC
Za
a0

DF
3

+ 1
24

AC
Za
a0

DF
4#
$ e−Za/a0

For a hydrogen atom with Z = 1, we find that the probability of the electron being 
within a sphere of radius 2a0 is

P(2a0) = 1 − 7e−2 = 0.053

Self-test 3.4 Repeat the calculation for a 2s-electron in a hydrogenic atom and 
evaluate P(2a0) for a hydrogen atom.

z

l m =  3,  =  ± 3l

z

l m =  3,  =  ± 2l

z

l m =  3,  =  ± 1l

z

l m =  3,  =  0l

Fig. 3.30 The real parts of the 
wavefunctions for the seven 
atomic orbitals with l = 3. Note 
that depicted in this way the 
unique form of the wavefunction 
with ml = 0 is seen to be a part 
of a family of cylindrically 
symmetrical functions.
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mean radius of an orbital can be evaluated by calculating the expectation value 
of r by using one of the radial wavefunctions given in Table 3.4. However, it is 
usually much easier to use one of the following general expressions that are 
obtained by using the general properties of associated Laguerre functions to 
evaluate the expectation values:

〈r〉nlml
= n2a0

Z

1231 + 1
2

A
C1 − l(l + 1)

n2
D
F

567 (3.75a)

�1
r �nlml

= Z
a0n

2 (3.75b)

Note that the first of these expressions shows that the mean radius of an ns-
orbital is greater than that of an np-orbital, which is contrary to what one might 
expect on the basis of the centrifugal eCect of orbital angular momentum. The 
greater radial extent of an s-orbital is due to its possession of an additional radial
node, which tends to extend its radial distribution function out to greater 
distances. The fact that the average value of 1/r is independent of l is in line with 
the degeneracy of hydrogenic atoms, for the Coulomb potential energy of the 
electron is proportional to the mean value of 1/r, and the result implies that all 
orbitals with a given value of n have the same potential energy.

3.16 The degeneracy of hydrogenic atoms

We have already seen that the energies of hydrogenic orbitals depend only on the 
principal quantum number n. To appreciate this conclusion, we can note that 
the virial theorem (Section 2.15) for a system in which the potential is Coulombic 
(s = −1) implies that

〈Ek〉 = − 12  〈Ep〉 (3.76)

However, we have just seen that the mean value of 1/r is independent of l; there-
fore both the average potential energy and (by the virial theorem) the average 
kinetic energy are independent of l. Hence the total energy is independent of l,
and all orbitals with the same value of n have the same energy. Because the per-
missible values of l are l = 0, 1, . . . , n − 1, and for each value of l there are 2l + 1 
orbitals, the degeneracy of a level with quantum number n is

gn =
n−1

∑
l=0

(2l + 1) = n2 (3.77)

as mentioned in Section 3.13. The degeneracy of orbitals with the same value of 
n but diCerent l is unique to hydrogenic atoms and is lost in the presence of more 
than one electron. However, the degeneracy of the orbitals with diCerent values 
of ml but the same values of n and l remains even in the presence of many elec-
trons because orbitals with diCerent values of ml diCer only in the orientation of 
their angular momentum relative to an arbitrary axis.

The high degeneracy of a hydrogenic atom is an example of an accidental 
degeneracy, because there is no obvious rotation of the atom that allows an s-orbital 
to be transformed into a p-orbital, or some other orbital (recall Section 2.13). 
However, the Coulomb potential does have a hidden symmetry, a symmetry that 
is not immediately apparent. This hidden symmetry shows up in spaces of dimen-
sion higher than 3. It implies that a four-dimensional being would be able to see 
at a glance that a 2s-orbital can be rotated into a 2p-orbital, and would there-
fore not be surprised at their degeneracy, any more than we are surprised at the 
degeneracy of the three 2p-orbitals. A way of illustrating this hidden symmetry is 
shown in Fig. 3.31, where we have imagined how a two-dimensional being might 

(a)

(b)

(c)

Fig. 3.31 A representation of 
the origin of the degeneracy of 
2s- and 2p-orbitals in hydrogenic 
atoms. The object (a) can be 
rotated into (b), corresponding 
(when the projection on the 
two-dimensional plane is 
inspected) to the rotation of 
a 2py-orbital into a 2px-orbital.
However, rotation about another 
axis results in a projection that 
corresponds to a 2s-orbital (c). 
Thus, in a space of higher 
dimension, rotations can 
interconvert 2s- and 2p-orbitals.

A brief comment
The degeneracy of states 
with diIerent values of ml is
removed by the presence of an 
external electric or magnetic 
field (Sections 7.22–7.24).
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experience the projection of a patterned sphere. It is quite easy for us to see that 
one of the rotations of the sphere results in a change in the projection of the 
sphere which would lead a Flatlander to think that a p-orbital has been trans-
formed into an s-orbital. We, in our three dimensions, can easily see that the 
orbitals are related by symmetry; the low-dimensional being, however, might 
not, and would remain puzzled about the degeneracy. The hydrogen atom has 
exactly the same kind of higher-dimensional symmetry.

Further information

3.1  The angular wavefunctions

The wavefunctions for rotation in three dimensions are 
solutions of

L2y = −ky k = 2IE/H2 (3.78)

We indicated (Section 3.6) that the equation is separable 
with solutions of the form y = Q(q)F(j), and that the latter 
factor has the form

Fml
(j) = A

C
1
2p

D
F

1/2

eimlj ml = 0, ±1, ±2, . . . (3.79)

Our concern in this section is to determine the solutions Q,
which satisfy

1
sinq

d
dq

 sin qdQ
dq

− ml
2Q

sin2q
+ kQ = 0 (3.80)

To solve this equation, we introduce z = cos q, with 
−1 ≤ z ≤ 1 and henceforth (to bring the equations into line 
with standard notation) denote Q(q) by the function P(z).
Because sin2q = 1 − cos2q = 1 − z2 and

dQ
dq

= dP
dz

dz
dq

= − dP
dz

 sinq

the equation to solve is

d
dz

!
@ (1 − z2)

dP
dz

#
$ + !

@k − ml
2

1 − z2

#
$ P = 0 (3.81)

It turns out to be fruitful to try a substitution of the form

P(z) = (1 − z2)| ml |/2G(z) (3.82)

which leads to the following equation for G:

(1 − z2)G″ − 2(| ml | + 1)zG′ + {k − | ml |(| ml | + 1)}G = 0 
(3.83)

with G′ = dG/dz and G″ = d2G/dz2. We try a polynomial 
solution of the form

G = ∑
n

anzn (3.84)

and after substitution into the diCerential equation, 
eqn 3.81, collect coeAcients of zn. For a general value of n,

(n + 1)(n + 2)an+2 + {[k − | ml |(| ml | + 1)] − 2n(| ml | + 1)
− n(n − 1)}an = 0

which implies the following recursion formula:

an+2 = !
@

(n + | ml |)(n + | ml | + 1) − k
(n + 1)(n + 2)

#
$ an (3.85)

An infinite series based on this relation between coeAcients
diverges for z = ±1, so there must be a restriction that 
ensures that the series terminates after a finite number of 
terms. This restriction implies that there must be a value 
of n = 0, 1, 2, . . . for which

k = (n + | ml |)(n + | ml | + 1)

We now introduce the quantum number l = n + | ml |, and 
write this restriction as

k = l(l + 1) with l = | ml |, | ml | + 1, . . . (3.86)

At this stage we have demonstrated that the original 
equation may be written

L2y = −l(l + 1)y (3.87)

as claimed in eqn 3.33 and know the coeAcients in the 
expansion of G, which identify P(z) as the associated
Legendre functions. The specific relation between the 
normalized functions Q and the associated Legendre 
functions is

Q(q) =
123

A
C
2l + 1

2
D
F

(l − | ml |)!
(l + | ml |)!

567
1/2

Pl
|ml | (cos q) (3.88)

The products of Q in eqn 3.88 and F in eqn 3.79 are the 
spherical harmonics, denoted Ylml

(q,j).

3.2  Reduced mass

Here we show that the motion of two particles may be 
separated into the motion of their centre of mass and 
their relative motion. Let the masses be m1 and m2, their 
locations r1 and r2, and the total mass be m = m1 + m2.
Their separation is

r = r1 − r2 (3.89)

and the location of the centre of mass is

R = m1r1 + m2r2

m
 (3.90)

The hamiltonian for a system in which the potential energy 
depends only on their separation is
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H = − H2

2m1

∇1
2 − H

2m2

∇2
2 + V(| r1 − r2 |) (3.91)

We want to show that this operator can be transformed 
into

H = − H2

2m
∇2

R − H2

2m
∇r

2 + V(r) (3.92)

in what should be an obvious notation. If this 
transformation can be achieved, then it follows that the 
wavefunction can be expressed as the product Y(R)y(r).

The transformation of the potential energy contribution 
is trivial; the work we have to do resides in the derivatives. 
To analyse them, we consider the x-components, which are

x = x1 − x2 X = m1x1 + m2x2

m
 (3.93)

It follows that
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Therefore, the x-component of the sum of the two 
laplacians is

1
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F
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The y- and z-components are dealt with similarly; and when 
added together we obtain

1
m1

∇1
2 + 1

m2

∇2
2 = 1

m1

∇2
R + 1

m
∇r

2 (3.94)

with m as defined earlier. Substitution of this expression into 
eqn 3.91 gives eqn 3.92, as required.

3.3  The radial wave equation

The radial component of the Schrödinger equation for 
a hydrogenic atom of atomic number Z and reduced mass m
was given in eqn 3.58 as

d2u
dr2

+ 2m
H2

!
@

Ze2

4pe0r
− l(l + 1)H2

2mr2

#
$u = − 2mE

H2
u (3.95)

where u = rR, with R the radial wavefunction. We can 
simplify the appearance of this equation by introducing 
the following parameters:

a = A
C
2m
H2

D
F

Ze2

4pe0

b = l(l + 1) l2 = 2m| E |
H2

 (3.96)

and henceforth consider only bound states (E < 0). Then

u″ + A
C
a
r

− b
r2

D
F u = l2u (3.97)

where u″ = d2u/dr2. Guidance towards the solutions 
is obtained, as for the harmonic oscillator in Further
information 2.3, by considering the asymptotic form of 
the equation as r → ∞. When r is large, eqn 3.97 becomes

u″ � l2u (3.98)

The solutions of this equation are

u � e±lr (3.99)

We can discard the positive exponential because it gives a 
function that is not square-integrable. Hence, u � e−lr.

To find the full solution, we write

u = L(r)e−lr (3.100)

where L(r) is a polynomial in r. Substitution of this 
expression into eqn 3.97 gives

L″ − 2lL′ + A
C
a
r

− b
r2

D
F L = 0 (3.101)

To solve this equation, we write

L(r) = ∑
n

cn r
n (3.102)

which implies that

∑
n

cn{[n(n + 1) − b]rn−2 − (2nl − a)rn−1} = 0

For this sum to be zero for all values of r, each coeAcient
of rn must be zero, so

{(n + 2)(n + 1) − b}cn+2 − {2(n + 1)l − a}cn+1 = 0

or, equivalently,

{n(n + 1) − b}cn+1 − {2nl − a}cn = 0

This expression give a recursion relation for the coeAcients:

cn+1 = !
@

2nl − a
n(n + 1) − b

#
$cn (3.103)

For this series to terminate at a given value n (so that u is 
square-integrable), it must be the case that 2nl = a which, 
by using the definitions in eqn 3.96, rearranges to

| E | = Z2e4m
32n2p2e2

0 H2
 (3.104)

which is eqn 3.66 given in the text (with the identification 
of E as a negative quantity). The polynomials developed by 
applying the recursion formula for the coeAcients are the 
associated Laguerre functions, which are used to construct 
the hydrogenic radial functions listed in Table 3.4.
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Exercises

*3.1 The rotation of the HI molecule can be pictured as an 
orbiting of the hydrogen atom at a radius of 160 pm about 
a virtually stationary I atom. If the rotation is thought of as 
taking place in a plane, what are the rotational energy levels?

*3.2 What wavelength of radiation is emitted in the 
transition ml = +1→ ml = 0 in the system described in 
Exercise 3.1? In what region of the electromagnetic 
spectrum does this transition occur?

*3.3 Show that lz = (H/i)[/[j (that is, confirm eqn 3.10) for 
a particle confined to a planar surface.

*3.4 Show that the wavefunctions in eqn 3.13 are mutually 
orthogonal.

*3.5 Calculate the rotational energy levels of a compact disk 
of radius 10 cm, mass 50 g free to rotate in a plane (refer to 
Fig. 3.1 for the radius of gyration). To what value of ml

does a rotation rate of 100 Hz correspond?

*3.6 Construct the analogues of Figs 3.5 and 3.6 for the 
states of a rotor with ml = +3 and +4.

*3.7 Confirm that the wavefunctions for a particle on a 
sphere may be written y(q,j) = Q(q)F(j) by the method 
of separation of variables, and find the equation for Q.

*3.8 Confirm that the Schrödinger equation for a particle 
free to rotate in three dimensions does indeed separate into 
equations for the variation with q and j.

*3.9 Confirm that Y1,+1 and Y2,0 as listed in Table 3.2 are 
solutions of the Schrödinger equation for a particle on 
a sphere.

*3.10 Confirm by explicit integration that Y1,+1 and Y2,0 are 
normalized and mutually orthogonal.

*3.11 Modify Exercise 3.1 so that the molecule is free to 
rotate in three dimensions. Calculate the energies and 
degeneracies of the lowest three rotational levels.

*3.12 Predict the wavelength of radiation emitted in the
l = 1→0 transition for the system treated in Exercise 3.11. 

In which region of the electromagnetic spectrum does this 
transition occur?

*3.13 Draw the analogues of Fig. 3.30 for l = 2. Observe 
how the maxima of |Y |2 migrate into the equatorial plane 
as |ml | increases.

*3.14 Verify that the solutions of eqn 3.45 are separable and 
that the radial wave equation for a particle in a spherical 
cavity is eqn 3.47b.

*3.15 Confirm that the radial wavefunctions u1,0, u2,0,
and u3,1 satisfy the radial wave equation, eqn 3.58. Use 
Table 3.4.

*3.16 Locate the radial nodes of the (a) 2s-orbital, 
(b) 3s-orbital of the hydrogen atom.

*3.17 Confirm that y1s and y2s are mutually orthogonal.

*3.18 A quantity important in some branches of 
spectroscopy (see, for instance, Section 13.14) is the 
probability of an electron being found at the same location 
as the nucleus. Evaluate this probability density for an 
electron in the 1s-, 2s-, and 3s-orbitals of a hydrogenic 
atom. Proceed to evaluate this probability density 
numerically for the hydrogen atom.

*3.19 Another quantity of interest in spectroscopy is the 
average value of 1/r3 (for example, the average magnetic 
dipole interaction between the electron and nuclear 
magnetic moments depends on it). Determine 〈1/r3〉 for 
an electron in a 2p-orbital of a hydrogenic atom and 
evaluate it numerically for a hydrogen atom.

*3.20 Calculate the diCerence in ionization energies of 1H
and 2H on the basis of diCerences in their reduced masses. 
(The experimental diCerence is 29.838 cm-1.)

*3.21 For a given principal quantum number n, l takes the 
values 0, 1, . . . , n − 1 and for each l, ml takes the values l,
l − 1, . . . , −l. Confirm that the degeneracy of the term with 
principal quantum number n is equal to n2 in a hydrogenic 
atom.

Problems

*3.1 Confirm eqn 3.2 for the laplacian in two dimensions.

3.2 Calculate (a) the mean radius, (b) the mean square 
radius, and (c) the most probable radius of the 1s-, 2s-, 
and 3s-orbitals of a hydrogenic atom of atomic number Z.
Hint. For the most probable radius look for the principal 

maximum of the radial distribution function. You will find 
the following integral useful:

�
0

∞

 
xne−axdx = n!

an+1

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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3.3 Calculate the probability of finding an electron within 
a sphere of radius a0 for (a) a 3s-orbital, (b) a 3p-orbital of 
the hydrogen atom. Hint. Use mathematical software for 
integration.

*3.4 Calculate the values of (a) 〈r〉 and (b) 〈1/r〉 for a 3s- and 
a 3p-orbital of a hydrogenic atom of atomic number Z.
Hint. Use the definite integral given in Problem 3.2.

3.5 (a) Construct a wavepacket Y = N∑ ∞ml =0(1/ml!)e
imlj and 

normalize it to unity. Sketch the form of |Y |2 for 0 ≤ j ≤ 2p.
(b) Calculate 〈j〉, 〈sinj〉, and 〈lz〉. (c) Why is 〈lz〉 ≤ H?
Hint. Draw on a variety of pieces of information, including 
∑ ∞n=0 xn/n! = ex and the following integrals:

�
0

2p

 ezcosj dj = 2pI0(z) �
0

2p

 cos j ezcosj dj = 2pI1(z)

with I0(2) = 2.280 . . . , I1(2) = 1.591 . . . ; the I(z) are 
modified Bessel functions.

3.6 Investigate the properties of the more general 
wavepacket Y = N∑ ∞ml =0(aml/ml!)e

imlj and show that 
when a is large 〈lz〉 ≈ aH. Hint. Proceed as in the last 
problem. The large-value expansions of I0(z) and I1(z)
are I0(z) ≈ I1(z) ≈ ez/(2pz)1/2.

*3.7 Use mathematical software to verify that the energies 
of a particle in a circular square well of radius a are those 
given in Table 3.1.

3.8 Evaluate the probability that a particle of mass m in 
the ground state of a circular square well of radius a will be 
found within the circular area of radius 1/2a.

3.9 Confirm eqn 3.28 for the laplacian in three dimensions.

*3.10 (a) Confirm that the radius of gyration of a solid 
uniform sphere of radius R is r = (2

5)
1/2 R. (b) What is the 

radius of gyration of a solid uniform cylinder of radius R
and length l about an axis perpendicular to its principal 

axis? Hint. For part (a), the moment of inertia of a sphere 
is 2/5MR2.

3.11 Calculate the angle that the angular momentum 
vector makes with the z-axis when the system is described 
by the wavefunction ylml

. Show that the minimum angle 
approaches zero as l approaches infinity. Calculate the 
allowed angles when l is 1, 2, and 3.

3.12 Confirm the entries for the first five energy levels of 
a particle in a spherical cavity as listed in Table 3.3.

*3.13 Evaluate the probability that a particle of mass m will 
be found within a sphere of radius 1/2a in the ground state of 
a spherical cavity of radius a.

3.14 Calculate the most probable radius at which a particle 
of mass m will be found in the ground state of a spherical 
cavity of radius a.

3.15 Calculate the mean kinetic and potential energies of 
an electron in the ground state of the hydrogen atom, and 
confirm that the virial theorem is satisfied. Hint. Evaluate
〈T 〉 = −(H2/2m)2y*1s∇2y1s dt and 〈V 〉 = −(e2/4pe0)2y*1s(1/r)y1sdt.
The laplacian is given in eqn 3.28 and the virial theorem is 
dealt with in Further information 2.4.

*3.16 Confirm, by drawing pictures like those in Fig. 3.31, 
that a whimsical Flatlander might be shown that 3s-, 3p-, 
and 3d-orbitals are degenerate.

3.17 The state of the electron in a He+ ion is described by 
the wavefunction: y(r,q,j) = R4,1(r)Y1,1(q,j). Determine 
(a) the energy of the electron; (b) the magnitude of the 
angular momentum vector of the electron; and (c) the 
projection of the angular momentum vector on to the z-axis.
In addition, draw as complete a picture as possible of the 
vector model of the electron angular momentum. In your 
picture, specify as many of the lengths and angles as 
possible. Hint. For the last part of this problem, you 
need not be concerned with the radial component of y.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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4Angular momentum

In this chapter, we develop the material introduced in Chapter 3 by showing that many of 
the results obtained there can be inferred from the properties of operators, as intro-
duced in Chapter 1. For instance, although we have seen that solving the Schrödinger 
equation leads to the conclusion that orbital angular momentum is quantized, the same 
conclusion can in fact be reached from the angular momentum operators directly 
without solving the Schrödinger equation explicitly. A further point is that because the 
development in this chapter will be based solely on the commutation properties of 
the angular momentum operators, it follows that the same conclusions apply to observ-
ables that are described by operators with the same commutation properties. Therefore, 
whenever we meet a set of operators with the angular momentum commutation rules, 
we will immediately know all the properties of the corresponding observables. This 
generality is one of the reasons why angular momentum is of such central importance 
in quantum mechanics.

Angular momentum has many more mundane applications. It is central to the discus-
sion of the structures of atoms (we have already caught a glimpse of that in the discus-
sion of hydrogenic atoms), to the discussion of the rotation of molecules, as well as to 
virtually all forms of spectroscopy. We shall draw heavily on this material when we turn to 
the applications of quantum mechanics in Chapter 7 onwards.

The angular momentum operators 

It follows from the general introduction to quantum mechanics in Chapter 1, 
that the quantum mechanical operators for angular momentum can be con-
structed by replacing the position, q, and linear momentum, pq, variables in 
the classical definition of angular momentum by operators that satisfy the com-
mutation relation

[q,pq′ ] = iHdqq′ (4.1)

with q (or q′) = x, y, or z. We shall set up these angular momentum operators and 
then show how to determine their commutation relations.

4.1 The operators and their commutation relations

In classical mechanics, the angular momentum, l, of a particle travelling with 
linear momentum p at an instantaneous position r on its path is defined as the 
vector product l = r × p (Fig. 4.1). Note that l displays the sense of rotation 
according to the right-hand screw rule: it points in the direction a right-hand 
(conventional) screw travels when it is turned in the same sense as the rotation.

If the position of the particle is expressed in terms of the components of the 
vector (see Mathematical background 3 following this chapter for a general 
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discussion of vectors) r = xi + yj + zk, where i, j, and k are mutually orthogonal 
unit vectors, and the linear momentum is expressed in terms of its components 
p = pxi + py j + pzk, then it follows that the angular momentum can be expressed 
in terms of its components 

l = lxi + ly j + lzk (4.2a)

as

l = r × p = (ypz − zpy)i + (zpx − xpz)j + (xpy − ypx)k (4.2b)

We can therefore identify the three components of the angular momentum as

lx = ypz − zpy ly = zpx − xpz lz = xpy − ypx (4.3)

Note how each component can be generated from its predecessor by cyclic per-
mutation of x, y, and z. The expression for lz matches that given by eqn 3.8.

The classical magnitude, l, of the angular momentum is related to its com-
ponents by the normal expression for constructing the magnitude of a vector:

l2 = l2
x + l2

y + l 2z (4.4)

Classical mechanics puts no constraints on the magnitude of the angular momen-
tum, which is consistent with the kinetic energy of rotation E = l2/2I being 
continuously variable too. Nor does it put any constraints on the components 
of angular momentum about the three axes, other than the requirement, to be 
consistent with eqn 4.4, that none of the components exceeds the magnitude 
(| lq | ≤ l).

(a) The angular momentum operators

The definitions of the components and the magnitude carry over into quantum 
mechanics, with the q and pq in the definitions of the lq interpreted as operators. 
The operators lq in the position representation are obtained, as explained in 
Section 1.5, by replacing q by q × and pq by (H/i)[/[q:

lx = H
i

A
Cy

[
[z

− z
[
[y

D
F ly = H

i
A
Cz

[
[x

− x
[
[z

D
F lz = H

i
A
Cx

[
[y

− y
[
[x

D
F (4.5)

However, instead of developing the properties of angular momentum in a specific 
representation, it is more general, more powerful, and more time-saving to 
develop them without selecting a representation. Later in the chapter we shall 
make use of the fact that because the operators lq and l2 correspond to observ-
ables, they must be Hermitian (Section 1.8). The property of hermiticity can be 
demonstrated explicitly in the position representation (see Example 1.5); but it 
must be true in any representation if the operators are to stand for observables.

(b) The commutation relations

To make progress, we need to establish the commutation relations of the lq oper-
ators. Consider first the commutator of lx and ly:

[lx,ly] = [ypz − zpy,zpx − xpz] (4.6)

= [ypz,zpx] − [ypz,xpz] − [zpy,zpx] + [zpy,xpz]

= y[pz,z]px − 0 − 0 + xpy[z,pz]

= iH(−ypx + xpy)

= iHlz

To arrive at eqn 4.6, we used the following.

l

p
r

Fig. 4.1 The definition of orbital 
angular momentum as l = r × p.
Note that the angular momentum 
vector l stands perpendicular 
to the plane of the motion of 
the particle.
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• Line 1: we inserted the definitions of the operators.

• Line 2: we expanded the commutators term by term.

• Line 3: we used the fact that y and px commute with each other and also with 
z and pz. The same is true of x and py.

• Line 4: we used the commutator of eqn 4.1.

• Line 5: we used the definition of lz.

The remaining commutators can be derived in the same way, but it is more 
eAcient to note that because the three operators lq are obtained from one another 
by cyclic permutation, then the commutators can be obtained in the same way. 
We therefore conclude that

[lx,ly] = iHlz [ly,lz] = iHlx [lz,lx] = iHly (4.7)

The remaining operator is l2, the operator corresponding to the square of the 
magnitude of the angular momentum. We need its commutator with the oper-
ators lq, and proceed as follows. First, we write

[l2,lz] = [l2
x + l2

y + l2
z,lz ] = [l2

x,lz] + [l2
y,lz]

We have used the fact that the commutator of l2
z and lz is zero:

[l2
z,lz ] = l2

zlz − lzl
2
z = l3

z − l3
z = 0

Next, consider the following commutator, which we develop by drawing on the 
three fundamental relations derived above (eqn 4.7):

[l2
x,lz] = lxlxlz − lzlxlx = lxlxlz − lxlzlx + lxlzlx − lzlxlx

= lx[lx,lz] + [lx,lz]lx = −iH(lxly + lylx)

Similarly,

[l2
y,lz] = iH(lxly + lylx)

The sum of [l2
x,lz] and [l2

y,lz]  is zero, so we can conclude that the commutator of 
l2 with lz is zero. Moreover, because lx,ly, and lz occur symmetrically in l2, all three 
operators must commute with l2 if any one of them does. That is,

[l2,lq] = 0 (4.8)

for all q.
The commutation relations in eqns 4.7 and 4.8 are the foundations for the 

entire theory of angular momentum. Whenever we encounter four operators 
having these commutation relations, we know that the properties of the observ-
ables they represent are identical to the properties we are about to derive. 
Therefore, we shall say that an observable is an angular momentum if its oper-
ators satisfy these commutation relations.

4.2 Angular momentum observables

We saw in Section 1.16 that observables are complementary and restricted by the 
uncertainty relation if their operators do not commute, and we have just seen 
that lz does not commute with either lx or ly. Therefore, although we can specify 
any one of these components of the angular momentum, we cannot specify more 
than one. However, l2 does commute with all three components, so the magni-
tude of the angular momentum may be specified simultaneously with any of its 
components. These conclusions are the quantum mechanical basis of the ‘vector 
model’ of angular momentum introduced in Section 3.7, where we represent an 

A brief comment
Because all the properties of 
the observables are the same, 
this seems to be an appropriate 
course of action. However, the 
procedure does capture some 
strange bed-fellows. The 
electric charge of fundamental 
particles is described by 
operators that satisfy the same 
set of communication relations, 
but should we regard it—or 
imagine it—as an angular 
momentum? Electron spin is 
also described by the same set 
of communication relations, 
but should we regard it—or 
imagine it—as an angular 
momentum?
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angular momentum state by a vector of indeterminate orientation on a cone of 
given side (the magnitude of the angular momentum) and height (the eigenvalue 
of lz, Fig. 4.2).

At this point, though, we can begin to see that the vector model must be 
regarded with caution. The commutation relations in eqn 4.7 can be written in 
a compact fashion as follows:

l × l = iHl (4.9)

To confirm this relation, write the left-hand side as a determinant and expand it 
(see the brief comment in Section 3.2); then compare it term-by-term with the 
expression on the right-hand side: this procedure reproduces the three commuta-
tion relations (see Problem 4.4). However, it is an elementary feature of vector 
algebra that the vector product of a vector with itself is zero (the magnitude of 
a × b is proportional to sin q, where q is the angle between the vectors; but when 
the two vectors are identical that angle is zero). Therefore, because the vector 
product of l with itself is not zero, we have to conclude that l is not a vector. The 
vector model is useful only if we realize that it is not the whole truth and note that 
l is a vector operator, not a classical vector.

4.3 The shift operators

It will prove expedient to introduce linear combinations of the angular momen-
tum operators, called the shift operators. These operators will prove to be par-
ticularly useful for establishing the properties of angular momentum and for the 
evaluation of matrix elements of angular momentum operators. One operator, l+,
is called the raising operator; the other, l−, is called the lowering operator. They 
are defined as follows:

l+ = lx + ily l− = lx − ily (4.10)

The inverse relations are

lx = l+ + l−

2
ly = l+ − l−

2i
(4.11)

We shall require the commutators of the shift operators. They are easily derived 
from the fundamental commutation relations (eqn 4.7). For example,

[lz,l+] = [lz,lx] + i[lz,ly] = iHly + Hlx = Hl+

The other commutation relations are obtained similarly, and all three are

[lz,l+] = Hl+ [lz,l−] = −Hl− [l+,l−] = 2Hlz (4.12)

Furthermore, because l2 commutes with each of its components, it also com-
mutes with l±. Therefore, we can add to these relations the rule

[l2,l+] = [l2,l−] = 0 (4.13)

The defi nition of the states

The next task is to see how the commutation relations govern the values of the 
permitted eigenvalues of l2 and any one of the components lq. It is conventional 
to call the selected component lz, but that is entirely arbitrary (as is the choice of 
the direction denoted z). In the course of this development we shall discover that 

z
Eigenvalue
of lz

Square-
root of the
eigenvalue
of l2

Fig. 4.2 The cone used to 
represent a state of angular 
momentum with specified 
magnitude and z-component.
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the solutions found in Chapter 3 are incomplete in a very important respect. We 
shall also set up an elegant way of constructing the spherical harmonics, and 
find a simple way of evaluating the matrix elements of angular momentum 
operators.

4.4 The eff ect of the shift operators

We shall suppose that the simultaneous eigenstates of l2 and lz are distinguished 
by two quantum numbers, which for the time being we shall denote l and ml.
The eigenstates are therefore denoted |l,ml〉. We define ml through the relation

lz |l,ml〉 = mlH |l,ml〉 (4.14)

This relation must be true, because H has the same dimensions as an angular 
momentum (mass length2 time−1), so the eigenvalue of lz must be a numerical 
multiple of H; we are not presupposing that ml is restricted to discrete values, but 
that will emerge in due course. All we know is that ml is a real number: that 
follows from the hermiticity of lz.

Because l2 commutes with lz, the state |l,ml〉 is also an eigenstate of l2. At this 
stage we shall allow for the possibility that the eigenvalues of l2 depend on both 
quantum numbers, and write

l2 | l,ml〉 = f(l,ml)H2 | l,ml〉 (4.15)

where f is a function that we need to determine: from the work we did in Chapter 
3 we know that f will turn out to be equal to l(l + 1), where l is the maximum 
value of |ml |, but that is something we shall derive. All we know at this stage is 
as follows:

1. Because l2 is Hermitian, f is real.

2. Because an eigenvalue of l2 must have the same dimensions as H2, f is 
unitless.

3. Because l2 is the sum of squares of Hermitian operators, its eigenvalues are 
non-negative (recall Example 1.6).

Because l2 − l2
z = l2

x + l2
y, and the quadratic Hermitian operators on the right 

have non-negative eigenvalues, it follows that the eigenvalues of the operator 
l2 − l2

z are non-negative:

(l2 − l2
z) | l,ml〉 = (l2

x + l2
y) | l,ml〉 ≥ 0

However, we also know from the definitions of the eCects of l2 and l2
z that

(l2 − l2
z) | l,ml〉 = {f(l,ml) − m2

l }H2 | l,ml〉

For these two relations to be consistent, it follows that

f(l,ml) ≥ m2
l (4.16)

To take the next step we use the commutation relations to establish the eCect
of the shift operators (and see why they are so called). Consider the eCect of the 
operator l+ on | l,ml〉. Because | l,ml〉 is an eigenstate of neither lx nor ly, when l+

acts on it, it generates a new state. First, we show that l+ | l,ml〉 is an eigenstate of 
l2 with the same value of f; that is, | l,ml〉 and l+ | l,ml〉 share the same eigenvalue 
of l2. To do so, consider the eCect of l2 on the state obtained by acting with l+:

l2l+ | l,ml〉 = l+l
2 | l,ml〉 = l+f(l,ml)H2 | l,ml〉 = f(l,ml)H2l+ | l,ml〉

where the first equality follows from the fact that l2 and l+ commute (eqn 4.13). 
It follows, because the eigenvalue of l2 for the state l+ |l,ml〉 is the same as that 

A brief comment
Recall that if |w〉 is an eigenstate 
of W, then W2 |w〉 = WwWw |w〉
= wWwW |w〉 = ww2 |w〉. Therefore, 
l2

z |l,ml〉 = m2
l H2 |l,ml〉.
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for the original state |l,ml〉, that l+ leaves the magnitude of the angular momen-
tum unchanged when it acts. The only remaining possibility is that l+ changes 
the component of angular momentum on the z-axis and therefore the value 
of ml.

Now consider the same argument applied to |l,ml〉 treated as an eigenstate 
of lz. The conclusion will be diCerent, because l+ and lz do not commute. Instead, 
we must use the following string of equalities to find the eCect of lz on l+ |l,ml〉:

lzl+ | l,ml〉 = (l+lz + [lz,l+]) | l,ml〉 = (l+lz + Hl+) | l,ml〉
= (l+ml H + Hl+) | l,ml〉 = (ml + 1)Hl+ | l,ml〉

However, we know from eqn 4.14 that

lz |l,ml + 1〉 = (ml + 1)H |l,ml + 1〉

Therefore, the state l+ |l,ml〉 must be proportional to the state |l,ml + 1〉 and we 
can write

l+ |l,ml〉 = c+(l,ml)H |l,ml + 1〉 (4.17a)

where c+(l,ml) is a dimensionless numerical coeAcient which in due course we 
shall need to find. We now see why l+ is called a raising operator: when it operates 
on a state with z-component mlH, it generates from it a state with the same mag-
nitude of angular momentum but with a z-component one unit greater, (ml + 1)H
(Fig. 4.3). In exactly the same way, the eCect of the operator l− can be shown to 
lower the z-component from mlH to (ml − 1)H:

l− | l,ml〉 = c−(l,ml)H | l,ml − 1〉 (4.17b)

where c−(l,ml) is another dimensionless numerical coeAcient.

4.5 The eigenvalues of the angular momentum

The shift operators step ml by ±1 each time they operate. However, we have 
already established from the hermiticity of the operators that m2

l cannot exceed 
f(l,ml); it follows that ml must have a maximum value, which we shall denote l.
When we operate with l+ on a state in which ml = l, we generate nothing, because 
there is no state with a larger value of ml:

l+ | l,l 〉 = 0

This relation will give us the value of the unknown function f. When acted on by 
l−, it gives

l−l+ | l, l 〉 = 0

because acting on nothing (0) continues to give nothing. However, the product 
l−l+ can be expanded as follows:

l−l+ = (lx − ily)(lx + ily) = l2
x + l2

y + ilxly − ilylx = l2
x + l2

y + i[lx,ly] (4.18)

 = l2 − l2
z + i(iHlz)

Therefore, the last equation can be written

(l2 − l2
z − Hlz) |l,l 〉 = 0

When we rearrange this expression and use the definition of the eCect of lz on 
a state (eqn 4.14), we obtain

l2 |l,l 〉 = (l2
z + Hlz) |l,l 〉 = (l2 + l)H2 |l,l 〉

ml

ml + 1

ml – 1

l+

l–

Fig. 4.3 The eCect of the shift 
operators l+ and l−.
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It follows from eqn 4.15 that

f(l,l) = l(l + 1)

We have already established that when l− acts on a state, it leaves the eigenvalue 
of l2 unchanged. Therefore, all the states | l,l 〉, | l,l − 1〉, etc. have the same eigen-
value of l2. Therefore,

f(l,ml) = l(l + 1) for ml = l,l − 1, . . .

and we see that the eigenvalue of l2 does not depend on the value of ml.
We know that there is a lower bound on ml because the eigenvalue of l2

z cannot 
exceed the eigenvalue of l2, and for the moment we denote this lower bound 
by k. It is quite easy to show that k = −l. To see that this is the case, we start 
from l− | l,k〉 = 0, and by a similar argument but using l+l− |l,k〉 = 0, conclude that 
f(l,k) = k(k − 1). However, because f(l,ml) is independent of ml, we must have 
l(l + 1) = k(k − 1). Of the two solutions k = −l and k = l + 1, only the former is 
acceptable (the lower bound must be below the upper bound!). Therefore,

f(l,ml) = l(l + 1) for ml = l,l − 1, . . . ,−l

At this point we can put the spare quantum number l to work, and identify it 
as l, the maximum value of |ml |. Then,

f(l,ml) = l(l + 1) for ml = l,l − 1, . . . ,−l (4.19)

That is, we now know that

l2 | l,ml〉 = l(l + 1)H2 | l,ml〉 (4.20)

and we see that the value of l (the maximum value of ml) determines the magni-
tude of the angular momentum (compare to eqn 3.36). We already know that

lz | l,ml〉 = mlH | l,ml〉 (4.21)

and so we have an eCectively complete description of angular momentum.
Finally, we need to decide on the allowed values of l and ml. As we have seen, 

the shift operators step the states | l,ml〉 between | l,+l 〉 and | l,−l 〉 in unit steps. The 
symmetry of this ladder of states allows for only two types of value for l: it may 
be integral or half-integral.

A brief illustration

Suppose l = 2, then we can have the ladder ml = +2, +1, 0, −1, −2. If l = 3
2, then 

we can have ml = + 3
2, + 1

2, − 1
2, − 3

2. We cannot obtain a symmetrical ladder with 
any other type of value (l = 3

4, for instance, would give the unsymmetrical ladder 
ml = + 3

4, − 1
4).

We can summarize the conclusions so far. On the basis of the hermiticity of the 
angular momentum operators and their commutation relations, we have shown:

• The magnitude of the angular momentum is confined to the values {l(l + 1)}1/2H,
with l = 0,1

2,1, . . . , .

• The component on an arbitrary z-axis is limited to the 2l + 1 values mlH with 
ml = l,l − 1, . . . ,−l.

These conclusions diCer in one detail from those obtained by solving the 
Schrödinger equation in Chapter 3. There we saw that l was confined to the 
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integral values l = 0, 1, 2, . . . . In that analysis, we obtained the permitted values 
of l by imposing cyclic boundary conditions. What the present analysis does is 
to show that angular momentum may be described by half-integral quantum 
numbers, but such quantum numbers do not necessarily apply to a particular 
physical situation. For orbital angular momentum, where the Born interpret-
ation requires cyclic boundary conditions to be satisfied, only integral values 
are admissible. Where cyclic boundary conditions are not relevant, as for the 
intrinsic angular momentum known as spin, the half-integral values may be 
appropriate.

We shall use the following notation to emphasize that there is a distinction 
between angular momenta according to the boundary conditions that have to be 
satisfied:

1. For orbital angular momenta, when the boundary conditions on the wave-
functions allow only integral quantum numbers, we shall use the notation 
l and ml and write states as | l,ml〉.

2. When internal angular momentum (spin) is being considered, we shall use 
the notation s and ms for the (possibly half-integral) quantum numbers and 
write the states | s,ms〉.

3. When the discussion is general and applicable to either kind of angular 
momentum, we shall use the quantum numbers j and mj, and write the 
states as | j,mj〉.

The expressions we have deduced so far may therefore be written in the general 
notation as

j2 | j,mj〉 = j(j + 1)H2 | j,mj〉 jz | j,mj〉 = mjH | j,mj〉 (4.22)

with mj = j, j − 1, . . . , −j.

4.6 The matrix elements of the angular momentum

One outstanding problem at this point is the value of the coeAcients c+ and c−

introduced in connection with the eCect of the shift operators (eqn 4.17):

j± | j,mj〉 = c±(j,mj)H | j,mj ± 1〉 (4.23)

Because the states | j,mj〉 form an orthonormal set, that is

〈 j′,mj′ | j,mj〉 = dj′jdmj′mj

multiplication of eqn 4.23 from the left by the bra 〈 j,mj + 1 | or 〈 j,mj − 1| gives

〈 j,mj + 1| j+ | j,mj〉 = c+(j,mj)H (4.24)

〈 j,mj − 1| j− | j,mj〉 = c−(j,mj)H

So, we need to know the coeAcients if we want to know the values of these 
matrix elements. Matrix elements of this kind occur in connection with the cal-
culation of magnetic properties and the intensities of transitions in magnetic 
resonance (Chapter 13).

The first step involves finding two expressions for the matrix elements of the 
operator j− j+. First, we can use eqn 4.18 to write

j− j+ | j,mj〉 = ( j2 − j2
z − Hjz)| j,mj〉 = { j(j + 1) − mj(mj + 1)}H2 | j,mj〉

Alternatively, we can use eqn 4.23 to write

j− j+ | j,mj〉 = j−c+(j,mj)H | j,mj + 1〉 = c+( j,mj)c−( j,mj + 1)H2 | j,mj〉
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Comparison of the two expressions shows that

c+( j,mj)c−( j,mj + 1) = j( j + 1) − mj(mj + 1) (4.25)

The next step is to find a relation between the two coeAcients that occur in 
eqn 4.25. We shall base the calculation on the matrix element (eqn 4.24)

〈 j,mj | j− | j,mj + 1〉 = c−( j,mj + 1)H

and the hermiticity of jx and jy. Consider the following string of manipulations:

〈 j,mj | j− | j,mj + 1〉 = 〈 j,mj | jx − ijy | j,mj + 1〉
= 〈 j,mj | jx | j,mj + 1〉 − i〈 j,mj | jy | j,mj + 1〉
= 〈 j,mj + 1| jx | j,mj〉* − i〈 j,mj + 1| jy | j,mj〉*
= {〈 j,mj + 1| jx | j,mj〉 + i〈 j,mj + 1| jy | j,mj〉}*
= 〈 j,mj + 1| j+ | j,mj〉*

We have used the following steps:

• Line 1: we inserted the definition of the lowering operator.

• Line 2: we expanded the matrix element.

• Line 3: we used the hermiticity of jx and jy.

• Line 4: we used the properties of complex conjugation to replace −i by +i*.

• Line 5: we used the definition of the raising operator.

The relation just derived, which reads

〈 j,mj | j− | j,mj + 1〉 = 〈 j,mj + 1| j+ | j,mj〉* (4.26)

shows that j− and j+ are each other’s Hermitian conjugate. Neither operator is 
itself Hermitian, and so neither operator corresponds to a physical observable. 
In general, two operators A and B are each other’s Hermitian conjugate if

〈a |A |b〉 = 〈b |B |a〉* (4.27)

Equation 4.26 implies a relation between the coeAcients c±. Because the matrix 
element on the left of eqn 4.26 is equal to c−(j,mj + 1)H and that on the right is 
equal to c*+(j,mj)H, it follows that

c−(j,mj + 1) = c*+(j,mj) (4.28)

It then follows from eqn 4.25 that

|c+(j,mj) | 2 = j(j + 1) − mj(mj + 1)

If we make an arbitrary but convenient choice of phase (choosing c+ to be real 
and positive), it follows that

c+(j,mj) = { j(j + 1) − mj(mj + 1)}1/2 (4.29a)

Moreover, because (from eqn 4.28) c−(j,mj) = c*+(j,mj − 1), we can also write

c−(j,mj) = { j(j + 1) − mj(mj − 1)}1/2 (4.29b)

With these matrix elements established, we can calculate a wide range of other 
quantities, as illustrated in the following example.

››

Example 4.1 Evaluating matrix elements of the angular momentum operators

Evaluate the matrix elements (a) 〈 j,mj + 1| jx | j,mj〉, (b) 〈 j,mj + 2 | jx | j,mj〉, and 
(c) 〈 j,mj + 2 | j2

x | j,mj〉.
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4.7 The orbital angular momentum eigenfunctions

Now we consider orbital angular momentum explicitly. This version of the 
general theory refers to the angular momentum arising from the distribution of 
a particle in space (such as that encountered in the discussion of the rigid rotor, 
a hydrogenic atom, and a particle in a spherical cavity), so it is subject to cyclic 
boundary conditions on the wavefunctions. As we saw in Chapter 3, these condi-
tions limit the angular momentum quantum numbers to integral values, and we 
denote them l and ml. In Chapter 3 we saw that the wavefunctions are solutions 
of a second-order diCerential equation, and we asserted (and proved in Further 
information 3.1) that they were the spherical harmonics. With the work done in 
this chapter, we can show that they can also be obtained by solving a first-order 
diCerential equation, which is a much simpler task.

We begin by finding the wavefunction for the state | l,l 〉 (the state for which 
ml = +l). Once this wavefunction has been determined, the wavefunctions for 
the states | l,ml〉 can be generated by acting on | l,l 〉 with l− the appropriate number 
of times. The equation we have to solve is

l+ | l,l 〉 = 0

To express this equation as a diCerential equation, we must adopt a representa-
tion for the operators. In the position representation, the orbital angular momen-
tum operators are

lx = −H
i

A
Csinj [

[q
+ cot q cos j [

[j
D
F (4.30)

ly = H
i

A
Ccosj [

[q
− cot q sin j [

[j
D
F

lz = H
i
[
[j

Method Because we know the matrix elements of the shift operators, one approach 
is to express all the operators in the questions in terms of them and then to use 
eqns 4.24 and 4.29. Note that j2

x = jx jx and 〈j′,mj′ | j,mj〉 = dj′jdmj′mj
.

Answer

(a) 〈j,mj + 1 | jx | j,mj〉 = 1
2 〈j,mj + 1 | j+ + j− | j,mj〉

= 1
2 〈j,mj + 1 | j+ | j,mj〉 + 1

2 〈j,mj + 1 | j− | j,mj〉
= 1

2 c+(j,mj)H

because 〈j,mj + 1 | j− | j,mj〉 ∝ 〈j,mj + 1 | j,mj − 1〉 = 0.

(b) 〈j,mj + 2 | jx | j,mj〉 = 0

because j± steps mj only by one unit, and the resulting states are orthogonal to 
the state | j,mj + 2〉.

(c) 〈j,mj + 2 | j2
x | j,mj〉 = 1

4 〈 j,mj + 2 | j2
+ + j2

− + j+ j− + j− j+ | j,mj〉
= 1

4 〈 j,mj + 2 | j2
+ | j,mj〉 = 1

4 c+(j,mj + 1)c+(j,mj)H2

= 1
4 {j(j + 1) − (mj + 1)(mj + 2)}1/2{j(j + 1) − mj(mj + 1)}1/2H2

Comment Note that it is quite easy to spot short-cuts, as in (c), where it should be 
obvious that only j2

+ can contribute to the matrix element.

Self-test 4.1 Evaluate the matrix element 〈j,mj + 1| j3
x | j,mj〉.
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These operators are obtained from the Cartesian forms given in eqn 4.3 by 
expressing them in terms of spherical polar coordinates. It follows that the shift 
operators in the position representation are

l+ = HeijA
C
[
[q

+ i cot q [
[j

D
F (4.31)

l− = −He−ijA
C
[
[q

− i cot q [
[j

D
F

It follows from the equation l+ | l,l 〉 = 0 that

HeijA
C
[
[q

+ i cot q [
[j

D
F yll(q,j) = 0

This partial diCerential equation can be separated by writing y(q,j) = Q(q)F(j),
for in the normal way (substituting, diCerentiating, and then dividing through 
by QF) we then obtain

tanq
Q

dQ
dq

= − i
F

dF
dj

According to the usual separation of variables argument, both sides are equal to 
a constant, which we denote c. The equation therefore separates into the follow-
ing two first-order ordinary diCerential equations:

tanqdQ
dq

= cQ dF
dj

= icF

The two equations integrate immediately to

Q ∝ sincq F ∝ eicj

The value of c is found to be l by requiring that lzyll = lHyll. Therefore, the com-
plete solution is

yll = N sinlq eilj (4.32)

where N is a normalization constant. This is the explicit form of the spherical 
harmonic Yll given in Table 3.2, apart from the normalization constant, which 
can be obtained by integration over the surface of a sphere and requiring that 

� |yll |2 dt = 1

With this function found, it is a straightforward matter to apply the operator l− to 
obtain the rest of the functions with a given value of l.

A brief comment
To obtain the expressions in 
eqn 4.31 we have used Euler’s 
relation e±ix = cos x ± i sin x and 
the trigonometric relations 
cotx = 1/tan x = cos x/sinx.

Example 4.2 Constructing wavefunctions for states with ml < l

Construct the wavefunction for the state | l,l − 1〉.

Method We know that l− | l,l 〉 = c−(l,l)H | l,l − 1〉. We also know the position represen-
tation form of l− (eqn 4.31). We need to combine the two expressions.

Answer In the position representation we have

l−yll = −He−ijAC
[

[q
− i cot q [

[j
DF N sinlq eilj

= −NHe−ij(l sinl−1q cos q − i(il) cot q sinlq)eilj

= −2NlH sinl−1q cos q ei(l−1)j ››
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4.8 Spin

The Dutch physicists George Uhlenbeck and Samuel Goudsmit realized in 1925 
that a great simplification of the description of atomic spectra could be obtained 
if it was assumed that an electron possessed an intrinsic angular momentum with 
quantum number s = 1/2 and which could exist in two states with ms = + 1

2, denoted 
a or ↑, and ms = − 1

2, denoted b or ↓. This intrinsic angular momentum is called 
the spin of the electron (but the earlier brief comment in Section 4.1 should be 
recalled). This realization shed light on a seminal experiment performed several 
years earlier by Otto Stern and Walther Gerlach. The Stern–Gerlach experiment 
consisted of preparing a beam of silver atoms and passing them through a strong, 
inhomogeneous magnetic field. Stern and Gerlach found that the beam was 
deflected into two directions and ascribed the eCect to space quantization and 
the magnetic moment of the electron. (In an Ag atom, there is a single electron 
outside a closed shell, so the atom behaves like a single electron on a heavy plat-
form, the rest of the atom.)

(a) The properties of spin

Spin is a purely quantum mechanical phenomenon in the sense that in a universe 
in which h → 0 the spin angular momentum would be zero. Orbital angular 
momentum survives in a classical world, because l can be allowed to approach 
infinity as h → 0 and the quantity {l(l + 1)}1/2H ≈ lH can be non-zero. Uhlenbeck 
and Goudsmit’s proposal was initially no more than a hypothesis, but when 
Dirac showed how to combine quantum mechanics and special relativity, the 
existence of particles with half-integral angular momentum quantum numbers 
appeared automatically.

The angular momentum operators describe spin, but for s = 1/2 they do so in 
a very simple way. If we denote the state | 1

2,+ 1
2〉 by a and the state | 1

2,− 1
2〉 by b, then 

the general expressions given earlier (eqn 4.22) become

sza = + 1
2Ha szb = − 1

2Hb s2a = 3
4H2a s2b = 3

4H2b (4.33)

and the eCects of the shift operators (eqn 4.23 and 4.29) are

s+a = 0 s+b = Ha s−a = Hb s−b = 0 (4.34)

It follows that the only non-zero matrix elements of the shift operators are

〈a | s+ |b〉 = 〈b | s− |a〉 = H (4.35)

However, we also know that

l− | l,l 〉 = {l(l + 1) − l(l − 1)}1/2H | l,l − 1〉 = (2l)1/2H | l,l − 1〉

Therefore,

yl l−1 = −(2l)1/2 N sinl−1q cos q ei(l−1)j

Comment If yll is normalized to unity, then so is yl l−1 and all the other states that 
can be generated in this way. The normalization constant is

N = 1
2ll!

!
@

(2l + 1)!
4p

#
$

1/2

Self-test 4.2 Derive an expression for the wavefunction with ml = l − 2 in the same 
way.

A brief comment
Stern and Gerlach did not 
realize they had discovered 
electron spin but rather devised 
their experiment based on 
considerations of orbital 
angular momentum. Moreover, 
although electron spin was 
discovered in 1925, it appears 
that it was not until 1927 that 
the Stern–Gerlach splitting was 
attributed to the spin of the 
electron being in either of two 
directions, to what we would 
now interpret as the states 
with ms = ++ 1

2 and − 1
2.
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(b) The matrix elements of spin operators

We saw in Section 1.7 that the Dirac bracket notation can be simplified even 
further by recognizing that quantities such as 〈a |W |b〉 can be regarded as ‘matrix 
elements’, and written Wab. It follows that in the basis (a,b), the four quantities 
〈ms′ | sz |ms〉 = msHdm′sms

, can be expressed as the following 2 × 2 matrix:

sz = A
C
+ 1

2H
0

0
− 1

2H
D
F = 1

2HA
C
1
i

0
−1

D
F = 1

2Hsz sz = A
C
1
0

0
−1

D
F (4.36a)

Similarly, the matrix elements 〈ms′ | sx |ms〉 = 1/2〈ms′ | s+ |ms〉 + 1/2〈ms′ | s− |ms〉 and its 
partner 〈ms′ | sy |ms〉 can be expressed as the matrices 1/2Hsx and 1/2Hsy, with

sx = A
C
0
1

1
0

D
F sy = A

C
0
i

−i
0

D
F (4.36b)

The set of matrices sx, sy, sz are known collectively as the Pauli matrices; you are 
asked in Problem 4.7 to confirm that the Pauli matrices correctly represent the 
angular momentum commutation relations. The matrices play an important 
role in the development of the properties of spin- 12 systems, and we shall meet 
them again.

The angular momenta of composite systems

We now consider a system in which there are two sources of angular momentum, 
which we denote j1 and j2. The system might be a single particle that possesses 
both spin and orbital angular momentum, or it might consist of two particles 
with spin or orbital angular momentum. The question we investigate here is 
what the commutation rules imply for the total angular momentum j of the 
system.

4.9 The specifi cation of coupled states

The state of particle 1 is fully specified by reporting the quantum numbers j1 and 
mj1, and the same is true of particle 2 in terms of its quantum numbers j2 and mj2.
If we are to be able to specify the overall state as | j1mj1; j2mj2〉, we need to know 
whether all the corresponding operators commute with one another. In fact, 
operators for independent sources of angular momentum do commute with one 
another, and we can write

[j1q, j2q′] = 0 (4.37)

for all the components q = x, y, z and q′ = x, y, z. One way to confirm this con-
clusion is to note that in the position representation the operators are expressed 
in terms of the coordinates and derivatives of each particle separately, and the 
derivatives for one particle treat the coordinates of the other particle as 
constants. Operators that refer to independent components of a system always 
commute with one another. Because the operators j2

1 and j2
2 are defined in terms 

of their components, which commute, so too do these two operators. Hence, all 
four operators j2

1, j1z, j2
2, and j2z commute with one another, and it is permissible 

to express the state as | j1mj1; j2mj2〉.
We now explore whether the total angular momentum, j = j1 + j2, can also be 

specified. First, we investigate whether j is indeed an angular momentum. To do 
so, we evaluate the commutators of its components, such as
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[jx,jy] = [j1x + j2x,j1y + j2y] (4.38)

 = [j1x,j1y] + [j2x,j2y] + [j1x,j2y] + [j2x,j1y]

 = iHj1z + iHj2z + 0 + 0 
= iHjz

This commutation relation, and the other two that can be derived from it by 
cyclic permutation of the coordinate labels, is characteristic of angular momen-
tum, so j is an angular momentum (j1 − j2, on the other hand, is not as you are 
invited to show in Problem 4.12). Because j is an angular momentum, we can 
conclude without further work that its magnitude is {j(j + 1)}1/2H with j integral or 
half-integral, and its z-component has the values mjH with mj = j, j − 1, . . . , −j.

We now need to work towards discovering which values of j can exist in the 
system. The initial question is whether we can actually specify j if j1 and j2 have 
been specified. Because j2

1 commutes with all its components (eqn 4.8) and j2
2

commutes with its components, and because j2 can be expressed in terms of those 
same components, it follows that

[j2, j2
1] = [j2, j2

2] = 0 (4.39)

Therefore, we can conclude that the eigenvalues of j2
1, j2

2, and j2 can be specified 
simultaneously. For instance, a p-electron (for which l = 1 and s = 1/2) can be 
regarded as having a well-defined total angular momentum with a magnitude given 
by some value of j (the actual permitted values of which we have yet to find).

Because j2 commutes with its own components, in particular it commutes with 
jz = j1z + j2z. Therefore, we know that we can specify the value of mj as well as j.
At this point, we have established that a state of coupled angular momentum 
can be denoted | j1 j2; jmj〉. Note, however, that we have not yet established that 
it can be specified more fully as | j1mj1 j2mj2; jmj〉 because we have not yet estab-
lished whether j2 commutes with j1z and j2z. To explore this point we proceed as 
follows:

[j1z,j
2] = [j1z,j

2
x] + [j1z,j

2
y] + [j1z,j

2
z] (4.40)

= [j1z,(j1x + j2x)
2] + [j1z,(j1y + j2y)

2] + [j1z,(j1z + j2z)
2]

= [j1z,j
2
1x + 2j1xj2x] + [j1z,j

2
1y + 2j1yj2y]

= [j1z,j
2
1x + j2

1y] + 2[j1z,j1x]j2x + 2[j1z,j1y]j2y

= [j1z,j
2
1 − j2

1z] + 2iHj1yj2x − 2iHj1xj2y

= 2iH(j1yj2x − j1xj2y)

The commutator is not zero in general, and so we cannot specify mj1 (or mj2) if 
we specify j.

It follows from this analysis that we have to make a choice when specifying the 
system. Either we use the uncoupled picture | j1mj1;j2mj2〉, which leaves the total 
angular momentum unspecified and therefore, in eCect, says nothing about the 
relative orientation of the two momenta, or we use the coupled picture | j1j2;jmj〉,
which leaves the individual components unspecified. At this stage, which choice 
we make is arbitrary. Later, when we consider the energy of interaction between 
diCerent angular momenta we shall see that one picture is more natural than the 
other. At this stage, the two pictures are simply alternative ways of specifying 
a composite system.

4.10 The permitted values of the total angular momentum

If we decide to use the coupled picture, the question arises as to the permissible 
values of j and mj. We know that the commutation relations permit j to have any 
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positive integral or half-integral values, but we need to determine which of these 
many values actually occur for a given j1 and j2. For example, the total angular 
momentum of a p-electron (l = 1 and s = 1/2) is unlikely to exceed j = 3

2.
The allowed values of mj follow immediately from the relation jz = j1z + j2z, and 

are

mj = mj1 + mj2 (4.41)

That is, the total component of angular momentum about an axis is the sum of 
the components of the two contributing momenta (Fig. 4.4).

To determine the allowed values of j, we first note that the total number of 
states in the uncoupled picture is (2j1 + 1)(2j2 + 1) = 4j1j2 + 2j1 + 2j2 + 1. There is 
only one state in which both components have their maximum values, mj1 = j1
and mj2 = j2, and this state corresponds to mj = j1 + j2. However, the maximum 
value of mj is by definition j, so the maximum value of j is j = j1 + j2. There are 
2j + 1 = 2j1 + 2j2 + 1 states corresponding to this value of j, and so there are a 
further 4j1j2 states to find.

Although the state with mj = j1 + j2 can arise in only one way, the state with 
mj = j1 + j2 − 1 can arise in two ways, from mj1 = j1 − 1 and mj2 = j2 and from 
mj1 = j1 and mj2 = j2 − 1. The state with j = j1 + j2 accounts for only one of these 
two states (or for one of their two linear combinations), and so there must 
be another coupled state for which the maximum value of mj is mj = j1 + j2 − 1. 
This state corresponds to a state with j = j1 + j2 − 1. A system with this value of 
j accounts for a further 2j + 1 = 2j1 + 2j2 − 1 states. The process can be continued 
by considering the next lower value of mj, which is mj = j1 + j2 − 2, and which can 
be produced in three ways. The two states with j = j1 + j2 and j = j1 + j2 − 1 account 
for two of them (or for two of their three linear combinations); the third (or 
the third linear combination) must arise from the state with j = j1 + j2 − 2. This 
argument can be continued, and all the states are accounted for by the time we 
have reached j = | j1 − j2 | (j is a positive number, hence the modulus signs). 
Therefore, the permitted states of angular momentum that can arise from a 
system composed of two sources of angular momentum are given by the 
Clebsch–Gordan series:

j = j1 + j2, j1 + j2 − 1, . . . , | j1 − j2 | (4.42)

mj1

mj2

mj = mj1 + mj2

j1

j2

Fig. 4.4 A representation of the 
requirement that mj = mj1 + mj2.

Example 4.3 Using the Clebsch–Gordan series

What angular momentum states can arise from a system with two sources of 
angular momentum, one with j1 = 1

2 and the other with j2 = 3
2? Specify the states.

Method Use the Clebsch–Gordan series (eqn 4.42) to find the highest and lowest 
permissible values of j first, and then complete the series by adding the inter-
mediate values. The composite system has (2j1 + 1)(2j2 + 1) states, which may be 
specified either as | j1mj1;j2mj2〉 or as | j1j2;jmj〉.

Answer The highest and lowest values of j are 12 + 3
2 = 2 and | 12 − 3

2 | = 1, respectively. 
So the complete Clebsch–Gordan series is j = 2, 1. A specification of the (2j1 + 1) ×
(2j2 + 1) = 2 × 4 = 8 states in the uncoupled representation is: 

| 1
2 , +

1
2 ; 

3
2 , +

3
2 〉 | 1

2 , +
1
2 ; 

3
2 , +

1
2 〉 | 1

2 , +
1
2 ; 

3
2 ,−

1
2 〉 | 1

2 , +
1
2 ; 

3
2 , −

3
2 〉

| 1
2 , −

1
2 ; 

3
2 , +

3
2 〉 | 1

2 , −
1
2 ; 

3
2 , +

1
2 〉 | 1

2 , −
1
2 ; 

3
2 , −

1
2 〉 | 1

2 , −
1
2 ; 

3
2 , −

3
2 〉

The alternative specification, in the coupled representation, is

| 1
2 , 

3
2 ; 2 , +2〉 | 1

2 , 
3
2 ; 2, +1〉 | 1

2 , 
3
2 ; 2, 0〉 | 1

2 , 
3
2 ; 2, −1〉 | 1

2 , 
3
2 ; 2, −2〉

| 1
2 , 

3
2 ; 1 , +1〉 | 1

2 , 
3
2 ; 1,0〉 | 1

2 , 
3
2 ; 1, −1〉 ››
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The Clebsch–Gordan series can be expressed in a simple pictorial way. Suppose 
we are given rods of lengths j1 and j2 and are asked for the lengths j of the third 
side of a triangle that can be formed using these two rods (with all three lengths 
integers or half-integers). Then the answer would be precisely that given by the 
Clebsch–Gordan series (Fig. 4.5). For example, j1 = 1 and j2 = 1 require rods of 
lengths j = 2, 1, 0 to form a triangle. Although the triangle condition is no more 
than a simple mnemonic, it does suggest that angular momenta in quantum 
mechanics do, in some respects, behave like vectors and that the total angular 
momentum can be regarded as the resultant of the contributing momenta. 
The exploration of this point leads to the ‘vector model’ of coupled angular 
momenta.

4.11 The vector model of coupled angular momenta

The vector model of coupled angular momenta is an attempt to represent 
pictorially the features of coupled angular momenta that we have deduced from 
the commutation relations. The approach gives insight into the significance of 
various coupling schemes and is often a helpful guide to the imagination: it puts 
visual flesh on the operator bones.

The features that the vector diagrams of coupled momenta must express are as 
follows:

• The length of the vector representing the total angular momentum is 
{j(j + 1)}1/2, with j one of the values permitted by the Clebsch–Gordan series.

• This vector must lie at an indeterminate angle on a cone about the z-axis
(because jx and jy cannot be specified if jz has been specified).

• The lengths of the contributing angular momentum vectors are {j1(j1 + 1)}1/2

and {j2(j2 + 1)}1/2. These lengths have definite values even when j is specified.

• The projection of the total angular momentum on the z-axis is mj; in the 
coupled picture (in which j is specified), the values of mj1 and mj2 are indefinite, 
but their sum is equal to mj.

• In the uncoupled picture (in which j is not specified), the individual com-
ponents mj1 and mj2 may be specified, and their sum is equal to mj.

The diagrams in Figs 4.6 and 4.7 capture these points. Figure 4.6 shows one of 
the states of the uncoupled picture: both mj1 and mj2 are specified, but there is no 
indication of the relative orientation of j1 and j2 apart from the fact that they lie 
on their respective cones. The total angular momentum is therefore indetermi-
nate, for it could be either of the resultants shown in (a) or (b) or anything in 
between. (Note, however, that the z-component of the total angular momentum 
is well defined since mj = mj1 + mj2.) Figure 4.7 shows one of the states of the 
coupled picture. Now the resultant, the total angular momentum, has a well-
defined magnitude and resultant on the z-axis, but the individual components mj1

and mj2 are indeterminate. It is important not to think of the vectors as actively 
precessing around their cones: at this stage of its description, the vector model is 
a display of possible but unspecifiable orientations.

Comment The eight states in the coupled representation are linear combinations of 
the eight states in the uncoupled representation. We explore the relation between 
them in Section 4.12.

Self-test 4.3 Repeat the question for j1 = 1 and j2 = 2.

j1

j2

j1 + j2

j1 + j2 – 1

j1 + j2 – 2

j1 + j2 – 3

|j1 – j2|

Fig. 4.5 The triangle condition 
corresponding to the Clebsch–
Gordan series. The allowed 
values of j are those for which 
lines of length j, j1, and j2 can be 
used to form a triangle.

j2

j1

j

j2

j

j1

(a)

(b)

Fig. 4.6 Two possible states of 
total angular momentum that 
can arise from two specified 
contributing momenta with 
quantum numbers j1 and j2.
The relative orientations of 
the contributing momenta 
on their cones determine the 
total magnitude.
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An important example, and one that we shall encounter many times in later 
chapters, is the case of two particles with spin s = 1/2, such as two electrons. For 
each particle, s = 1/2 and ms = ± 12. In the uncoupled picture, the electrons may be 
in any of the four states

a1a2 a1b2 b1a2 b1b2

These four states are illustrated in Fig. 4.8. The individual angular momenta lie 
at unspecified positions on their cones and the total angular momentum is 
indeterminate.

Now consider the coupled picture. The triangle condition (or the Clebsch–
Gordan series) tells us that the total spin S (upper-case letters are used to denote 
the angular momenta of collections of particles) can take the values 1 and 0. 
When S = 0, there is only one possible value of its z-component, namely 0, cor-
responding to MS = 0. Such a coupled state is called a singlet. When S = 1, 
MS = +1, 0, −1, and so this coupled arrangement is called a triplet.

The vector model of the triplet is shown in Fig. 4.9. The cones have been 
drawn to scale, and several points should be apparent. One is that to arrive at 
a resultant corresponding to S = 1 (of length 21/2) using component vectors cor-
responding to s = 1/2 (of length 1

2 × 31/2), the vectors must lie at a definite angle 
relative to one another. In fact, they must lie in the same vertical plane, as shown 
in the figure, for only that orientation results in a vector of the correct length. 
Note that although spins are said to be ‘parallel’ in a triplet state (and repre-
sented ↑↑), they are in fact at an acute angle (of close to 70o). The two spins make 
the same angle to one another in all three states (MS = ±1,0); that is necessary if 
they are to have the same resultant. 

The vector model of the singlet must represent a state in which the spin angular 
momentum vectors sum to give a zero resultant (Fig. 4.10). It is clear from the 
figure that the two spins are truly antiparallel (↑↓) in this state. As in the triplet 
states, only the relative orientation of the vectors is fixed; the absolute orienta-
tion around the z-axis is completely indeterminate.

4.12 The relation between schemes

The state | j1j2;jmj〉 is built from all values of mj1 and mj2 such that mj1 + mj2 = mj.
This suggests that it should be possible to express the coupled state as a sum over 
all the uncoupled states | j1mj1;j2mj2〉 that conform to mj1 + mj2 = mj. It follows that 
we should be able to write

| j1j2;jmj〉 = ∑
mj1, mj2

C(mj1,mj2) | j1mj1;j2mj2〉 (4.43)

The coeAcients C(mj1,mj2) are called vector coupling coeAcients. Alternative 
names are ‘Clebsch–Gordan coeAcients’, ‘Wigner coeAcients’, and (in a slightly 
modified form), the ‘3j-symbols’.

(a) Singlet and triplet coupled states

We shall illustrate the use of vector coupling coeAcients by considering the 
singlet and triplet states of two spin-1/2 particles. The values are set out in Table 4.1 
(more values for other cases will be found in Resource section 2). The values in 
the table imply that, using the notation |S,MS〉,

| 1,+1〉 = a1a2

 | 1,0〉 = 1
21/2

a1b2 + 1
21/2

b1a2

a1a2 a1b2

b1a2
b1b2

Fig. 4.8 The four uncoupled 
states of a system consisting of 
two spin-1

2 particles (such as 
electrons), depicted by the cones 
on which the individual spins lie.

j2

j

j1

mj1

mj2

mj = mj1 + mj2

Fig. 4.7 If the two contributing 
momenta are locked together so 
that they give rise to a specified 
total, the projections of the 
contributing momenta span a 
range (as depicted by the vertical 
bars) and although their sum can 
be specified, their individual 
values cannot be specified.
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 | 1,−1〉 = b1b2

 | 0,0〉 = 1
21/2

a1b2 − 1
21/2

b1a2

The following points should be noted:

• Even a ‘spin-parallel’ triplet state (↑↑) can be composed of ‘opposite’ spins; 
see the composition of | 1,0〉; the vector diagram in Fig. 4.9 illustrates this 
point.

• The + sign in | 1,0〉 is taken to signify that the a and b spins from which it is 
built are in phase with one another (as suggested by the vector diagram for 
this state in Fig. 4.9), whereas the – sign in | 0,0〉 signifies that they are out of 
phase. The latter feature is also captured by the antiparallel arrangement 
of vectors in the vector diagram in Fig. 4.10.

• The four coupled states form an orthonormal set (as do the four uncoupled 
states).

General expressions for the vector coupling coeAcients can be derived, but 
they are very complicated and it is usually simplest to use tables of numerical 
values. These values can be derived quite simply in special cases, and we shall 
indicate the procedure for the values in Table 4.1. The general point to note is 
that the coeAcients are in fact the overlap integrals for coupled states with 
uncoupled states. To see that this is so, multiply both sides of eqn 4.43 from the 
left by the bra 〈 j1m′j1; j2m′j2 |: the only term that survives on the right is the one 
with mj1 = m′j1 and mj2 = m′j2 (by the orthogonality of the states), so

〈 j1m′j1; j2m′j2 | j1j2; jmj〉 = C(m′j1,m′j2) (4.44)

Thus, the coeAcient C(mj1,mj2) can be interpreted as the extent to which the 
coupled state | j1j2; jmj〉 resembles the uncoupled state | j1mj1; j2mj2〉. Alternatively, 
|C(mj1,mj2) |2 can be interpreted as the probability that the values mj1 and mj2 will 
be found if the coupled state | j1j2; jmj〉 is inspected to determine their individual 
values (rather than their sum).

(b) The construction of coupled states

The state | 1,+1〉 must be composed of a1a2, because only this state corresponds 
to MS = +1. It follows that

| 1,+1〉 = a1a2 (4.45)

The eCect of the lowering operator S− on | 1,+1〉 is given by eqns 4.23 and 4.29, 
which in the current notation reads

S− |S,MS〉 = {S(S + 1) − MS(MS − 1)}1/2H |S,MS − 1〉 (4.46)

Therefore

S = 1, MS = +1

S = 1, MS = 0

S = 1, MS = –1

Fig. 4.9 Three of the four 
coupled states of a system 
consisting of two spin- 1

2 particles. 
These states all correspond to 
S = 1. The relative orientations of 
the individual angular momenta 
are the same in each case (the 
angle is arccos (1/3) = 70.53o).

S = 0, MS = 0

Fig. 4.10 The remaining coupled 
state of two spin- 1

2 particles. 
This state corresponds to S = 0. 
Note that the two contributing 
momenta are perfectly 
antiparallel.

Table 4.1 Vector coupling coeAcients for s1 = 1/2, s2 = 1/2

ms1 ms2 | 1,+1〉 | 1,0〉 | 0,0〉 | 1,–1〉

+ 1
2 + 1

2 1 0 0 0

+ 1
2 − 1

2 0 1/21/2 1/21/2 0

− 1
2 + 1

2 0 1/21/2 −1/21/2 0

− 1
2 − 1

2 0 0 0 1
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S− | 1,+1〉 = 21/2H | 1, 0〉

However, because S− = s1− + s2−, the eCect of S− can also be written (using eqn 4.34)

S− |S,MS〉 = (s1− + s2−)a1a2 = H(a1b2 + b1a2)

Comparison of these two expressions results in

| 1,0〉 = 1
21/2

(a1b2 + b1a2) (4.47)

as found from Table 4.1. The third state of the triplet is obtained by repeating the 
procedure:

S− | 1,0〉 = 21/2H | 1,−1〉 = (s1− + s2−)
1

21/2
(a1b2 + b1a2) = 21/2Hb1b2

It follows that

| 1,−1〉 = b1b2 (4.48)

as we found from the table and exactly as would be expected on physical grounds 
(namely, that there is only one way of achieving a state with MS = −1 from two 
spin-1/2 systems).

Only the singlet state remains to be found. Because it necessarily has MS = 0 
and MS = ms1 + ms2, it must be constructed from a1b2 and b1a2. However, it must 
(by the hermiticity of S2) be orthogonal to the state | 1,0〉. Therefore, we can write 
immediately (to within a factor of ±1) that

| 0,0〉 = 1
21/2

(a1b2 − b1a2) (4.49)

as was given by the use of Table 4.1.

(c) States of the confi guration d2

As a second illustration, consider two d-electrons. The Clebsch–Gordan series 
gives the total orbital angular momentum, L, as L = 4, 3, 2, 1, 0. With these values 
there are associated 25 states, so the problem is somewhat larger than before. 
The state with L = 4 must have ML = +4 as one of its components, and this state 
can be obtained in only one way, when ml1 = +2 and ml2 = +2. It follows that

| 4,+4〉 = |+2,+2〉

where the notation on the left is |L,ML〉 and that on the right is |ml1,ml2〉. To 
avoid this rather confusing symbolism, we shall denote the states with L = 0, 
1, . . . , 4 by the letters S, P, D, F, G (by analogy with the labels for atomic 
orbitals). Then instead of the line above we can write

| G,+4〉 = |+2,+2〉

We may now proceed to generate the remaining eight states with L = 4 by apply-
ing the operator L− = l1− + l2−. From L− applied to the left of the last equation 
we get

L− | G,+4〉 = 81/2H | G,+3〉

and from l1− + l2− applied to the right we get

(l1− + l2−) | +2,+2〉 = 41/2H(| +1,+2〉 + | +2,+1〉)

from which it follows that

| G,+3〉 = 1
21/2

(| +1,+2〉 + | +2,+1〉)
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The remaining seven states of this set may be generated similarly. The state 
| F,+3〉 also arises from the states | +1,+2〉 and | +2,+1〉 and must be orthogonal to 
| G,+3〉. Therefore, we can immediately write (to within a factor of ±1)

| F,+3〉 = 1
21/2

(| +1,+2〉 − | +2,+1〉)

The remaining six states of this set can now be generated. The same argument 
may then be applied to generate the D, P, and S states and the table of coeAcients
given in Resource section 2 can be compiled.

Example 4.4 Using vector coupling coeAcients

Construct the state with j = 3
2 and mj = − 1

2 for a p-electron.

Method For a p-electron, l = 1 and s = 1/2. The state with j = 3
2 and mj = − 1

2 is a linear 
combination of the states | 1, ml;

1
2,ms〉 with ml + ms = − 1

2. Use Resource section 2 for 
the vector coupling coeAcients.

Answer We write the coupled state in the form

| 3
2,− 1

2〉 = (2
3)1/2 | 1, 0; 12,− 1

2〉 + (1
3)1/2 | 1, −1; 12,+ 1

2〉

Self-test 4.4 Find the expression for the state | D,0〉 arising from the orbital angu-
lar momenta of two p-electrons. Use the tables in Resource section 2.

4.13 The coupling of several angular momenta

The final point we need to make in this section concerns the case where three or 
more momenta are coupled together. In the case of three momenta, we have the 
choice of first coupling j1 to j2 to form j1,2 and then coupling j3 to that to give the 
overall resultant j.

A brief illustration

Consider the total orbital angular momenta of three p-electrons. The coupling of 
one pair gives l1,2 = 2, 1, 0. Then the third couples with each of these resultants in 
turn: l1,2 = 2 gives rise to L = 3, 2, 1; l1,2 = 1 gives rise to L = 2, 1, 0; and l1,2 = 0 gives 
rise to only L = 1. The angular momentum states are therefore F + 2D + 3P + S. 
Note that from 3 × 3 × 3 = 27 states of the three p-electrons, we arrive at 7 + 2 × 5 
+ 3 × 3 + 1 = 27 states of the coupled system: N basis states always result in 
N linearly independent combinations.

When there are more than two sources of angular momentum, the overall 
states may be formed in diCerent ways. Thus, instead of the scheme described 
above, j1 and j3 can first be coupled to form j1,3, and then j2 coupled to j1,3 to form 
j. The triangle condition applies to each step in the coupling procedure, but the 
compositions of the states obtained are diCerent. The states obtained by the first 
coupling procedure can be expressed as linear combinations of the states obtained 
by the second procedure, and the expansion coeAcients are known as Racah
coeGcients or, in slightly modified form, as ‘6j-symbols’. The question of alterna-
tive coupling schemes, and how to select the most appropriate ones, arises in 
discussions of atomic and molecular spectra, and we shall meet it again there.
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Exercises

Problems

*4.1 Use a derivation analogous to that of eqn 4.6 to verify 
the commutation relations in eqn 4.7.

*4.2 Confirm that [lz,l−] = −Hl− and [l+,l−] = 2Hlz.

*4.3 Evaluate the eCects of l+ and l− on the states (a) | 3,3〉,
(b) | 3,−3〉.

*4.4 Evaluate the eCects of j2 and jz on the states (a) | 3,2〉,
(b) | 1,−1〉.

*4.5 What values of ml are permitted for (a) l = 4, (b) l = 5/2?

*4.6 Confirm that the shift operators s+ and s− are each 
other’s Hermitian conjugate by using eqn 4.27 and the 
eCects of the operators on the spin states a and b.

*4.7 Calculate the matrix elements (a) 〈1,0 | jz | 1,0〉,
(b) 〈1,1| j+ | 1,0〉.

*4.1 Evaluate the commutator [lx,ly] in (a) the position 
representation, (b) the momentum representation.

4.2 Evaluate the commutators (a) [ly
2,lx], (b) [ly

2,lx
2], and 

(c) [lx,[lx,ly]]. Hint. Use the basic commutators in eqn 4.7.

4.3 Confirm that [l2,lx] = 0.

*4.4 Verify that eqn 4.9 expresses the basic angular 
momentum commutation rules. Hint. Expand the left 
of eqn 4.9 and compare coeAcients of the unit vectors. 
Be careful with the ordering of the vector components 
when expanding the determinant: the operators in the 
second row always precede those in the third.

4.5 Verify that the three matrices in eqn 4.36 yield the 
correct results for the applications of the spin operators 
sq (q = x, y, z) on the spin states a and b.

4.6 Find expressions for the matrices s+ and s− that yield 
the correct results for the applications of the spin operators 
sq = 1

2 Hsq (q = +, −) on the spin states a and b.

*4.7 (a) Confirm that the Pauli matrices

sx = A
C

0
1

1
0

D
F sy = A

C
0
i

−i
0

D
F sz = A

C
1
0

0
−1

D
F

satisfy the angular momentum commutation relations 
when we write sq = 1

2 Hsq, and hence provide a matrix 
representation of angular momentum. (b) Why does the 
representation correspond to s = 1/2? Hint. For the second 
part, form the matrix representing s2 and establish its 
eigenvalues.

*4.8 Evaluate the magnitude of the spin angular momentum 
and its component on the z-axis for an electron in spin state 
(a) a, (b) b. Express your results in appropriate SI units.

*4.9 Using a derivation analogous to that of eqn 4.38, show 
that the commutation relations in eqn 4.7 are obeyed by the 
three components of the total angular momentum j = j1 + j2.

*4.10 What angular momentum states can arise from a 
system with two sources of angular momentum, one with 
j1 = 1 and the other with j2 = 3

2? Specify the states as in 
Example 4.3.

*4.11 Construct the state | j = 1
2, mj = + 12〉 for a p-electron 

from its uncoupled states.

*4.12 Determine what total spin angular momenta may arise 
from the spin angular momenta of three electrons. 

4.8 Using the Pauli matrix representation, reduce each of 
the operators (a) sxsy, (b) sxsy

2sz
2, and (c) sx

2sy
2sz

2, to a single 
spin operator.

4.9 Evaluate the eCect of (a) eisx/H, (b) eisy/H, (c) eisz/H on an a spin 
state. Hint. Expand the exponential operators as in Problem 
1.17 and use arguments like those in Problem 4.8.

*4.10 Suppose that in place of the actual angular momentum 
commutation rules, the operators obeyed [lx,ly] = −iHlz.
What would be the roles of l± = lx ± ly?

4.11 Calculate the matrix elements (a) 〈0,0 | lz | 0,0〉,
(b) 〈2,1 | l+ | 2,0〉, (c) 〈2,2 | l2

+ | 2,0〉, (d) 〈2,0 | l+l− | 2,0〉,
(e) 〈2,0 | l−l+ | 2,0〉, and (f) 〈2,0 | l2

−lzl
2
+ | 2,0〉.

4.12 Demonstrate that j1 − j2 is not an angular momentum.

*4.13 Calculate the values of the following matrix elements 
between p-orbitals: (a) 〈px | lz | py〉, (b) 〈px | l+ | py〉, (c) 〈pz | ly | px〉,
(d) 〈pz | lx | py〉, and (e) 〈pz | lx | px〉. Hint. Use the relations 
between px, py, pz and p0, p+1, p−1.

4.14 Evaluate the matrix elements (a) 〈j,mj + 1 | j3
x | j,mj〉 and 

(b) 〈j,mj + 3 | j3
x | j,mj〉.

4.15 Verify eqn 4.31 for the shift operators in spherical 
polar coordinates. Use eqn 4.30.

*4.16 Confirm that the spherical polar forms of the 
orbital angular momentum operators in eqn 4.30 
satisfy the angular momentum commutation relation 
[lx,ly] = iHlz and that the shift operators in eqn 4.31 
satisfy [l+,l−] = 2Hlz.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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4.17 Verify that successive application of l− to yll with 
l = 2 in eqn 4.32 generates the five normalized spherical 
harmonics Y2,ml

 as set out in Table 3.2.

4.18 Verify that successive application of l+ to y1,−1 in 
Table 3.2 generates the two other normalized spherical 
harmonics Y1,ml

 shown in the table.

*4.19 (a) Demonstrate that if [j1q, j2q′] = 0 for all q, q′, then 
j1 × j2 = −j2 × j1. (b) Go on to show that if j1 × j1 = iHj1 and
j2 × j2 = iHj2, then j × j = iHj where j = j1 + j2.

4.20 In some cases mj1 and mj2 may be specified at the same 
time as j because although [j2,j1z] is non-zero, the eCect of 
[j2, j1z] on the state with mj1 = j1, mj2 = j2 is zero. Confirm 
that [j2,j1z] | j1j1; j2 j2〉 = 0 and [j2, j1z] | j1,−j1; j2,−j2〉 = 0.

4.21 Determine what total angular momenta may arise in 
the following composite systems: (a) j1 = 3, j2 = 4; (b) the 
orbital momenta of two electrons (i) both in p-orbitals, 
(ii) both in d-orbitals, (iii) the configuration p1d1; (c) the spin 
angular momenta of four electrons. Hint. Use the Clebsch–
Gordan series, eqn 4.42; apply it successively in (c).

*4.22 Construct the vector coupling coeAcients for a system 
with j1 = 1 and j2 = 1/2 and evaluate the matrix elements 
〈j′mj′ | j1z | jmj〉. Hint. Proceed as in Section 4.12 and check 
the answer against the values in Resource section 2. For the 
matrix element, express the coupled states in the uncoupled 
representation, and then operate with j1z.

4.23 Use the vector model of angular momentum to derive 
the value of the angle between the vectors representing 
(a) two a spins, (b) an a and a b spin in a state with S = 1 
and MS = +1 and MS = 0, respectively.

4.24 Set up a quantum mechanical expression that can be 
used to derive the same result as in Problem 4.23. Hint.
Consider the expectation value of s1· s2.

*4.25 Apply both procedures (of the preceding two 
problems) to calculate the angle between a spins in 
the aaa state with S = 3

2.

4.26 Consider a system of two electrons that can have either 
paired or unpaired spins (e.g. a biradical). The energy of the 
system depends on the relative orientation of their spins. 
Show that the operator (hJ/H2)s1· s2 distinguishes between 
singlet and triplet states. The system is now exposed to 
a magnetic field in the z-direction. Because the two electrons 
are in diCerent environments, they experience diCerent local 
fields and their interaction energy can be written (mB/H) ×
B(g1s1z + g2s2z) with g1 ≠ g2; mB is the Bohr magneton and g
is the electron g-value, quantities discussed in Chapter 13. 
Establish the matrix of the total hamiltonian, and 
demonstrate that when hJ >> mBB, the coupled representation 
is ‘better’, but that when mBB >> hJ, the uncoupled 
representation is ‘better’. Find the eigenvalues of the system 
in each case. Hint. Use the vector coupling coeAcients in 
Resource section 2 to determine hamiltonian matrix 
elements.

4.27 What is the expectation value of the z-component of 
orbital angular momentum of electron 1 in the | G,ML〉 state 
of the configuration d2? Hint. Express the coupled state 
in terms of the uncoupled states, find 〈G,ML | l1z | G,ML〉 in 
terms of the vector coupling coeAcients, and evaluate it 
for ML = +4, +3, . . . , −4.

*4.28 Prove that ∑mj1,mj2
|Cmj1,mj2

|2 = 1 for a given j1, j2, j.
Hint. Use eqn 4.43 and form 〈 j1j2; jmj | j1j2; jmj〉.

4.29 What are the possible outcomes of a single 
measurement of the z-component of spin angular 
momentum of an electron in the spin state 
(1/4)1/2a − (3/4)1/2b?

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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A scalar physical property (such as temperature) in 
general varies through space and is represented by a 
single value at each point of space. A vector physical 
property (such as the electric field strength) also varies 
through space, but in general has a diCerent direction 
as well as a different magnitude at each point.

MB3.1 Defi nitions

A vector v has the general form (in three dimensions):

v = vxi + vy j + vzk (MB3.1)

where i, j, and k are unit vectors, vectors of magnitude 
1, pointing along the positive directions on the x, y,
and z axes and vx, vy, and vz are the components of the 
vector on each axis (Fig. MB3.1). The magnitude of
the vector is denoted | v | or  | v |  and is given by

v = (vx
2 + vy

2 + vz
2)1/2 (MB3.2)

The vector makes an angle q with the z-axis and an 
angle j to the x-axis in the xy-plane. It follows that

vx = v sin q cos j vy = v sin q sin j (MB3.3a)
vz = v cos q

and therefore that

q = arccos(vz /v) j = arctan(vy /vx) (MB3.3b)

MB3.2 Operations

Consider the two vectors

u = uxi + uy j + uzk v = vxi + vy j + vzk

The operations of addition, subtraction, and multi-
plication are as follows:

1. Addition:

v + u = (vx + ux)i + (vy + uy)j + (vz + uz)k (MB3.4a)

2. Subtraction:

v − u = (vx − ux)i + (vy − uy)j + (vz − uz)k (MB3.4b)

i
j

k

vx

vy

vz

v

x
y

z

ϕ

θ

Fig. MB3.1 The vector v has components vx, vy, and vz on the x,
y, and z axes, respectively. It has a magnitude v and makes 
an angle q with the z-axis and an angle j to the x-axis in the
xy-plane.

3. Multiplication:

(a) The scalar product, or dot product, of the two 
vectors u and v is

u · v = uxvx + uyvy + uzvz (MB3.4c)

and is itself a scalar quantity. We can always choose 
a new coordinate system—we shall write it X, Y, Z—in
which the Z-axis lies parallel to u, so u = uK, where K
is the unit vector parallel to u. It then follows from 
eqn MB3.4c that u · v = uvZ. Then, with vZ = v cos q,
where q is the angle between u and v, we find

u · v = uv cos q (MB3.4d)

A brief illustration

The vector v = 2i + 3j − k has magnitude

v = {22 + 32 + (−1)2}1/2 = 141/2 = 3.74

Its direction is given by

q = arccos(−1/141/2) = 105.5o j = arctan(3/2) = 56.3o

A brief illustration

Consider the vectors u = i − 4j + k (of magnitude 4.24) 
and v = −4i + 2j + 3k (of magnitude 5.39) Their sum is

u + v = (1 − 4)i + (−4 + 2)j + (1 + 3)k = −3i −2j + 4k

The magnitude of the resultant vector is 291/2 = 5.39. 
The difference of the two vectors is

u − v = (1 + 4)i + (−4 − 2)j + (1 − 3)k = 5i − 6j − 2k

The magnitude of this resultant is 8.06. Note that in 
this case the difference is longer than either individual 
vector.



122 | MATHEMATICAL BACKGROUND 3 VECTORS

(b) The vector product, or cross product, of two 
vectors is

u × v =
i

ux

vx

j
uy

vy

k
uz

vz

(MB3.4e)

= (uyvz − uzvy)i − (uxvz − uzvx)j + (uxvy − uyvx)k

(Determinants are discussed in Mathematical back-
ground 4.) Once again, choosing the coordinate system 
so that u = uK, leads to the simple expression:

u × v = (uv sin q)l (MB3.4f)

where q is the angle between the two vectors and l is 
a unit vector perpendicular to both u and v, with a 
direction determined by the ‘right-hand rule’ as in 
Fig. MB3.2. A special case is when each vector is a unit 
vector, for then

i × j = k j × k = i k × i = j (MB3.5)

The order of vector multiplication is important, and 
u × v = −v × u.

MB3.3 The graphical representation of 
vector operations

Consider two vectors v and u making an angle q
(Fig. MB3.3). The first step in the addition of u to v
consists of joining the tip (the ‘head’) of u to the start-
ing point (the ‘tail’) of v. In the second step, we draw a 
vector vres, the resultant vector, originating from the 
tail of u to the head of v. Reversing the order of add-
ition leads to the same result; that is, we obtain the 
same vres whether we add u to v or v to u. To calculate 
the magnitude of vres, we note that

v2
res = (u + v) · (u + v) = u · u + v · v + 2u · v

 = u2 + v2 + 2uv cos q′

where q′ is the angle between u and v. In terms of the 
angle q = p − q′ shown in the figure, and cos(p − q) =
−cosq, we obtain the law of cosines:

v2
res = u2 + v2 − 2uv cos q (MB3.6)

q

u

v

q

u

v q

u

v

u + vp – q

(a)

(b) (c)

Fig. MB3.3 (a) The vectors v and u make an angle q. (b) To add 
u to v, we first join the head of u to the tail of v, making sure 
that the angle q between the vectors remains unchanged. (c) To 
finish the process, we draw the resultant vector by joining the 
tail of u to the head of v.

u

v

u × v

Fig. MB3.2 A depiction of the ‘right-hand rule’. When the 
fingers of the right hand rotate u into v, the thumb points 
in the direction of u × v.

The vector product is a vector of magnitude 4411/2 =
21 pointing in a direction perpendicular to the plane 
defined by the two individual vectors.

Self-test MB3.1 Determine the scalar and vector prod-
ucts of v = −i + 4j + k and u = 2i + 3j − k.

[u · v = 9, u × v = 7i − j + 11k]

A brief illustration

The scalar and vector products of the two vectors in 
the previous brief illustration of Section MB3.2, u =
i − 4j + k (of magnitude 4.24) and v = −4i + 2j + 3k
(of magnitude 5.39) are

u · v = {1 × (−4)} + {(−4) × 2} + {1 × 3} = −9

u × v =
i
1

−4

j
−4

2

k
1
3

= {(−4)(3) − (1)(2)}i − {(1)(3) − (1)(−4)}j
+ {(1)(2) − (−4)(−4)}k

= −14i − 7j − 14k ››
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for the relation between the lengths of the sides of a 
triangle.

Subtraction of u from v amounts to addition of −u
to v. It follows that in the first step of subtraction we 
draw −u by reversing the direction of u (Fig. MB3.4). 
Then, the second step consists of adding −u to v by 
using the strategy shown in the figure; we draw a 
resultant vector vres by joining the tail of −u to the head 
of v.

Vector multiplication is represented graphically by 
drawing a vector (using the right-hand rule) perpen-
dicular to the plane defined by the vectors u and v, as 
shown in Fig. MB3.5. Its length is equal to uv sin q,
where q is the angle between u and v.

MB3.4 Vector diff erentiation

The derivative dv/dt, where the components vx, vy and
vz are themselves functions of t, is

dv
dt

= A
C

dvx

dt
D
F i + A

C
dvy

dt
D
F j + A

C
dvz

dt
D
F k (MB3.7)

The derivatives of scalar and vector products are 
obtained using the rules of differentiating a product:

d(u · v)
dt

= u · AC
dv
dt

D
F + v · AC

du
dt

D
F (MB3.8a)

d(u × v)
dt

= u × A
C
dv
dt

D
F + A

C
du
dt

D
F × v (MB3.8b)

In the latter, note the importance of preserving the 
order of vectors.

The gradient of a function f(x,y,z), denoted grad f
or ∇f, is

∇f = A
C
[f
[x

D
F i + A

C
[f
[y

D
F j + A

C
[f
[z

D
F k (MB3.9)

where partial derivatives were mentioned in Math-
ematical background 2. Note that the gradient of a 

u

(a)

(b)

v

x
y

z

u × v

uv sin q

u

v

x
y

v × uuv sin q

q

q

Fig. MB3.5 The direction of the cross products of two vectors u
and v with an angle q between them: (a) u × v and (b) v × u.
Note that the cross product, and the unit vector l of eqn 
MB3.4f, are perpendicular to both u and v but the direction 
depends on the order in which the product is taken. The 
magnitude of the cross product, in either case, is uv sin q.

q

–u –u

v v

(a) (b)

v – u

Fig. MB3.4 The graphical method for subtraction of the vector 
u from the vector v (as shown in Fig. MB3.3a) consists of 
two steps: (a) reversing the direction of u to form −u, and 
(b) adding −u to v.

scalar function is a vector. We can treat ∇ as a vector 
operator (in the sense that it operates on a function 
and results in a vector), and write

∇ = i A
C
[
[x

D
F + j A

C
[
[y

D
F + k A

C
[
[z

D
F (MB3.10)

The scalar product of ∇ and ∇f , using eqns MB3.9 and 
MB3.10, is

∇ · ∇f = !
@i A

C
[
[x

D
F + j A

C
[
[y

D
F + k A

C
[
[z

D
F#

$ (MB3.11)

  · !@
A
C
[f
[x

D
F i + A

C
[f
[y

D
F j + A

C
[f
[z

D
F k#

$
= A

C
[2f
[x2

D
F + A

C
[2f
[y

D
F + A

C
[2f
[z2

D
F

Equation MB3.11 defines the laplacian (∇2 = ∇ · ∇) of 
a function.

The gradient and the laplacian can also be expressed 
in spherical polar coordinates by using the follow-
ing relations between Cartesian and spherical polar 
coordinates:
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x = r sin q cos j y = r sin q sin j z = r cos q
(MB3.12)

The gradient is

∇f = [f
[r

K + 1
r
[f
[q

. + 1
r sin q

[f
[j

: (MB3.13)

where K, ., and : are unit vectors relative to the three 
coordinates (Fig. MB3.6). Similarly, the laplacian in 
the same coordinates is

∇2 = 1
r

[2

[r2
r + 1

r2
L2 (MB3.14a)

Two equivalent, alternative forms are

∇2 = 1
r2

[
[r

r2 [
[r

+ 1
r2
L2 (MB3.14b)

∇2 = [2

[r2
+ 2

r
[
[r

+ 1
r2
L2 (MB3.14c)

r̂

θ̂

ϕ̂

Fig. MB3.6 The unit vectors K, ., and : appropriate to spherical 
polar coordinates.

The legendrian, L2, the angular part of the laplacian, is

L2 = 1
sin2q

[2

[j2
+ 1

sinq
[
[q

 sin q [
[q

(MB3.15)



A brief illustration

That the integral over a symmetric range of the product of the ground state and 
the first excited state wavefunctions of a harmonic oscillator is zero (Fig. 5.1) is an 
example of the role of symmetry: one function is symmetric about the origin and 
the other is antisymmetric. Many of the applications of group theory are versions 
of this type of classification of functions and the conclusion, but using more elabor-
ate aspects of symmetry.

The symmetries of objects

We begin by establishing the qualitative aspects of the symmetries of objects. 
This will enable us to classify molecules according to their symmetry. Once 
molecules have been classified, many properties follow immediately. 
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5Group theory

The subject of this chapter—the mathematical theory of symmetry—is one of the most 
remarkable in quantum mechanics. Not only does it simplify calculations, but it also 
reveals unexpected connections between apparently disparate phenomena. Whole 
regions of study are brought together in terms of its concepts. Angular momentum is a 
part of group theory; so too are the properties of the harmonic oscillator. The conserva-
tion of energy and of momentum can be discussed in terms of group theory. Group 
theory is used to classify the fundamental particles, to discuss the selection rules that 
govern what spectroscopic transitions are allowed, and to formulate molecular orbitals. 
The subject simply glitters with power and achievements.

We shall see that group theory is particularly helpful for deciding whether an integral 
is zero. Integrals occur throughout quantum chemistry, for they include expectation 
values, overlap integrals, and matrix elements. It is particularly helpful to know, with 
minimum eff ort, whether these integrals are necessarily zero. A limitation of group 
theory, though, is that it cannot give the magnitude of integrals that it cannot show to 
be necessarily zero. The values of non-zero integrals typically depend on a variety of funda-
mental constants, and group theory is silent on them. One particular type of matrix 
element is the ‘transition dipole moment’ between two states. This quantity determines 
the intensities of spectroscopic transitions, and if we know that they are necessarily 
zero, then we have established a selection rule for the transition. In Chapter 2 we encoun-
tered the phenomenon of degeneracy and saw qualitatively at least that it is related 
to the symmetry of the system; group theory lets us anticipate the occurrence and 
degree of degeneracy that may exist in a system. Finally, we shall see that group theory, 
by making use of the full symmetry of a system, provides a very powerful way of con-
structing and classifying molecular orbitals.
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Moreover, this is a first step to the mathematical formulation of the theory, 
from which its full power flows.

5.1 Symmetry operations and elements

An operation applied to an object is an act of doing something to it, such as rotat-
ing it through some angle. A symmetry operation is an operation that leaves an 
object apparently unchanged. For example, the rotation of a sphere around any 
axis that includes the centre of the sphere leaves it apparently unchanged, and is 
thus a symmetry operation. The translation of the function sin x through an 
interval 2p leaves it apparently unchanged, and so it is a symmetry operation of 
the function. Not all operations are symmetry operations. The rotation of a rect-
angle through 90o about its centre is a symmetry operation only if the rectangle 
happens to be a square. Every object has at least one symmetry operation: the 
identity, the operation of doing nothing.

To each symmetry operation there corresponds a symmetry element, the point, 
line, or plane with respect to which the operation is carried out. For example, 
a rotation is carried out with respect to a line called an ‘axis of symmetry’, and 
a reflection is carried out with respect to a plane called a ‘mirror plane’. If we 
disregard translational symmetry operations, then there are five types of 
symmetry operations that leave the object apparently unchanged, and five cor-
responding types of symmetry element:

E The identity operation, the act of doing nothing. The corresponding sym-
metry element is the object itself.

Cn An n-fold rotation, the operation, a rotation by 2p/n around an axis of 
symmetry, the element.

A hexagon, or a hexagonal molecule such as benzene, has two-, three-, and six-
fold axes (C2, C3, and C6, respectively) perpendicular to the plane and several 
two-fold axes (C2) in the plane (Fig. 5.2). For n > 2 the direction of rotation is 
significant, and the n orientations of the object are visited in a diCerent order 
depending on whether the rotation is clockwise as seen from below (C+

n) or counter-
clockwise (Cn

−). Therefore, for n > 2, there are two rotations associated with 
each symmetry axis. If an object (such as a hexagon) has several axes of rotation, 
then the one with the largest value of n is called the principal axis, provided it is 
unique. Therefore, for benzene, C6 is the principal axis.

s A reflection, the operation, in a mirror plane, the element.

When the mirror plane includes the principal axis of symmetry, it is termed a
vertical plane and denoted sv. If the principal axis is perpendicular to the mirror 
plane, then the latter symmetry element is called a horizontal plane and denoted 
sh. A dihedral plane, sd, is a vertical plane that bisects the angle between two C2

axes that lie perpendicular to the principal axis (Fig. 5.3).

i An inversion, the operation, through a centre of symmetry, the element.

The inversion operation consists of taking each point of an object through its 
centre and out to an equal distance on the other side (Fig. 5.4).

Sn An n-fold improper rotation, the operation (which is also called a ‘rotary-
reflection’) occurs about an axis of improper rotation, the symmetry 
element (or ‘rotary-reflection axis’).

An improper rotation is a composite operation consisting of an n-fold rotation 
followed by a horizontal reflection in a plane perpendicular to the n-fold axis. 

x

f1
f2

f1f2

–a
a

Fig. 5.1 The integral over 
a symmetric range of the 
product of a symmetric and 
antisymmetric function 
(f2 and f1, respectively) is zero.

C2,C3,C6

C2

C2

Fig. 5.2 Some of the rotational 
axes of a regular hexagon, such 
as a benzene molecule.
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Neither operation alone is in general a symmetry operation, but the overall out-
come is. A methane molecule, for example, has three S4 axes (Fig. 5.5). Care 
should be taken to recognize improper rotations in disguised form. Thus, S1 is 
equivalent to a reflection, and S2 is equivalent to an inversion.

5.2 The classifi cation of molecules

To classify a molecule according to its symmetry, we list all its symmetry oper-
ations, and then ascribe a label based on the list of those operations. In other 
words, we use the list of symmetry operations to identify the point group of the 
molecule. The term ‘point’ indicates that we are considering only the operations 
corresponding to symmetry elements that intersect in at least one point. That 
point is not moved by any operation. To classify crystals, we would also need to 
consider translational symmetry, which would lead us to classify them according 
to their space group.

The name of the point group is expressed using either the Schoenflies system or 
the International system (which is also called the ‘Hermann–Mauguin system’). 
It is common to use the former for individual molecules and the latter when con-
sidering species in solids and the symmetries of unit cells. We shall describe and 
use the Schoenflies system here, but a translation table is given in Table 5.1. In the 
Schoenflies system, the name of the point group is based on a dominant feature 
of the symmetry of the molecule, and the label given to the group is in some cases 
the same as the label of that feature. This double use of a symbol is actually quite 
helpful, and rarely leads to confusion. The figures that accompany the following 
classification show the general form of an object with the stated symmetry (typic-
ally for n = 4).

1. The groups C1, Cs, and Ci. These groups consist of the identity alone (C1),
the identity and a reflection (Cs), and the identity and an inversion (Ci)
(Fig. 5.6).

2. The groups Cn. These groups consist of the identity and an n-fold rotation 
(Fig. 5.7).

3. The groups Cnv. In addition to the operations of the groups Cn, these groups 
also contain n vertical reflections (Fig. 5.8). An important example is the 
group C∞v, the group to which a cone and a heteronuclear diatomic mol-
ecule belong.

S4

Fig. 5.5 An axis of improper 
rotation in a tetrahedral molecule 
(such as methane).

(a)

(b)

(c)

sv
sv’

sh

sd

C2

C2

Fig. 5.3 (a) Two vertical mirror 
planes, (b) a horizontal mirror 
plane, and (c) a dihedral 
mirror plane.

i

Fig. 5.4 The centre of inversion 
of a regular octahedron.

Table 5.1 The Schoenflies and International notations for point groups

Ci : - Cs: m

C1: 1 C2: 2 C3: 3 C4: 4 C6: 6

C2v: 2mm C3v: 3m C4v: 4mm C6v: 6mm

C2h: 2/m C3h: 6 C4v: 4/m C6h: 6/m

D2: 222 D3: 32 D4: 422 D6: 622

D2h: mmm C3h: 62m D4h: 4/mmm D6h: 6/mmm

D2d: 42m D3d: 3m S4: 4 S6: 3

T: 23 Td: 43m Th: m3 O: 432 Oh: m3m

The entries in the table are in the form Schoenflies: International. The International system is also known as 
the Hermann–Mauguin system. The group D2: 222 is sometimes denoted V and called the Vierer group
(group of four).
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4. The groups Cnh. In addition to the operations of the groups Cn, these groups 
contain a horizontal reflection together with whatever operations the 
presence of these operations imply (Fig. 5.9).

It is important to note, as indicated in the last definition, that the presence of 
a particular set of operations may imply the presence of other operations that 
are not mentioned explicitly in the definition. For example, C2h automatically 
possesses an inversion, because rotation by 180o followed by a horizontal reflection 
is equivalent to an inversion. The full set of operations in each group can be 
found by referring to the tables (the ‘character tables’) listed in Resource section 1. 
These tables contain a mass of additional information, and they will gradually 
move to centre stage as the chapter progresses.

 5. The groups Dn. In addition to the operations of the groups Cn, these groups 
possess n two-fold rotations perpendicular to the n-fold (principal) axis, 
together with whatever operations the presence of these operations imply 
(Fig. 5.10).

 6. The groups Dnh. These groups consist of the operations present in Dn

together with a horizontal reflection, in addition to whatever operations 
the presence of these operations imply (Fig. 5.11). An important example 
is D∞h, the group to which a uniform cylinder and a homonuclear diatomic 
molecule belong.

 7. The groups Dnd. These groups contain the operations of the groups Dn and
n dihedral reflections, together with whatever operations the presence of 
these operations imply (Fig. 5.12).

 8. The groups Sn, with n even. These groups contain the identity and an 
n-fold improper rotation, together with whatever operations the presence 
of these operations imply (Fig. 5.13).
 For the groups Sn, only the even values of n need be considered, because 
groups with odd n are identical to the groups Cnh, which have already been 
classified. Note also that the group S2 is equivalent to the group Ci.

 9. The cubic and icosahedral groups. These groups contain more than one 
n-fold rotation with n ≥ 3. The cubic groups are labelled T (for tetrahedral) 
and O for octahedral; the icosahedral group is labelled I. The group Td is 
the group of the regular tetrahedron; T is the same group but without the 
reflections of the tetrahedron; Th is a tetrahedral group with an inversion. 
The group of the regular octahedron is called Oh; if it lacks reflections 
it is called O. The group of the regular icosahedron is called Ih; if it lacks 
inversion it is called I. Some objects belonging to these point groups are 
depicted in Figs 5.14 to 5.16.

Fig. 5.7 An object belonging to 
the group C4.

(a)

(b)

(c)

Fig. 5.6 Objects belonging to 
the groups (a) C1, (b) Cs, and 
(c) Ci.

Fig. 5.8 An object belonging to 
the group C4v.

Fig. 5.9 An object belonging 
to the group C4h.

Fig. 5.11 An object belonging 
to the group D4h.

Fig. 5.10 An object belonging 
to the group D4.
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10. The full rotation group, R3. This group consists of all rotations through 
any angle and in any orientation. It is the symmetry group of the sphere.

Atoms belong to R3, but no molecule does. The properties of R3 turn out to be 
the properties of angular momentum. This is the deep link between this chapter 
and Chapter 4, and we explore it later.

There are two simple ways of determining to what point group a molecule 
belongs. One way is to work through the decision tree illustrated in Fig. 5.17. 
The other is to recognize the group by comparing the molecule with the objects 
in Fig. 5.18. Several of the commercial software packages for the computation of 
molecular electronic structure include modules that recognize the point group 
of a molecule.

(a)

(b)

Fig. 5.15 Objects belonging to 
the groups (a) Oh and (b) O.

(a)

(b)

(c)

Fig. 5.14 Objects belonging to 
the groups (a) Td, (b) T, and 
(c) Th.

(a)

(b)

Fig. 5.16 Objects belonging
to the groups (a) Ih and (b) I.
We have represented the latter 
(chiral) object as five intersecting 
regular tetrahedra.

Fig. 5.13 An object belonging to 
the group S4.

Fig. 5.12 An object belonging to 
the group D4d.
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Molecule
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Select Cn with the highest n,
then ask: is nC2 perpendicular
to Cn?

Fig. 5.17 A flow chart for 
deciding on the name of a point 
group to which an object 
belongs.

Example 5.1 Assigning a point group to a molecule

What is the point group of benzene, C6H6?

Method Use the flow chart given in Fig. 5.17, recognizing that benzene has a unique 
C6 principal axis that is perpendicular to the molecular plane.

Answer Benzene, a non-linear molecule, does not contain two (or more) principal 
axes: C6 is a unique principal axis and there are six C2 axes in the molecular plane 
and perpendicular to C6; three axes intersect carbon atoms on opposite vertices 
and three axes bisect carbon–carbon bonds on opposite edges. The molecular 
plane is sh. From Fig. 5.17, the point group is D6h.

Comment Benzene resembles the hexagon of Fig. 5.18.

Self-test 5.1 Assign a point group for 1,4-dichlorobenzene.
[D2h]
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The calculus of symmetry

Power comes to group theory from its mathematical structure. We shall present 
the material in two stages. The first considers the symmetry operations them-
selves, and shows how they may be combined together. The second stage shows 
how to associate matrices with each symmetry operation and to draw on the 
properties of matrices to establish several important results.

5.3 The defi nition of a group

Symmetry operations can be performed consecutively. We shall use the conven-
tion that the operation R followed by the operation S is denoted SR. The order 
of operations is important because in general the outcome of the operation SR is 
not the same as the outcome of the operation RS. When the outcomes of RS and 
SR are equivalent, the operations are said to commute. A general feature of sym-
metry operations is that the outcome of a joint symmetry operation is always
equivalent to a single symmetry operation. We have already seen this property 
when we saw that a two-fold rotation followed by a reflection in a plane perpen-
dicular to the two-fold axis is equivalent to an inversion: shC2 = i. In general, it is 
true that for all symmetry operations R and S of an object, we can write

RS = T (5.1)

where T is an operation of the group.
A further point about symmetry operations is that there is no diCerence

between the outcomes of the operations (RS)T and R(ST), where (RS) is the out-
come of the joint operation S followed by R and (ST) is the outcome of the joint 
operation T followed by S. In other words, (RS)T = R(ST) and the multiplication 
of symmetry operations is associative.

S2n

D∞h

Dnd

Dn

Cnh

Cnv

Cn

n = 2 3 4 5 6 ∞

Cone

Fig. 5.18 Representative shapes 
for a variety of point groups.
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These observations, together with two others which are true by inspection, can 
be summarized as follows:

1. The identity is a symmetry operation.

2. Symmetry operations combine in accord with the associative law of 
multiplication.

3. If R and S are symmetry operations, then RS is also a symmetry operation.

4. The inverse of each symmetry operation is also a symmetry operation.

The third observation implies that R2 (which is shorthand for RR; that is, R
applied twice in succession) is a symmetry operation. In observation 4, the inverse 
of an operation R, generally denoted R−1, is defined such that

RR−1 = R−1R = E (5.2)

The remarkable point to note is that in mathematics a set of entities called
elements form a group if they satisfy the following conditions:

1. The identity is an element of the set.

2. The elements multiply associatively.

3. If R and S are elements, then RS is also an element of the set.

4. The inverse of each element is a member of the set.

That is, the set of symmetry operations of an object fulfil conditions that ensure 
they form a group in the mathematical sense. Consequently, the mathematical 
theory of groups, which is called group theory, may be applied to the study of the 
symmetry of molecules. This is the justification for the title of this chapter.

5.4 Group multiplication tables

A table showing the outcome of forming the products RS for all symmetry 
operations in a group is called a group multiplication table. The procedure 
used to construct such tables can be illustrated by the group C3v. The symmetry 
operations for this group are illustrated in Fig. 5.19. The order, h, of a group 
is the number of symmetry elements that belong to it. We see that there are 
six members of the group C3v, so it is said to have order 6, which we write as 
h = 6.

To determine the outcome of a sequence of symmetry operations, we consider 
diagrams like those in Fig. 5.20. You should note that the sequence of changes 
takes place with respect to fixed positions of the symmetry elements, in the sense 
that if a C3

+ operation is performed, the line representing the sv plane in Fig. 5.19 
remains in the same position on the page and is not rotated through 120o by the 
C3

+ operation. Thus it follows that

C3
−C3

+ = E svC3
+ = sv″ s′vsv = C3

+

The complete set of 36 (in general, h2) products is shown in Table 5.2. As can be 
seen, each product is equivalent to a single element of the group. Note that RS is 

sv

s ′v
s″v

C 3
–C 3

+

E

Fig. 5.19 The symmetry elements 
of the group C3v.

A brief illustration

Consider a square object and the symmetry operations C2 (coincident with the 
principal C4 axis), i, and sh. Then C2(ish) = C2C2 = E and (C2i )sh = shsh = E and 
the associative property holds.

A brief comment
The unfortunate double 
meaning of the term ‘element’ 
should be noted. It is important 
to distinguish ‘element’, in the 
sense of a member of a group, 
from ‘symmetry element’ as 
defined earlier. The symmetry 
operations are the elements 
that comprise the group.
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sv

sv″

C3
+

Fig. 5.20 The eCect of the 
operation C3

+ followed by sv

is equivalent to the single 
operation sv″:

not always the same as SR; that is, not all symmetry operations commute. Similar 
tables can be constructed for all the point groups.

sv

sv′
C2

E

Fig. 5.21 The symmetry elements 
of the group C2v.

C3

E

C2

C2′

C2″

Fig. 5.22 The symmetry elements 
of the group D3.

Table 5.2 The C3v group multiplication table

First: E C3
+ C3

− sv s ′v sv″

Second:

E E C3
+ C3

− sv s′v sv″
C3

+ C3
+ C3

− E s′v sv″ sv

C3
− C3

− E C3
+ sv″ sv s′v

sv sv sv″ s′v E C3
− C3

+

s ′v s′v sv sv″ C3
+ E C3

−

s v″ sv″ s′v sv C3
− C3

+ E

Example 5.2 Constructing a group multiplication table

Construct the group multiplication table for the group C2v, the elements of which 
are shown in Fig. 5.21.

Method Consider a single point on the object of the given point group, and the eCect 
on the point of each pair of symmetry operations (RS). Identify the single operation 
that reproduces the eCect of the joint application (RS = T), and enter it into the table. 
Note that ER = RE = R for all R, where E is the identity operation. The orientation 
on the page of the symmetry elements is unchanged by all the operations.

Answer The group multiplication table is as follows:

E C2 sv s ′v

E E C2 sv s ′v
C2 C2 E s ′v sv

sv sv s ′v E C2

s ′v s ′v sv C2 E

Comment Note that in this group RS = SR for all entries in the table. Groups of 
this kind, in which the elements commute, are called ‘Abelian’. The group C3v is 
an example of a ‘non-Abelian group’.

Self-test 5.2 Construct the group multiplication table for the group D3, with 
elements shown in Fig. 5.22.

5.5 Matrix representations

Relations such as RS = T are symbolic summaries of the eCect of actions carried 
out on objects. We can enrich this symbolic representation of symmetry oper-
ations by representing the operations by entities that can be manipulated just like 
ordinary algebra. However, because symmetry operations are in general non-
commutative (that is, their outcome depends on the order in which they are 
applied), we should expect to need to use matrices rather than simple numbers, 
for matrix multiplication is also non-commutative in general. The matrix rep-
resentative of a symmetry operation is a matrix that reproduces the eCect of the 
symmetry operation (in a manner we describe below). A matrix representation is 
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a set of representatives, one for each element of the group, which multiply 
together as summarized by the group multiplication table.

To establish a matrix representative for a particular operation of a group, we 
need to choose a basis, a set of functions on which the operation takes place. To 
illustrate the procedure, we shall consider the set of s-orbitals sA, sB, sC, and sN on 
an NH3 molecule (Fig. 5.23), which belongs to the group C3v. We have chosen 
this basis partly because it is simple enough to illustrate a number of points in 
a straightforward fashion but also because it will be used in the discussion of 
the electronic structure of an ammonia molecule when we construct molecular 
orbitals in Chapter 8. The dimension of this basis, the number of members, is 4. 
We can write the basis as a four-component vector (sN,sA,sB,sC). In general, a basis 
of dimension d can be written as the row vector f, where

f = (f1,f2, . . . , fd)

Under the operation sv, the vector changes from (sN,sA,sB,sC) to sv(sN,sA,sB,sC) =
(sN,sA,sC,sB). This transformation can be represented by a matrix multiplication:

sv(sN,sA,sB,sC) = (sN,sA,sC,sB) = (sN,sA,sB,sC)

GHHHI

1
0
0
0

0
1
0
0

0
0
0
1

0
0
1
0

JKKKL
(5.3)

This portrayal of the eCect of the symmetry operation can be verified by carrying 
out the matrix multiplication. (For information on matrices, see Mathematical 
Background 4 following this chapter.) The matrix in this expression is the rep-
resentative of the operation sv for the chosen basis, and is denoted D(sv). Note that 
a four-dimensional basis gives rise to a 4 × 4-dimensional representative, and that 
in general a d-dimensional basis gives rise to a d × d-dimensional representative 
and a d-dimensional representation. Because Ef = f, the representative of the 
identity operation is always the d × d unit matrix. In terms of the explicit rules 
for matrix multiplication, the eCect of an operation R on the general basis f is to 
convert the component fi into

Rfi = ∑
j

fj Dji(R) (5.4)

where Dji(R) is a matrix element of the representative D(R) of the operation R.

sA

sB sC

sN

Fig. 5.23 One basis for 
a discussion of the representation 
of the group C3v; each sphere can 
be regarded as an s-orbital 
centred on an atom.

Example 5.3 Formulating a matrix representative

Find the matrix representative for the operation C3
+ in the group C3v for the 

s-orbital basis used above.

Method Examine Fig. 5.23 to decide how each member of the basis is transformed 
under the operation, and write this transformation in the form Rf = f ′. Then 
construct a d × d matrix D(R) which generates f ′ when fD(R) is formed and 
multiplied out.

Answer Inspection of Fig. 5.23 shows that under the operation,

C3
+(sN,sA,sB,sC) = (sN,sB,sC,sA)

This transformation can be expressed as the matrix product

C3
+(sN,sA,sB,sC) = (sN,sA,sB,sC)

GHHHI

1
0
0
0

0
0
1
0

0
0
0
1

0
1
0
0

JKKKL ››
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The representation, the complete set of representatives for this basis, are dis-
played in Table 5.3.

We now arrive at a centrally important point. Consider the eCect of the 
consecutive operations C3

+ followed by sv. From the group multiplication table 
(Table 5.2) we know that the eCect of the joint operation svC3

+ is the same as the 
eCect of the reflection sv″. That is, svC3

+ = sv″. Now consider this joint operation 
in terms of the matrix representatives.

D(sv)D(C3
+) =

GHHHI

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

JKKKL

GHHHI

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

JKKKL
=

GHHHI

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

JKKKL
 = D(sv″)

That is, the matrix representatives multiply together in exactly the same way as 
the operations of the group. This is true whichever operations are considered, 
and so the set of six 4 × 4 matrices in Table 5.3 form a matrix representation of 
the group for the selected basis in the sense that

if RS = T, then D(R)D(S) = D(T) (5.5)

for all members of the group.

Therefore, the 4 × 4 matrix above is the representative of the operation C3
+ in 

the basis.

Self-test 5.3 Find the matrix representative of the operation C3
− in the same 

basis.
[Table 5.3]

Table 5.3 The matrix representation of C3v in the basis {sN,sA,sB,sC}

D(E) D(C3
+) D(C3

−)

G
H
H
I

1
0
0
0

0
1
0
0

0
0
1
0

0
0
0
1

J
K
K
L

G
H
H
I

1
0
0
0

0
0
1
0

0
0
0
1

0
1
0
0

J
K
K
L

G
H
H
I

1
0
0
0

0
0
0
1

0
1
0
0

0
0
1
0

J
K
K
L

c(E) = 4 c(C3
+) = 1 c(C3

−) = 1

D(sv) D(s ′v) D(sv″)

G
H
H
I

1
0
0
0

0
1
0
0

0
0
0
1

0
0
1
0

J
K
K
L

G
H
H
I

1
0
0
0

0
0
1
0

0
1
0
0

0
0
0
1

J
K
K
L

G
H
H
I

1
0
0
0

0
0
0
1

0
0
1
0

0
1
0
0

J
K
K
L

c(sv) = 2 c(s′v) = 2 c(sv″) = 2

Proof 5.1 The representation of group multiplication

The formal proof that the representatives multiply in the same way as the sym-
metry operations gives a taste of the kind of manipulation that will be needed later. 
Once again we consider two elements R and S which multiply together to give the 
element T. It follows from eqn 5.4 that for the general basis f,

RSfi = R∑
j

fj  Dji(S) = ∑
j

(Rfj) Dji(S) = ∑
j,k

fk Dkj(R)Dji(S)
››
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It follows from the fact that the representatives multiply like the group elements, 
that the representatives of an operation R and its inverse R−1 are related by

D(R−1) = D(R)−1 (5.6)

where D−1 denotes the inverse of the matrix D. For instance, because RR−1 = E,
it follows that

D(R)D(R−1) = D(R)D(R)−1 = 1 = D(E)

where 1 is the unit matrix.

5.6 The properties of matrix representations

To develop the content of matrix representations, we need to introduce some of 
their properties. In each case we shall introduce the concept using the s-orbital 
basis for C3v to fix our ideas, and then generalize the concept to any basis for any 
group.

To begin, we introduce the concept of ‘similarity transformation’. Suppose that 
instead of the s-orbital basis, we select a linearly independent linear combination 
of these orbitals to serve as the basis. One such set might be (sN,s1,s2,s3), where

s1 = sA + sB + sC

s2 = 2sA − sB − sC

s3 = sB − sC

The combinations are illustrated in Fig. 5.24. We should expect the matrix rep-
resentation in this basis to be similar to that in the original basis. This similarity 
is given a formal definition by saying that two representations are similar if the 
representatives for the two bases are related by the similarity transformation

D(R) = cD′(R)c −1 (5.7a)

where c is the matrix formed by the coeAcients relating the two bases (see the 
following proof for an explicit definition). The inverse relation is obtained by 
multiplication from the left by c−1 and from the right by c:

D′(R) = c−1D(R)c (5.7b)

The sum over j of Dkj(R)Dji(S) is the definition of a matrix product, and so

RSfi = ∑
k

fk{D(R)D(S)}ki

where {D(R)D(S)}ki refers to the element in row k and column i of the matrix given 
by the product D(R)D(S). However, we also know that RS = T, so we can also 
write

RSfi = Tfi = ∑
k

fk{D(T)}ki

By comparing the two equations we see that

{D(R)D(S)}ki = {D(T)}ki

for all elements k and i. Therefore,

D(R)D(S) = D(T)

That is, the representatives do indeed multiply like the group elements, as we set 
out to prove.

A brief comment
Apart from the requirement 
that the combinations are 
linearly independent, the choice 
is arbitrary, but later we shall 
see that this set has a special 
significance.

s1

s2

s3

Fig. 5.24 The linear 
combinations of the peripheral 
atom orbitals in a C3v molecule 
introduced in Section 5.6.
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Proof 5.2 The similarity of representations

Because the new basis f ′ = (f 1′,f ′2, . . . ,f ′d) is a linear combination of the original 
basis f = (f1,f2, . . . ,fd), we can express any member as

f ′i = ∑
j

fj cji

where the cji are constant coeAcients.
This expansion can be expressed as a matrix product by writing f ′ = fc, where c

is the matrix formed of the coeAcients cji. Now suppose that in the original basis 
the representative of the element R is D(R) in the sense that

Rfi = ∑
k

fk Dki(R), or Rf = fD(R)

Likewise, the eCect of the same operation on a member of the transformed basis 
set is

Rfi′ = ∑
k

fk′ D′ki(R), or Rf ′ = f ′D′(R)

The relation between the two ‘similar’ representatives can be found by substitut-
ing f ′ = fc into the last equation, which then becomes

Rfc = fcD′(R)

If we then multiply through from the right by c−1, the reciprocal of the matrix c
(in the sense that cc−1 = c−1c = 1), then we obtain

Rf = fcD′(R)c−1

Comparison of this expression with Rf = fD(R) leads to eqn 5.7a.

A brief comment
For the particular basis 
f ′ = (sN,s1,s2,s3), the coeGcients
are specified in Example 5.4.

A brief comment
In general, if two matrices 
A and B are related by 
an expression of the form 
A = CBC−1, then the matrices 
are said to be similar and the 
expression is a similarity 
transformation. Such 
transformations are useful 
in diagonalizing matrices as 
encountered in Mathematical
background 4.

Example 5.4 Constructing a similarity transformation

The representative of the operation C3
+ in C3v for the s-orbital basis is given in 

Table 5.3. Derive an expression for the representative in the transformed basis 
(sN,s1,s2,s3) given at the start of this subsection.

Method To implement the recipe in eqn 5.7, we need to construct the matrices
c and c−1. Therefore, begin by expressing the relation between the two bases in 
matrix form (as f ′ = fc), and find the reciprocal of c by the methods described in 
Mathematical background 4. Finally, evaluate the matrix product c−1D(R)c.

Answer The relation between the two bases,

sN = sN s1 = sA + sB + sC s2 = 2sA − sB − sC s3 = sB − sC

can be expressed as the following matrix:

(sN, s1, s2, s3) = (sN, sA, sB, sC)

GHHHI

1
0
0
0

0
1
1
1

0
2

−1
−1

0
0
1

−1

JKKKL
= (sN, sA, sB, sC)c

which lets us identify the matrix c. The reciprocal of this matrix is

c−1 = 1
6

GHHHI

6
0
0
0

0
2
2
0

0
2

−1
3

0
2

−1
−3

JKKKL ››
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The same technique as that illustrated in the example may be applied to the other 
representatives, and the results are collected in Table 5.4.

5.7 The characters of representations

There is one striking feature of the two representations in Tables 5.3 and 5.4. 
Although the matrices diCer for the two bases, for a given operation the sum of 
the diagonal elements of the representative is the same in the two bases. The 
diagonal sum of matrix elements is called the character of the matrix, and is 
denoted by the symbol c(R) where c is chi:

c(R) = ∑
i

Dii(R) (5.8a)

In matrix algebra, the sum of diagonal elements is called the trace of the matrix, 
and denoted tr. So, a succinct definition of the character of the operation R is

c(R) = tr D(R) (5.8b)

We now demonstrate that the character of an operation is invariant under 
a similarity transformation of the basis. The proof makes use of the fact (which 

The representative of C3
+ in the new basis is therefore

D′(C3
+) = c−1D(C3

+)c

 = 1
6

GHHHI

6
0
0
0

0
2
2
0

0
2

−1
3

0
2

−1
−3

JKKKL

GHHHI

1
0
0
0

0
0
1
0

0
0
0
1

0
1
0
0

JKKKL

GHHHI

1
0
0
0

0
1
1
1

0
2

−1
−1

0
0
1

−1

JKKKL

 = 1
6

GHHHI

6
0
0
0

0
6
0
0

0
0

−3
9

0
0

−3
−3

JKKKL
=

GHHHI

1
0
0
0

0
1
0
0

0
0

−1
2
3
2

0
0

−1
2

−1
2

JKKKL

Self-test 5.4 Find the representative for the operation sv in the transformed 
basis.

[See Table 5.4]

Table 5.4 The matrix representation of C3v in the basis {sN,s1,s2,s3}

D(E) D(C3
+) D(C3

−)

G
H
H
I

1
0
0
0

0
1
0
0

0
0
1
0

0
0
0
1

J
K
K
L

G
H
H
H
I

1
0
0 

0

0
1
0 

0

0
0

− 12
3
2

0
0

− 12
− 12

J
K
K
K
L

G
H
H
H
I

1
0
0 

0

0
1
0 

0

0
0

− 12
− 32

0
0
1
2

− 12

J
K
K
K
L

c(E) = 4 c(C3
+) = 1 c(C3

−) = 1

D(sv) D(s ′v) D(sv″)

G
H
H
I

1
0
0
0

0
1
0
0

0
0
1
0

 0
 0
 0
−1

J
K
K
L

G
H
H
H
I

1
0
0 

0

0
1
0 

0

0
0

− 12
3
2

0
0
1
2
1
2

J
K
K
K
L

G
H
H
H
I

1
0
0 

0

0
1
0 

0

0
0

− 12
− 32

0
0

− 12
1
2

J
K
K
K
L

c(sv) = 2 c(s′v) = 2 c(sv″) = 2
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we shall use several times in the following discussion) that the trace of a product 
of matrices is invariant under cyclic permutation of the matrices:

tr ABC = tr CAB = tr BCA (5.9)

Proof 5.3 The invariance of the trace of a matrix and the character of 
a representative

First, we express the trace as a diagonal sum:

tr ABC = ∑
i

 (ABC)ii

Then we expand the matrix product by the rules of matrix multiplication:

tr ABC = ∑
ijk

Aij BjkCki

Matrix elements are simple numbers that may be multiplied in any order. If they 
are permuted cyclically in this expression, neighbouring subscripts continue to 
match, and so the matrix product may be reformulated with the matrices in 
a permuted order:

tr ABC = ∑
ijk

BjkCki Aij = ∑
j

 (BCA)jj = tr BCA

as required.
Now we apply this general result to establish the invariance of the character 

under a similarity transformation brought about by the matrix c:

c(R) = tr D(R) = tr cD′(R)c−1 = tr D′(R)c−1c = tr D′(R) = c′(R)

That is, the characters of R in the two representations, c(R) and c′(R), are equal, 
as we set out to prove.

5.8 Characters and classes

One feature of the characters shown in Tables 5.3 and 5.4 is that the characters 
of the two rotations are the same, as are the characters of the three reflections. 
These equalities suggest that the operations fall into various classes that can be 
distinguished by their characters.

The formal definition of the class of a symmetry operation is that two oper-
ations R and R′ belong to the same class if there is some symmetry operation S of 
the group such that

R′ = S−1RS (5.10)

Elements R and R′ related in this way are said to be conjugate. Conjugate mem-
bers belong to the same class. The physical interpretation of conjugacy and joint 
membership of a class is that R and R′ are the same kind of operation (such as 
a rotation) but performed with respect to symmetry elements that are related by 
a symmetry operation.

Example 5.5 Showing that two symmetry operations are conjugate

Show that the symmetry operations C3
+ and C3

− are conjugate in the group C3v.

Method We need to show that there is a symmetry transformation of the group that 
transforms C3

+ into C3
−. Intuitively, we know that the reflection of a rotation in ››
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With the concept of conjugacy established, it is now straightforward to dem-
onstrate that symmetry operations in the same class have the same character in 
a given representation.

a vertical plane reverses the sense of the rotation, so we can suspect that a reflection 
is the necessary operation. To work out the eCect of a succession of operations, we 
use the information in the group multiplication table (Table 5.2); to find the recip-
rocal of an operation, we look for the element that produces the identity E in the 
group multiplication table.

Answer We consider the joint operation sv
−1C3

+sv. According to Table 5.2, the 
inverse of sv is sv itself. Therefore, from the group multiplication table we can write

sv
−1C3

+sv = sv(C3
+sv) = svs ′v = C3

−

Hence, the two rotations belong to the same class.

Self-test 5.5 Show that sv and s ′v are members of the same class in C3v.

Proof 5.4 The invariance of character

First, we use the fact (as a result of eqn 5.10) that D(R′) and D(R) are related by 
a similarity transformation:

c(R′) = tr D(R′) = tr D−1(S)D(R)D(S)

Then we use the cyclic invariance of the trace of the product of representatives 
(eqn 5.9):

tr D−1(S)D(R)D(S) = tr D(R)D(S)D−1(S)

Finally, we recognize that the last two factors give 1, and therefore

tr D(R)D(S)D−1(S) = tr D(R) = c(R)

The overall outcome, therefore, is that the two characters are equal.

A word of warning: although it is true that all members of the same class have 
the same character in a given representation, the characters of diFerent classes 
may be the same as one another. For example, as we shall see, one matrix rep-
resentation of a group consists of 1 × 1 matrices each with the single element 1. 
Such a representation certainly reproduces the group multiplication table, but 
does so in a trivial way, and hence is called the unfaithful representation of the 
group. We shall see later that this representation, despite its name, is in fact one 
of the most important of all possible representations. The characters of all the 
operations of the group are 1 in the unfaithful representation, and although it is 
true that members of the same class have the same character (1 in each case), 
diCerent classes also share that character.

5.9 Irreducible representations

Inspection of the representation of the group C3v in Table 5.3 for the original 
s-orbital basis shows that all the matrices have a block-diagonal form:

GHHHI

1 0 0 0
0
0
0

JKKKL
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As a consequence, we see that the original four-dimensional basis may be broken 
into two, one consisting of sN alone and the other of the three-dimensional basis 
(sA,sB,sC):

 E C3
+ C3

−

 1 1 1
G
H
I
1
0
0

0
1
0

0
0
1

J
K
L

G
H
I
0
1
0

0
0
1

1
0
0

J
K
L

G
H
I
0
0
1

1
0
0

0
1
0

J
K
L

sv s′v sv″
 1 1 1
G
H
I
1
0
0

0
0
1

0
1
0

J
K
L

G
H
I
0
1
0

1
0
0

0
0
1

J
K
L

G
H
I
0
0
1

0
1
0

1
0
0

J
K
L

The first row in each case is the one-dimensional representation spanned by sN

and the 3 × 3 matrices form the three-dimensional representation spanned by the 
three-dimensional basis (sA,sB,sC).

The separation of the representation into sets of matrices of lower dimension 
is called the reduction of the representation. In this case, we write

D(4) = D(3) ⊕ D(1) (5.11)

and say that the four-dimensional representation has been reduced to a direct
sum (the significance of the ⊕ sign) of a three-dimensional and a one-dimensional 
representation. The term ‘direct sum’ is used because we are not simply adding 
together matrices in the normal way but creating a matrix of high dimension 
from matrices of lower dimension.

There are several points that should be noted about the reduction. First, we 
see that one of the representations obtained is the unfaithful representation 
mentioned earlier, in which all the representatives are 1 × 1 matrices with the 
same single element, 1, in each case. Another point is that the characters of 
the representatives of symmetry operations of the same class are the same, as we 
proved earlier. That is true of D(4), D(3), and D(1) (although the characters do have 
diCerent values for each representation).

The question that we now confront is whether D(3) is itself reducible. A glance 
at the representation in Table 5.4 shows that the similarity transformation we 
discussed earlier converts D(4) to a block-diagonal form of structure

GHHHI

1 0 0 0
0 1 0 0
0 0
0 0

JKKKL
which corresponds to the reduction

D(4) = D(1) ⊕ D(1) ⊕ D(2)

The two one-dimensional representations in this expression are the same as the 
single one-dimensional (and unfaithful) representation introduced above, so in 
eCect the new feature we have achieved is the reduction of the three-dimensional 
representation:

D(3) = D(1) ⊕ D(2)

In this case, the linear combination s1 is a basis for D(1) whereas before the single 
orbital sN was a basis for D(1). A glance at Fig. 5.24 shows the physical reason for 
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this analogy: the orbital sN has the ‘same symmetry’ as s1. However, we are now 
moving to a position where we can say what we mean by the colloquial term 
‘same symmetry’: we mean act as a basis of the same matrix representation.

The question that immediately arises is whether the two-dimensional represen-
tation can be reduced to the direct sum of two one-dimensional representations 
by another choice of similarity transformation. As we shall see shortly, group 
theory can be used to confirm that D(2) is an irreducible representation (‘irrep’) of 
the molecular point group in the sense that no similarity transformation (that is, 
linear combination of basis functions) can be found that simultaneously converts 
the representatives to block-diagonal form. The unfaithful representation D(1) is 
another example of an irreducible representation: all one-dimensional represen-
tations are necessarily irreducible.

Each irreducible representation of a group has a label called a symmetry
species. The symmetry species is ascribed on the basis of the list of characters of 
the representation. Thus, the unfaithful representation of the group C3v has the 
list of characters (1,1,1,1,1,1) and belongs to the symmetry species named A1.
The two-dimensional irreducible representation has characters (2,−1,−1,0,0,0),
and its label is E. The letters A and B are used for the symmetry species of one-
dimensional irreducible representations, E is used for two-dimensional irreducible 
representations, and T is used for three-dimensional irreducible representations. 
The irreducible representations labelled A1 and E are also labelled G(1) and G(3),
respectively (we meet G(2) shortly: the numbers on G do not refer to the dimension 
of the irreducible representation, they are just labels). We shall use the G notation 
for general expressions and the A, B, . . . labels in particular cases. If a particular 
set of functions is a basis for an irreducible representation G, then we say that the 
basis spans that irreducible representation. The complete list of characters of all 
possible irreducible representations of a group is called a character table. As we 
shall shortly show, there are only a finite number of irreducible representations 
for groups of finite order, and we shall see that these tables are of enormous 
importance and usefulness.

We are now left with three tasks:

• To determine which symmetry species of irreducible representation may 
occur in a group and establish their characters.

• To determine to what direct sum of irreducible representations an arbitrary 
matrix representation can be reduced—this is equivalent to deciding which 
irreducible representations an arbitrary basis spans.

• To construct the linear combinations of members of an arbitrary basis that 
span a particular irreducible representation.

This work requires some powerful machinery, which the next subsection 
provides.

5.10 The great and little orthogonality theorems

The quantitative development of group theory is based on the great orthogonal-
ity theorem (GOT), which states the following.1 Consider a group of order h, and 
let D(l)(R) be the representative of the operation R in a dl-dimensional irreducible 
representation of symmetry species G(l) of the group. Then

A brief comment
For any point group, the 
unfaithful representation is 
labelled with the letter A.

1 The derivation of the GOT is lengthy and depends on establishing a number of prior results 
(lemmas). See, for instance, M. Tinkham, Group theory and quantum mechanics, McGraw-
Hill, New York (1964).
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∑
R

D(l)
ij (R)*D(l′)

i′j′ (R) = h
dl

dll′ dii′ djj′ (5.12)

Note that this form of the theorem allows for the possibility that the representa-
tives have complex elements; in the applications in this chapter, however, they 
will in fact be real and complex conjugation has no eCect. Although this expres-
sion may look fearsome, it is simple to apply. In words, it states that if you select 
any location in a matrix of one irreducible representation, and any location in a 
matrix of the same or diCerent irreducible representation of the group, multiply 
together the numbers found in those two locations, and then sum the products 
over all the operations of the group, then the answer is zero unless the locations 
of the elements are the same in both sets of matrices, and indeed the same set of 
matrices (the same irreducible representations) are chosen. If the locations are 
the same, and the two irreducible representations are the same, then the result of 
the calculation is h/dl.

Example 5.6 Using the great orthogonality theorem

Illustrate the validity of the GOT by choosing two examples from Table 5.3, one 
that gives a non-zero value and one that gives a zero value according to the 
theorem.

Method For a non-zero outcome, we must choose the same location in the same 
matrix representation: a simple example would be to use the one-dimensional 
unfaithful representation A1. For the zero outcome, we can choose either diCerent
locations in a single irreducible representation or arbitrary locations in two diCer-
ent irreducible representations. Refer to Table 5.3 for the specific values of the 
matrix elements.

Answer (a) For C3v, for which h = 6, take the irreducible representation A1 (which 
has d = 1), in which the matrices are 1, 1, 1, 1, 1, 1. The sum on the left of the GOT 
with each matrix element multiplied by itself is

∑
R

D(A1)
11 (R)*D(A1)

11 (R) = 1 × 1 + 1 × 1 + 1 × 1 + 1 × 1 + 1 × 1 + 1 × 1 = 6

which is equal to 6/1 = 6, as required by the theorem. (b) Consider two diCerent
locations in the two-dimensional irreducible representation E. For example, take 
the 34 and 33 elements of the matrices in Table 5.3:

∑
R

D(E)
34 (R)*D(E)

33 (R) = D(E)
34 (E)*D(E)

33 (E) + D(E)
34 (C3

+)*D(E)
33 (C3

+) + · · ·

= 0 × 1 + 0 × 0 + 1 × 0 + 1 × 0 + 0 × 0 + 0 × 1 = 0

which is also in accord with the theorem.

Self-test 5.6 Confirm the validity of the GOT by using the irreducible representa-
tion A1 and any element of the irreducible representation E for the matrices in 
Table 5.4.

The great orthogonality theorem is too great for most of our purposes, and it 
is possible to derive from it a weaker statement in terms of the characters of 
irreducible representations. The little orthogonality theorem (LOT) states that

∑
R

c(l )(R)*c(l′)(R) = hdll′ (5.13)



144 | 5 GROUP THEORY

The LOT can be expressed slightly more simply by making use of the fact that 
all operations of the same class have the same character. Suppose that the number 
of symmetry operations in a class c is g(c), so that g(C3) = 2 and g(sv) = 3 in the 
group C3v. Then

∑
c

g(c)c(l )(c)*c(l′)(c) = hdll′ (5.14)

where the sum is now over the classes. When l′ = l, this expression becomes

∑
c

g(c) | c(l )(c) |2 = h (5.15)

which signifies that the sum of the squares of the characters of any irreducible 
representation of a group is equal to the order of the group.

The form of the LOT suggests the following analogy. Suppose we interpret the 
quantity {g(c)}1/2c(l )(c) as a component vc

(l) of a vector v(l), with each component 
distinguished by the index c; then the LOT can be written

∑
c

vc
(l )*vc

(l′) = v(l )* · v(l′) = hdll′ (5.16)

This expression shows that the LOT is equivalent to the statement that two 
vectors are orthogonal unless l′ = l. However, the number of orthogonal vectors 
in a space of dimension N cannot exceed N (think of the three orthogonal vectors 
in ordinary space). In the present case, the dimensionality of the ‘space’ occupied 
by the vectors is equal to the number of classes of the group. Therefore, the num-
ber of values of l which distinguish the diCerent orthogonal vectors cannot exceed 
the number of classes of the group. Because l labels the symmetry species of the 
irreducible representations of the group, it follows that the number of symmetry 
species cannot exceed the number of classes of the group. In fact, it follows from 
a more detailed analysis of the GOT (as distinct from the LOT) that these two 
numbers are equal. Hence, we arrive at the following restriction on the structure 
of a group:

The number of symmetry species is equal to the number of classes.

The vector interpretation can be applied to the GOT itself. To do so, we identify
D(l )

ij (R) as the Rth component of a vector v identified by the three indices l, i, and
j. The orthogonality condition is then

v(l,i,j)* · v(l′,i′,j′) = h
dl

dll′ dii′ djj′ (5.17)

Proof 5.5 The little orthogonality theorem

To deduce the little orthogonality theorem from the GOT, we set j = i and j′ = i′,
to obtain diagonal elements on the left of eqn 5.12, and then sum over all these 
diagonal elements. The left of eqn 5.12 becomes

∑
i,i ′

∑
R

D(l)
ii (R)*D(l′)

i′i′(R) = ∑
R

!
@∑i

D(l)
ii (R)*#

$
!
@∑i′

D(l′)
i′i′(R)#$ = ∑

R

c(l )(R)*c(l′)(R)

Under the same manipulations, the right-hand side of eqn 5.12 becomes

∑
i,i ′

A
C

h
dl

D
F dll′ dii′ dii ′ = h

dl

dll′ ∑
i

dii

There are dl values of the index i in a matrix of dimension dl, and so the sum on 
the right is the sum of 1 taken dl times, or dl itself. Hence, on combining the two 
parts of the derivation, we arrive at the little orthogonality theorem.
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This condition implies that any pair of vectors with diCerent labels are ortho-
gonal. The orthogonality condition is expressed in terms of a sum over all h
elements of a group, so the vectors are h-dimensional. The total number of vectors 
of a given irreducible representation is dl

2 because the labels i and j can each take 
dl values in a dl × dl matrix. The total dimensionality of the space is therefore the 
sum of dl

2 over all the symmetry species. The resulting number (∑l dl
2) cannot 

exceed the dimension h of the space the vectors inhabit, and it may be shown that 
the two numbers are in fact equal. Therefore, we have the following further 
restriction on the structure of the group:

∑
l

dl
2 = h (5.18)

Example 5.7 Constructing a character table

Use the restrictions derived above and the LOT to complete the C3v character table.

Method We have identified two of the irreducible representations of the six-
dimensional group, namely A1 and E. The restriction given above will tell us the 
number of symmetry species to look for, and we can use eqn 5.18 to determine 
their dimensions. The characters themselves can be found from the LOT by ensur-
ing that they are orthogonal to the two irreducible representations we have already 
found.

Answer The order of the group is h = 6 and there are three classes of operation; 
therefore, we expect there to be three symmetry species of irreducible representa-
tion. The dimensionality, d, of the unidentified irreducible representation must 
satisfy (eqn 5.18)

12 + 22 + d2 = 6

Hence, d = 1, and the missing irreducible representation is one-dimensional. We 
shall call it A2. At this stage we can use the LOT to construct three equations for 
the three unknown characters. With l = l′ = A2, eqn 5.15 is

{c(A2)(E)}2 + 2{c(A2)(C3)}
2 + 3{c(A2)(sv)}

2 = 6

With l = A2 and l′ = A1 we obtain (from eqn 5.14)

c(A2)(E)c(A1)(E) + 2c(A2)(C3)c(A1)(C3) + 3c(A2)(sv)c(A1)(sv) = 0

and with l = A2 and l′ = E

c(A2)(E)c(E)(E) + 2c(A2)(C3)c(E)(C3) + 3c(A2)(sv)c(E)(sv) = 0

When the known values of the characters of A1 and E are substituted, these two 
equations become

c(A2)(E) + 2c(A2)(C3) + 3c(A2)(sv) = 0

2c(A2)(E) − 2c(A2)(C3) = 0

The three equations are enough to determine the three unknown characters, and 
we find c(A2)(E) = 1, c(A2)(C3) = 1, and c(A2)(sv) = −1. The complete set of characters 
is displayed in Table 5.5.

Comment The character of the identity in a one-dimensional irreducible represen-
tation is 1, so that value could have been obtained without any calculation.

Self-test 5.7 Construct the character table for the group C2v.
[see Table 5.6]

Table 5.5 The C3v character 
table

C3v E 2C3 3sv

A1 1  1  1

A2 1  1 −1

E 2 −1  0

Table 5.6 The C2v character 
table

C2v E C2 sv s ′v

A1 1  1  1  1

A2 1  1 −1 −1

B1 1 −1  1 −1

B2 1 −1 −1  1
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The character table for any symmetry group can be constructed as we have 
illustrated, and a selection of character tables is given in Resource section 1.2

Reduced representations

A great deal depends on being able to establish what irreducible representations 
are spanned by a given basis. This problem leads us into the applications of 
group theory that we shall use throughout the text.

5.11 The reduction of representations

The question we now tackle is, given a general set of basis functions, how do we 
find the symmetry species of the irreducible representations they span? Often, as 
we shall see, we are interested more in the symmetry species and its characters 
than in the actual irreducible representation (the set of matrices). We have 
seen that a representation may be expressed as a direct sum of irreducible 
representations

D(R) = D(G (1))(R) ⊕ D(G (2))(R) ⊕ · · · (5.19)

by finding a similarity transformation that simultaneously converts the matrix 
representatives to block-diagonal form. It is notationally simpler to express this 
reduction in terms of the symmetry species of the irreducible representations that 
occur in the reduction:

G = ∑
l

alG(l ) (5.20)

where al is the number of times the irreducible representation of symmetry 
species G(l) appears in the direct sum. For example, the reduction of the s-orbital 
basis we have been considering will be written G = 2A1 + E, as we show below.

Our task is to find the coeAcients al. To do so, we make use of the fact that 
because the character of an operation is invariant under a similarity transforma-
tion, the character of the original representative is the sum of the characters of 
the irreducible representations into which it is reduced (Fig. 5.25). Therefore,

c(R) = ∑
l

alc(l )(R) (5.21)

Now we use the LOT to determine the coeAcients. To do so, we multiply both 
sides of this equation by c(l′)(R)* and sum over all the elements of the group:

∑
R

c(l′)(R)*c(R) = ∑
R

∑
l

alc(l′)(R)*c(l)(R) = h∑
l

aldll′ = hal′

That is, the coeAcients are given by the rule

al = 1
h
∑
R

c(l)(R)*c(R) (5.22)

Because the characters of members of the same class of operation are the same, 
we can express this equation in terms of the characters of the classes:

al = 1
h
∑

c

g(c)c(l )(c)*c(c) (5.23)

2 A more complete selection is available in the Online Resource Centre for this text.

D

D (1)

D (2)

D (3)

c

c(1) + c(2) + c(3)

Fig. 5.25 A diagrammatic 
representation of the reduction 
of a matrix to block-diagonal 
form. The sum of the diagonal 
elements remains unchanged 
by the reduction.
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Although the last two expressions provide a formal procedure for finding the 
reduction coeAcients, in many cases it is possible to find them by inspection. For 
example, in the s-orbital basis for C3v, the characters are (4,1,2) for the classes 
(E,2C3,3sv). By inspection of the character table (Table 5.5), it is immediately 
clear that the reduction is 2A1 + E. However, in more complicated cases, the for-
mal procedure is almost essential.

C2, S4 C3sd

a
b

c

d

Fig. 5.26 The symmetry 
elements of the group Td

used in Example 5.8.

Example 5.8 Determining the reduction of a representation

What symmetry species do the four H1s-orbitals of methane span?

Method Methane belongs to the point group Td; the character table can be found 
in Resource section 1. The character of each operation in the four-dimensional 
basis (Ha,Hb,Hc,Hd) can be determined by noting the number (N) of members left 
in their original location after the application of each operation: a 1 occurs in the 
diagonal of the representative in each case, and so the character is the sum of 1 
taken N times. (If the member of the basis moves, a zero appears along the 
diagonal which makes no contribution to the character.) Only one operation from 
each class need be considered because the characters are the same for all members 
of a class. With the characters c(c) established, apply eqn 5.23 to determine the 
reduction.

Answer Refer to Fig. 5.26. The numbers of unchanged basis members under the 
operations E, C3, C2, S4, sd are 4, 1, 0, 0, 2, respectively. The order of the group is 
h = 24. It follows from eqn 5.23 that

a(A1) = 1
24{(4 × 1) + 8(1 × 1) + 3(0 × 1) + 6(0 × 1) + 6(2 × 1)} = 1

a(A2) = 1
24{(4 × 1) + 8(1 × 1) + 3(0 × 1) − 6(0 × 1) − 6(2 × 1)} = 0

a(E) = 1
24{(4 × 2) − 8(1 × 1) + 3(0 × 2) + 6(0 × 0) + 6(2 × 0)} = 0

a(T1) = 1
24{(4 × 3) + 8(1 × 0) − 3(0 × 1) + 6(0 × 1) − 6(2 × 1)} = 0

a(T2) = 1
24{(4 × 3) + 8(1 × 0) − 3(0 × 1) − 6(0 × 1) + 6(2 × 1)} = 1

Hence, the four orbitals span A1 + T2.

Comment In some cases, an operation changes the sign of a member of the basis 
without moving its location (an example is the O2px-orbital in H2O under the 
operation C2). This sign reversal results in −1 appearing on the diagonal. In other 
cases, such as for the basis (px,py) on the central atom in a molecule belonging to 
the group C3v, a fractional value appears on the diagonal: see Section 5.13.

Self-test 5.8 What symmetry species do the five Cl3s-orbitals of PCl5, a trigonal 
bipyramidal molecule in the gas phase, span?

5.12 Symmetry-adapted bases

We now establish how to find the linear combinations of the members of a basis 
that span an irreducible representation of a given symmetry species. This proce-
dure is called finding a symmetry-adapted basis and the resulting basis functions 
are called symmetry-adapted linear combinations (SALCs). The next couple of 
pages will bristle with subscripts; if you do not wish to pick your way through 
the thicket, you will be able to use the final result (eqn 5. 31).
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(a) Projection operators

We need to formulate a projection operator:

P(l )
ij = dl

h
∑
R

D(l )
ij (R)*R (5.24)

This operator can be thought of as a mixture of the operations of the group, with 
a weight given by the value of the matrix elements of the representation. We 
prove below that the eCect of the projection operator is as follows:

P(l )
ij f (l′)

j′ = f (l)
i dll′ djj′ (5.25)

Proof 5.6 The eCect of a projection operator

Consider the set of functions f (l ′) = (f 1
(l′),f 2

(l′), . . . ,f d
(l′)) that form a basis for a dl′-

dimensional irreducible representation D(l′) of symmetry species G(l′) of a group of 
order h. We can express the eCect of any operation of the group as

Rf (l′)
j′ = ∑

i′
f (l′)

i′ D(l′)
i′j′ (R)

The GOT may now be invoked. First we multiply by the complex conjugate of 
an element D(l)

ij (R) of a representative of the same operation, and then sum over the 
elements, using the GOT to simplify the outcome:

∑
R

D(l )
ij (R)*Rf (l ′)

j′ = ∑
R

∑
i′

D(l )
ij (R)*f (l′)

i′ D(l′)
i′j′ (R)

= ∑
i′

f (l′)
i′

!
@∑R

D(l )
ij (R)*D(l′)

i′j′ (R)#$

= ∑
i′

f (l′)
i′

AC
h
dl′

DF dll′ dii′ djj′

= AC
h
dl′

DF dll′ djj′f
(l′)
i

= AC
h
dl

DF dll′ djj′f
(l)
i

which is equivalent to eqns 5.24 and 5.25.

The reason why P is called a projection operator can now be made clear. In the 
first case, suppose that either l ≠ l′ or j ≠ j′; then when P(l)

ij  acts on some member 
f (l′)

j′ , it gives zero. That is, when P(l )
ij  acts on a function that is not a member of the 

basis set that spans G(l ), or—if it is a member—is not at the location j in the set, 
then it gives zero. On the other hand, if the member is at the location j of the set 
that does span G(l), then it converts the function standing at the location j into the 
function standing at the location i. That is, P projects a member from one loca-
tion to another location (Fig. 5.27). The importance of this result is that if we 
know only one member of a basis of a representation, then we can project all the 
other members out of it.

In the special case of l′ = l and i = j, the eCect of the projection operator on 
some member of the basis is

P(l )
ii f (l)

j′ = f (l)
i dij′ (5.26)

That is, P then either generates 0 (if i ≠ j′) or regenerates the original function 
(if i = j′). The significance of this special case will be apparent soon.

A B C D E F

Basis set

Symmetry-adapted basis l

Symmetry-adapted basis l

i

i j

P ii
(l)

Pii
(l) Pji

(l)Pii’
(l’)0

Fig. 5.27 A schematic diagram 
to illustrate the eCect of the 
various projection operators.
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(b) The generation of symmetry-adapted bases

Now suppose that we are given a linearly independent but otherwise arbitrary set 
of functions f = (f1,f2, . . . ). An example might be the s-orbital basis we consid-
ered earlier. What is the eCect of the projection operator P(l)

ii  on any one member? 
Just as any member of the symmetry-adapted basis f ′ can be expressed as the 
appropriate linear combination of the members of the arbitrary basis f, we can 
express any fj as a linear combination of all the f (l′)

j′ :

fj = ∑
l′,j′

f (l′)
j′ (5.27)

(The expansion coeAcients have been absorbed into the f (l′)
j′ .) If we now operate 

on eqn 5.27 with the projection operator P(l )
ii , we obtain

P(l )
ii fj = ∑

l′,j′
P(l )

ii f (l′)
j′ = ∑

l′,j′
dll′ dij′f

(l′)
j′ = f (l )

i (5.28)

That is, when P(l )
ii  operates on any member of the arbitrary initial basis, it gener-

ates the ith member of the basis for the irreducible representation of symmetry 
species G(l ). With that member obtained, we can act on it with P(l )

ji  to construct the 
jth member of the set. This solves the problem of finding a symmetry-adapted 
basis. A point to note, however, is that the function generated by this process 
does not always preserve normalization.

The problem with the method we have described is that to set up the projection 
operators we need to know the elements of all the representatives of the irreduc-
ible representation. It is normally the case that only the characters (the sums of 
the diagonal elements) are available. However, even that limited information can 
be useful. Consider the projection operator p(l) formed by summing P(l ) over its 
diagonal elements:

p(l ) = ∑
i

P(l )
ii = dl

h
∑
i,R

D(l )
ii (R)*R (5.29)

The sum over the diagonal elements of a representative is the character of the 
corresponding operation, so

p(l ) = dl

h
∑
R

c(l )(R)*R (5.30)

This operator can therefore be constructed from the character tables alone. Its 
eCect is to generate a sum of the members of a basis spanning an irreducible 
representation (Fig. 5.28):

p(l )fj = ∑
i

P(l )
ii fj = ∑

i

f (l )
i (5.31)

The fact that a sum is generated is of no consequence for one-dimensional irre-
ducible representations because in such cases there is only one member of the 
basis set. However, for two- and higher-dimensional irreducible representations 
the projection operator gives a sum of two or more members of the basis. 
Nevertheless, because we are generally concerned only with low-dimensional 
irreducible representations, this is rarely a severe complication, and the follow-
ing example shows how any ambiguity can be resolved.

A brief comment
If a basis set gg ′′ = (g′1,g′2, . . . ) 
is a linear combination of 
another basis set gg = (g1,g2, . . . ) 
in the form gg ′′ = gcgc (as in 
Proof 5.2), then gg can be 
expressed as a linear 
combination of gg′ via gg = gg ′′cc−1.

A B D E F

Basis set

Symmetry-adapted basis l

+ + + + +

p(l)

C

Fig. 5.28 The projection 
operator p generates a sum of 
the symmetry-adapted basis 
functions when it is applied to 
any member of the original basis.

Example 5.9 Using projection operators

Construct the symmetry-adapted bases for the group C3v using the s-orbital 
basis. ››
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Method We have already established that the s-orbital basis spans 2A1 + E, so we 
can use eqn 5.31 to construct the appropriate symmetry-adapted bases by projec-
tion. We shall take all the characters to be real. The simplest way to use eqn 5.31 
is to follow this recipe:

1 Draw up a table headed by the basis and show in the columns the eCect of 
the operations. (A given column is headed by fj and an entry in the table 
shows Rfj.)

2 Multiply each member of the column by the character of the corresponding 
operation. (This step produces c(R)Rfj at each location; the characters in 
Table 5.5 are real.)

3 Add the entries within each column. (This produces ∑Rc(R)Rfj for a 
given fj.)

4 Multiply by dimension/order. (This produces pfj.)

For the group C3v, h = 6.

Answer The table to construct is as follows:

Original set: sN sA sB sC

Under E sN sA sB sC

C3
+ sN sB sC sA

C3
− sN sC sA sB

sv sN sA sC sB

s ′v sN sB sA sC

s v″ sN sC sB sA

For the irreducible representation of symmetry species A1, d = 1 and all c(R) = 1. 
Hence, the first column gives

1
6(sN + sN + sN + sN + sN + sN) = sN

The second column gives

1
6(sA + sB + sC + sA + sB + sC) = 1

3(sA + sB + sC)

The remaining two columns give the same outcome. For E, d = 2 and for the six 
operations c = (2,−1,−1,0,0,0) for the six operations. The first column gives

2
6(2sN − sN − sN + 0 + 0 + 0) = 0

The second column gives

2
6(2sA − sB − sC + 0 + 0 + 0) = 1

3(2sA − sB − sC)

The remaining columns produce 1
3(2sB − sC − sA) and 1

3(2sC − sA − sB). These three 
linear combinations are not linearly independent (the sum of them is zero), so we 
can form a linear combination of the second two combinations that is orthogonal 
to the first. The combination

s3 = 1
3(2sB − sC − sA) − 1

3(2sC − sA − sB) = sB − sC

is orthogonal to s2 = 1
3(2sA − sB − sC) Note that the two linear combinations s2 and 

s3 have a diCerent character under sv (+1 and −1, respectively).

Self-test 5.9 Find the symmetry-adapted linear combinations of the p-orbitals 
in NO2.
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The symmetry properties of functions

We now turn to a consideration of the transformation properties of functions in 
general. To set the scene, we shall investigate how the three p-orbitals of the 
nitrogen atom in NH3 transform under the operations of the group C3v. The basis 
set for the representation we shall develop is (px,py,pz). Intuitively, we can expect 
the representation to reduce to an irreducible representation spanned by pz

because pz → pz under all operations of the group (but is it of symmetry species 
A1 or A2?) and a two-dimensional irreducible representation spanned by (px,py)
of symmetry species E, because these orbitals are mixed by the symmetry oper-
ations. But suppose the basis was extended to include d-orbitals on the central 
atom—what irreducible representations would then be spanned? To answer 
questions like that, we need a systematic procedure that can be applied even 
when—especially when—the conclusions are not obvious. The systematic 
approach is set out below. The procedures are essentially the same as we have 
already described, but they are more generally applicable than the calculations 
done above.

5.13 The transformation of p-orbitals

Consider the basis (px,py,pz) for C3v. We know from Section 3.15 that the orbitals 
have the form

px = xf(r) py = yf(r) pz = zf(r)

where r is the distance from the nucleus. All operations of a point group leave r
unchanged, and so the orbitals transform in the same way as the basis (x,y,z).
Some of the transformations of this basis are illustrated in Fig. 5.29.

The eCect of sv on the basis is

sv(x,y,z) = (−x,y,z) = (x,y,z)
G
H
I
−1

0
0

0
1
0

0
0
1

J
K
L

This relation identifies D(sv) in this basis. Under the rotation C3
+ we have

C3
+(x,y,z) = (− 1

2 x + 1
2 3y,− 1

2 3x − 1
2 y,z) = (x,y,z)

G
H
H
I

− 1
2

1
2 3

0

− 1
2 3

− 1
2

0

0

0

1

J
K
K
L

and we can identify D(C3
+) for the basis. The complete representation can be 

established in this way, and is set out in Table 5.7, together with the characters.
The characters of the operations E, 2C3, and sv in the basis (x,y,z) are 3, 0, and 

1, respectively. This corresponds to the reduction A1 + E. The function z is a basis 
for A1, and the pair (x,y) span E. We therefore now also know that the three 
p-orbitals also span A1 + E, and that pz is a basis for A1 and (px,py) is a basis 
for E.

The identities of the symmetry species of the irreducible representations 
spanned by x, y, and z are so important that they are normally given explicitly 
in the character tables (see Resource section 1). Exactly the same procedure may 
be applied to the quadratic forms x2, xy, etc. that arise when the d-orbitals are 
expressed in Cartesian coordinates (Section 3.15):

dxy = xyf(r) dyz = yzf(r) dzx = zxf(r)

dx2−y2 = (x2 − y2)f(r) dz2 = (3z2 − r2)f(r)

x

y

x

y

x

y

x

y

x

y

y

–x

–½x + ½√3y

–½y – ½√3x

–½x – ½√3y –½y + ½√3x

Fig. 5.29 The eCect of certain 
symmetry operations of the 
group C3v on the functions x
and y.
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and the symmetry species these functions span are also normally reported: in C3v

the five functions span A1 + 2E.

5.14 The decomposition of direct-product bases

The question that now arises is stimulated by noticing that the quadratic forms 
that govern the symmetry properties of the d-orbitals are expressed as products 
of the linear terms that govern the symmetry properties of p-orbitals. We can 
now explore whether it is possible to find the symmetry species of quadratic 
forms such as xy, for instance, directly from the properties of x and y without 
having to go through the business of setting up the symmetry transformations 
and their representatives all over again. In more general terms, if we know what 
symmetry species are spanned by a basis (f1,f2, . . . ), can we state the symmetry 
species spanned by their products, such as (f 1

2,f1f2, . . . )? We shall now show that 
this information is carried by the character tables.

First, we show that if f i
(l) is a member of a basis for an irreducible representa-

tion of symmetry species G(l) of dimension dl, and f i
(l′) is a member of a basis for 

an irreducible representation of symmetry species G(l′) of dimension dl′, then the 
products also form a basis for a representation, which is called a direct-product
representation. Its dimension is dldl′.

Table 5.7 The matrix representation of C3v in the basis (x,y,z)

 D(E) D(C3
+) D(C3

−)

G
H
I
1 0 0
0 1 0
0 0 1

J
K
L

G
H
H
I

−1
2

1
2 3

0

−1
2 3

−1
2

0

0

0

1

J
K
K
L

G
H
H
I

−1
2

−1
2 3

0

1
2 3

−1
2

0

0

0

1

J
K
K
L

 c(E) = 3 c(C3
+) = 0 c(C3

−) = 0

 D(sv) D(s ′v) D(sv″)

G
H
I

−1 0 0
 0 1 0
 0 0 1

J
K
L

G
H
H
I

1
2

−1
2 3

0

−1
2 3

−1
2

0

0

0

1

J
K
K
L

G
H
H
I

1
2

1
2 3

0

1
2 3

−1
2

0

0

0

1

J
K
K
L

 c(sv) = 1 c(s ′v) = 1 c(sv″) = 1

Proof 5.7 The direct-product representation

Under an operation R of a group the two basis functions transform as follows:

Rf i
(l ) = ∑

j

f j
(l )Dji

(l′)(R) Rf i′
(l′) = ∑

j′
f j′

(l′)D(l′)
j′i′ (R)

It follows that their product transforms as

(Rf i
(l))(Rf i′

(l′)) = ∑
j,j′

f j
(l )f j′

(l′)Dji
(l)(R)D(l′)

j′i′ (R)

which is a linear combination of the products f j
(l )f j′

(l′).

To discover whether the direct-product representation is reducible, we need to 
work out its characters. The matrix representative of the operation R in the 
direct-product basis is D(l)

ji (R)D(l′)
j′i′ (R), where the pair of indices jj′ now label the 

row of the matrix and the indices ii′ label the column. The diagonal elements 
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are the elements with j = i and j′ = i′. It follows that the character of the operation 
R is

c(R) = ∑
i,i′

D(l)
ii (R)D(l′)

i′i′(R) = !
@∑

i

D(l)
ii (R)#$

!
@∑

i′
D(l′)

i′i′(R)#$ (5.32)

 = c(l)(R)c(l′)(R)

This is a very simple and useful result: it states that the characters of the opera-
tions in the direct-product basis are the products of the corresponding characters 
for the original bases. With the characters of the representation established, we 
can then use the standard techniques described above to decide on the reduction 
of the representation. This procedure is illustrated in the following example.

Example 5.10 Reducing a direct-product representation

Determine the symmetry species of the irreducible representations spanned by 
(a) the quadratic forms x2, y2, z2 and (b) the basis (xz,yz) in the group C3v.

Method For both parts of the problem we use the result set out in eqn 5.32 to 
establish the characters of the direct-product representation, and then reconstruct 
that set of characters as a linear combination of the characters of the irreducible 
representations of the group. If the decomposition of the characters is not obvious, 
use the procedure set out in Example 5.8.

Answer (a) The basis (x,y,z) spans a (reducible) representation with characters 3, 
0, 1 (in the usual order E, 2C3, 3sv). The direct-product basis composed of x2, y2,
z2 therefore spans a representation with characters 9, 0, 1. This set of characters 
corresponds to 2A1 + A2 + 3E. (b) The basis (xz,yz) is the direct product of the 
bases z and (x,y) which span A1 and E, respectively. The direct-product basis 
therefore has characters (in the usual order)

(1 1 1) × (2 −1 0) = (2 −1 0)

which we recognize as the characters of E itself. Therefore, (xz,yz) is a basis for E, 
as indicated in Resource section 1.

Comment The fact that the direct product of bases that span A1 and E spans E is 
normally written A1 × E = E.

Self-test 5.10 What irreducible representations are spanned by the direct product 
of (x,y) with itself in the group C3v?

[A1 + A2 + E]

In the example we have shown that A1 × E = E, which is a formal way of 
expressing the fact that the direct-product basis (xz,yz) spans E. In the same way, 
the direct product of (x,y) with itself, which consists of the basis (x2,xy,yx,y2),
spans E × E = A1 + A2 + E. (The significance of the appearance of both xy and yx
is discussed below.) Tables of decompositions of direct products like these are 
called direct-product tables. They can be worked out once and for all, and some 
are listed in Resource section 1. We shall see that they are often as important as 
the character tables themselves! A particularly important point to note from the 
tables is that the product G(l ) × G(l′) contains the totally symmetric irreducible rep-
resentation (A1 in many groups) only if l′ = l.

Finally, we need to account for the presence of both xy and yx in the direct-
product basis. We need to note that the symmetrized direct product

f (+)
ij = 1

2 {f i
(l) f j

(l) + f j
(l)f i

(l)} (5.33a)
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and the antisymmetrized direct product

f (−)
ij = 1

2 {f i
(l )f j

(l ) − f j
(l )f i

(l )} (5.33b)

of a basis taken with itself also form bases for the group. Clearly, the latter 
(eqn 5.33b) vanishes identically in this case because xy − yx = 0. We need to 
establish which irreducible representations are spanned by the antisymmetrized 
direct product and discard them from the decomposition. The characters of the 
products (eqns 5.33a and 5.33b) are given by the following expressions:3

c+(R) = 1
2 {c(l )(R)2 + c(l)(R2)} c−(R) = 1

2 {c(l )(R)2 − c(l )(R2)} (5.34)

In the direct-product tables the symmetry species of the antisymmetrized product 
is denoted [G]. The fact that it is reported at all signifies that it has some use: 
we shall see what it is in Section 7.19. In the present case E × E = A1 + [A2] + E, 
and so we now know that (x2,xy,y2) spans A1 + E. One of the most important 
applications of this type of procedure is in the determination of selection rules 
(see below, Section 5.16).

5.15 Direct-product groups

We can now consider another example of using group theory to build up infor-
mation from existing results. Here we shall show how to build up the properties 
of larger groups by cementing together the character tables for smaller groups.

Suppose there exists a group G of order h with elements R1, R2, . . . , Rh and 
another group G′ of order h′ with elements R′1, R′2, . . . , R′h′. Let the groups satisfy 
the following two conditions:

1 The only element in common is the identity.

2 The elements of group G commute with the elements of group G′.

Because commutation holds, RR′ = R′R. Examples of two such groups are Cs and 
C3v. Then the products RR′ of each element of G with each element of G′ form 
a group called the direct-product group:

G″ = G ⊗ G′ (5.35)

That G″ is in fact a group can be verified by checking that the group property is 
obeyed for all pairs of elements. Then, because Ri Rj = Rk (because G is a group) 
and R′r R′s = R′t (for a similar reason), in G″ with elements Ri R′r:

(Ri R′r)(Rj R′s) = Ri R′r Rj R′s = Ri Rj R′r  R′s = RkR′t
and the element so generated is a member of G″. The order of the direct-product 
group is hh′ (so the order of Cs ⊗ C3v is 2 × 6 = 12).

The direct-product group can be identified by constructing its elements (Cs ⊗
C3v will turn out to be D3h), and the character table can be constructed from the 
character tables of the component groups. To do so, we proceed as follows. Let 
(f1,f2, . . . ) be a basis for an irreducible representation of G and (f ′1,f ′2, . . . ) be 
a basis for an irreducible representation of G′. It follows that we can write

Rfi = ∑
j

fjDji(R) R′f ′r = ∑
s

f ′sDsr(R′) (5.36)

Then the eCect of RR′ on the direct-product basis is

RR′fif ′r = (Rfi)(R′f ′r) = ∑
j,s

fjf ′sDji(R)Dsr(R′)

3 For a derivation, see M. Hamermesh, Group theory and its applications to physical prob-
lems, Addison-Wesley, Reading, Mass. (1962).
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The character of the operation RR′ is the sum of the diagonal elements:

c(RR′) = ∑
ir

Dii(R)Drr(R′) = c(R)c(R′) (5.37)

Therefore, the character table of the direct-product group can be written down 
simply by multiplying together the appropriate characters of the two contribut-
ing groups.

C2

sh

sv

Fig. 5.31 A combination of the 
operations sh and sv is equivalent 
to the operation C2.

C3
+

S3
+

sh

Fig. 5.30 A combination of 
the operations sh and C3

+ is 
equivalent to the operation S3

+.

Example 5.11 Constructing the character table of a direct-product group

Construct the direct-product group Cs ⊗ C3v, identify it, and build its character 
table from the constituent groups.

Method To construct the direct-product group, we form elements by combining 
each element of one group with each element of the other group in turn. It is often 
suAcient to deal with the products of classes of operation rather than each indi-
vidual operation. The resulting group is recognized by noting its composition and 
referring to Fig. 5.17. The characters are constructed by multiplying together the 
characters contributing to each operation.

Answer The groups Cs and C3v have, respectively, two and three classes, so the 
direct-product group has 2 × 3 = 6 classes. It follows that it also has six symmetry 
species of irreducible representations. The classes of Cs are (E,sh) and those of C3v

are (E,2C3,3sv). When each class of C3v is multiplied by the identity operation of 
Cs, the same three classes, (E,2C3,3sv), are reproduced. Each of these classes is also 
multiplied by sh. The operation Esh is the same as sh itself. The operations C3

+sh

and C3
−sh are the improper rotations S3

+ and S3
−, respectively (see Fig. 5.30). The 

operations svsh are the same as two-fold rotations about the bisectors of the angles 
of the triangular object (Fig. 5.31) and are denoted C2. The direct-product group 
is therefore formed as follows:

C3v

Cs

C3v ⊗ Cs

According to the system of nomenclature described in Section 5.2, this set of 
operations corresponds to the group D3h. At this point, we use the rule about 
characters to construct the character table. The two-component group character 
tables are shown in Resource section 1. Upon taking all the appropriate products 
we obtain the following table:

E = EE sh = Esh  2C3 = E(2C3) 2S3 = ssh(2C3) 3sv = E(3sv) 3C2 = ssh(3sv)

A′1(= A1A′) 1  1  1  1  1  1

A1″(= A2A″) 1 −1  1 −1 −1  1

A′2(= A2A′) 1  1  1  1 −1 −1

A2″(= A1A″) 1 −1  1 −1  1 −1

E′(= EA′) 2  2 −1 −1  0  0

E″(= EA″) 2 −2 −1  1  0  0

This is the table for this group given in Resource section 1.

E
↓ ↓

E sh

↓↓
E sh

2C3
↓ ↓

E sh

↓↓
2C3 2S3

3sv
↓ ↓

E sh

↓↓
3sv 3C2

››
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5.16 Vanishing integrals

One of the more important applications of group theory is to the problem of 
deciding when integrals are necessarily zero on account of the symmetry of the 
system (we saw a hint of this application in the brief illustration at the start of 
this chapter). The procedure can be illustrated quite simply by considering two 
functions f(x) and g(x), and the integral over a symmetrical range around x = 0.

Let f(x) be a function that is antisymmetric with respect to the interchange of 
x and −x, so f(−x) = −f(x). The integral of this function over a range from x = −a
to x = +a is zero (Fig. 5.32). On the other hand, if g(x) is a symmetrical function in 
the sense that g(−x) = g(x), then its integral over the same range is not necessarily 
zero. Note that the integral of g may, by accident, be zero, whereas the integral 
of f is necessarily zero. Now consider another way of looking at the two func-
tions. The range (−a, a) is considered an ‘object’ with two symmetry elements: the 
identity and a mirror plane perpendicular to the x-axis (Fig. 5.33). Such an object 
belongs to the point group Cs. The function f spans the irreducible representation 
of symmetry species A″ because Ef = f and shf = −f. On the other hand, g spans A′
because Eg = g and shg = g. That is, if the integrand is not a basis for the totally 
symmetric irreducible representation of the group, then the integral is necessarily 
zero. If the integrand is a basis for the totally symmetric irreducible representa-
tion, then the integral is not necessarily zero (but may accidentally be zero).

This simple example also introduces a further point that generalizes to all 
groups. The integrals of f 2 and g2 are not zero, but the integral of fg is necessarily 
zero. This feature is consistent with the discussion above, because f 2 is a basis for 
A″ × A″ = A′, which is the totally symmetric irreducible representation; likewise 
g2 is a basis for A′ × A′ = A′, which is also the totally symmetric irreducible rep-
resentation. However fg is a basis for A″ × A′ = A″, which is not totally symmetric, 
so the integral necessarily vanishes. Another way of looking at this result is to 
note that f spans one species of irreducible representation, g spans another. Then, 
basis functions that span irreducible representations of diFerent symmetry 
species are orthogonal.

More formally: if f i
(l ) is the ith member of a basis that spans the irreducible 

representation of symmetry species G(l) of a group, and f j
(l′) is the jth member of 

a basis that spans the irreducible representation of symmetry species G(l′) of the 
same group, then for a symmetric range of integration:

� f i
(l)*f j

(l′)dt ∝ dll′ dij (5.38)

The proof of this result is based on the GOT. Note that the integral may be zero 
even when l′ = l and i = j, because eqn 5.38 is silent concerning the value of the 
proportionality constant.

We have now arrived at one of the most important results of group theory. The 
conclusion can be summarized as follows:

An integral 2f (l )*f (l′) dt over a symmetric range is necessarily zero unless the 
integrand is a basis for the totally symmetric irreducible representation of the 
group which will be the case only if G(l ) = G(l′).

f(x)

g(x)

g(x)

x

x

a

a

–a

–a

0

0

0
x

a–a 0

(a)

(b)

(c)

Fig. 5.32 (a) An antisymmetric 
function with necessarily zero 
integral over a symmetric range 
about the origin. (b) A symmetric 
function with non-zero integral 
over a symmetric range. (c) The 
integral of this symmetric 
function, however, is zero.

Comment The procedure described here is an important and easy way of con-
structing the character tables for more complex groups, such as D6h = D6 ⊗ Ci and 
Oh = O ⊗ Ci.

Self-test 5.11 Construct the character table for the group D6h = D6 ⊗ Ci.

a

–a

s

x

Fig. 5.33 The symmetry element 
of a symmetric integration range.



An integral of the form

I = � f (l )*f (l′)f (l″) dt (5.39)

over all space is also necessarily zero unless the integrand is a basis for the totally 
symmetric irreducible representation (such as A1). To determine whether that is 
so, we first form G (l) × G (l′) and expand it in the normal way. Then we take each G(k)

in the expansion and form the direct product G(k) × G(l″). If A1 (or the equivalent 
totally symmetric irreducible representation) occurs nowhere in the resulting 
expression, then the integral I is necessarily zero. In other words, the integral 
I necessarily vanishes if the symmetry species G(l″) does not match one of the 
symmetry species in the direct product G(l) × G(l′). This conclusion is of the greatest 
importance in quantum mechanics because we often encounter integrals of the 
form

〈a | W |b〉 = �y*aWyb dt

Therefore, we can use group theory to decide when matrix elements are neces-
sarily zero. This often results in an immense simplification of the construction of 
molecular orbitals, the interpretation of spectra, and the calculation of molecular 
properties.

Example 5.12 Identifying non-zero integrals

Determine which orbitals of nitrogen in ammonia may have non-vanishing over-
lap with the symmetry-adapted linear combinations s1, s2, and s3 of hydrogen 
1s-orbitals specified in Example 5.4.

Method The overlap integral has the form 2yi*yjdt; hence it is non-vanishing only 
if Gi × Gj includes A1. Begin by identifying the symmetry species of the N2s- and 
N2p-orbitals by using the character table in Resource section 1 and noting that 
px transforms as x, etc., and decide which can have non-vanishing overlap with the 
symmetry-adapted linear combinations of the H1s-orbitals. Use the direct-product 
tables in Resource section 1. Recall from Section 5.9 that s1 spans the irreducible 
representation A1 and (s2, s3) spans E.

Answer In C3v, the N2p-orbitals span A1(pz) and E(px,py). Because A1 × A1 = A1 and 
E × E = A1 + A2 + E, the N2pz orbital can have non-zero overlap with the combin-
ation s1, and the px and py orbitals can have non-zero overlap with s2 and s3. The 
N2s-orbital also spans A1, and so may also overlap with s1.

Comment Note that whether the s1 symmetry-adapted linear combination has non-
zero overlap with N2pz depends on the bond angle: when the molecule is flat, 
s1 lies in the nodal plane of N2pz and the overlap is zero.

Self-test 5.12 Show using group theory that the overlap of s1 and N2pz is neces-
sarily zero when the molecule is planar.

Example 5.13 Identifying vanishing matrix elements

Do the integrals (a) 〈dxy | z |dx2−y2〉 and (b) 〈dxy | lz |dx2−y2〉 vanish in a C4v molecule?

Method We need to assess whether G(l) × G(l′) × G(l″) contains A1. To do so, we use the 
character tables in Resource section 1 to identify the symmetry species of each ››
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5.17 Symmetry and degeneracy

We have already mentioned (in Section 2.13) that the presence of degeneracy is 
a consequence of the symmetry of a system. We are now in a position to discuss 
this relation. To do so, we note that the hamiltonian of a system must be invari-
ant under every operation of the relevant point group:

(RH) = H (5.40)

A qualitative interpretation of eqn 5.40 is that the hamiltonian is the operator for 
the energy, and energy does not change under a symmetry operation. An example 
is the hamiltonian for the harmonic oscillator: the kinetic energy operator is 
proportional to d2/dx2 and the potential energy operator is proportional to x2.
Both terms are invariant under the replacement of x by −x, and so the hamil-
tonian spans the totally symmetric irreducible representation of the point group Cs.
Because H is invariant under a similarity transformation of the group (that is, 
any symmetry operation leaves it unchanged), we can write

RHR−1 = H

Multiplication from the right by R gives RH = HR, so we can conclude that 
symmetry operations must commute with the hamiltonian.

We now demonstrate that functions that can be generated from one another by 
any symmetry operation of the system have the same energy. That is:

Eigenfunctions that are related by symmetry transformations of the system 
are degenerate.

We have already seen an example of this result in the discussion of the geometric-
ally square two-dimensional square-well eigenfunctions in Section 2.13.

function in the integral. Angular momenta transform as rotations (Section 5.18) 
so lz transforms as the rotation Rz, which is listed in the tables. Use Resource
section 1 for the direct-product decomposition.

Answer In C4v, dxy and dx2−y2 span B2 and B1, respectively, whereas z spans A1 and lz

spans A2. (a) The integrand spans

B2 × A1 × B1 = B2 × B1 = A2

and hence the matrix element must vanish. (b) The integrand spans

B2 × A2 × B1 = B2 × B2 = A1

and hence the integral is not necessarily zero.

Comment Matrix elements of this kind are particularly important for discussing 
electronic spectra: we shall see that they occur in the formulation of selection 
rules.

Self-test 5.13 Does the integral 〈dxy | lz |dxz〉 vanish in a C3v molecule?

Proof 5.8 Degeneracy and symmetry

Consider an eigenfunction yi of H with eigenvalue E. That is, Hyi = Eyi. We can 
multiply this equation from the left by R, giving RHyi = ERyi, and insert R−1R for 
the identity, to obtain

RHR−1Ryi = ERyi ››
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We can go on to formulate a rule for the maximum degree of degeneracy that 
can occur in a system of given symmetry. Consider a member yj of a basis for an 
irreducible representation of dimension d of the point group for the system, and 
suppose it has an energy E. We have already seen that all the other members of 
the basis can be generated by acting on this function with the projection operator 
Pij defined in eqn 5.24. However, because Pij is a linear combination of the sym-
metry operations of the group, it commutes with the hamiltonian. Therefore,

PijHyj = HPijyj = Hyi and PijHyj = PijEyj = Eyi

and hence Hyi = Eyi, and yi has the same eigenvalue as yj. But we can generate all 
d members of the d-dimensional basis by choosing the index i appropriately, and 
so all d basis functions have the same energy. We can conclude that:

The degree of degeneracy of a set of functions is equal to the dimension of the 
irreducible representation they span. 

This dimension is always given by c(E), the character of the identity.
In the harmonic oscillator, with point group Cs, the only irreducible represen-

tations are one-dimensional, and therefore all the eigenfunctions are non-
degenerate. For a geometrically square two-dimensional square-well potential, 
with point group C4v, two-dimensional irreducible representations are allowed, 
and so some levels can be doubly degenerate. Triply degenerate levels occur 
in systems with cubic point-group symmetry, and five-fold degeneracy is 
encountered in icosahedral systems. The full rotation group, R3, has irreducible 
representations of arbitrarily high dimension, so degeneracies of any degree can 
occur.

The full rotation group

We shall now consider the full rotation groups in two and three dimensions 
(R2 and R3) and discover the deep connection between group theory and the 
quantum mechanics of angular momentum. The techniques are no diCerent in 
principle from those introduced earlier in the chapter, but there are some interest-
ing points of detail.

5.18 The generators of rotations

Consider first the full rotation group R2 in two dimensions, the point group of 
a circular system (Fig. 5.34). The name R2 is a synonym of C∞v and is an example 
of an infinite rotation group in the sense that rotations through any angles 
(and in particular through infinitesimal angles) are symmetry operations. You 
should bear in mind the analogous illustration for the equilateral triangle 
(recall Fig. 5.29) to see the similarities and diCerences between finite and infinite 
rotation groups.

We shall first establish the eCect of an infinitesimal counter-clockwise rotation 
through an angle dj about the z-axis on the basis (x,y). It will be convenient 

From the invariance of H it then follows that

HRyi = ERyi

Therefore, yi and Ryi correspond to the same energy E.

xx

y

y

x

x + yδj

y

δj

y – xδj

Cδφ

Fig. 5.34 The eCect on the 
functions x and y of an 
infinitesimal rotation dj
about the z-axis.
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to work in polar coordinates and to write the basis as (r cos j, r sin j), with r a 
constant under all operations of the group. Under the infinitesimal rotation dj
which we denote Cdj, the basis transforms as follows:

Cdj(x,y) = {r cos(j − dj),r sin(j − dj)}

= {r cos j cos dj + r sin j sin dj,r sin j cos dj − r cos j sin dj}

= {r cos j + rdj sin j + · · ·,r sin j − rdj cos j + · · ·}

= (x + ydj + · · ·,y − xdj + · · ·)

= (x,y) − (−y,x)dj + · · ·

We have used the expansions sin x = x − 1
6x3 + · · · and cos x = 1 − 1

2x2 + · · · and have 
kept only lowest-order terms in the infinitesimal angle dj. That is:

Cdj(x,y) = (x,y) − (−y,x)dj + · · ·

Now we identify an important fact. Consider the eCect of the angular momen-
tum operator

lz = H
i

A
Cx

[
[y

− y
[
[x

D
F (5.41)

on the basis (x,y):

lz(x,y) = H
i

A
Cx

[
[y

− y
[
[x

D
F (x,y) = H

i
(−y,x)

By comparing this result with the eCect of Cdj, we see that

Cdj(x,y) = !
@1 − i

H
djlz + · · ·#$ (x,y) (5.42)

and that the operator itself can be written

Cdj = 1 − i
H
djlz + · · · (5.43)

The infinitesimal rotation operator therefore diCers from the identity to first order 
in dj by a term that is proportional to the operator lz. The operator 1 − (i/H)djlz

is therefore called the generator of the infinitesimal rotation about the z-axis.
In a similar way, the operators lx and ly are the generators for rotations about 
the x- and y-axes in R3.

We know that the angular momentum operators satisfy a set of commutation 
relations. These can be seen in a diCerent light as follows. The eCect of a sequence 
of rotations about diCerent axes depends on the order in which they are applied 
(Fig. 5.35). Under a rotation by da about x followed by a rotation by db about y,
we have

C(y)
dbC(x)

da = A
C1 − i

H
dbly + · · ·DF

A
C1 − i

H
dalx + · · ·DF

= 1 − i
H

(dbly + dalx) + A
C

i
H

D
F

2

dbdalylx + · · ·

However, if the rotations are applied in the opposite order the outcome is

C(x)
daC(y)

db = A
C1 − i

H
dalx + · · ·DF

A
C1 − i

H
dbly + · · ·DF

= 1 − i
H

(dbly + dalx) + A
C

i
H

D
F

2

dbdalxly + · · ·

δa

δa

δbδb

x
y

z

C δa
(x)

C δa
(x)

C δb
(y)

C δb
(y)

≈C δaδb
(z)

Fig. 5.35 The non-commutation 
of perpendicular rotations. 
Notice that the outcome of the 
combined rotation C(y)

db C(x)
da  is 

diCerent from the outcome of 
the combined rotation C(x)

daC(y)
db

by a rotation that to a good 
approximation is about the 
z-axis.
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The diCerence between these two operations to second order is

C(y)
dbC(x)

da − C(x)
daC(y)

db = A
C

i
H

D
F

2

dadb(lylx − lxly) = i
H
dadblz (5.44)

where the last equality follows from the commutation relation [lx,ly] = iHlz.
The result we have established is that the diCerence between two infinitesimal 

rotations is equivalent to a single infinitesimal rotation through the angle −dadb
about the z-axis, which is geometrically plausible (as shown in Fig. 5.35). The 
reverse argument, that it is geometrically obvious that the diCerence is a single 
rotation, therefore implies that [lx,ly] = iHlz. Hence, the angular momentum com-
mutation relations can be regarded as a direct consequence of the geometrical 
properties of composite rotations in three dimensions.

5.19 The representation of the full rotation group

We shall now look for the irreducible representations of the full rotation group 
R3. As a starting point, we note that the spherical harmonics Ylml

 for a given l
transform into linear combinations of one another under a rotation. (For example, 
p-orbitals rotate into one another, d-orbitals do likewise, and so on, but p-orbitals 
do not rotate into d-orbitals. This is consistent with the result that eigenfunctions 
related by symmetry transformations are degenerate.) Therefore, the functions 
Yll, Yl,l−1, . . . ,Yl,−l form a basis for a (2l + 1)-dimensional (and it turns out, ir-
reducible) representation of the group. Each spherical harmonic has the form Ylml

= Plml
(q)eimlj, and so, as a result of a rotation by a around the z-axis, each one 

transforms into Plml
(q)eiml(j−a). The entire basis therefore transforms as follows:

C(z)
a (Yll,Yl,l−1, . . . ,Yl,−l) = (Pll(q)eil(j−a),Pl,l−1(q)ei(l−1)(j−a), . . . ,Pl,−l(q)e−il(j−a) (5.45)

 = (Yll,Yl,l−1, . . . ,Yl,−l)

G
H
H
H
H
I

e−ila

0
0
···
0

0
e−i(l−1)a

0
···
0

0
0

· · ·

· · ·
· · ·

· · ·

0
0
···
···

eila

J
K
K
K
K
L

This expression lets us recognize the matrix representative of the rotation in 
the basis.

The character of a rotation through the angle a about the z-axis (and therefore 
about any axis, because in R3 all rotations through a given angle belong to the 
same class) is the following sum:

c(Ca) = e−ila + e−i(l−1)a + · · · + eila (5.46)

= 1 + 2 cos a + 2 cos 2a + · · · + 2 cos(l − 1)a + 2 cos la

To obtain this expression, we have used eix + e−ix = 2 cos x; the leading 1 comes 
from the term with ml = 0. This simple expression can be used to establish 
the character of any rotation for a (2l + 1)-dimensional basis. An even simpler 
version is obtained by recognizing that the first line is a geometric series. Hence, 
it is the sum

c(Ca) =
l

∑
ml=−l

eimla = e−ila(ei(2l+1)a − 1)
eia − 1

(5.47a)

This slightly awkward expression can be manipulated into

c(Ca) =
sin(l + 1–

2)a
sin 1–

2a
(5.47b)

A brief comment
The sum of a series 
a + ar + ar2 + · · · + arn is
a(rn+1 − 1)/(r − 1). In the 
present case, a = e−ila, r = eia,
and n = 2l.
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In the limit a → 0 pertaining to an infinitesimal rotation, the character is 2l + 1, 
and so the levels with quantum number l are (2l + 1)-fold degenerate in a spher-
ical system.

A brief comment
To evaluate (sin ax)/(sinbx) in 
the limit x → 0, recall that in 
this same limit (sin ax)/(ax) =
1, and therefore (sin ax)/
(sinbx) = a/b. In the present 
case, x = aa, a = l + 1

2, and b = 1
2.

Example 5.14 Determining the symmetry species of atoms in various 
environments

An atom has a configuration that gives rise to a state with l = 3. What symmetry 
species would it give rise to in an octahedral environment?

Method We need to identify the rotations that are common to both R3 and O, and 
then to calculate their characters from eqn 5.47b with l = 3. Then, by referring 
to the character table for O in Resource section 1, we can identify the symmetry 
species spanned by the state in the reduced symmetry environment.

Answer The rotation angles in O (recall in R3 all angles are permitted) are a = 0 for 
E, a = 2p/3(C3), p(C2), p/2(C4), p(C′2). Because

c(Ca) = sin(7a/2)
sin(a/2)

we find c = (7, 1, −1, −1, −1) for (E, C3, C2, C4, C′2). Then, use of eqn 5.23 with 
h = 24 gives a(A2) = 1, a(T1) = 1, and a(T2) = 1. Therefore, in the reduced symmetry 
environment the symmetry species are A2 + T1 + T2.

Comment The step down from a group to its subgroup is called ‘descent in sym-
metry’. It is a particularly important technique in the theory of the structure 
and spectra of d-metal complexes (see Chapter 8). The atomic configuration with 
l = 3 is called an F term; the descent in symmetry in this case is denoted F →
A2 + T1 + T2.

Self-test 5.14 What irreducible representations does an l = 4 state (a G term) span 
in tetrahedral symmetry?

5.20 Coupled angular momenta

We now explore the group-theoretical description of the coupling of two angular 
momenta. We suppose that we have two sets of functions that are the bases for 
irreducible G(j1) and G(j2) of the full rotation group. The functions will be denoted 
f (j1)

mj1
 and f (j2)

mj2
, respectively. The products f (j1)

mj1
f (j2)

mj2
 provide a basis for the direct-

product representation G(j1) + G(j2). This representation is in general reducible, and 
we can reduce it as explained in Section 5.14.

First, we write

G(j1) × G(j2) = ∑
j

ajG(j) (5.48)

To determine the coeAcients we consider the characters:

c(Ca) = c(j1)(Ca)c(j2)(Ca) =
j1

∑
mj1=−j1

j2

∑
mj2=−j2

ei(mj1+mj2)a (5.49)

The question we now address is whether the right-hand side of this equation can 
be expressed as a sum over ∑mj

eimja and, if so, how many times each term in the 
sum appears. We shall now demonstrate that each term appears exactly once, 
and that j varies from j1 + j2 down to | j1 − j2 |.

The argument runs as follows. Because | mj1 + mj2 | ≤ j1 + j2, it follows that 
| mj | ≤ j1 + j2, and so j ≤ j1 + j2. Therefore, aj = 0 if j > j1 + j2. The maximum value 
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of mj may be obtained from mj1 and mj2 in only one way: when mj1 = j1 and 
mj2 = j2. Therefore, aj1+j2 = 1. The next value of mj, which is j − 1, may be obtained 
in two ways, namely mj1 = j1 − 1 and mj2 = j2 or mj1 = j1 and mj2 = j2 − 1; one of 
these ways is accounted for by the representation with j = j1 + j2, and so we can 
conclude that aj1+j2−1 = 1. This argument can be continued down to j = | j1 − j2 |, and 
so eqn 5.49 is equivalent to

c(Ca) =
j1+ j2

∑
j=|j1−j2|

j

∑
mj=−j

eimja =
j1+ j2

∑
j=|j1−j2|

c ( j)(Ca) (5.50)

Therefore, we can conclude that the direct product decomposes as follows:

G( j1) × G( j2) = G( j1+j2) + G( j1+j2−1) + · · · + G(|j1−j2|) (5.51)

which is nothing other than the Clebsch–Gordan series, eqn 4.42. This result 
shows, in eCect, that the whole of angular momentum theory can be regarded as 
an aspect of group theory and the symmetry properties of rotations.

Applications

There are numerous applications of group theory, both explicit and implicit. We 
shall encounter many of them in the following pages. That being so, we shall only 
indicate here the types of applications that are encountered, and where in the text.

The application of the rotation groups (R3, D∞h, and C∞v) will appear wherever 
we discuss the angular momentum of atoms and molecules (Chapters 7, 10, and 
11). Finite groups play an important role in the discussion of molecular structure 
and properties, both in the setting up of molecular orbitals (Chapter 8) and in 
the evaluation of the matrix elements and expectation values that are needed to 
evaluate molecular properties (Chapter 6). When an atom or ion is embedded in 
a local environment, as in a crystal or a complex, the degeneracy of its orbitals is 
removed with important consequences for its spectroscopic features (Chapter 11). 
Spectroscopy in general also relies heavily on group-theoretical arguments in its 
classification of states, the construction of normal modes of vibration, and the 
derivation of selection rules. The calculation of the electric and magnetic pro-
perties of molecules relies on the evaluation of matrix elements, and group theory 
helps by eliminating many integrals on the basis of symmetry alone (Chapters 12 
and 13). The following chapters will confirm that group theory does indeed 
pervade the whole of quantum chemistry.

Exercises

*5.1 Identify the symmetry elements of (a) a planar 
equilateral triangle, (b) a planar isosceles triangle, 
(c) a hexagonal prism.

*5.2 Identify the symmetry elements of (a) the letter X, 
(b) the letter S, (c) the letter Z.

*5.3 Classify the objects in Exercise 5.1 according to their 
point group.

*5.4 Classify the objects in Exercise 5.2 according to their 
point group.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*5.5 Classify the following molecules according to their 
point symmetry group: (a) H2O, (b) CO2, (c) C2H4,
(d) cis-ClHC=CHCl.

*5.6 Classify the following molecules according to 
their point symmetry group: (a) trans-ClCH=CHCl,
(b) benzene, (c) naphthalene, (d) CHClFBr, (e) B(OH)3.

*5.7 Identify a molecule or ion that belongs to the following 
point groups: (a) C5v, (b) D5, (c) D5d.

*5.8 Identify a molecule or ion that belongs to each of the 
cubic point groups.

*5.9 Construct the group multiplication table for the group
(a) Cs, (b) D2.

*5.10 The group multiplication table for C2v is shown in 
Example 5.2. Confirm that the group elements multiply 
associatively.

*5.11 Find the representatives of the operations of the group 
C2v using as a basis the valence orbitals of H and O in H2O
(that is, H1sA, H1sB, O2s, O2p). Hint. The group is of order 
4 and so there are four 6-dimensional matrices to find.

*5.12 Confirm that the representatives established in 
Exercise 5.11 reproduce the group multiplications 
C2

2 = E, svC2 = s ′v.

*5.13 Set up the matrix c and its inverse for a similarity 
transformation in which the orbitals s1 and s2 of the 
H atoms of H2O are replaced by the linear combinations 
s1 + s2 and s1 − s2.

*5.14 Establish the representatives for C2 and sv in the 
new basis (of Exercise 5.13, starting from Exercise 5.11).

*5.15 Demonstrate that there are no non-zero integrals 
of the form 2y′Hy dt when y′ and y belong to diCerent
symmetry species.

*5.16 What is the maximum degeneracy of the energy levels 
of a particle confined to the interior of a regular 
tetrahedron?

*5.17 An atom bearing a single p-electron is trapped in an 
environment with C3v symmetry. What symmetry species 
does it span?

*5.18 A molecule of carbon dioxide, initially in a Σu
−

electronic state, absorbs z-polarized electromagnetic 
radiation. What is the symmetry of the excited electronic 
state?

*5.19 Show that C3
+ and C3

− are conjugate elements in the 
group D3.

Problems

*5.1 Determine which symmetry species are spanned by the 
six orbitals of H2O described in Exercise 5.11. Find the 
symmetry-adapted linear combinations, and confirm that 
the representatives are in block-diagonal form. Hint.
Decompose the representation established in Exercise 5.11 
by analysing the characters. Use the projection operator 
in eqn 5.30 to establish the symmetry-adapted bases 
(using the elements of the representatives established 
in Exercise 5.11), form the matrix of coeAcients cji

(Section 5.6) and use eqn 5.7 to construct the irreducible 
representations.

5.2 Find the representatives of the operations of the group
Td by using as a basis four 1s-orbitals, one at each apex 
of a regular tetrahedron (as in CH4). Hint. The basis is 
four-dimensional; the order of the group is 24, and so 
there are 24 matrices to find.

5.3 Show that in an octahedral array, hydrogen 1s-orbitals 
span A1g + Eg + T1u of the group Oh.

*5.4 Confirm that the representations established in 
Problem 5.2 reproduce the group multiplications 
C3

+C3
− = E, S4C3 = S′4, and S4C3 = sd.

5.5 Confirm the validity of the GOT by using the irreducible 
representation A2 and an element of the irreducible 
representation E for the matrices in Table 5.4.

5.6 Determine which irreducible representations are 
spanned by the four 1s-orbitals in methane. Find the 
symmetry-adapted linear combinations, and confirm that 
the representatives for C3

+ and S4 are in block-diagonal form. 
Hint. Decompose the representation into irreducible 
representations by analysing the characters. Use the 
projection operator in eqn 5.30 to establish the 
symmetry-adapted bases.

*5.7 Analyse the following direct products into the 
symmetry species they span: (a) C2v: A2 × B1 × B2,
(b) C3v: A1 × A2 × E, (c) C6v: B2 × E1, (d) C∞v: E1

2,
(e) O: T1 × T2 × E.

5.8 A function f(x,y,z) was found to be a basis for a 
representation of C2v, the characters being (4,0,0,0). What 
symmetry species of irreducible representations does it 
span? Hint. Proceed by inspection to find the al in eqn 5.20 
or use eqn 5.22.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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5.9 Find the components of the function f(x,y,z) from 
Problem 5.8 acting as a basis for each irreducible 
representation it spans. Hint. Use eqn 5.30. The basis for 
A1, for example, turns out to be 1

4{f(x,y,z) + f(−x,−y,z) +
f(x,−y,z) + f(−x,y,z)}.

*5.10 Classify the terms that may arise from the following 
configurations: (a) C2v: a1

2b1
1b2

1; (b) C3v: a
1
2e

1, e2; (c) Td: a
1
2e

1,
e1t1

1, t
1
1t

1
2, t1

2, t2
2; (d) O: e2, e1t1

1, t
2
2. Hint. Use the direct-product 

tables; triplet terms have antisymmetric spatial functions.

5.11 Construct the character tables for the groups Oh and 
D6h. Hint. Use D6h = D6 × Ci and Oh = O × Ci and the 
procedure in Section 5.15.

5.12 Demonstrate that the linear momentum operator 
p = (H/i)(d/dx) is the generator of infinitesimal translations. 
Hint. Proceed as in eqn 5.43.

*5.13 The ground states of the C2v molecules NO2 and ClO2

are 2A1 and 2B1, respectively; the ground state of O2 is 
3Σg

−.
To what states may (a) electric-dipole, (b) magnetic-dipole 
transitions take place? Hint. The electric-dipole operator 
transforms as translations, the magnetic as rotations.

5.14 Show that 3x2y − y3 is a basis for an A1 irreducible 
representation of C3v. Hint. Show that C3

+(3x2y − y3) ∝
3x2y − y3; likewise for the other elements of the group.

5.15 In the square-planar xenon tetrafluoride molecule, 
consider the symmetry-adapted linear combination 
p1 = pA − pB + pC − pD where pA, pB, pC, pD are the 2pz atomic 
orbitals on the F atoms (clockwise labelling of the F atoms). 
Which of the various s, p, and d atomic orbitals on the 

central Xe atom can overlap with p1 to form molecular 
orbitals? Hint: It will be much easier to work in the reduced 
point group D4 rather than the full point group (D4h) of the 
molecule.

*5.16 Identify the symmetry species of the f orbitals in an 
environment with (a) C3v, (b) Td symmetry. Use rotational 
subgroups.

5.17 Regard the naphthalene molecule as having C2v

symmetry (with the C2 axis perpendicular to the plane), 
which is a subgroup of its full symmetry group. Consider 
the p-orbitals on each carbon as a basis. What symmetry 
species do they span? Construct the symmetry-adapted 
bases. Hint. Proceed as in Example 5.9.

5.18 Repeat the process of Problem 5.17 for benzene, 
using the subgroup C6v of the full symmetry group. After 
constructing the symmetry-adapted linear combinations, 
refer to the D6h character table to label them according to 
the full group.

*5.19 We have seen that the angular momentum commutation 
rules are generated by considering consecutive infinitesimal 
rotations about perpendicular axes in three-dimensional 
space. Could it be that the fundamental quantum 
mechanical commutation rule [x,px] = iH is also just a 
manifestation of the geometry of three-dimensional space? 
Present an argument that makes use of the angular 
momentum result and the definition of the angular 
momentum operators in terms of position and 
linear momentum operators that could be used to 
justify this supposition.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Mathematical background 4 Matrices

MB4.1 Definitions 166

MB4.2 Matrix addition and multiplication 166

MB4.3 Eigenvalue equations 167

A matrix is an array of numbers that are general-
izations of ordinary numbers. We shall consider only 
square matrices, which have the numbers arranged 
in the same number of rows and columns. By using 
matrices, we can manipulate large numbers of ordinary 
numbers simultaneously. A determinant is a particular 
combination of the numbers that appear in a matrix 
and is used to manipulate the matrix.

Matrices may be combined together by addition or 
multiplication according to generalizations of the rules 
for ordinary numbers. Although we describe below 
the key algebraic procedures involving matrices, it is 
important to note that most numerical matrix mani-
pulations are now carried out with mathematical 
software. You are encouraged to use such software, if 
it is available to you.

MB4.1 Defi nitions

Consider a square matrix M of n2 numbers arranged 
in n columns and n rows. These n2 numbers are the 
elements of the matrix, and may be specified by stating 
the row, r, and column, c, at which they occur. Each 
element is therefore denoted Mrc. A diagonal matrix is 
a matrix in which the only non-zero elements lie on the 
major diagonal (the diagonal from M11 to Mnn). Thus, 
the matrix

M =
A
B
C
1 0 0
0 2 0
0 0 1

D
E
F

is a 3 × 3 diagonal square matrix. The condition may 
be written

Mrc = mrdrc (MB4.1)

where drc is the Kronecker delta (Section 1.6), which is 
equal to 1 for r = c and to 0 for r ≠ c. In the above 
example, m1 = 1, m2 = 2, and m3 = 1. The unit matrix,
1 (and occasionally I), is a special case of a diagonal 
matrix in which all non-zero elements are 1.

The transpose of a matrix M is denoted MT and is 
defined by

MT
mn = Mnm (MB4.2)

That is, the element in row n, column m of the original 
matrix becomes the element in row m, column n of the 
transpose (in eCect, the elements are reflected across the 
diagonal). The determinant, |M |, of the matrix M is a 
real number arising from a specific procedure for taking 
sums and diCerences of products of matrix elements. 
For example, a 2 × 2 determinant is evaluated as

a b
c d

= ad − bc (MB4.3a)

and a 3 × 3 determinant is evaluated by expanding it as 
a sum of 2 × 2 determinants:

a b c
d e f
g h i

= a e f
h i

− b d f
g i

+ c d e
g h

(MB4.3b)

 = a(ei − fh) − b(di − fg) + c(dh − eg)

Note the sign change in alternate columns (b occurs 
with a negative sign in the expansion). An important 
property of a determinant is that if any two rows or 
any two columns are interchanged, then the determin-
ant changes sign.

A brief illustration

The matrix

M = A
C
1 2
3 4

D
F

is a 2 × 2 matrix with the elements M11 = 1, M12 = 2, 
M21 = 3, and M22 = 4. Its transpose is

MT = A
C
1 3
2 4

D
F

and its determinant is

|M | = 1 2
3 4

= 1 × 4 − 2 × 3 = −2

MB4.2 Matrix addition and multiplication

Two matrices M and N may be added to give the sum
S = M + N, according to the rule

Src = Mrc + Nrc (MB4.4)

That is, corresponding elements are added.
Two matrices may also be multiplied to give the 

product P = MN according to the rule
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Prc = ∑
n

 Mrn Nnc (MB4.5)

It should be noticed that in general MN ≠ NM, and 
matrix multiplication is in general non-commutative 
(that is, depends on the order of multiplication).

MB4.3 Eigenvalue equations

An eigenvalue equation is an equation of the form

Mx = lx (MB4.7a)

where M is a square matrix with n rows and n
columns, l is a constant, the eigenvalue, and x is 
the eigenvector, an n × 1 (column) matrix that satisfies 
the conditions of the eigenvalue equation and has the 
form:

x =

A
B
B
C

x1

x2

\
xn

D
E
E
F

In general, there are n eigenvalues l(i), i = 1,2, . . . n, and 
n corresponding eigenvectors x(i ). We write eqn MB4.7a 
as (noting that 1x = x)

(M − l1)x = 0 (MB4.7b)

Equation MB4.7b has a solution only if the determin-
ant |M − l1 | of the coeAcients of the matrix M − l1
is zero. It follows that the n eigenvalues may be found 
from the solution of the secular equation:

|M − l1 | = 0 (MB4.8)

A brief comment
If the inverse of the matrix M − ll1 exists, then, from 
eqn MB4.7b, (M − ll1)−1(M − ll1)x = x = 0, a trivial solution. 
For a non-trivial solution, (M − ll1)−1 must not exist, which 
is the case if eqn MB4.8 holds.

The inverse of a matrix M is denoted M −1, and is 
defined so that

MM−1 = M−1M = 1 (MB4.6)

A matrix is unitary if M† = M−1 where M† = (MT)*, T 
denoting the transpose of the matrix and * denoting 
the matrix formed by complex conjugation of each 
matrix element.

The inverse of a matrix can be constructed by using 
mathematical software, but in simple cases the follow-
ing procedure can be carried through without much 
eCort:

1. Form the determinant of the matrix, |M |.
2. Form the transpose of the matrix, MT.

3. Form the matrix of cofactors, M′ of MT.

4. Construct the inverse as M−1 = M′/|M |.

In step 3, the element M ′rc of the matrix M′ is the co-
factor of the element MT

rc of the transpose of the original 
matrix M. To form this cofactor, form the determinant 
from MT with the row r and column c struck out and 
multiply the determinant by (−1)r+c. Then construct M′
by repeating this operation for all the elements of MT.
At this point you will certainly come to appreciate the 
usefulness of mathematical software, which performs 
all these operations automatically!

A brief illustration

Consider the matrices

M = A
C
1 2
3 4

D
F and N = A

C
5 6
7 8

D
F

Their sum is

S = A
C
1 2
3 4

D
F + A

C
5 6
7 8

D
F = A

C
 6 8
10 12

D
F

and their product is

P = A
C
1 2
3 4

D
F

A
C
5 6
7 8

D
F

 = A
C
1 × 5 + 2 × 7 1 × 6 + 2 × 8
3 × 5 + 4 × 7 3 × 6 + 4 × 8

D
F = A

C
19 22
43 50

D
F

A brief illustration

Consider the matrix M from the brief illustration in 
section MB4.1. We know from that illustration that:

1. The determinant of M is |M | = −2.

2. The transpose of M is M T = A
C
1 3
2 4

D
F

3. The matrix of cofactors of MT is M′ = A
C
 4 −2
−3 1

D
F

For example, to form the element M′11, we strike out 
the 1 3 in the first row of MT and the 1 2 in the first 
column, and then form the determinant of what is left, 
just the number 4, which, upon multiplication by 
(−1)1+1, becomes the 11 element of M′.

4. It follows that the inverse of M is

M−1 =
M′
|M |

=
1

−2
A
C
 4 −2
−3 1

D
F = AC

−2 1
3
2 − 1

2

DF
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The n eigenvalues found by solving the secular equa-
tions are used to find the corresponding eigenvectors. 
To do so, we begin by considering an n × n matrix X which 
will be formed from the eigenvectors corresponding 
to all the eigenvalues. Thus, if the eigenvalues are l1,
l2, . . . , and the corresponding eigenvectors are

x(1) =

A
B
B
C

x1
(1)

x2
(1)

\
xn

(1)

D
E
E
F

x(2) =

A
B
B
C

x1
(2)

x2
(2)

\
xn

(2)

D
E
E
F
 etc (MB4.9a)

the matrix X is

X = (x(1)x(2) . . . x(n)) (MB4.9b)

=

A
B
B
C

x1
(1) x1

(2) . . . x1
(n)

x2
(1) x2

(2) . . . x2
(n)

 \ \  \
xn

(1) xn
(2) . . . xn

(n)

D
E
E
F

Similarly, we form an n × n matrix L with the eigen-
values l along the diagonal and zeroes elsewhere:

L =

A
B
B
C

l1 0 . . . 0
0 l2 . . . 0
 \ \  \
0 0 . . . ln

D
E
E
F

(MB4.10)

Now all the eigenvalue equations Mx(i ) = lix
(i) may be 

confined into the single matrix equation

MX = XL (MB4.11)

A brief illustration

Once again we use the matrix M in the first brief
illustration, and write eqn MB4.7 as

A
C
1 2
3 4

D
F

A
C

x1

x2

D
F = l A

C
x1

x2

D
F  rearranged into 

A
C
1 − l 2
 3 4 − l

D
F

A
C

x1

x2

D
F = 0

From the rules of matrix multiplication, the latter form 
expands into

A
C
(1 − l)x1 + 2x2

3x1 + (4 − l)x2

D
F = 0

which is simply a statement of the two simultaneous 
equations

(1 − l)x1 + 2x2 = 0 and 3x1 + (4 − l)x2 = 0

The condition for these two equations to have non-
trivial solutions is

|M − l1 | = 1 − l 2
 3 4 − l = (1 − l)(4 − l) − 6 = 0

This condition corresponds to the quadratic equation

l2 − 5l − 2 = 0

with solutions l = +5.372 and l = −0.372, the two 
eigenvalues of the original equation.

A brief illustration

In the preceding illustration we established that if 

M = AC1 2
3 4

DF  then l1 = +5.372 and l2 = −0.372, with 

eigenvectors x(1) = AC x1
(1)

x2
(1)

DF  and x(2) = AC x1
(2)

x2
(2)

DF , respect-

ively. We form

X = ACx 1
(1) x 1

(2)

x 2
(1) x 2

(2)
DF L = AC5.372 0

 0 −0.372
DF

The expression MX = XL becomes

AC1 2
3 4

DF ACx 1
(1) x 1

(2)

x 2
(1) x 2

(2)
DF = ACx1

(1) x1
(2)

x2
(1) x2

(2)
DF AC5.372 0

 0 −0.372
DF

which expands to

AC x 1
(1) + 2x 2

(1) x1
(2) + 2x2

(2)

3x 1
(1) + 4x 2

(1) 3x1
(2) + 4x2

(2)
DF = AC5.372x 1

(1) −0.372x 1
(2)

5.372x 2
(1) −0.372x2

(2)
DF

This is a compact way of writing the four equations

x1
(1) + 2x2

(1) = 5.372x1
(1) x1

(2) + 2x2
(2) = −0.372x1

(2)

3x1
(1) + 4x2

(1) = 5.372x2
(1) 3x1

(2) + 4x2
(2) = −0.372x2

(2)

corresponding to the two original simultaneous equa-
tions and their two roots.

Finally, we form X−1 from X and multiply eqn MB4.11 
by it from the left:

X −1MX = X −1XL = L (MB4.12)

A structure of the form X −1MX is called a similarity
transformation. In this case the similarity transforma-
tion X −1MX makes M diagonal (because L is diagonal). 
It follows that if the matrix X that causes X −1MX to be 
diagonal is known, then the problem is solved: the 
diagonal matrix so produced has the eigenvalues as 
its only non-zero elements, and the matrix X used to 
bring about the transformation has the corresponding 
eigenvectors as its columns. As will be appreciated once 
again, the solutions of eigenvalue equations are best 
found by using mathematical software.
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A brief illustration

To apply the similarity transformation, eqn MB4.12, to the matrix AC1 2
3 4

DF  from the preceding brief illustration it is 

best to use mathematical software to find the form of X. The result is

X = AC0.416 0.825
0.909 −0.566

DF X −1 = AC0.574 0.837
0.922 −0.422

DF
This result can be verified by carrying out the multiplication

X−1 MX = AC0.574 0.837
0.922 −0.422

DF AC1 2
3 4

DF AC0.416 0.825
0.909 −0.566

DF = AC5.372 0
 0 −0.372

DF
The result is indeed the diagonal matrix L calculated in the preceding brief illustration. It follows that the eigenvec-
tors x(1) and x(2) are

x(1) = AC 0.416
0.909

DF  and x(2) = AC 0.825
−0.566

DF
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Techniques of approximation

This is a sad but necessary chapter. It is sad because we have reached the point at which 
the hope of fi nding exact solutions is set aside and we begin to look for methods of 
approximation. It is necessary, because most of the problems of quantum chemistry 
cannot be solved exactly, so we must learn how to tackle them. There are very few 
problems for which the Schrödinger equation can be solved exactly, and the examples 
in previous chapters almost exhaust the list. As soon as the shape of the potential is 
distorted from the forms already considered, or more than two particles interact with 
one another (as in a helium atom), the equation cannot be solved exactly.

There are four ways of making progress. The fi rst is to be guided to a form for the 
wavefunction by using principles of classical mechanics and taking note of the small 
magnitude of Planck’s constant; this approach is called the ‘semiclassical approxima-
tion’. The second is to try to guess the shape of the wavefunction of the system. Even 
people with profound insight need a criterion of success, and this is provided by the 
‘variation principle’, which we specify below. It is useful to be guided to the form of the 
wavefunction by a knowledge of the distortion of the system induced by the complicating 
aspects of the potential or the interactions. For example, the exact solutions for a 
system that resembles the true system may be known and can be used as a guide to the 
true solutions by noting how the hamiltonians of the two systems diff er. This procedure 
is the province of ‘perturbation theory’. Perturbation theory is particularly useful when 
we are interested in the response of atoms and molecules to electric and magnetic 
fi elds. When these fi elds change with time (as in a light wave) we have to deal with 
‘time-dependent perturbation theory’. The fourth important method of approximation, 
which is dealt with in detail in Chapters 7 and 9, makes use of ‘self-consistent fi eld’ pro-
cedures, which is an iterative method for solving the Schrödinger equation for systems 
of many particles and is based on the variation principle.

The semiclassical approximation

The first approach to making approximations explores how classical mechanics 
might suggest the form of a wavefunction and the corresponding energy of a 
system. First, we note that the one-dimensional time-independent Schrödinger 
equation can be written in the form

H2 d2y
dx2

+ p2y = 0 (6.1a)

where

p(x) = {2m[E − V(x)]}1/2 (6.1b)

We should recognize this quantity as the classical expression for the linear 
momentum of the particle of mass m. If the potential energy is uniform, the 

6
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solutions of eqn 6.1 are exp(±ipx/H). Therefore, if the potential energy varies 
slowly with position, we can expect that the functions exp(±ipx/H) will be good 
first approximations to y(x). In the WKB approximation (attributed to 
G. Wentzel, H. Kramers, and L. Brillouin), we try a solution of the form

y(x) = c+y+(x) + c−y−(x) (6.2)

If the potential were uniform, we would write y±(x) = exp(±ipx/H); but if it is in 
fact slowly varying we replace the product px by a function S±(x), which results 
in y±(x) = exp(±iS±(x)/H). The goal of the WKB method is to find an expression 
for S±(x). Substitution of y±(x) into eqn 6.1 yields

− A
C
dS±

dx
D
F

2

± iH A
C
d2S±

dx2

D
F + p2 = 0 (6.3)

Up to this point, the expressions are exact. In the semiclassical WKB approxima-
tion, we expand S± in powers of H:

S± = S±
(0) + HS±

(1) + H2S±
(2) + · · ·

and retain only the low-order terms in H; the term ‘semiclassical’ is used because 
the transition from quantum mechanics to classical mechanics can be thought of 
as corresponding to the replacement of H by 0 and in retaining low-order terms 
in H we are eCectively progressively bridging classical and quantum mechanics.

Substitution of the above expressions for S± into eqn 6.3 and collection of 
terms that have the same powers of H results in:

!
@−A

C
dS±

(0)

dx
D
F

2

+ p2#$ + H!
@−2A

C
dS±

(0)

dx
D
F

A
C
dS±

(1)

dx
D
F ± iAC

d2S±
(0)

dx2

D
F#

$ + · · · = 0 (6.4)

The coeAcient of each power of H is set to zero. In the first-order WKB approxi-
mation, we consider only terms up to H, yielding from eqn 6.4

H0 term: −A
C
dS±

(0)

dx
D
F

2

+ p2 = 0 implying S±
(0)(x) = S±

(0)(0) + �
x

0

p(x)dx

H1 term: − 2A
C
dS±

(0)

dx
D
F

A
C
dS±

(1)

dx
D
F ± iAC

d2S±
(0)

dx2

D
F = 0 

implying S±
(1)(x) = ± 1

2 i ln
A
C
dS±

(0)

dx
D
F = ± 1

2 i ln p(x)

For the last step, we have used (dy/dx)/y = d(ln y)/dx with y = (dS±
(0)/dx) and have 

supposed that the wavefunction is known at x = 0 (to provide a boundary condi-
tion by requiring continuity). At this point, we can write the first-order WKB 
wavefunction as:

y(x) = c+ exp {i(S+
(0) + HS+

(1))/H} + c− exp {−i(S−
(0) + HS−

(1))/H} (6.5a)

= 1
p(x)1/2

1
2
3c+ exp 

A
C

i
H

G
IS+

(0)(0) + �
x

0

p(x)dx
J
L
D
F

+c− exp 
A
C− i

H
G
IS−

(0)(0) + �
x

0

p(x)dx
J
L
D
F
5
6
7

The constants of integration S±
(0)(0) may be absorbed into the coeAcients c±, so 

from now on we write this wavefunction as

y(x) = 1
p(x)1/2

1
2
3c+ exp 

A
C

i
H �

x

0

p(x)dx
D
F  + c− exp 

A
C− i

H�
x

0

p(x)dx
D
F
5
6
7 (6.5b)

A brief comment
The WKB approximation 
is also called the JWKB 
approximation in recognition 
of H. JeIreys’ contribution: 
he had earlier introduced an 
identical approximation, 
but not in the context of 
the Schrödinger equation.
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Note that the probability density predicted by this expression is proportional to 
1/p, and therefore inversely proportional to the speed of the particle. This con-
clusion is consistent with the classical picture of particle motion, for the faster 
a particle is travelling, the less time it is found in a given region.

The solution in eqn 6.5 is oscillatory in classically allowed regions (E > V)
where p(x) is real and in some cases it is convenient to write the oscillatory solu-
tion as an harmonic function of the form

y(x) = C
p(x)1/2

 sin 
A
C
1
H �

x

0

p(x)dx + dD
F (6.6)

The constants C and d are related to c+ and c− by using Euler’s relation, eix =
cosx + i sin x:

C cos d = i(c+ − c−) C sind = (c+ + c−)

In classically forbidden regions, where p(x) is imaginary, the solution in eqn 6.5 
consists of a linear combination of exponentially decaying and increasing 
functions.

WKB
Exact

W
av

ef
u

n
ct

io
n

, y

Position, x

Potential
energy

0

Fig. 6.1 The potential energy 
function V(x) = E − ax, the 
first-order WKB wavefunction 
corresponding to the particle 
energy, and the exact solution 
(an Airy function, see later in 
the section).

The semiclassical expression in eqn 6.5 is not applicable at classical turning 
points, for there p(x) = 0 and the expression diverges. The solution is also in-
applicable when the potential energy is sharply varying. A detailed analysis 
shows that the semiclassical approximation is valid where

dV
dx

<<
{2m |E − V(x) | }3/2

mH
(6.7)

The remaining problem is how to link the wavefunctions across a turning 
point where the WKB expressions are invalid. To do so, we assume that the 
potential energy function close to the turning point xtp can be written

V(x) = E + (x − xtp)
A
C

dV
dx

D
F

xtp

= E + (x − xtp)F (6.8)

For such a potential energy, the Schrödinger equation in eqn 6.1 is

H2 d2y
dx2

− 2m(x − xtp)Fy = 0

A diCerential equation of the form f ″ − xf = 0, which this is, is satisfied by a set 
of functions called Airy functions, Ai(x), which are related to the Bessel functions 

A brief illustration

Suppose the potential energy of the particle decreases linearly with x, in the sense 
that E − V(x) = ax, with a > 0 throughout the range of positions of interest, x > 0 
(Fig. 6.1). Then p(x) = (2max)1/2 and

�
x

0 
p(x)dx = (2ma)1/2�

x

0 
x1/2 dx = A

C
8ma

9
D
F

1/2

x3/2

and the first-order WKB wavefunction is

y(x) = C
(2max)1/2

 sin AC
A
C

8ma
9H2

D
F

1/2

x3/2 + dD
F

This wavefunction is plotted in Fig. 6.1 and compared there with the exact solution.
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introduced in Section 3.5. Therefore, to cross the turning point, we need to match 
the oscillatory behaviour on one side of xtp to an Airy function, extend that Airy 
function to the other side of the turning point, and then match the exponential 
WKB functions to that Airy function (Fig. 6.2). If there are two turning points, as 
in a confining potential (such as that of a harmonic oscillator), the matching must 
be carried through the second turning point too. It turns out1 that for such 
confining potentials the wavefunction is well-behaved only for

�
xtp2

xtp1

p(x)dx = (n + 1/2)pH n = 0, 1, 2 . . . (6.9)

Equation 6.9 provides, via eqn 6.1b, a semiclassical formula for the energy levels 
associated with the stationary states of the particle, each state labelled by the 
quantum number n. This equation is called the Bohr–Sommerfeld quantization 
condition.

–0.5
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0.5

Fu
n
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io

n
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n
ct

io
n

Ai(x)

Ai(x)

(dAi(x)/dx)0

(dAi(x)/dx)0

‘e–x’

‘e–x’

0

0.1

0.2

0.3

0.4

–10 –5 0
x

x
0 1 2 3 4

‘cos x ’

Fig. 6.2 To obtain the 
semiclassical wavefunction in 
the vicinity of a classical turning 
point, we match the oscillatory 
behaviour of the wavefunction 
(denoted ‘cos x’) on one side 
of the turning point to an Airy 
function (denoted Ai(x)), extend 
that Airy function to the other 
side of the turning point, and 
then match the exponential WKB 
functions (denoted ‘e−x’) to that 
Airy function. The wavefunction 
and its slope are everywhere 
continuous, including where the 
Airy function joins the decaying 
exponential function. The upper 
diagram shows the exponential 
fit in more detail.

Example 6.1 Using the Bohr–Sommerfeld quantization condition

Find the semiclassical expression for the energy levels of a harmonic oscillator.

Method The potential energy of a harmonic oscillator is 1/2kfx
2. At the classical 

turning points, E = 1/2kfx
2
tp. Evaluate the integral in eqn 6.9 by using p(x) =

{2m(E − V )}1/2 and the integral

�(a2 − x2)1/2 dx = 1
2

G
Ix(a2 − x2)1/2 + a2 arcsin 

x
|a |

J
L

and then set the resulting expression for E equal to the right-hand side of 
eqn 6.9.

Answer With xtp1 = −a and xtp2 = +a, the left-hand side of eqn 6.9 gives

�
a

−a 
(2m(E − 1/2kfx

2))1/2 dx = (mkf)
1/2 �

a

−a 
(2E/kf − x2))1/2 dx

 = (mkf)
1/2 �

a

−a 
(x2

tp − x2)1/2 dx

 = 1
2(mkf)

1/2 G
I a2 arcsin AC

a
a

D
F − a2 arcsin AC

− a
a

D
F

J
L

 = 1
2 (mkf)

1/2 pa2 = pE(m /kf)
1/2

Equating this with the right-hand side of eqn 6.9 results in

pE(m/kf)
1/2 = (n + 1

2)pH or E = (n + 1
2)H(kf /m)1/2

For the harmonic oscillator, the semiclassical expression matches the exact quan-
tum mechanical energy levels (eqn 2.40).

Self-test 6.1 Find the semiclassical expression for the energy levels of a particle 
subjected to the potential energy V = ax4.

The WKB approximation is also useful in scattering problems and we revisit it 
in Chapter 14.

1 See M.S. Child, Semiclassical mechanics with molecular applications, Clarendon Press, 
Oxford (1991).
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Time-independent perturbation theory

In time-independent perturbation theory we make use of the fact that the time-
independent hamiltonians for the true and simpler model system, H and H (0),
respectively, diCer by a contribution that is also independent of the time:

H = H (0) + H (1) (6.10)

We refer to H(1) as the perturbation. Our aim is to generate the wavefunctions 
and energy of the perturbed system from knowledge of the unperturbed system 
and a procedure for taking into account the presence of the perturbation.

6.1 Perturbation of a two-level system

Consider first a system that has only two eigenstates. An example would be an 
electron or spin-1/2 nucleus in a magnetic field but many multi-level systems can 
be treated as eCectively two-level systems if only two states are of real import-
ance. We suppose that the two eigenstates of H (0) are known, and denote them 
| 1〉 and | 2〉. The corresponding wavefunctions are y1

(0) and y2
(0)and their energies 

are E1
(0) and E2

(0), respectively. These states and functions form a complete ortho-
normal basis and are solutions of the equation

H (0)ym
(0) = Em

(0)ym
(0) m = 1, 2 (6.11a)

The wavefunctions of the true system are denoted y and are solutions of

Hy = Ey (6.11b)

The solutions of the true equation can be expressed in terms of the complete set 
of solutions of the unperturbed system by writing

y = c1y1
(0) + c2y2

(0) (6.12)

where c1 and c2 are constants to be determined.
To find the constants cm we insert the linear combination in eqn 6.12 into the 

Schrödinger equation (eqn 6.11b) and obtain (using ket notation)

c1(H − E) | 1〉 + c2(H − E) | 2〉 = 0

When this equation is multiplied from the left by the bras 〈1 | and 〈2 | in turn, 
and use is made of the orthonormality of the two states, we obtain the two 
equations

c1(H11 − E) + c2H12 = 0 (6.13)
c1H21 + c2(H22 − E) = 0 

where Hmn = 〈m |H |n〉.
The condition for the existence of non-trivial solutions of this pair of equa-

tions is that the determinant of the coeAcients of the constants c1 and c2 should 
disappear (see Mathematical background 4). In this case, we require

A brief illustration

If the vibrational motion of an atom in a molecule is described by a potential 
energy of the form V = 1/2kfx

2 + ax3 where a is a constant, then the model hamil-
tonian H (0) would be that of a harmonic oscillator and the perturbation would be 
H (1) = ax3.
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 H11 − E H12

H21 H22 − E
= 0 (6.14a)

This expression expands first to (H11 − E)(H22 − E) − H12H21 = 0 and then to

E2 − (H11 + H22)E + H11H22 − H12H21 = 0 (6.14b)

This quadratic equation has the solutions

E± = 1
2 (H11 + H22) ± 1

2  {(H22 − H11)
2 + 4H12H21}

1/2 (6.14c)

In the special case of a perturbation for which the diagonal matrix elements are 
zero (H (1)

mm = 0, so we can write Hmm = H (0)
mm = E(0)

m ), this expression simplifies to

E± = 1
2 (E1

(0) + E2
(0)) ± 1

2  {(E2
(0) − E(0)

1 )2 + 4e2}1/2 (6.15)

where e2 = H12H21. The expression for e2 can be manipulated by recognizing 
that

• because the states are orthogonal, H (0)
12 = H (0)

21 = 0

• because H (1) is Hermitian, H (1)
12 = H (1)

21*

Therefore, we can write e2 = |H (1)
12 |2. When the perturbation is absent, e = 0 and

E− = E1
(0), E+ = E2

(0), the two unperturbed energies.
Figure 6.3 shows the variation of the energies of the system as the separation 

of the states of the model system is increased. As can be seen, the lower of the two 
levels (of energy E−) is lowered in energy and the upper level (of energy E+) is 
raised. In other words, the eCect of the perturbation is to drive the energy levels 
apart and to prevent their crossing. This non-crossing rule is a common feature 
of all perturbations that can link two states (that is, for which H(1)

mn ≠ 0 for m ≠ n).
A second general feature can also be seen from the illustration: the eCect of the 
perturbation is greater the smaller the energy separation of the unperturbed levels. 
For instance, when the two original states have the same energy (E1

(0) = E2
(0)), then 

E+ − E− = 2e. Equation 6.15 also shows that the stronger the perturbation, the 
stronger the eCective repulsion of the levels. In summary:

1. When a perturbation is applied, the lower level moves down in energy and 
the upper level moves up.

2. The closer the unperturbed states are in energy, the greater the eCect of 
a perturbation.

3. The stronger the perturbation, the greater the eCect on the energies of the 
levels.

The eCect of the perturbation can be seen in more detail by considering the 
case of a perturbation that is weak compared with the separation of the unper-
turbed energy levels in the sense that e2 << (E2

(0) − E1
(0))2. When this condition 

holds, we can expand eqn 6.15 by making use of (1 + x)1/2 = 1 + 1
2 x + · · ·, to 

obtain

E± = 1
2 (E1

(0) + E2
(0)) ± 1

2 (E2
(0) − E1

(0))!@1 + 4e2

(E2
(0) − E1

(0))2
#
$

1/2

 = 1
2 (E1

(0) + E2
(0)) ± 1

2 (E2
(0) − E1

(0))!@1 + 2e2

(E2
(0) − E1

(0))2
+ · · ·#$

from which it follows that, to second-order in e,

E− ≈ E1
(0) − e2

ΔE(0)
E+ ≈ E2

(0) + e2

ΔE(0)
(6.16)

E
n

er
g

y,
 E

E1

E2

E+

E–

E2 + e2/ΔE

E1 – e2/ΔE

ΔE

Fig. 6.3 The variation of the 
energies of a two-level system 
with a constant perturbation as 
the separation of the unperturbed 
levels is increased. The dotted 
lines show the energies according 
to second-order perturbation 
theory.
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where DE(0) = E2
(0) − E1

(0) (Fig. 6.4). These two solutions converge on the exact solu-
tions when (2e/DE(0))2 << 1, as shown in Fig. 6.3. A general feature of all perturb-
ation theory calculations is that the shifts in energy are of the order of e2/DE(0).

The perturbed wavefunctions are obtained by solving eqn 6.13 for the 
coeAcients setting in turn E = E+ (to obtain y+) and E = E− (to obtain y−). A 
convenient way to express the solutions is to write

y− = y1
(0) cos z + y2

(0) sin z y+ = −y1
(0) sinz + y2

(0) cos z (6.17a)

for this ensures that y+ and y− are orthonormal for all values of z. Then, by using 
eqns 6.13, 6.15, and 6.17a it is found (see Problem 6.4) that

tan 2z = 2 |H(1)
12 |

E2
(0) − E1

(0) (6.17b)

(a) (b)

ΔE

e2/ΔE

e2/ΔE

2e

E
n

er
g

y,
 E

Fig. 6.4  (a) When the 
unperturbed levels are far apart 
in energy, the shift in energy 
caused by a perturbation of 
strength e is e2/DE. (b) If the levels 
are initially degenerate, then the 
shift in energy reflects the full 
strength of the perturbation 
and is equal to ±e.

A brief comment
In general, a complex 
matrix element H(1)

12 can be 
written as |H(1)

12 |eij. We are 
supposing here that j == p.

A brief illustration

Suppose that in a two-level system with unperturbed energies equivalent to 
10 000 cm−1 and 20 000 cm−1 the states are connected by a perturbation equiva-
lent in energy to 3000 cm−1. From eqn 6.15 for the energies and eqn 6.17 for the 
eigenstates, we find

E− = 9169 cm−1 y− = 0.964y1
(0) + 0.267y2

(0)

E+ = 20 831 cm−1 y+ = −0.267y1
(0) + 0.964y2

(0)

For a degenerate model system in which E2
(0) = E1

(0) we have tan 2z = ∞, cor-
responding to z = p/4. In this case each perturbed state is a 50 per cent mixture 
of the two model states. In contrast, for a perturbation acting on two widely 
separated states we can write tan 2z ≈ 2z = 2 |H(1)

12 | /DE(0). Furthermore, because 
sinz ≈ z and cos z ≈ 1, it follows from eqn 6.17 that

y− ≈ y1
(0) + |H(1)

12 |
ΔE(0) y2

(0) y+ ≈ y2
(0) − |H(1)

12 |
ΔE(0) y1

(0) (6.18)

We see that each model state is slightly contaminated by the other state.

6.2 Many-level systems

Now we generalize these results to a system in which there are numerous, possibly 
an infinite number, of states. Special precautions have to be taken if the state of 
interest is degenerate, and we consider that possibility in Section 6.4.

We suppose that we know all the eigenfunctions and eigenvalues of a model 
system with hamiltonian H(0) that diCers from the true system to a small extent. 
An example might be an anharmonic oscillator or a molecule in a weak electric 
field: the model systems would then be a harmonic oscillator or a molecule in the 
absence of a field, respectively. We therefore suppose that we have found the 
solutions of the equations

H(0) |n〉 = En
(0) |n〉 (6.19)

with n = 0, 1, 2, . . . , and |n〉 a member of an orthonormal basis. We shall sup-
pose that we are calculating the perturbed form of the state | 0〉 of energy E0

(0), but 
this state is not necessarily the ground state of the system.
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(a) Formulation of the problem

The hamiltonian of the perturbed system will be written

H = H (0) + lH (1) + l2H (2) + · · · (6.20a)

The only significance of the parameter l is that it keeps track of the order of the 
perturbation, and will enable us to identify all first-order terms in the energy, all 
second-order terms, and so on. At the end of the calculation we set l = 1 because 
by then it will have served its purpose. Similarly, the perturbed wavefunction of 
the system will be written

y0 = y0
(0) + ly0

(1) + l2y0
(2) + · · · (6.20b)

which shows how the unperturbed function (y0
(0)) is corrected by terms that are 

of various orders in the perturbation. The energy of the perturbed state also has 
correction terms of various orders, and we write

E0 = E0
(0) + lE0

(1) + l2E0
(2) + · · · (6.20c)

We shall refer to E0
(1) as the first-order correction to the energy, to E0

(2) as the 
second-order correction, and so on.

As usual, the equation we have to solve is Hy = Ey. Insertion of the preceding 
equations into this equation, followed by collecting terms that have the same 
power of l then results in

l0{H(0)y0
(0) − E0

(0)y0
(0)} + l1{H(0)y0

(1) + H(1)y0
(0) − E0

(0)y0
(1) − E0

(1)y0
(0)}

+ l2{H(0)y0
(2) + H(1)y0

(1) + H(2)y0
(0) − E0

(0)y0
(2) − E0

(1)y0
(1) − E0

(2)y0
(0)} + · · · = 0

Because l is an arbitrary parameter, the coeAcient of each power of l must equal 
zero separately, so we have the following set of equations:

H(0)y0
(0) = E0

(0)y0
(0) (6.21a)

{H(0) − E0
(0)}y0

(1) = {E0
(1) − H(1)}y0

(0) (6.21b)

{H(0) − E0
(0)}y0

(2) = {E0
(2) − H(2)}y0

(0) + {E0
(1) − H(1)}y0

(1) (6.21c)

and so on.

(b) The fi rst-order correction to the energy

The solution of eqn 6.21a is assumed known (it is eqn 6.19). To make progress 
in solving eqn 6.21b, the first-order correction to the wavefunction is written as 
a linear combination of the unperturbed wavefunctions of the system because the 
latter constitute a complete basis set of functions:

y0
(1) = ∑

n

cnyn
(0) (6.22)

The sum is over all states of the model system including those belonging to the 
continuum, if there is one. When this expansion is inserted into eqn 6.21b for 
y0

(1), we obtain (in ket notation), using eqn 6.19,

∑
n

cn{H
(0) − E0

(0)} |n〉 = ∑
n

cn{En
(0) − E0

(0)} |n〉 = {E0
(1) − H(1)} | 0〉 (6.23)

When this expression is multiplied from the left by the bra 〈0 | we obtain

∑
n

cn{En
(0) − E0

(0)} 〈0 |n〉 = 〈0 | {E0
(1) − H(1)} | 0〉 = E0

(1) − 〈0 |H(1) | 0〉

The left-hand side of this equation is zero, so we can conclude that the first-order 
correction to the energy of the state | 0〉 is

E0
(1) = 〈0 |H (1) | 0〉 = H(1)

00 (6.24)
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The matrix element H (1)
00 is the average value of the first-order perturbation over 

the unperturbed state | 0〉. An analogy is the first-order shift in the frequency of a 
violin string when small weights are added along its length: those at the nodes 
have no eCect on the frequency, those at the antinodes (the points of maximum 
amplitude) aCect the frequency most strongly, and the overall eCect is an average 
taking into account the displacement of the string at the location of each weight. 
In the special case in which the diagonal matrix elements of the perturbation are 
zero, there is no first-order correction to the energy.

(c) The fi rst-order correction to the wavefunction

To find the first-order correction to the state of the system we multiply eqn 6.23 
from the left by the bra 〈k |, where k ≠ 0:

∑
n

cn〈k | {En
(0) − E0

(0)} |n〉 = 〈k | {E0
(1) − H(1)} | 0〉 (6.25a)

The orthonormality of the states again simplifies this expression to

ck{Ek
(0) − E0

(0)} = E0
(1)〈k | 0〉 − 〈k |H(1) | 0〉 = −〈k |H(1) | 0〉 (6.25b)
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Fig. 6.5 The perturbation of 
a square-well potential used in 
Example 6.2.

Example 6.2 Calculating the first-order correction to the energy

A small step in the potential energy is introduced into the one-dimensional square-
well problem (Fig. 6.5). Calculate the first-order correction to the energy of a 
particle confined to the well and evaluate it for a = L/10, so the blip in the potential 
occupies the central 10 per cent of the well, and for (a) n = 1, (b) n = 2.

Method We need to evaluate eqn 6.24 by using

H(1) = !
@
e if 1

2(L − a) ≤ x ≤ 1
2(L + a)

0 if x is outside this region

The wavefunctions are given in eqn 2.31. We should anticipate that the eCect of 
the perturbation will be much smaller for n = 2 than for n = 1 because in the former 
the perturbation is applied in the vicinity of a node.

Answer The integral required is

En
(1) = 2e

L �
1
2

(L+a)

1
2

(L−a)

sin2 A
C

npx
L

D
F dx = e!

@
a
L

− (−1)n

np
 sin AC

npa
L

D
F

#
$

We have used the integral

� sin2 kx dx = 1
2 x − 1

4k  sin 2kx + constant

and the relations

cos(np) = (−1)n and sin(x ± y) = sin x cosy ± sin y cos x.

With a = L/10, (a) for n = 1, E(1) = 0.1984e; (b) for n = 2, E(1) = 0.0065e.
Comment The relative sizes of the two first-order corrections to the energy are 
consistent with the perturbation being close to an antinode for n = 1 and a node 
for n = 2. When n is very large, E(1) ≈ (a/L)e, independent of n. At such high 
quantum numbers, the probability of finding the particle in the region a is a/L
regardless of n. Note that if e > 0, then the energy of the states is increased from 
the unperturbed values.

Self-test 6.2 Evaluate the first-order correction to the energy of a particle in a box 
for a perturbation of the form e sin (xp/L) for n = 1 and n = 2.
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Because the state | 0〉 is non-degenerate, the diCerences Ek
(0) − E0

(0) are all non-zero 
for k ≠ 0. Therefore, the coeAcients are given by

ck = H (1)
k0

E0
(0) − Ek

(0) (6.26)

where H (1)
k0 = 〈k |H (1) | 0〉. It follows that the wavefunction of the system corrected 

to first-order in the perturbation is

y0 ≈ y0
(0) + ∑

k≠0

!
@

H(1)
k0

E0
(0) − Ek

(0)
#
$yk

(0) (6.27)

The last equation echoes the expression derived for the two-level system in the 
limit of a weak perturbation and widely separated energy levels (eqn 6.18). As in 
that case, perturbation theory guides us towards the form of the perturbed state 
of the system. In this case, the procedure simulates the distortion of the state by 
mixing into it the other states of the system. This mixing is expressed by saying 
that the perturbation induces virtual transitions to these other states of the model 
system. However, that is only a pictorial way of speaking: in fact, the distorted 
state is being simulated as a linear superposition of the unperturbed states of the 
system. The equation shows that a particular state k

• makes no contribution to the superposition if H(1)
k0 = 0 and

• makes a larger contribution (for a given magnitude of the matrix element) 
the smaller the energy diCerence |E0

(0) − Ek
(0) |.

Example 6.3 Calculating the first-order correction to the wavefunction

Revisit Example 6.2 and the perturbation introduced into the one-dimensional 
square-well problem (Fig. 6.5). Calculate the contributions from (a) the n = 2 and 
(b) n = 3 wavefunctions to the n = 1 wavefunction.

Method The first-order correction to the wavefunction is given by eqn 6.27. Use 
symmetry arguments to evaluate the matrix element H(1)

21 and therefore to find the 
n = 2 contribution. The contribution of y3

(0) is evaluated by using eqn 6.26 and 
the integral

� sinax sin bx dx = sin(a − b)x
2(a − b)

− sin(a + b)x
2(a + b)

+ constant

Answer (a) The matrix element of H(1)
21 = 0 by symmetry: its integrand is asym-

metric being the product of two symmetric functions (H(1) and y1
(0)) and one 

asymmetric function (y2
(0)). Therefore the contribution c2 = 0.

(b) The contribution of y3
(0) to the n = 1 wavefunction (with a = L/10) is

c3 =
�

L

0

y*3H(1)y1dx

E1
(0) − E3

(0)
=

e(2/L)�
1
2

1
2

(L+a)

(L−a)

sin(3px/L)sin(px/L)dx

(h2/8mL2) − (9h2/8mL2)

= e(2/L)
−(h2/mL2)

GIsin(11p /10)
4p /L

− sin(11p /5)
8p /L

− sin(9p /10)
4p /L

+ sin(9p /5)
8p /L

JL
= 0.192e/(h2/mL2)

Self-test 6.3 Repeat the calculation but consider the contributions from (a) the 
n = 4 and (b) n = 5 wavefunctions to the n = 1 wavefunction.
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(d) The second-order correction to the energy

We use the same technique to extract the second-order correction to the energy 
from eqn 6.21c. First, we write the second-order correction to the wavefunction 
as the linear combination

y0
(2) = ∑

n

bnyn
(0) (6.28)

and then substitute this expansion into eqn 6.21c, which in ket notation 
becomes

∑
n

bn{En
(0) − E0

(0)} |n〉 = {E0
(2) − H(2)} | 0〉 + ∑

n

cn{E0
(1) − H(1)} |n〉 (6.29a)

Now multiply this equation through from the left by 〈0 |, which gives

∑
n

bn{En
(0) − E0

(0)} 〈0 |n〉 = 〈0 | {E0
(2) − H(2)} | 0〉 + ∑

n

cn〈0 | {E0
(1) − H(1)} |n〉 (6.29b)

 = E0
(2) − 〈0 |H(2) | 0〉 + ∑

n

cn〈0 | {E0
(1) − H(1)} |n〉

 = E0
(2) − 〈0 |H(2) | 0〉 + c0{E0

(1) − 〈0 |H(1) | 0〉} + ∑
n≠0

cn〈0 | {E0
(1) − H(1) |n〉

The left-hand side is zero, as is (from eqn 6.24) the third term on the right 
(the term multiplying c0) as well as the term E0

(1)〈0 |n〉 in the final sum (because 
n ≠ 0), so

E0
(2) = 〈0 |H(2) | 0〉 + ∑

n≠0

cn〈0 |H(1) |n〉 (6.29c)

At this point we can import eqn 6.26 for the coeAcients cn, and obtain the 
following expression for the second-order correction to the energy:

E0
(2) = H(2)

00 + ∑
n≠0

H(1)
0nH(1)

n0

E0
(0) − En

(0) (6.30)

Equation 6.30 is very important and we shall use it frequently. It is a generaliza-
tion of the approximate form of the solutions for the two-level problem, and 
consists of two parts. One, H(2)

00, is the same kind of average as occurs for the 
first-order correction, and is an average of the second-order perturbation over 
the unperturbed wavefunction of the system. The second term is more involved, 
but can be interpreted as the average of the first-order perturbation taking into 
account the first-order distortion of the original wavefunction. It should be 
noticed that because by hermiticity H(1)

0nH(1)
n0 = H(1)

0nH(1)
0n* = |H(1)

0n |2, the sum in 
eqn 6.30 gives a negative contribution (lowers the energy) if En

(0) > E0
(0) for all n,

which is the case if | 0〉 is the ground state.
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Fig. 6.6 The perturbation of a 
square-well potential used in 
Example 6.4.

Example 6.4 Evaluating a second-order correction to the energy

Suppose that the square-well potential was modified by the addition of a contri-
bution of the form −e sin(px/L) (Fig. 6.6). Find the second-order correction to the 
energy of the state with n = 1 (the ground state, in this problem) by numerical 
evaluation of the perturbation sum.

Method Evaluate the matrix elements H(1)
n0 (where the ‘0’ state of interest here is the 

ground state with quantum number n = 1) analytically using the wavefunctions 
given in eqn 2.31. The denominator in eqn 6.30 is obtained from the energy 
expression in eqn 2.31 and is proportional to 1 − n2. Evaluate the terms in the 
perturbation sum using mathematical software. By symmetry, only odd values ››
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6.3 Comments on the perturbation expressions

We could now go on to find the second-order correction to the wavefunction, 
and use that result to deduce the third-order correction to the energy, and so on. 
However, such high-order corrections are only rarely needed and more advanced 
techniques are generally employed. Furthermore, a useful theorem states that 
to know the energy correct to order 2n + 1 in the perturbation, it is suDcient to 
know the wavefunctions only to nth order in the perturbation. Thus, from 
the first-order wavefunction, we can calculate the energy up to third order. A 
final technical problem is to know whether the perturbation theory expansion 
actually converges. This is answered aArmatively for most common cases by a 
theorem due to Rellich and Kato,2 but it is normally simply assumed that conver-
gence occurs.

The practical diAculty with eqn 6.30 is that we do not normally have detailed 
information about the states and energies that occur in the sum. The sum extends, 
for instance, over all the states of the system, which includes the continuum, if 
that exists. There are, happily, several aspects of the formulation that diminish 
this problem.

In the first place, the contribution of states that diCer by a large energy from 
the state of interest can be expected to be small on account of the appearance 
of energy diCerences in the denominator. Other things being equal, only 

of n contribute (because both the perturbation and the ‘0’ state n = 1 are symmet-
ric functions.). In this problem, H(2) = 0 and H(1)

n0 is real.

Answer The matrix elements we require are as follows:

H(1)
n0 → H(1)

n1 = − 2e
L �

L

0

 sin AC
npx
L

D
F  sin AC

px
L

D
F  sin AC

px
L

D
F  dx

 = e
p

!
@

1
n

− 1
2(n + 2)

− 1
2(n − 2)

#
${(−1)n − 1}

E0
(0) − En

(0) → E1
(0) − En

(0) = (1 − n2)
h2

8mL2

We must therefore evaluate the following sum (where the sum starts at n = 3 because 
the lowest value of n, n = 1, is omitted and all terms with n even are zero):

E0
(2) → E1

(2) = 32mL2e2

h2p2 ∑
n=3,5,...

A
C

1
1 − n2

D
F

!
@
1
n

− 1
2(n + 2)

− 1
2(n − 2)

#
$

2

= − 32mL2e2

h2p2
× (8.953 × 10−3)

Comment The distorted wavefunction can be calculated from eqn 6.27 and is

y1 = y1
(0) − 8mL2e

100h2
{2.12y3

(0) + 0.101y5
(0) + 0.0168y7

(0) + · · ·}

This wavefunction corresponds to a greater accumulation of amplitude in the 
middle of the well.

Self-test 6.4 Repeat the calculation for a perturbation of the form e sin(2px/L).

2 See the volume edited by C.H. Wilcox, Perturbation theory and its applications in quantum 
mechanics, Wiley, New York (1966), for a discussion of these matters.
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energetically nearby states contribute appreciably to the sum. The continuum 
states are generally so high in energy (they correspond, for instance, to ionized 
states of the system), that they can often safely be ignored.

A further apparent diAculty is that although states that are high in energy 
make only small individual contributions to the sum, there may be very many of 
them, so their total contribution may be significant. For the hydrogen atom, the 
number of states of a given energy (that is, the degeneracy) increases as n2, and 
when n = 103 there are 106 states of the same energy, each one making a small 
contribution to the sum. However, it often turns out that the matrix elements in 
the numerators of the perturbation sum vanish identically for many states. For 
instance, for a hydrogen atom in a uniform electric field in the z-direction, for 
each n only one of the n2 states of the same energy (the npz-orbital) has non-
vanishing matrix elements to the ground state of the atom. Thus, although there 
may be 106 states lining up to be included, only one of them is selected.

(a) The role of symmetry

The vanishing of matrix elements that so greatly simplifies the perturbation for-
mulas and helps to guarantee convergence of perturbation expansions depends 
on the symmetry properties of the system. This is where group theory plays such 
a striking role. The matrix elements of interest are in fact integrals:

H(1)
0n = �y0

(0)*H(1)yn
(0) dt (6.31)

We saw in Section 5.16 that such integrals are necessarily zero unless the direct 
product G(0) × G(pert) × G(n) contains the totally symmetric irreducible representation 
(for instance, A1 or its equivalent). The physical basis of this important conclu-
sion can be understood by considering the distortion of the wavefunction induced 
by the perturbation. Suppose that the state of interest (the state | 0〉) is totally 
symmetric (it might be the 1s-orbital of a hydrogenic atom). Then

G(0) × G(pert) × G(n) = A1 × G(pert) × G(n) = G(pert) × G(n)

and this product must contain A1 (or its equivalent). It does so only if G(pert) = G(n).
It follows that the only states that are mixed into the ground state by the perturb-
ation are those with the same symmetry as the perturbation. In other words: the 
distortion impressed on the system has the same symmetry as the perturbation; 
the perturbation leaves its footprint on the system. For example, if the perturb-
ation is an electric field in the z-direction, then only the pz-orbitals of the atom 
have the correct symmetry to mirror the eCect of the perturbation and are the 
only orbitals to be included in the sum.

Example 6.5 Determining the states to include in a perturbation calculation

What orbitals should be mixed into a d-orbital when it is perturbed by the applica-
tion of an electric field in the x-direction?

Method An electric field of strength E in the x-direction corresponds to the per-
turbation H(1) = −mxE, where mx is the x-component of the electric dipole moment 
operator: mx = −ex. Therefore, we need to decide which matrix elements 〈d |x | n〉
are non-zero. To do so, we decide on the symmetry species for orbital |n〉
that gives the totally symmetric irreducible representation when we evaluate 
G(d) × G(x) × G(n). We use the full rotation group and the results of Section 5.20. 
In addition, further symmetry analysis can often reduce the list of candidates 
for the admixed orbitals. ››
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(b) The closure approximation

It is sometimes useful to make a ‘back-of-the-envelope’ assessment of the magni-
tude of a property without evaluating the perturbation sum in detail. If the spec-
trum of energy levels of the system resembles that shown in Fig. 6.7, then we can 
make the approximation that all the energy diCerences En

(0) − E0
(0) in the perturb-

ation expression can be replaced by their average value DE. Then the expression 
for the second-order correction to the energy becomes

E0
(2) ≈ H(2)

00 − 1
ΔE

∑
n≠0

H(1)
0nH(1)

n0

The sum is almost in the form of a matrix product:

∑
n

ArnBnc = (AB)rc

It would be such a product if the sum extended over all n, including n = 0. So, we 
extend the sum, but cancel the term that should not be present:

E0
(2) ≈ H(2)

00 − 1
ΔE

∑
n

H(1)
0nH(1)

n0 + 1
ΔE

H(1)
00H(1)

00 (6.32)

 ≈ H(2)
00 − 1

ΔE
 (H(1)H(1))00 + 1

ΔE
H(1)

00H(1)
00

The energy correction is now expressed solely in terms of integrals over the 
ground state of the system and we need no information about excited states other 
than their average energy above the ground state. Because the approximation 
eCectively ‘closes’ the sum over matrix elements down into a single term, it is 
called the closure approximation.

The closure approximation for the second-order energy can be expressed suc-
cinctly by introducing the term

e2 = 〈0 |H(1)2 | 0〉 − 〈0 |H(1) | 0〉2 (6.33a)

for then it becomes

E0
(2) ≈ H(2)

00 − e2

ΔE
(6.33b)

We shall use this expression several times later in the text.
Two comments are in order at this point. One is that the closure approxima-

tion is a very crude procedure in most instances, because the array of energy 
levels often diCers quite significantly from that supposed in Fig. 6.7. The energy 

Answer The function for a d-orbital (l = 2) is a component of the basis for G(2) and 
x is likewise a component of the basis for G(1) (recall px ∝ x). Because G(2) × G(1) =
G(3) + G(2) + G(1) by eqn 5.51, at this stage we can infer that f-, d-, and p-orbitals can 
be mixed into the d-orbital. However, under the symmetry operation of inversion, 
all of the d-orbitals are even but x is odd; therefore the admixed function must 
be odd, which eliminates d-orbitals. The appropriate functions are therefore f 
and p.

Comment If a particular d-orbital were specified, only specific f- and p-orbitals
would be in the admixture. For example, of the three p-orbitals, only pz would mix 
with a dzx-orbital.

Self-test 6.5 What orbitals would be mixed into a p-orbital for a field applied in 
the z-direction?

E
n

er
g

y,
 E

ΔE

Fig. 6.7 The qualitative basis of 
the closure approximation, in 
which it is supposed that the 
individual excitation energies 
can all be set equal to a single 
average value.



184 | 6 TECHNIQUES OF APPROXIMATION

levels of a particle in a box is an example of an array of levels that is quite diCer-
ent from the bunching supposed in the approximation. However, an alternative 
way of regarding the approximation is to identify DE not with a mean energy but 
with the following ratio:

ΔE = H(1)2
00 − (H(1)2)00

∑
n≠0

H(1)
0nH(1)

n0 /(E0
(0) − En

(0))
(6.34)

With this definition of DE, the closure approximation is exact; but of course the 
net eCect is to create more work, and the formal procedure is only useful in so far 
as it establishes the significance of DE somewhat more precisely.

Example 6.6 Using the closure approximation

Derive an approximate expression for the ground-state energy of a hydrogen atom 
in the presence of an electric field of strength E applied in the z-direction by using 
the closure approximation.

Method The perturbation hamiltonian is H(1) = −mzE = ezE. The first-order cor-
rection to the energy is zero because eE〈0 |z | 0〉 = 0. (That the integral vanishes can 
be easily deduced as follows: the ground state | 0〉 is proportional to Y0,0 and z is 
proportional to Y1,0 so the symmetry species of the integrand G(0) × G(1) × G(0) does 
not include the totally symmetric irreducible representation G(0).) There is no 
second-order component of the hamiltonian, so the energy expression is slightly 
simplified in so far as it has no terms in H (2). Set up the expression for E0

(2) and then 
apply closure. The resulting expression can be simplified by taking into account 
the spherical symmetry of the atom in its ground state and relating the expectation 
value of z2 to the expectation value of r2.

Answer The full perturbation expression is

E0
(2) = e2E 2∑

n≠0

z0nzn0

E0
(0) − En

(0)

We now apply closure, and note that 〈0 |z | 0〉 = 0 by symmetry; therefore, from 
eqn 6.33a,

e2 = e2E2 〈0 |z2 | 0〉

The expectation value of z2 in a spherical system is the same as the expectation 
values of x2 and y2, and because r2 = x2 + y2 + z2 it follows that

〈0 |z2 | 0〉 = 1
3 〈0 | r2 | 0〉 = 1

3 〈r2〉

where 〈r2〉 is the mean square radius of the atom in its ground state. It follows from 
eqn 6.33b that

E0
(2) ≈ − e2E2〈r2〉

3ΔE

Comment This is a very much simpler expression than the full perturbation for-
mula. The mean excitation energy may be identified with the ionization energy of 
the atom, which is close to hcRH, where RH is the Rydberg constant for the hydrogen 
atom (see Section 7.1).

Self-test 6.6 Derive a similar expression for the eCect of an electric field on a one-
dimensional harmonic oscillator treated as an electric dipole of magnitude ex and 
force constant kf.
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6.4 Perturbation theory for degenerate states

For systems in which perturbations are applied to degenerate states, a totally 
wrong result may be obtained because the denominators En

(0) − E0
(0) in eqns 6.27 

and 6.30 then stand the risk of becoming zero. Another problem with degener-
acies is that a small perturbation can induce very large changes in the forms of 
functions. This point is illustrated schematically in Fig. 6.8, where we see that the 
perturbation (the eCect of which is represented by the conversion of a circle to 
an ellipse) leads to a large change in the initial pair of degenerate states for one 
particular choice of starting functions, but to a much more modest change for 
another choice in which the nodes remain in the same locations. The fact that any 
linear combination of degenerate functions is also an eigenfunction of the hamil-
tonian (Section 1.2) means that we have the freedom to select the combination 
that most closely resembles the final form of the functions once the perturbation 
has been applied. We shall now show that both these problems—the selection of 
optimum starting combinations and the avoidance of zeros in the energy denomin-
ators—can be solved by a single procedure.

We suppose that the energy level of interest in the system is r-fold degenerate 
and that the states corresponding to the energy E0

(0) are | 0,l 〉 with l = 1, 2, . . . , r;
the corresponding wavefunctions are y(0)

0,l. All r states satisfy

H (0) | 0,l 〉 = E0
(0) | 0,l 〉 (6.35)

The linear combinations of the degenerate states that most closely resemble the 
perturbed states are

j(0)
0,i =

r

∑
i=1

dliy(0)
0,l (6.36)

where dli are as-yet-undetermined coeAcients. When the perturbation is applied, 
the state j(0)

0,i is distorted into yi which it closely resembles, and its energy changes 
from E0

(0) to Ei, which has a similar value. The index i is needed on the new energy 
Ei because the degeneracy may be removed by the perturbation. As in Section 6.2, 
we write

yi = j(0)
0,i + ly(1)

0,i + · · ·

Ei = E0
(0) + lE(1)

0,i + · · ·

Substitution of these expansions into Hyi = Eiyi and collection of powers of l,
just as for the non-degenerate case (Section 6.2), gives (up to first-order in l)

H(0)j(0)
0,i = E0

(0)j(0)
0,i (6.37a)

{H(0) − E0
(0)}y(1)

0,i = {E(1)
0,i − H(1)}j(0)

0,i (6.37b)

Equation 6.37a reflects the fact that a linear combination of degenerate states 
is an eigenfunction of the hamiltonian with the same eigenvalue. We therefore 
focus attention on eqn 6.37b and, as before, we attempt to express the first-order 
correction to the wavefunction as a sum over all functions. The simplest proce-
dure is to divide the sum into two parts, one being a sum over the members of the 
degenerate set | 0,l 〉, and the other the sum over all the other states (which may or 
may not have degeneracies among themselves):

y(1)
0,i = ∑

l

cly(0)
0,l + ∑

n≠0

cnyn
(0) (6.38)

On insertion of this expression into eqn 6.37b and conversion to ket notation, 
we obtain (using eqn 6.35)

∑
l

cl{E
(0)
0 − E(0)

0 } | 0,l 〉 + ∑
n≠0

cn{E
(0)
n − E(0)

0 } |n〉 = ∑
l

dli{E
(1)
0,i − H(1)} | 0,l 〉 (6.39a)

(a)

(b)

Perturb

Perturb

Fig. 6.8 A representation of the 
importance of making the correct 
choice of basis functions when 
considering the eCect of 
a perturbation on degenerate 
states. In this diagram, the 
perturbation is represented by 
the squashing of the circle in 
a vertical direction. (a) A good 
choice of basis, because the 
wavefunctions undergo least 
change. (b) A poor choice, 
because both linear combinations 
are extensively distorted by the 
perturbation.
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The first term is zero. On multiplying the remaining terms from the left by the bra 
〈0,k |, we obtain zero on the left (because the states |n〉 are orthogonal to the 
states | 0,k〉, and hence we are left with

∑
l

dli{E
(1)
0,i 〈0,k | 0,l 〉 − 〈0,k |H(1) | 0,l 〉} = 0 (6.39b)

The degenerate functions need not be orthogonal, so we introduce the following 
overlap integral:

Skl = 〈0,k | 0,l 〉 (6.40a)

If the degenerate functions are orthogonal, the overlap integral Skl = dkl. Similarly, 
we write

H (1)
kl = 〈0,k |H(1) | 0,l 〉 (6.40b)

Then we obtain

∑
l

dli{E
(1)
0,iSkl − H(1)

kl }= 0 (6.41)

These equations (there is one for each value of i) are called the secular equations 
(Mathematical background 4). They are a set of r simultaneous equations (since 
l = 1, 2, . . . , r) for the coeAcients dli and have non-solutions only if the secular
determinant is equal to zero:

det |H(1)
kl − E(1)

0,i Skl | = 0 (6.42)

The solution of this equation gives the energies E(1)
0,i that we seek. The solution of 

the secular equations for each of these values of the energy then gives the co-
eAcients dli that define the optimum form of the linear combinations to use for 
any subsequent perturbation distortion.

A brief comment
Equation 6.41 can be 
rearranged into the matrix 
equation Hd = SdE; we will 
encounter matrix equations of 
this form below.

Example 6.7 Determining the perturbation energies of degenerate states

What is the first-order correction to the energies of a doubly degenerate pair of 
orthonormal states?

Method We set up the secular determinant (eqn 6.42) and solve it for the energies 
by expanding it and looking for the roots of the resulting polynomial in E. Because 
the pair of states is orthonormal, Skl = dkl.

Answer The secular determinant is

H(1)
11 − E(1)

0,i H(1)
12

 H(1)
21 H(1)

22 − E(1)
0,i

= 0

This equation expands to

(H(1)
11 − E(1)

0,i)(H
(1)
22 − E(1)

0,i) − H(1)
21H(1)

12 = 0

which corresponds to the following quadratic equation for the energy:

E(1)2
0,i − (H(1)

11 + H(1)
22)E(1)

0,i + (H(1)
11H(1)

22 − H(1)
12H(1)

21) = 0

The roots of this equation are

E(1)
0,i = 1

2{H(1)
11 + H(1)

22} ± 1
2{(H(1)

11 + H(1)
22)2 − 4(H(1)

11H(1)
22 − H(1)

12H(1)
21)}1/2

Comment This result is the same as we obtained for the two-level problem in 
Section 6.1 (eqn 6.14). Similarly, the optimum linear combinations of the degener-
ate states resemble those in eqn 6.17.
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Variation theory

Another very useful method for estimating the energy and approximating the 
wavefunction of a known hamiltonian is based on variation theory. Variation 
theory is a way of assessing and improving guesses about the forms of wavefunc-
tions in complicated systems. The first step is to guess the form of a trial function,
ytrial, and then the procedure shows how to optimize it.

6.5 The Rayleigh ratio

We suppose that the system is described by a hamiltonian H, and denote the low-
est eigenvalue of this hamiltonian as E0. If the Rayleigh ratio, E, is defined as

E =
2y*trialHytrial dt
2y*trialytrial dt

= 〈ytrial |H |ytrial〉
〈ytrial |ytrial〉

(6.43a)

then the variation theorem states that 

for any ytrial, E ≥ E0 (6.43b)

The equality holds only if the trial function is identical to the true ground-state 
wavefunction of the system.

Parameter P2

Parameter P1

Optimum

R
ay

le
ig

h
 r

at
io

, E

Fig. 6.9 The variation principle 
seeks the values of the parameters 
(two are shown here) that 
minimize the energy. The 
resulting wavefunction is the 
optimum wavefunction of 
the selected form.

Proof 6.1 The variation theorem

Any trial function can be written as a linear combination of the true (but unknown) 
eigenfunctions of the hamiltonian (which form a complete set):

ytrial = ∑
n

cnyn where Hyn = Enyn

Now consider the integral

I = �y*trial(H − E0)ytrial dt = ∑
n,n′

c*ncn′�y*n(H − E0)yn′ dt

= ∑
n,n′

c*ncn′(En′ − E0) �y*n yn′ dt = ∑
n

c*ncn(En − E0) ≥ 0

The final inequality follows from En ≥ E0 and |cn | 2 ≥ 0. It follows that

�y*trial(H − E0)ytrial dt ≥ 0

which rearranges into E ≥ E0.

The significance of the variation theorem is that the trial function giving the 
lowest Rayleigh ratio is the optimum function of that form. Moreover, because 
the Rayleigh ratio is not less than the true ground-state energy of the system, 
we have a way of calculating an upper bound to the true energy of the system. 
Typically, the trial function is expressed in terms of one or more parameters that 
are varied until the Rayleigh ratio is minimized (Fig. 6.9). The procedure is illus-
trated in the following example.
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Example 6.8 Using the variation theorem to find an optimized wavefunction

Find the optimum form of a trial function of the form e−kr and the upper bound to 
the ground-state energy of a hydrogenic atom.

Method Begin by writing the hamiltonian for the problem and then evaluate the 
integrals that occur in the expression for the Rayleigh ratio. The ratio will be 
obtained as a function of the parameter k, so to find the minimum value of the 
ratio we need to find the value of k that corresponds to dE /dk = 0.

Answer The hamiltonian for the hydrogenic atom is

H = −
H2

2m
∇2 −

Ze2

4pe0r

However, because the trial function is independent of angle, we need consider only 
the radial derivatives in the laplacian (see eqn 3.28):

∇2y =
1

r

d2

dr2
ry

The integrals we require are therefore

 2p 2 1/(4k3)!@ 123 14243

�y*trialytrial dt = �
0

2p

 
dj�

p

0 
sinq dq �

∞

0 
e−2krr2 dr =

p
k3

 1/(4k2) 123

�y*trial
A
C

1

r
D
F ytrial dt = �

0

2p

 
dj�

p

0 
sinq dq�

∞

0 
e−2krr dr =

p
k2

�y*trial∇
2ytrial dt = �y*trial

A
C

1

r

d2

dr2

D
F re−kr dt = �y*trial

A
Ck2 −

2k

r
D
F ytrial dt

 = k2�y*trialytrial dt − 2k�y*trial
A
C

1

r
D
F ytrial dt

 =
p
k

−
2p
k

= −
p
k

Therefore,

�y*trialHytrial dt =
pH2

2mk
−

Ze2

4e0k
2

and the Rayleigh ratio is

E =
(pH2/2mk) − (Ze 2/4e0k

2)

p /k3
=

k2H2

2m
−

Ze2k

4pe0

This function is plotted in Fig. 6.10. To find its minimum value we diCerentiate
with respect to k:

dE

dk
=

kH2

m
−

Ze2

4pe0

= 0 when k =
Ze2m

4pe0H2

The best value of E is therefore

E = −
Z2e4m

32p2e0
2H2

and the optimum form of the wavefunction has the value of k given above. ››
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Fig. 6.10 The function 
derived in Example 6.8, with 
a = Ze2m /2pe0H2. The minimum 
occurs at k = a /2.
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6.6 The Rayleigh–Ritz method

The variation procedure we have described above was devised by Lord Rayleigh. 
A modification called the Rayleigh–Ritz method represents the trial function by 
a linear combination of fixed basis functions with variable coeAcients; these 
coeAcients are treated as the variables to be changed until an optimized set is 
obtained.

The trial function is taken to be

ytrial = ∑
i

ciyi (6.44)

with only the coeAcients (not the basis functions yi) variable. The Rayleigh 
ratio is

E =
�y*trialHytrial dt

�y*trialytrial dt
=

∑
i,j

ci*cj�y i*Hyj dt

∑
i,j

ci*cj�yi*yj dt
=

∑
i,j

ci*cjHij

∑
i,j

ci*cjSij

(6.45)

To find the minimum value of this ratio, we vary the coeAcients (choosing arbi-
trarily to vary the complex conjugates c*):

dE =
∑
i,j

dci*cjHij

∑
i,j

ci*cjSij

−

A
C∑i,j dci*cjSij

D
F∑i,j ci*cjHij

A
C∑i,j ci*cjSij

D
F

2
=

∑
i,j

dci*cj(Hij − ESij)

∑
i,j

ci*cjSij

= 0

This expression is satisfied if the numerator vanishes, which is the case for arbi-
trary variations of the coeAcients if

∑
j

cj(Hij − ESij) = 0 (6.46)

This is a set of simultaneous equations for the coeAcients cj. The condition for 
the existence of solutions is that the secular determinant should be zero:

det |Hij − ESij | = 0 (6.47)

Solution of eqn 6.47 leads to a set of values of E as the roots of the correspond-
ing polynomial (for instance, the two roots of a quadratic equation if the basis 
consists of two states), and the lowest value is the best value of the ground state 
of the system with a basis set of the selected form. The coeAcients in the linear 
combination are then found by solving the set of secular equations (eqn 6.46) 
with this value of E. The procedure is illustrated in the following example.

Comment This optimum value of the Rayleigh ratio turns out to be the exact 
ground-state energy (see eqn 3.66) and the corresponding trial function is the 
true wavefunction for the atom (see Table 3.4). This special result follows from 
the fact that the trial function happens to include the exact wavefunction as 
a special case.

Self-test 6.7 Repeat the calculation for a trial function of the form e−kr2 and 
confirm that the Rayleigh ratio lies above the true energy of the ground state.
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Example 6.9 Using the Rayleigh–Ritz method

Suppose we are investigating the eCect of mass of the nucleus on the ground-state 
wavefunctions of the hydrogen atom. One approach might be to use as a trial 
function a linear combination of the 1s- and 2s-orbitals of a hydrogen atom with 
an infinitely heavy nucleus but to use the true hamiltonian for the atom. Find 
the optimum linear combination of these orbitals and the ground-state energy of 
the atom.

Method We use the wavefunctions of a hydrogen atom with an infinitely heavy 
nucleus as the basis, and the hamiltonian of the actual hydrogen atom: neither 
orbital is an eigenfunction of the hamiltonian, but a linear combination of them 
can be expected to be a reasonable approximation to an eigenfunction. The first 
step is to evaluate the matrix elements needed for the secular determinant: these 
can be expressed in terms of the Rydberg constant R with a suitable correction 
for the energy. Then set the secular determinant equal to zero and find the lowest 
root of the resulting polynomial in E. Use this value in the secular equations for 
the coeAcients.

Answer The basis functions are

y1 = AC
1

pa3
0

DF
1/2

e−r/a0 y2 = AC
1

32pa3
0

DF
1/2AC 2 −

r

a0

DF e−r/2a0

The trial function is then ytrial = c1y1 + c2y2. The basis functions are orthonormal, 
so S11 = S22 = 1 and S12 = S21 = 0. The hamiltonian is the same as that given in 
Example 6.8 with Z = 1:

H = −
H2

2m
∇2 −

e2

4pe0r

and as there, because the basis functions are independent of angles, only the radial 
derivatives need be retained. Express the energies in terms of hcR = H2/2a2

0me.
The integrals required are quite straightforward to evaluate and are as follows:

H11 = (g − 1)hcR H22 = 1
4(g − 1)hcR

H12 = H21 = AC
16g

27 × 21/2

DF hcR

with g = me/mp. The secular determinant expands as follows:

H11 − ES11 H12 − ES12

H21 − ES21 H22 − ES22

=
H11 − E     H12

    H21   H22 − E

 = E2 − (H11 + H22)E + (H11H22 − H12H21) = 0

Substitution of the matrix elements and solution of the quadratic equation for E
gives the lower root

E = 1
8(g − 1){5 + 3(1 + 2G 2)1/2}hcR where G =

26g
34(g − 1)

Because G = −0.00043, it follows that E = −0.999 46hcR. The secular equations 
are

c1(H11 − E) + c2H21 = 0 c1H12 + c2(H22 − E) = 0

and for the trial function to be normalized we also know that c1
2 + c2

2 = 1. It follows 
that with the value of E found above,

c1 ≈ 1.000 00 c2 = −0.000 54 ››
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The variation principle leads to an upper bound for the energy of the system. 
It is also possible to use the principle to determine an upper bound for the first 
excited state by formulating a trial function that is orthogonal to the ground-
state function. There are also variational techniques for finding lower bounds, so 
the true energy can be sandwiched above and below and hence located reason-
ably precisely. These calculations, though, are often quite diAcult because they 
involve integrals over the square of the hamiltonian. A further remark is that 
although the variation principle may give a good value for the energy, there is no 
guarantee that the optimum trial function will give a good value for some other 
property of the system, such as its dipole moment.

The Hellmann–Feynman theorem

Consider a system characterized by a hamiltonian that depends on a parameter 
P. This parameter might be the internuclear distance in a molecule or the strength 
of the electric field to which the molecule is exposed. The exact (not trial) wave-
function for the system is a solution of the Schrödinger equation, so it and its 
energy also depend on the parameter P. The question we tackle is how the energy 
of the system varies as the parameter is varied, and we shall now prove the 
following relation, which is the Hellmann-Feynman theorem:

dE
dP

= �[H[P � (6.48)

Comment The wavefunction has a 3.0 × 10−5 per cent admixture of 2s-orbital into 
the 1s-orbital, with a negative sign for the coeAcient. The latter signifies a small 
decrease in amplitude of the overall wavefunction at the nucleus. The explanation 
of this reduction can be traced to the fact that the reduced mass is slightly less than 
the mass of the electron, and so the ‘eCective particle’ has slightly more freedom 
than an electron.

Proof 6.2 The Hellmann–Feynman theorem

We suppose that the wavefunction is normalized to 1 for all values of P, in which 
case

E(P) = �y(P)*H(P)y(P)dt

The derivative of E with respect to P is

dE

dP
= �A

C
[y*

[P
D
F Hydt + �y*A

C
[H
[P

D
F y dt + �y*H A

C
[y
[P

D
F  dt

 = E �A
C
[y*

[P
D
F ydt + �y*A

C
[H
[P

D
F y dt + E�y*A

C
[y
[P

D
F  dt

 = E
d

dP�y*ydt + �y*A
C
[H
[P

D
F y dt

In the last term of the second line, we have employed the hermiticity of H to let it 
operate on the function standing to its left. The first term on the right of the last 
line is zero because the integral is equal to 1 for all values of P. The second term is 
the expectation value of the first-derivative of the hamiltonian.
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The great advantage of the Hellmann–Feynman theorem is that the operator 
[H/[P might be very simple.

A brief illustration

If the total hamiltonian is H = H (0) + Px (where H (0) is independent of P), then 
[H/[P = x, and there is no mention of H (0), which might be a very complicated 
operator. Equation 6.48 results in dE/dP = 〈x〉 and the calculation is apparently 
very simple.

There is, as always, a complication. The proof of the theorem supposes that 
the wavefunctions are the exact eigenfunctions of the total hamiltonian. 
Therefore, to evaluate the expectation value of even a simple operator like x in
the brief illustration, we need to have solved the Schrödinger equation for the 
complete, complicated hamiltonian. Nevertheless, we can use the perturbation 
theory described earlier in the chapter to arrive at successively better approxima-
tions to the true wavefunctions, and therefore can calculate successively better 
approximations to the value of dE/dP, the response of the system to changes in 
the hamiltonian. We shall use this technique in Chapters 12 and 13 to calculate 
the properties of molecules in electric and magnetic fields.

Time-dependent perturbation theory

Just about every perturbation is time-dependent, even those that appear to be 
stationary. Many ‘stationary’ perturbations have to be turned on: samples are 
inserted into electric and magnetic fields, the shapes of vessels are changed, and 
so on. The reason why time-independent perturbation theory can often be applied 
in these cases is that the response of a molecule is so rapid that for all practical 
purposes the systems forget that they were ever unperturbed and settle rapidly 
into their final perturbed states. Nevertheless, if we really want to understand the 
properties of molecules, we need to see how systems respond to newly imposed 
perturbations and then settle into stationary states after an interval.

But there is a much more important reason for studying time-dependent 
perturbations. Many important perturbations never settle down to a constant 
value. A molecule exposed to electromagnetic radiation, for instance, experi-
ences an electromagnetic field that oscillates for as long as the perturbation is 
imposed. Time-dependent perturbation theory is essential for such problems and 
is used to calculate transition probabilities in spectroscopy and the intensities of 
spectral lines.

We adopt the same approach as for time-independent perturbation theory. 
First, we consider a two-level system. Then we generalize that special case to 
systems of arbitrary complexity.

6.7 The time-dependent behaviour of a two-level system

The total hamiltonian of the system is

H(t) = H(0) + H(1)(t) (6.49)

A typical example of a time-dependent perturbation is one that oscillates at 
an angular frequency w, in which case
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H(1)(t) = 2H(1) cos wt (6.50)

where H(1) is a time-independent operator and the 2 is present for future con-
venience. We need to deal with the time-dependent Schrödinger equation:

HY = iH
[Y
[t

(6.51)

(a) The solutions

As in Section 6.1, we denote the energies of the two states as E1
(0) and E2

(0) and 
the corresponding time-independent wavefunctions as y1

(0) and y2
(0). These wave-

functions are the solutions of the same time-independent equation as in the 
time-independent case (eqn 6.11a, H(0)yn

(0) = En
(0)yn

(0)), and are related to the time-
dependent unperturbed wavefunctions by

H (0)Yn
(0) = iH

[Yn
(0)

[t
Yn

(0)(t) = yn
(0)e−iEn

(0)t/H (6.52)

In the presence of the perturbation H(1)(t), the state of the system is expressed as 
a linear combination of the time-dependent basis functions:

Y(t) = c1(t)Y1
(0)(t) + c2(t)Y2

(0)(t) (6.53)

Notice that the coeAcients are also time-dependent because the composition of 
the state may evolve with time. The total time-dependence of the wavefunction 
therefore arises from the oscillation of the basis functions and the evolution of 
the coeAcients. The probability that at any time t the system is in state n is 
| cn(t) | 2.

Substitution of the linear combination (eqn 6.53) into the Schrödinger equa-
tion, eqn 6.51, leads to the following expression:

HY = c1H
(0)Y1

(0) + c1H
(1)(t)Y1

(0) + c2H
(0)Y2

(0) + c2H
(1)(t)Y2

(0)

 = iH
[
[t

(c1Y1
(0) + c2Y2

(0))

 = iHc1
[Y1

(0)

[t
+ iHY1

(0) dc1

dt
+ iHc2

[Y2
(0)

[t
+ iHY2

(0) dc2

dt

Each basis function satisfies the unperturbed time-dependent equation in 
eqn 6.52, so the last equation simplifies to

c1H
(1)(t)Y1

(0) + c2H
(1)(t)Y2

(0) = iHY1Y1
(0) + iHY2Y2

(0) (6.54)

where Y = dc/dt.
The next step is to extract equations for the time variation of the coeAcients.

To do so, we write the time-dependence of the wavefunctions explicitly:

c1H
(1)(t) | 1〉 e−iE1

(0)t/H + c2H
(1)(t) | 2〉 e−iE2

(0)t/H = iHY1 | 1〉 e−iE1
(0)t/h + iHY2 | 2〉 e−iE2

(0)t/H (6.55a)

We have also taken this opportunity to express the wavefunctions yn
(0) as the 

kets |n〉. Now multiply through from the left by | 1〉 and use the orthonormality 
of the states to obtain

c1H
(1)
11 (t)e−iE1

(0)t/H + c2H
(1)
12 (t)e−iE2

(0)t/H = iHY1e
−iE1

(0)t/H (6.55b)

where H (1)
ij (t) = 〈i |H (1)(t) | j〉.

The expression we have obtained can be simplified in a number of ways. In the 
first place, we shall write Hw21 = E2

(0) − E1
(0), and so obtain

c1H
(1)
11 (t) + c2H

(1)
12 (t)e−iw21t = iHY1 (6.56)
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Next, it is commonly the case that the time-dependent perturbation has no diag-
onal elements, so we can set H(1)

11 (t) = H(1)
22 (t) = 0. The equation then reduces to

Y1 = 1
iH

c2H
(1)
12 (t)e−iw21t (6.57a)

This diCerential equation for c1 depends on c2, so we need an equation for the 
latter coeAcient too. The same procedure, but with multiplication by 〈2 |, leads 
to

Y2 = 1
iH

c1H
(1)
21 (t)eiw21t (6.57b)

When the perturbation is absent, the matrix elements H(1)
12 (t) = H(1)

21 (t) = 0 and 
therefore Y1 = Y2 = 0. The coeAcients do not change from their initial values and 
the state is

Y(t) = c1(0)y1
(0)e−iE1

(0)t/H + c2(0)y2
(0)e−iE2

(0)t/H (6.58)

Although this Y(t) oscillates with time, the probability of finding the system in 
either of the states is constant, because the square modulus of the coeAcients
of each ci is constant. That is, in the absence of a perturbation, the state of the 
system is frozen at whatever was its initial composition.

Now consider the case of a constant perturbation applied at t = 0 (Fig. 6.11). 
We shall write H(1)

12(t) = HV and (by hermiticity) H(1)
21(t) = HV* when the perturb-

ation is present. Then

Y1 = −iVc2e
−iw21t Y2 = −iV*c1e

iw21t (6.59)

There are several ways of solving coupled diCerential equations such as these. 
The most elementary method (which we employ here) is to substitute one 
equation into the other. A much more powerful method is to use Laplace 
transforms.

On diCerentiation of Y2 and then using the expression in eqn 6.59 for Y1 we 
obtain

Z2 = −iV*Y1e
iw21t + w21V*c1e

iw21t = − |V | 2c2 + iw21Y2 (6.60)

The corresponding expression for Z1 is obtained by diCerentiating the expression 
for Y1. Note that two coupled first-order equations lead to one second-order 
diCerential equation for either c1 or c2. The general solutions of this second-order 
diCerential equation are (a similar expression holds for c1)

c2(t) = (AeiW t + Be−iW t)eiw21t/2 where W = 1
2(w2

21 + 4 |V |2)1/2 (6.61)

where A and B are constants determined by the initial conditions.
Now suppose that at t = 0 the system is definitely in state 1. Then c1(0) = 1 and 

c2(0) = 0. These two initial conditions are enough to determine the two constants 
in the general solution (eqn 6.61), and after some straightforward algebra we 
find the following two particular solutions:

c1(t) = !
@cosWt + iw21

2W
 sin Wt#$e−iw21t/2 c2(t) = − i |V |

W
 sin Wt eiw21t/2 (6.62)

These are the exact solutions for the problem: we have made no approximations 
in their derivation.

InterActivity Using the Worksheet entitled Equation 6.62 on this text’s website, 
explore the dependence of c2 and |c2 | 2 on time and their variation with |V |

and w21.
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Fig. 6.11 The form of a constant 
perturbation switched on at t = 0 
and oC at t = T.
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(b) The Rabi formula

We are interested in the probability of finding the system in one of the two states 
as a function of time when the system is initially in state 1 at t = 0, the time 
the constant perturbation is applied. These probabilities are P1(t) = |c1(t) | 2 and 
P2(t) = |c2(t) | 2. For state 2, the initially unoccupied state, we find, using eqn 6.62, 
the Rabi formula:

P2(t) = A
C

4 |V | 2

w2
21 + 4 |V | 2

D
F  sin2 1

2 (w
2
21 + 4 |V | 2)1/2t (6.63)

This expression will be at the centre of the following discussion. The probability 
of the system being in state 1 is of course P1(t) = 1 − P2(t), so we do not need to 
make a special calculation for its value.

InterActivity Using the Worksheet entitled Equation 6. 63 on this text’s website, 
explore the dependence of P2 on time and its variation with |V | and w21.

The first case we consider is that of a degenerate pair of states, so w21 = 0. The 
probability that the system will be found in state 2 if at t = 0 it was certainly in 
state 1 is then

P2(t) = sin2 |V | t (6.64)

Figure 6.12 shows a graph of this function. We see that the system oscillates 
between the two states, and periodically is certainly in state 2. Because the fre-
quency of the oscillation is governed by |V |, we also see that strong perturbations 
drive the system between its two states more rapidly than weak perturbations. 
However, provided we wait long enough (specifically, for a time t = p/2|V |), then, 
whatever the perturbation, in due course the system will be found with certainty 
in state 2. This responsiveness is a special characteristic of degenerate systems. 
Degenerate systems are ‘loose’ in the sense that the populations of their states 
may be transferred completely even by weak stimuli.

InterActivity Using the Worksheet entitled Equation 6.64 on this text’s website, 
explore the dependence of P2 on time and its variation with |V |.

Now consider the other extreme, when the energy levels are widely separated 
in comparison with the strength of the perturbation, in the sense w2

21 >> 4 |V | 2.
In this case, 4 |V | 2 can be ignored in both the denominator and the argument of 
the sine function, and we obtain

P2(t) ≈ A
C

2 |V |
w21

D
F

2

sin2 1
2 w21t (6.65)

The behaviour of the system is now quite diCerent (Fig. 6.13). The populations 
oscillate, but P2(t) never rises above 4 |V | 2/w2

21, which is very much less than 1. 
There is now only a very small probability that the perturbation will drive the 
system from state 1 to state 2. Moreover, the frequency of oscillation of the popu-
lation is determined solely by the separation of the states and is independent of 
the strength of the perturbation. That is like the behaviour of a bell that is struck 
by a hammer: the frequency is largely independent of the strength of the blow. 
(Indeed, there is a deep connection between the two phenomena.) The only role 
of the perturbation, other than its role in causing the transitions, is to govern the 
maximum extent to which population transfer occurs. If the perturbation is 
strong (but still weak in comparison with the energy separation of the states), 
then there is a higher probability of finding the system in state 2 than when the 
perturbation is weak.
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Fig. 6.13 The variation with 
time of the probability of being 
in an initially empty state of a 
two-level non-degenerate system 
that is subjected to a constant 
perturbation turned on at t = 0 
and extinguished at t = T. The 
variation labelled (a) corresponds 
to a small energy separation and 
that in (b) corresponds to a large 
separation. Note that the latter 
oscillates more rapidly than the 
former.
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Fig. 6.12 The variation with 
time of the probability of being 
in an initially empty state of a 
two-level degenerate system 
that is subjected to a constant 
perturbation turned on at t = 0 
and extinguished at t = T.
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InterActivity Using the Worksheet entitled Equation 6.65 on this text’s website, 
explore the dependence of P2 on time and its variation with |V | and w21.

Example 6.10 Preparing systems in specified states

Suggest how you could prepare a degenerate two-level system in a mixed state in 
which there is equal likelihood of finding it in either state.

Method We know that a state, once prepared, persists with constant composition 
in the absence of a perturbation (eqn 6.58). This suggests that we should use the 
Rabi formula to find the time for which a perturbation should be applied to result 
in P2(t) = 0.5, and then immediately extinguish the perturbation.

Answer The Rabi formula in the case of a degenerate pair of states (eqn 6.64) 
shows that P2(t) = 0.5 when t = p/4 |V |. Therefore, the perturbation should be 
applied to a system that is known to be in state 1 initially, and removed at 
t = p/4 |V |. Although the wavefunction of the system will oscillate, the probability 
of finding the system in either state will remain 0.5 until another perturbation 
is applied.

Comment This state preparation procedure is the quantum mechanical basis of 
pulse techniques in nuclear magnetic resonance.

Self-test 6.8 For how long should the perturbation be applied to the same system 
to obtain a state with probability 0.25 of being in state 2?

6.8 Many-level systems: the variation of constants

The discussion of the two-level system has revealed two rather depressing fea-
tures. One is that even very simple systems lead to very complicated diCerential
equations. For a two-level system the problem requires the solution of a second-
order diCerential equation; for an N-level system, the solution requires dealing 
with an Nth-order diCerential equation, which is largely hopeless. The second 
point is that even for a two-level system, the diCerential equation could be solved 
only for a trivially simple perturbation, one that did not vary with time. The 
diCerential equation is very much more complicated to solve when the perturb-
ation has a realistic time-dependence, such as an oscillation in time. Even a 
perturbation of the form cos wt has very complicated consequences. Clearly, we 
need to set up an approximation technique for dealing with systems of many 
levels and which can cope with realistic perturbations.

We shall describe the technique invented by P.A.M. Dirac and known (agree-
ably paradoxically) as the variation of constants. It is a generalization of the 
two-level problem, and that relationship should be held in mind as we go through 
the material.

(a) The general formulation

As before, the hamiltonian is taken to be H = H(0) + H(1)(t). The eigenstates of H (0)

will be denoted by the ket |n〉 or by the corresponding wavefunction yn
(0) as con-

venient, and they satisfy the unperturbed time-dependent equation in eqn 6.52. 
The state of the perturbed system is Y. As before, we express it as a time-
dependent linear combination of the time-dependent unperturbed states:

Y(t) = ∑
n

cn(t)Yn
(0)(t) = ∑

n

cn(t)yn
(0)e−iEn

(0)t/H HY = iH
[Y
[t

(6.66)
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Our problem, as for the two-level case, is to find how the linear combination 
evolves with time. To do so, we set up and then solve the diCerential equations 
satisfied by the coeAcients cn.

We proceed as before. Substitution of Y into the Schrödinger equation leads to 
the following expressions:

HY = ∑
n

cn(t)H
(0)Yn

(0)(t) + ∑
n

cn(t)H
(1)(t)Yn

(0)(t)567

 ↓

iH
[Y
[t

= ∑
n

cn(t)iH
[Yn

(0)

[t
+ iH∑

n

Yn(t)Yn
(0)(t)

The two indicated terms are equal, so we are left with

∑
n

cn(t)H
(1)(t)Yn

(0)(t) = iH∑
n

Yn(t)Yn
(0)(t) (6.67a)

In terms of the time-independent kets, this equation is

∑
n

cn(t)H
(1)(t) |n〉e−iEn

(0)t/H = iH∑
n

Yn(t) |n〉e−iEn
(0)t/H (6.67b)

At this point we have to extract one of the Yn on the right. To do so, we make use 
of the orthonormality of the eigenstates, and multiply through by 〈k |:

∑
n

cn(t)〈k |H(1)(t) |n〉e−iEn
(0)t/H = iHYk(t)e

−iEk
(0)t/H (6.68a)

We simplify the appearance of this expression by writing H(1)
kn (t) = 〈k |H(1)(t) |n〉

and Hwkn = Ek
(0) − En

(0), when it becomes

Yk(t) = 1
iH ∑

n

cn(t)H
(1)
kn (t)eiwknt (6.68b)

Equation 6.68 is exact. We move towards finding exact solutions and from this 
point on the development diverges from the exact two-level calculation described 
earlier. To solve a first-order diCerential equation, we integrate it from t = 0, 
when the coeAcients had the values cn(0), to the time t of interest:

ck(t) − ck(0) = 1
iH ∑

n
�

t

0

cn(t)H
(1)
kn (t)eiwknt dt (6.69)

The trouble with this equation is that although it appears to give an expression 
for any coeAcient ck(t), it does so in terms of all the coeAcients, including ck

itself. These other coeAcients are unknown, and must be determined from equa-
tions of a similar form. So, to solve eqn 6.69, it appears that we must already 
know all the coeAcients! A way out of this cyclic problem is to make an approxi-
mation. We shall base the approximation on the supposition that the perturba-
tion is so weak and applied for so short a time that all the coeDcients remain 
close to their initial values. Then, if the system is certainly in state | i〉 at t = 0, all 
coeAcients other than ci are close to zero throughout the period for which the 
perturbation is applied, and any single coeAcient, such as the coeAcient of state 
| f〉 that is zero initially, is given by

cf(t) = 1
iH�

t

0

ci(t)H
(1)
fi (t)eiwfit dt (6.70)

because all terms in the sum are zero (cn(t) ≈ 0) except for the term corresponding 
to the initial state. We have also made use in the sum of the fact that cf(t) ≈ cf(0)
= 0. However, the coeAcient of the initial state remains close to 1 for all the time 
of interest, so we can set ci(t) ≈ 1, and obtain
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cf(t) = 1
iH�

t

0

H(1)
fi (t)eiwfit dt (6.71)

This is an explicit expression for the value of the coeAcient of a state that was 
initially unoccupied and will be the formula that we employ in the following 
discussion.

The approximation we have adopted ignores the possibility that the pertur-
bation can take the system from its initial state | i〉 to some final state | f 〉 by an 
indirect route in which the perturbation induces a sequence of several transitions 
(Fig. 6.14). Put another way: the approximation assumes that the perturbation 
acts only once, and that we are therefore dealing with first-order perturbation 
theory. This restriction to first-order contributions can be expressed diagram-
matically (Fig. 6.15): the intersection of the sloping and horizontal lines is 
intended to convey the idea that the perturbation (the sloping line) acts on the 
molecular states (the horizontal line) only once. The upper diagram in Fig. 6.15 
can be regarded as a succinct expression for the right-hand side of eqn 6.71. 
Second-order perturbation theory (which we are not doing here) would give rise 
to diagrams like the one shown in the lower part of Fig. 6.15. These diagrams are 
sometimes associated with the name of R.P. Feynman, who introduced similar 
diagrams in the context of fundamental particle interactions, and are called 
Feynman diagrams.

(b) The eff ect of a slowly switched constant perturbation

As a first example of how to use eqn 6.71, consider a perturbation that rises 
slowly from zero to a steady final value (Fig. 6.16). Such a switched pertur-
bation is

H (1)(t) = !
@
0 for t < 0
H (1)(1 − e−kt) for t ≥ 0

(6.72)

where H (1) is a time-independent operator and, for slow switching, k is small (and 
positive). The coeAcient of an initially unoccupied state is given by eqn 6.71 as

cf(t) = 1
iH

H(1)
fi �

t

0

(1 − e−kt)eiwfit dt = 1
iH

H(1)
fi

!
@
eiwfit − 1

iwfi

+ e−(k−iwfi)t − 1
k − iwfi

#
$ (6.73)

This result, which is exact within first-order perturbation theory, can be simplified 
by supposing that we are interested in times very long after the perturbation has 
reached its final value, which means t >> 1/k, which means that the exponential 
involving kt can be set equal to 0, and that the perturbation is switched slowly in 
the sense that k2 << w2

fi, which means that the denominator in the second term can 
be replaced by −iwfi. Then

|cf(t) |2 =
|H (1)

fi |2

H2w2
fi

(6.74)

This is the result that would have been obtained by applying first-order time-
independent perturbation theory (compare to eqn 6.26), and assuming that the 
constant perturbation had always been present.

We can now see why time-independent perturbation theory can be used for 
most problems of chemical interest, except where the perturbation continues to 
change after it has been applied. When a ‘constant’ perturbation is switched on, 
it is done so very slowly in comparison with the frequencies associated with the 
transitions in atoms and molecules (k ≈ 103 s−1, wfi ≈ 1015 s−1). Furthermore, we 
are normally interested in a system’s properties at times long after the switching 
is complete (t >> 10−3 s; and in general kt >> 1). These are the conditions under 
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Fig. 6.14 The procedure 
described in the text corresponds 
to considering only direct 
transitions between the initial 
and final states (as in (a)), and 
ignoring indirect transitions (as 
in (b) and (c)), which correspond 
to higher-order processes.
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Fig. 6.15 Feynman diagrams for 
(a) first-order and (b) second-
order contributions to the 
perturbation of a system.
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which time-dependent perturbation theory has eCectively settled down into time-
independent perturbation theory. All the transients stimulated by the switching 
have subsided and the populations of states are steady.
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Fig. 6.17 The time variation of 
the probability of occupying an 
initially unoccupied state when 
the perturbation is switched on 
at diCerent rates; the diCerent
values of the switching rate are 
expressed by the parameter 
l = k /w21 with (a) l = 0.01, 
(b) l = 0.1, (c) l = 1.

Example 6.11 Analysing the eCect of an exponentially switched constant 
perturbation

A ‘constant’ perturbation was switched on exponentially starting at t = 0. Evaluate 
the probability of finding a system in state 2 given that initially it was in state 1, 
and illustrate the role of transients.

Method The perturbation is given by eqn 6.72 and the solution is expressed by 
eqn 6.73. To find the probability that the system is in state 2, we need to form 
P2 = |c2(t) |2 for a general value of k and then to plot P2 against t. For example plots, 
set l = k/w21 and plot P2/(|V | /w21)

2, with |V | = H(1)
21 /H, for l = 0.01, 0.1, and 1, which 

correspond to switching rates increasing in 10-fold steps.

Answer From eqn 6.73 with l = k/w21 and x = w21t,

P2(t) =
|V | 2p2(t)

w2
21

with

p2(t) =
1

1 + l2
 {1 + 2l2 − [2l2 cos x + (2 − e−lx)e−lx + 2l(1 − e−lx)sinx]}

This function is plotted for l = 0.01, 0.1, 1 in Fig. 6.17.

InterActivity Using the Worksheet entitled Example 6.11 on this text’s website, 
explore the dependence of P2 on time and its variation with l.

Comment Notice how slow switching (l = 0.01) generates hardly any transients, 
whereas rapid switching (l = 1) is like an impulsive shock to the system, and causes 
the population to oscillate violently between the two states. For very rapid switch-
ing (l >> 1), p2 varies as 2(1 − cos x), and so it oscillates between 0 and 4 with an 
average value of 2: such rapid switching is like a hammer blow.

Self-test 6.9 Suppose the constant perturbation was switched on as lHVt for 
0 ≤ lt < 1 and remained at HV for lt ≥ 1. Investigate how the transients behave.

(c) The eff ect of an oscillating perturbation

We now consider a system that is exposed to an oscillating perturbation, such 
as an atom may experience when it is exposed to electromagnetic radiation in 
a spectrometer or in sunlight. Once we can deal with oscillating perturbations, we 
can deal with all perturbations, for a general time-dependent perturbation can be 
expressed as a superposition of harmonically oscillating functions. In the first stage 
of the discussion we consider transitions between discrete states | i〉 and | f〉.

A perturbation oscillating with an angular frequency w = 2pn and turned on at 
t = 0 has the form

H(1)(t) = 2H(1) cos wt = H(1)(eiwt + e−iwt) (6.75)

for t ≥ 0. If this perturbation is inserted into eqn 6.71 we obtain

cf(t) = 1
iH

H(1)
fi �

t

0

(eiwt + e−iwt)eiwfit dt = 1
iH

H(1)
fi

!
@
ei(wfi+w)t − 1
i(wfi + w)

+ ei(wfi−w)t − 1
i(wfi − w)

#
$ (6.76)
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For the rest of the discussion we shall suppose that E f
(0) > E i

(0) (as in absorption) 
and therefore wfi > 0.

InterActivity Using the Worksheet entitled Equation 6.76 on this text’s website, 
explore the dependence of (the real and imaginary parts of) cf on time and its 

variation with w and wfi.

As it stands, eqn 6.76 is quite obscure (but it is not diAcult to compute). It can 
be simplified to bring out its principal content by taking note of the conditions 
under which it is normally used. In applications in electronic spectroscopy, 
the frequencies wfi and w are of the order of 1015 s−1; in NMR, the lowest 
frequency form of spectroscopy generally encountered, the frequencies are still 
higher than 106 s−1. The exponential functions in the numerators of the term in 
braces are of the order of 1 regardless of the frequencies in its argument (because 
eix = cos x + i sin x, and neither harmonic function can exceed 1). However, the 
denominator in the first term is of the order of the frequencies, so the first term is 
unlikely to be larger than about 10−6 and may be of the order of 10−15 in elec-
tronic spectroscopy. In contrast, the denominator in the second term can come 
arbitrarily close to 0 as the frequency of the external perturbation approaches a 
transition frequency of the system. Therefore, the second term is normally larger 
than the first, and overwhelms it completely as the frequencies approach one 
another. Consequently, in most practical applications we can be confident about 
ignoring the first term. When that is done, it is easy to conclude that the prob-
ability of finding the system in the discrete state |f 〉 after a time t if initially it was 
in state | i〉 at t = 0 is

Pf(t) = 4 |H(1)
fi |2

H2(wfi − w)2
 sin2 1

2(wfi − w)t (6.77a)

Once again we write |H (1)
fi |2 = H2|Vfi |2, in which case we obtain

Pf(t) =
4 |Vfi |2

(wfi − w)2 sin2 1
2(wfi − w)t (6.77b)

The last expression should be familiar. Apart from a small but significant 
modification, it is exactly the same as eqn 6.65, the expression for a static perturb-
ation applied to a two-level system. The one significant diCerence is that instead 
of the actual frequency diCerence wfi appearing in the expression, it is replaced 
throughout by wfi − w. This replacement can be interpreted as an eCective shift in 
the energy diCerences involved in exciting the system as a result of the presence 
of a photon in the electromagnetic field. As depicted in Fig. 6.18, where the wavy 
line now represents an oscillating perturbation, the overall energy diCerence
Ef

(0) − Ei
(0) should actually be thought of as

Ef
(0) − Ei

(0) = E(excited molecule, no photon)

− E(ground – state molecule, photon of energy Hw) = H(wfi − w)

According to eqn 6.77, the time-dependence of the probability of being found 
in state | f〉 depends on the frequency oIset, wfi − w (Fig. 6.19). When the fre-
quency oCset is zero, the field and the system are said to be in resonance, and 
the transition probability increases most rapidly with time. To obtain the quan-
titative form of the time dependence at resonance, we take the limit of eqn 6.77 
as w → wfi by using

lim
x→0

sinx
x

= lim
x→0

x − 1–
6x3 + · · ·

x
= 1
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Fig. 6.19 The variation of 
transition probability with 
frequency oCset and time. Note 
that the central portion of the 
curve becomes taller but 
narrower with time.

i f

hw

Ei = h(wi + w) Ef = hwf

Fig. 6.18 The use of an 
oscillating perturbation 
eCectively modifies the energy 
separation between the initial 
and final states, and at resonance 
the overall system is eCectively
degenerate and hence highly 
responsive.

A brief comment
We have used the 
trigonometric relation 
sin2 (x/2) = 1/2(1 − cos x).
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Then,

lim
w→wfi

Pf(t) = |Vfi |2t2 (6.78)

and the probability increases quadratically with time. This conclusion is valid as 
long as |Vfi | 2t2 << 1, because that is the underlying assumption of first-order per-
turbation theory. It follows that the transition probability may approach (and, 
indeed, in this approximation, unphysically exceed) 1 as the applied frequency 
approaches a transition frequency. This behaviour can be interpreted in terms of 
the system then becoming, in eCect, a loose, degenerate system as the overall 
energy diCerence Ef

(0) − Ei
(0) approaches zero, and which can be nudged fully from 

state to state even by gentle perturbations.

6.9 Transition rates to continuum states

We now turn to the case in which the final state is a part of a continuum of states. 
Although we can still use eqn 6.77 to calculate the transition probability to one 
member of the continuum, the observed transition rate is a sum (integral) over all 
the transition probabilities to which the perturbation can drive the system. 
Specifically, if the molecular density of states is written rM(E) where rM(E)dE is 
the number of states of the molecule (or atom) in the range E to E + dE, then the 
total transition probability, P(t), is

P(t) = �
range

Pf(t)rM(E)dE (6.79)

In this expression ‘range’ means that the integration is over all final states acces-
sible under the influence of the perturbation and we have supposed that the states 
are so close together that they can be regarded as forming a continuum.

To evaluate the integral in eqn 6.79, we first express the transition frequency 
wfi in terms of the energy E by writing wfi = E/H (we have implicitly set the energy 
of the initial state to be our zero of energy, E i

(0) = 0)

P(t) = �
range

 4 |Vfi |2
sin2 1–

2(E/H − w)t
(E/H − w)2

rM(E)dE (6.80a)

The integral can be simplified by noting that the factor (sin2 x)/x2 is sharply 
peaked close to E/H = w, the frequency of the radiation. However, for an appre-
ciable transition probability, the frequency of the incident radiation must be close 

A brief illustration

Suppose that a molecule has 1.0 × 104 states in the range of energies between 1.0 aJ 
and 2.0 aJ, then the molecular density of states at the energy 1.00 aJ would be

rM =
1.0 × 104

{(2.0 − 1.0) × 10−18 J}
= 1.0 × 1022 J−1

The number of states in the range 1.0 aJ to 1.4 aJ (an interval of width 0.4 aJ 
would then be

N = rMDE = (1.0 × 1022 J−1) × (0.4 × 10−18 J) = 4.0 × 103

We have assumed throughout that the density of states is uniform in energy in the 
range of interest. If it is not, use infinitesimal intervals and integration.
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to the transition frequency wfi, so we can set E/H ≈ wfi wherever E occurs in the 
integrand. In other words, we can evaluate the molecular density of states at 
Efi = Hwfi, and treat it as a constant. Moreover, although the matrix elements |Vfi |
can vary with E, such a narrow range of energies contributes to the integral that 
it is permissible to treat |Vfi | as a constant. The integral then simplifies to

P(t) = |Vfi |2rM(Efi)�
range

4 sin2 1–
2(E/H − w)t

(E/H − w)2
 dE (6.80b)

An additional approximation that stems from the narrowness of the function 
remaining in the integrand is to extend the limits from the actual range to 
infinity: the integrand is so small outside the actual range that this extension 
introduces no significant error (Fig. 6.20). At this point it is also convenient to 
set x = 1

2(E/H − w)t, which implies that dE = (2H/t)dx. Consequently, the integral 
becomes

P(t) = A
C

2H
t

D
F |Vfi |2rM(Efi)t

2�
∞

−∞

sin2 x
x2

 dx (6.80c)

The integral is standard:

�
∞

−∞

sin2 x
x2

 dx = p (6.81)

Therefore, we conclude that

P(t) = 2pHt |Vfi |2rM(Efi) (6.82)

which increases linearly with time. The physical reason for this diCerent time 
dependence (compared to the result in eqn 6.78) is that as time increases, the 
height of the central peak in Fig. 6.19 increases as t2, but the width of the central 
peak decreases, and is proportional to 1/t. The area under the curve therefore 
increases as t2 × 1/t = t.

The transition rate, W, is the rate of change of probability of being in an 
initially empty state:

W = dP
dt

(6.83)

and, as we show in Further information 6.1, the intensities of spectral lines are 
proportional to these transition rates because they depend on the rate of transfer 
of energy between the system and the electromagnetic field. It follows that

W = 2pH|Vfi |2rM(Efi) (6.84)

This succinct expression is called Fermi’s golden rule. It asserts that to calculate 
a transition rate, all we need do is to multiply the square modulus of the transi-
tion matrix element between the two states by the molecular density of states at 
the transition frequency.

6.10 The Einstein transition probabilities

Einstein considered the problem of the transfer of energy between the electro-
magnetic field and matter and arrived at the conclusion that although eqn 6.84 
correctly accounts for the absorption of radiation, it fails to take into account all 
contributions to the emission of radiation from an excited state. He considered a 
collection of atoms that were in thermal equilibrium with the electromagnetic 
field at a temperature T.
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Fig. 6.20 The extension of the 
range of integration from the 
actual range (blue shading) to 
infinity (grey shading) barely 
aCects the value of the integral.
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We consider the rates of transition between a discrete initial molecular state | i 〉
and a discrete final molecular state | f〉 under the influence of radiation that spans 
a range of frequencies. The perturbation is a sum of the diCerent frequency com-
ponents of the radiation, with äR(n)dn denoting the number of components 
between n and n + dn. Using eqn 6.77 for the transition probability due to one of 
the frequency components of the radiation, we show in Further information 6.1
that the total transition rate for absorption (due to all of the frequency com-
ponents) is, to an excellent approximation, given by

Wf←i = |Vfi(nfi) |2äR(nfi) (6.85)

where the transition frequency nfi = (Ef − Ei)/h. The quantity |Vfi |2 is proportional 
to the square of the electric field strength E of the incident radiation (for a per-
turbation of the form −m·E) and from electromagnetic theory (see Further
information 6.1), E 2 is proportional to the energy E of the electromagnetic field 
divided by the volume V of the region containing the energy. Therefore

Wf←i ∝ !
@

E(nfi)äR(nfi)
V

#
$

The term in braces is the energy density of radiation states, rR(n), at the transition 
frequency, where rR(n)dn is the energy density (the energy in a region of the field, 
with contributions from all the components that have a frequency n, divided by 
the volume of the field) in the range n to n + dn. We therefore can write

Wf←i = BifrR(nfi) (6.86)

where Bif is the Einstein coeGcient of stimulated absorption with the dimensions 
of volume energy−1 time−2.

Einstein also recognized that the rate at which an excited state | f〉 is induced to 
make transitions down to the ground state | i〉 is also proportional to the energy 
density of radiation states at the transition frequency:

Wf→i = BfirR(nfi) (6.87)

The coeAcient Bfi is the Einstein coeGcient of stimulated emission. It is simple to 
show that Bfi = Bif. The argument is based on the hermiticity of the perturbation 
hamiltonian, which lets us write

Bif ∝ VifV*if = V*fiVfi ∝ Bfi

Einstein, however, was able to infer this equality in a diCerent way, as we shall 
now see. Specifically, for electric-dipole allowed transitions, we show in Further
information 6.1 that

Bif = |mfi |2

6e0H2
(6.88)

where mfi is the transition dipole moment:

mfi = �y*fmmyi dt (6.89)

with m the electric dipole moment operator.
The transition probabilities we have derived refer to individual atoms (or 

molecules). If there are Ni atoms in the state | i〉 and Nf in the state | f〉 in the region 
of interest, then at thermal equilibrium, when there is no net transfer of energy 
between the system and the field,

NiWf←i = NfWf→i
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Because the two transition rates are equal, it follows that the populations are also 
equal. However, that conclusion is in conflict with the Boltzmann distribution, 
which requires from very general principles that

Nf

Ni

= e−hnfi/kT

To avoid this conflict, Einstein proposed that there was an additional contri-
bution to the emission process that is independent of the presence of radiation of 
the transition frequency. This additional contribution he wrote as

W spont
f→i = Afi (6.90)

where Afi is the Einstein coeGcient of spontaneous emission with the dimensions 
of time−1. The total rate of emission is therefore

Wf→i = Afi + BfirR(nfi) (6.91)

and the condition for thermal equilibrium is now

NiBifrR(nfi) = Nf{Afi + BfirR(nfi)}

This expression is consistent with the Boltzmann distribution. Indeed, if we 
accept the Boltzmann distribution for the ratio Nf /Ni, it can be rearranged into

rR(nfi) = Afi/Bfi

(Bif/Bfi)ehnfi/kT − 1
(6.92a)

However, it is also known from very general considerations that at equilibrium, 
the energy density of radiation states of the electromagnetic field is given by the 
Planck distribution (see Section 0.1 of the Introduction and orientation):

rR(nfi) = 8phn3
fi/c3

ehnfi/kT − 1
(6.92b)

Comparison of the last two expressions confirms that Bif = Bfi and, moreover, 
gives a relation between the coeAcients of stimulated and spontaneous emission:

Afi = 8phn3
fi

c3
Bfi (6.93)

The important point about eqn 6.93 is that it shows that the relative import-
ance of spontaneous emission increases as the cube of the transition frequency, 
and that it is therefore potentially of great importance at very high frequencies. 
That is one reason why lasers involving X-ray radiation are so diAcult to make: 
highly excited populations are diAcult to maintain and discard their energy at 
random instead of cooperating in a stimulated emission process.

The spontaneous emission process can be viewed as the outcome of the pres-
ence of zero-point fluctuations of the electromagnetic field. As indicated in the 
brief comment in Section 7.3, the electromagnetic field has zero-point oscil-
lations even if there are no photons present. These fluctuations perturb the excited 
state and induce the transition to a lower state. ‘Spontaneous’ transitions are 
actually caused by these zero-point fluctuations of the electromagnetic vacuum. 
Spontaneous absorptions in a field devoid of photons are ruled out by the conser-
vation of energy.

6.11 Lifetime and energy uncertainty

We have seen that if a quantum mechanical state has a precise energy, then its 
time-dependent wavefunction has the form Y = ye−iEt/H; such states are stationary 
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states in the sense that |Y |2 = |y |2, a time-independent probability density. 
However, if the wavefunction decays with time, perhaps because the system is 
making transitions to other states, then its energy is imprecise. We establish here 
the relation between the lifetime of the decaying state and the range of energies 
that it may possess. The implications of the relation between the lifetime and the 
uncertainty in energy of a state are far-reaching. For example, in a spectroscopic 
transition to a final state that has a finite lifetime (for example, it undergoes 
spontaneous emission), the absorption spectra will not show an infinitely sharp 
spectral feature but will display an absorption profile over a range of frequencies, 
the width of the profile dependent on the lifetime of the upper (final) state.

We suppose that the probability of finding the system in a particular excited 
state decays exponentially with time with a time-constant t:

|Y |2 = |y |2 e−t/t (6.94)

The amplitude therefore has the form

Y = ye−iEt/H−t/2t (6.95)

This wavefunction decays as it oscillates (Fig. 6.21), and its energy is not imme-
diately obvious. However, such a function can be modelled as a superposition of 
oscillating functions by using the techniques of Fourier analysis (see Mathematical
backgroud 5 following Chapter 10), and we write

e−iEt/H−t/2t = �g(E′)e−iE′t/H dE′ (6.96a)

where

g(E′) = (H/2pt)
(E − E′)2 + (H/2t)2

(6.96b)

InterActivity Using the Worksheet entitled Equation 6.96b on this text’s website, 
explore the dependence of g on energy and its variation with t.

Equation 6.96 shows that the decaying function corresponds to a range of ener-
gies (in fact, all values of energy appear in the superposition), and therefore it 
implies that any state that has a finite lifetime must be regarded as having an 
imprecise energy.

We can arrive at the quantitative relation between lifetime and energy by con-
sidering the shape of the spectral density function, g (Fig. 6.22). The full-width at 
half-height is readily shown to be equal to H/t, and this quantity can be taken as 
an indication of the range of energies dE present in the state.

It follows that

tdE ≈ H (6.97)

This lifetime broadening relation is reminiscent of the uncertainty principle 
(Sections 1.16 and 1.18). It shows that the shorter the lifetime of the state (the 
shorter the time-constant t for its decay), then the less precise its energy. When 
a state has zero lifetime, we can say nothing about its energy. Only when the life-
time of a state is infinite can the energy be specified exactly.

A brief comment
The expression for g given in 
eqn 6.96b can be verified by 
using Euler’s relation e±ix =
cosx ± i sin x and the definite 
integrals

�
∞

−∞−∞

sin[a(b − x)]

x2 + c2
dx

=
p

c
e−ac sinab

�
∞

−∞−∞

cos[a(b − x)]

x2 + c2
dx

=
p

c
e−ac cosab

A brief comment
A function of the form

f(x) =
a

x2 + b2

has a maximum value f(x = 0) 
= a/b2 and has its half-height
a/2b2 at x = ±±b. The full-width 
at half-height is therefore 2b.
Figure 6.23 shows a graph of 
the function for two sets of 
values of a and b.

A brief illustration

If an absorption spectrum displays a peak with a full-width at half-height of Dâ =
1.0 cm−1, then the lifetime of the upper state of the spectroscopic transition is 
estimated, using eqn 6.97 and converting wavenumbers to an energy by multi-
plication by hc, to be t = H/(dE) = H/(hcDâ) = 1/(2pcDâ) = 5.3 ps.
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Fig. 6.21 A wavefunction 
corresponding to a precise 
energy has a constant maximum 
amplitude; if the wavefunction 
decays, then it no longer 
corresponds to a precise energy.
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Fig. 6.23 A graph of the function 
f(x) = a / (x2 + b2) for a = b = 10 and 
for a = b = 20.
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Fig. 6.22 The spectral density 
function for two wavefunctions that 
decay at diCerent rates. The labels of 
the lines are the values of H/2t, with 
x = E − E′ (in the same units).

Further information

6.1  Electric dipole transitions

Consider a molecule exposed to light with its electric vector 
lying in the z-direction and oscillating at a frequency nfi.
The perturbation is

H (1)(t) = −mzE(nfi,t) E(nfi,t) = 2E(nfi)cos(2pnfit) (6.98)

The transition rate from an initial state | i〉 to a near 
continuum of final states | f 〉 due to a perturbation of 
this form is given by eqn 6.84:

Wf←i = 2pH |Vfi |2rM(Efi) (6.99)

and in this instance is

Wf←i =
2p
H

|mz,fi |2E(nfi)
2rM(Efi) (6.100)

In a fluid sample, the z-direction corresponds to all possible 
directions in the molecules, so in such a case we should 
replace |mz,fi |2 by its mean value 1

3 |mfi |2.
The energy of a classical electromagnetic field of any 

frequency n is

E = 1
2�{e0〈E2〉 + m0〈H 2〉} dt (6.101)

where 〈E2〉 and 〈H 2〉 are the time-averages of the squared 
field strengths and, as usual, dt is the volume element. 
In the present case, because the period is 1/n,

〈E2〉 =
4E(n)2

1/n �
0

1/n

 cos2(2pnt)dt = 2E(n)2 (6.102)

From electromagnetic theory, m0| H 2 | = e0| E2 |. Therefore, 
for a field in a region of volume V,

E = 2e0E (n)2V or E (n)2 =
E

2e0V

It follows that, specializing to a field of frequency nfi,

Wf←i =
p

3e0H
|mfi |2 A

C
E(nfi)rM(Efi)

V
D
F  (6.103a)

This expression can be rewritten in terms of the intensity, I,
of radiation at the transition frequency by noting that the 
intensity is defined so that the energy that passes through 
an area A in an interval Dt is E = IADt. Because all the 
photons in a volume AcDt (and travelling in the appropriate 
direction) will pass through the area (Fig. 6.24), the energy 

Area A

cΔt
Fig. 6.24 All photons 
within a distance cDt can 
reach the right-hand wall 
in an interval Dt.



 EXERCISES | 207

density E/V is related to the intensity by E/V = I/c, and 
therefore eqn 6.103a can be written

Wf←i =
p

3e0Hc
|mfi |2I(nfi)rM(Efi) (6.103b)

where I(nfi) is the incident radiation intensity at the transition 
frequency. We conclude that the rate of transition is 
proportional to the intensity of the incident radiation.

The expression just derived is for the transition rate from 
an initial state | i〉 to a near continuum of molecular states 
| f〉 under the influence of monochromatic radiation at the 
transition frequency. Now we switch attention to the 
calculation of the transition rate from a discrete initial 
molecular state | i〉 to a discrete final molecular state | f 〉
under the influence of radiation that spans a range of 
frequencies. We suppose that the perturbation is a sum 
(integral) of the diCerent frequency components of the 
radiation, the number of components in the frequency 
range n to n + dn given by äR(n)dn. The total probability 
of making the transition is the sum of the individual 
probabilities under the influence of a perturbation of 
frequency n, therefore the integral of the individual 
probabilities weighted by the number of components:

P(t) = �
range

Pf(t)äR(n)dn

where Pf(t) is given by eqn 6.77 and ‘range’ means the 
integration is over all frequencies of the radiation. 
Using eqn 6.77 and w = 2pn, this expression becomes

P(t) = �
range

|Vfi |2

p2(nfi − n)2
 sin2{pt(nfi − n)}äR(n)dn (6.104)

Letting x = (n − nfi)pt so that dx = ptdn, eqn 6.104 becomes

P(t) = �
range

t |Vfi |2

px2
 sin2(x)äR(n)dx (6.105)

Because (sin2x)/x2 is sharply peaked close to x = 0, we can 
treat |Vfi |2 and äR(n) as constants, both evaluated at n = nfi.
Then, extending the limits of integration from the actual 
range to infinity (as done in Section 6.9) and using the 
standard integral in eqn 6.81, eqn 6.105 becomes

P(t) = t |Vfi(nfi) |2äR(nfi) (6.106)

The transition rate is therefore

Wf←i = |Vfi(nfi) |2äR(nfi) (6.107)

and because

|Vfi(nfi) |2 =
|mfi |2E(nfi)

2

3H2
=

1

6e0H2
|mfi |2 A

C
E(nfi)

V
D
F

the transition rate is

Wf←i =
1

6e0H2
|mfi |2 A

C
E(nfi)äR(nfi)

V
D
F   (6.108)

The term in parentheses in eqn 6.108 is the energy density of 
radiation states, rR(n), at the transition frequency nfi, where 
rR(n)dn is the energy density (the energy in a region of the 
field divided by the volume of the region) in the frequency 
range n to n + dn, so that the total transition rate is

Wf←i =
1

6e0H2
|mfi |2rR(nfi) (6.109)

We can now identify the coeAcient of stimulated 
absorption as

B =
|mfi |2

6e0H2
  (6.110)

It then follows from eqn 6.93 that the coeAcient of 
spontaneous emission is

A = 8ph
A
C
nfi

c
D
F

3 |mfi |2

6e0H2
=

8p2n3
fi

3e0Hc3
|mfi |2 (6.111)

Exercises

*6.1 Suppose the potential energy of the particle decreases 
quadratically with x, in the sense that E − V(x) = ax2, with 
a > 0 throughout the range of positions of interest, x > 0. 
Find an expression for the first-order WKB wavefunction.

*6.2 Suppose that in a two-level system with unperturbed 
energies equivalent to 5000 cm−1 and 10 000 cm−1 the 
states are connected by a perturbation equivalent in energy 
to 500 cm−1. Calculate the energies of the states of the 
perturbed system.

*6.3 Suppose that a ground-state harmonic oscillator 
experiences a perturbation ax at distances 0 ≤ x ≤ b.
Determine an expression for the first-order energy correction.

*6.4 Suppose that a ground-state harmonic oscillator 
experiences a constant perturbation a during expansion

(x ≥ 0). Determine the second-order energy correction 
due to the v = 1 state.

*6.5 If the perturbed wavefunction is known to second order, 
to what order of correction is the energy accurately known?

*6.6 What orbitals should be mixed into the ground-state of 
the hydrogen atom when it is perturbed by the application 
of an electric field in the y-direction?

*6.7 When applied to a trial function of the form e−kr for 
a particle of mass m, the Rayleigh ratio was found to be 
H2k2/(2m) − hcRHk/a0. Find the optimum form of the 
wavefunction.

*6.8 If the hamiltonian of the system varies with a parameter 
P as H = Px2, give an expression for the dependence of the 
energy of the system on P.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/
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*6.9 Suggest how you could prepare a degenerate two-level 
system in a mixed state in which the probability is 1/3 of 
finding it in state 2.

*6.10 Calculate the transition rate from the ground state of 
a molecule to a continuum of states if the transition matrix 
element has a constant value of 4.50 × 1012 rad s−1 and the 

continuum consists of 2.50 × 104 states in an energy range 
of 1.50 aJ accessed by the transition.

*6.11 Estimate the lifetime of a molecular state if the 
uncertainty in its energy (that is, the range of energies 
present in the state) is 1.92 × 10−24 j.

Problems

*6.1 Confirm that substitution of y±(x) = exp(±iS±(x)/H) into 
eqn 6.1 yields eqn 6.3 for S±(x).

6.2 Find the semiclassical expression for the energy levels of 
a particle subjected to the potential energy V = ax6.

6.3 One excited state of the sodium atom lies at 25 739.86 
cm−1 above the ground state, another lies at 50 266.88 cm−1.
Suppose they are connected by a perturbation equivalent 
in energy to (a) 100 cm−1, (b) 1000 cm−1, (c) 5000 cm−1.
Calculate the energies and composition of the states of the 
perturbed system. Hint. Use eqn 6.15 for the energies and 
eqn 6.17 for the states, and express the composition as the 
contribution of the unperturbed states.

*6.4 Confirm eqn 6.17b for the perturbed wavefunctions 
(eqn 6.17a) in a two-level system.

6.5 A simple calculation of the energy of the helium 
atom supposes that each electron occupies the same 
hydrogenic 1s-orbital (but with Z = 2). The electron–
electron interaction is regarded as a perturbation, and 
calculation gives

�y2
1s(r1)

A
C

e2

4pe0r12

D
F y2

1s(r2)dt =
5

4
A
C

e2

4pe0a0

D
F

(see Example 7.2). Estimate (a) the binding energy of 
helium, (b) its first ionization energy. Hint. Use eqn 6.15 
with E1 = E2 = E1s. Be careful not to count the electron–
electron interaction energy twice.

6.6 Show that the energy of the perturbed levels is related 
to the mean energy of the unperturbed levels B = 1

2 (E1 + E2)
by E± − B = ± 1

2 (E1 − E2)sec 2z, where z is the parameter in 
eqn 6.17b. Devise a diagrammatic method of showing how
E± − B depends on E1 − E2 and z. Hint. Use eqn 6.17b.

*6.7 We normally think of the one-dimensional well as being 
horizontal. Suppose it is vertical; then the potential energy 
of the particle depends on x because of the presence of the 
gravitational field. Calculate the first-order correction to the 
zero-point energy, and evaluate it for an electron in a box on 
the surface of the Earth. Account for the result. Hint. The 
energy of the particle depends on its height as mgx where
g = 9.81 m s−2. Use eqn 6.24 with y(x) given by n = 1 in 
eqn 2.31. Because g is so small, the energy correction is tiny; 
but it would be significant if the box were on the surface of 
a neutron star.

6.8 Calculate the second-order correction to the energy for 
the system described in Problem 6.7 and calculate the 
ground-state wavefunction. Account for the shape of the 
distortion caused by the perturbation. Hint. Use eqn 6.30 
for the energy and eqn 6.27 for the wavefunction. The 
integrals involved are of the form

�x sin ax sin bx dx = −
d

da �cosax sin bx dx

�cosax sin bx dx =
cos(a − b)x

2(a − b)
−

cos(a + b)x

2(a + b)

Evaluate the sum over n numerically.

6.9 We normally think of the one-dimensional harmonic 
oscillator as lying horizontally. Suppose it is held vertically 
so that it experiences a perturbation mgx. Calculate the 
correction to second order of the energy of the harmonic 
oscillator in state |v〉; specialize to the ground-state 
oscillator. Hint. Use the matrix elements in Table 2.2.

*6.10 Calculate the first-order correction to the energy of a 
ground-state harmonic oscillator subject to an anharmonic 
potential of the form ax3 + bx4 where a and b are small 
(anharmonicity) constants. Consider the three cases in 
which the anharmonic perturbation is present (a) during 
bond expansion (x ≥ 0) and compression (x ≤ 0), (b) during 
expansion only, (c) during compression only.

6.11 In the free-electron molecular orbital method 
(Problem 2.17) the potential energy may be made slightly 
more realistic by supposing that it varies sinusoidally along 
the polyene chain. Select a potential energy of the form 
V sin2(px/R) with R the carbon–carbon bond length, and 
calculate the first-order correction to the wavelength of the 
lowest energy transition.

6.12 Show group-theoretically that when a perturbation 
of the form H(1) = az is applied to a hydrogen atom, 
the 1s-orbital is contaminated by the admixture of npz-
orbitals. Deduce which orbitals mix into (a) 2px-orbitals,
(b) 2pz-orbitals, (c) 3dxy-orbitals.

*6.13 The symmetry of the ground electronic state of the 
water molecule is A1. (a) An electric field, (b) a magnetic 
field is applied perpendicular to the molecular plane. 
What symmetry species of excited states may be mixed into 
the ground state by the perturbations? Hint. The electric 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/
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interaction has the form H (1) = ax; the magnetic interaction 
has the form H (1) = bl x.

6.14 Repeat Problem 6.8, but estimate the second-order 
energy correction using the closure approximation. 
Compare the two calculations and deduce the appropriate 
value of DE. Hint. Use eqn 6.33.

6.15 Calculate the second-order energy correction to the 
ground state of a particle in a one-dimensional box for a 
perturbation of the form H (1) = −e sin(px/L) by using the 
closure approximation. Infer a value of DE by comparison 
with the numerical calculation in Example 6.4. These 
two problems (6.14 and 6.15) show that the parameter 
DE depends on the perturbation and is not simply a 
characteristic of the system itself.

*6.16 Suppose that the potential energy of a particle on 
a ring depends on the angle j as H (1) = e sin2j. Calculate 
the first-order corrections to the energy of the degenerate 
ml = ±1 states, and find the correct linear combinations 
for the perturbation calculation. Find the second-order 
correction to the energy. Hint. This is an example of 
degenerate-state perturbation theory, and so find the correct 
linear combinations by solving eqn 6.42 after deducing the 
energies from the roots of the secular determinant. For the 
matrix elements, express sinj as (1/2i)(eij − e−ij) When 
evaluating eqn 6.42, do not forget the m1 = 0 state lying 
beneath the degenerate pair. The energies are equal to 
ml

2H2/2mr2; use yml
= (1/2p)1/2eimlj for the unperturbed states.

6.17 A particle of mass m is confined to a one-dimensional 
square well of the type treated in Chapter 2. Choose trial 
functions of the form (a) sin kx, (b) (x − x2/L) + k(x − x2/L)2,
(c) e−k(x− 1

−
2L) − e− 1

−
2kL for x ≥ 1

2L, and ek(x− 1
−
2L) − e− 1

−
2kL for x ≤ 1

2L.
Find the optimum values of k and the corresponding energies.

6.18 Consider the hypothetical linear H3 molecule. The 
wavefunctions may be modelled by expressing them as 
y = cAsA + cBsB + cCsC the si denoting hydrogen 1s-orbitals 
of the relevant atom. Use the Rayleigh–Ritz method to find 
the optimum values of the coeAcients and the energies of 
the orbital. Make the approximations Hss = a, Hss′ = b for 
neighbours but 0 for non-neighbours, Sss = 1, and Sss′ = 0. 
Hint. Although the basis can be used as it stands, it leads to 
a 3 × 3 determinant and hence to a cubic equation for the 
energies. A better procedure is to set up symmetry-adapted 
combinations, and then to use the vanishing of Hij unless 
G(i) = G(j).

*6.19 Repeat the last problem but set HsAsC
= g and Sss′ ≠ 0.  

Evaluate the overlap integrals between 1s-orbitals on 
centres separated by R; use

S = !
@1 +

R

a0

+
1

3
A
C

R

a0

D
F

2#
$ e−R /a0

Suppose that b/g = SsAsB
/SsAsC

. For a numerical result, take 
R = 80 pm, a0 = 53 pm.

6.20 A hydrogen atom in a 2s1 configuration passes into a 
region where it experiences an electric field in the z-direction

for a time t. What is its electric dipole moment during its 
exposure and after it emerges? Hint. Use eqn 6.62 with 
w21 = 0; the dipole moment is the expectation value of −ez;
use 2y2szy2pz

 dt = 3a0.

6.21 A biradical is prepared with its two electrons in a 
singlet state. A magnetic field is present, and because the 
two electrons are in diCerent environments their interaction 
with the field is (mB/H)B(g1s1z + g2s2z) with g1 ≠ g2. Evaluate 
the time-dependence of the probability that the electron 
spins will acquire a triplet configuration (that is, the 
probability that the S = 1, MS = 0 state will be populated). 
Examine the role of the energy separation hJ of the singlet 
state and the MS = 0 state of the triplet. Suppose g1 − g2

≈ 1 × 10−3 and J ≈ 0; how long does it take for the triplet 
state to emerge when B = 1.0 T? Hint. Use eqn 6.63; take 
| 0,0〉 = (1/21/2)(ab − ba) and | 1,0〉 = (1/21/2)(ab + ba). See 
Problem 4.26 for the significance of mB and g.

*6.22 An electric field in the z-direction is increased 
linearly from zero. What is the probability that a hydrogen 
atom, initially in the ground state, will be found with its 
electron in a 2pz-orbital at a time t? Hint. Use eqn 6.71 
with H fi

(1) ∝ t.

6.23 At t = 1
2T the strength of the field used in Problem 6.22 

begins to decrease linearly. What is the probability that the 
electron is in the 2pz-orbital at t = T? What would the 
probability be if initially the electron was in a 2s-orbital?

6.24 Instead of the perturbation in the preceding problem 
being switched linearly, it was switched on and oC
exponentially and slowly, the switching oC commencing 
long after the switching on was complete. Calculate 
the probabilities, long after the perturbation has been 
extinguished, of the 2pz-orbital being occupied, the initial 
states being as in Problem 6.22. Hint. Take H (1) ∝ 1 − e−kt

for 0 ≤ t ≤ T and H (1) ∝ e−k(t −T) for t ≥ T. Interpret ‘slow’ 
as k << w and ‘long after’ as both kT >> 1 (for ‘long after 
switching on’) and k(t − T) >> 1 (for ‘long after switching 
oC ’).

*6.25 Calculate the rates of stimulated and spontaneous 
emission for the 3p → 2s transition in hydrogen when it is 
inside a cavity at 1000 K.

6.26 Find the complete dependence of the A and B
coeAcients on atomic number for the 2p → 1s transitions 
of hydrogenic atoms. Calculate how the stimulated emission 
rate depends on Z when the atom is exposed to black-body 
radiation at 1000 K. Hint. The relevant density of states 
also depends on Z.

6.27 Examine how the A and B coeAcients depend on the 
length of a one-dimensional square well for the transition 
n + 1 → n. Hint. Use the integrals given in Problem 6.8.

*6.28 Estimate the lifetime of the upper state of a 
spectroscopic transition if the spectrum shows a peak 
with a full width at half maximum of (a) 0.010 cm−1,
(b) 1.5 cm−1, (c) 40 cm−1. Hint. Use eqn 6.97.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/
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Atomic spectra and 
atomic structure

A great deal of chemically interesting information can be obtained by interpreting the 
line spectra of atoms, the frequencies of the electromagnetic radiation that atoms emit 
when they are excited. We can use the information to establish the electronic structures 
of the atoms, and then use that information as a basis for discussing the periodicity of 
the elements and the structures of the bonds they form. Atomic spectra were also of 
considerable historical importance, because their study led to the formulation of the 
Pauli principle, without which it would be impossible to understand atomic structure, 
chemical periodicity, and molecular structure. The information provided by atoms is 
of considerable importance for the discussion of molecular structure. For example, we 
need values of ionization energies and spin–orbit coupling parameters if we are to under-
stand the structures of molecules and their properties, particularly their photochemical 
reactions.

As in the preceding chapters, we begin by describing a system that can be solved 
exactly: the hydrogen atom. Then we build on our knowledge of that atom’s structure 
and spectra to discuss the properties and structures of many-electron atoms.

The spectrum of atomic hydrogen

As long as we ignore electron spin, the state of an electron in a hydrogen atom is 
specified by three quantum numbers, n, l, and ml (Section 3.13) and its energy is 
given by

En = − AC
me4

32p2e2
0H2

D
F

1
n2

n = 1,2, . . . (7.1)

This expression is normally written

En = − hcRH

n2
RH = me4

8e2
0h

3c
(7.2)

where RH is the Rydberg constant for hydrogen. The origin of this expression was 
explained in Chapter 3 and there is no need to repeat the arguments here, but for 
convenience the array of energy levels is shown in Fig. 7.1.

7.1 The energies of the transitions

The spectrum of atomic hydrogen arises from transitions between its permitted 
states, and the diCerence in energy, DE, between the states is discarded as a 
photon of energy hn and wavenumber â, where â = n/c. For the transition n2 → n1,
the wavenumber of the emitted radiation is

â = A
C

1
n2

1

− 1
n2

2

D
F RH (7.3)

7
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For a given value of n1, the set of transitions from n2 = n1 + 1, n1 + 2, . . . consti-
tutes a series of lines. These series bear the names of their discoverers or principal 
investigators:

n1 = 1, n2 = 2,3. . . Lyman series, ultraviolet
n1 = 2, n2 = 3,4. . . Balmer series, visible
n1 = 3, n2 = 4,5. . . Paschen series, infrared
n1 = 4, n2 = 5,6. . . Brackett series, far infrared
n1 = 5, n2 = 6,7. . . Pfund series, far infrared
n1 = 6, n2 = 7,8. . . Humphreys series, far infrared

Because each series corresponds to a specific value of n1 but all possible integer 
values of n2 (provided n2 > n1), the limit of each series is the wavenumber obtained 
by setting n2 = ∞ in eqn 7.3, and is given by â∞ = RH/n2

1. The energy when n = ∞ is 
zero (eqn 7.1), and corresponds to the complete removal of the electron from the 
atom; that is, n = ∞ corresponds to the ionized state of the atom. The ionization
energy I of the atom, the minimum energy required to ionize it from its n = 1 
ground state, is the energy diCerence E∞ − E1. Hence, I = hcRH. The numerical 
value of the ionization energy is 2.180 aJ (where 1 aJ = 10−18 J), which cor-
responds to 1312 kJ mol−1 and 13.60 eV. The energy for hydrogenic atoms of 
atomic number Z is given by eqn 3.66. To a good approximation, we can use me

in place of m and, subsequently, use the value of R∞ given on the inside front cover. 
Therefore, in general,

I = hcZ2R∞ (7.4)

and the ionization energies of hydrogenic atoms scale as Z2. Thus, the ionization 
energy of He+ is 4 × 13.60 eV = 54.40 eV.

7.2 Selection rules

Not all transitions between states are allowed. The selection rules for electric–
dipole transitions, the rules that specify the specific transitions that may occur, 
are based on an examination of the transition dipole moment (Section 6.10) 
between the two states of interest. They are established by identifying the condi-
tions under which the transition dipole moment is non-zero, corresponding to 
an allowed transition, or zero, for a forbidden transition. The transition dipole 
moment for a transition between states | i〉 and | f〉 is defined as

mfi = 〈f |m | i〉 (7.5)

where m = −er is the electric dipole operator. The transition dipole moment can be 
regarded as a measure of the size of the electromagnetic jolt that the electron 
delivers to the electromagnetic field when it makes a transition between states. 
Large shifts of charge through large distances can deliver strong impulses pro-
vided they have a dipolar character (as in the transition between s- and p-orbitals 
but not between s-orbitals where the shift of charge is spherically symmetrical), 
and such transitions give rise to intense lines.

We shall now see that eqn 7.5 entails three constraints on the transitions that 
may occur: on parity, on Dl, and on Dml.

(a) The Laporte selection rule

Group theory (Section 5.16) tells us that a transition dipole moment must be zero 
unless the integrand in eqn 7.5 is totally symmetric under the symmetry oper-
ations of the system, which for atoms is the full rotation group, R3. The easiest 
operation to consider is inversion, under which r → −r. Under inversion, an 

1

2

3
4

s p d f

E
n

er
g

y,
 E

/h
cR

H

–1

–1/4

–1/9
–1/16

0 ∞

Fig. 7.1 The energy levels of the 
hydrogen atom. Hydrogenic 
atoms in general have the same 
spectrum, but with the energy 
scale magnified by a factor of Z2.

A brief comment
The ionization energy of He+

is also the second ionization 
energy (the energy required to 
remove a second electron from 
the ground-state species) of 
neutral He.
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atomic orbital with quantum number l has parity (−1)l, as can be appreciated by 
noting that orbitals with even l (s- and d-orbitals for example) do not change sign 
whereas those with odd l (p- and f-orbitals for example) do change sign. This 
behaviour is also apparent from the mathematical form of the spherical harmonics 
(see Table 3.2). The parity of the integrand is therefore (−1)lf(−1)(−1)li, which 
is even if the two orbitals have opposite parity (one odd, the other even). This 
argument is the basis of the Laporte selection rule:

The only allowed electric-dipole transitions are those involving a change in 
parity.

(b) Constraints on Dl

Next, consider the rotational characteristics of the components of the integrand. 
The atomic orbitals are angular momentum wavefunctions and span the irreduc-
ible representations G(li) and G(lf) of the full rotation group. The electric dipole 
moment operator behaves like a translation and, recalling the relation among 
l = 1 spherical harmonics and Cartesian coordinates, spans the irreducible rep-
resentation G(1) of the group. The product of G(lf) and G(1) therefore spans

G(li) × G(1) = G(li+1) + G(li) + G(li−1)

as explained in Section 5.20. For the product of all three factors in the integrand 
to span the totally symmetric irreducible representation (G(0)), we require G(lf) to 
be equal to G(li+1), G(li), or G(li−1). In other words, lf = li + 1, li, or li − 1. However, we 
have already ruled out transitions that do not change parity, so the only allowed 
transitions are those to the states with lf = li ± 1. That is:

Dl = ±1 (7.6a)

The origin of this selection rule can be put on a more physical basis by noting 
that the intrinsic spin angular momentum of the photon is 1 (it is a boson, 
Section 7.11). Therefore, when it is absorbed or emitted, to conserve total angu-
lar momentum, the orbital angular momentum of the electron in the atom must 
change by ±1. An increase in orbital angular momentum (Dl = +1) can accom-
pany either absorption or emission of a photon, depending on the orientation of 
the angular momentum of the photon relative to the angular momentum of the 
electron in the atom (Fig. 7.2).

(c) Constraints on Dml

It is quite easy to extend these pictures to obtain the selection rules for ml, the 
magnetic orbital quantum number. Now we need to know that a photon has an 
intrinsic helicity, s, the spin angular momentum relative to its line of flight, of 
s = ±1 (Fig. 7.3). We shall suppose that ml labels the component of orbital angular 
momentum on the axis defined by the line of flight of the photon. Then, absorp-
tion of a left-circularly polarized photon (with helicity s = +1) results in Dml = +1
to preserve overall angular momentum, and its emission results in Dml = −1. The 
opposite holds for a right-circularly polarized photon. The maximum change in 
ml is therefore ±1. It follows that for an atom that has its electron with a definite 
value of ml for the component of angular momentum relative to an arbitrary
axis, not necessarily the line of flight of the photon, the maximum change in ml

is still ±1 but an allowed intermediate value may also occur if the photon is travel-
ling in an intermediate direction. Therefore, the general selection rule is

Dml = 0,±1 (7.6b)

The selection rule on ml can also be deduced algebraically. Suppose the radia-
tion is plane-polarized with the electric field in the z-direction, then only the 

s = –1

s = +1

Δml = –1

Δml = –1

Fig. 7.3 The change in ml that 
accompanies the absorption or 
emission of a photon; the z-axis
is taken to be the line of flight of 
the photon.

l
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l l

l

l +1

l – 1

Fig. 7.2 The basis of the Dl = ±1
selection rule is the conservation 
of angular momentum and the 
fact a photon has a helicity 
(the projection of its spin on its 
direction of propagation) of ±1.
Note that the absorption of 
a photon (as depicted in both 
instances here) can result in 
either an increase or a decrease 
of l.



z-component of the dipole moment is relevant, and we can write mz = −er cos q.
Since the spherical harmonic contains the function eimlj, the integral over j in the 
transition moment is

�
2p

0  e
−imlfj(−er cos q)eimlij dj ∝ �

2p

0  e
i(mli−mlf)j dj

This integral is zero unless mli = mlf. Therefore, for z-polarized radiation, 
Dml = 0. The selection rules Dml = ±1 arise similarly for radiation polarized in 
the xy-plane.

Example 7.1 The calculation of transition moments

Calculate the electric dipole transition moment for the transition 2pz ← 2s in a 
hydrogenic atom for z-polarized radiation.

Method Use the wavefunctions set out in Tables 3.2 and 3.4 to evaluate the integral 
〈2pz | mz | 2s〉 with mz = −er cos q. For the integrals over r we need to use

�
0

∞

 xne−ax dx = n!
an+1

Answer The wavefunctions for the orbitals are

y2pz
= AC

Z5

32pa0
5

DF
1/2

r cos q e−Zr/2a0

y2s = AC
Z3

32pa0
5

DF
1/2

(2a0 − Zr)e−Zr/2a0

The integral we require is therefore
2/3 2p14243 !@

〈2pz | mz | 2s〉 = −e AC
Z4

32pa0
5

DF �
0

∞ 

(2a0 − Zr)r4e−Zr/a0

 

dr�
0

π 

cos2q sinq dq�
2p

0

dj = − 3ea0

Z

Comment The sign of the transition dipole moment has no physical significance 
because the relative signs of the wavefunctions used to calculate it are arbitrary. 
The physical observable, the transition intensity, depends on the square modulus 
of the transition dipole moment.

Self-test 7.1 Repeat the calculation for the transition 2pz → 1s.

(d) Higher-order transitions

Electric dipole transitions are not the only types of transition that may occur. 
Light is an electromagnetic phenomenon, and the perturbation arising from the 
eCect of the magnetic component of the field can induce magnetic dipole transi-
tions. Such transitions have intensities that are proportional to the squares of 
matrix elements like 〈f | lz | i〉 and are typically about 105 times weaker than allowed 
electric dipole transitions (see Problem 7.2). However, because they obey diCerent
selection rules, they may give rise to spectral lines where the electric dipole tran-
sition is forbidden. Another type of transition is an electric quadrupole transition
in which the spatial variation of the electric field interacts with the electric qua-
drupole moment operator. Such transitions have intensities that are proportional 
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to the squares of matrix elements like 〈f |xy | i〉. These transitions are about 108

times weaker than electric dipole transitions. Their selection rule is Dl = 0, ±2.
The large change in angular momentum that accompanies the transition arises 
from the fact that the quadrupole transition imparts an orbital angular momentum 
to the photon (that is, generates it with a non-spherically symmetric wavefunction) 
in addition to its intrinsic spin. The weakness of magnetic dipole and electric 
quadrupole transitions stems from the fact that both depend on the variation of 
the electromagnetic wave over the extent of the atom. As atomic diameters are 
much smaller than typical wavelengths of radiation, this variation is typically 
very small and the intensity is correspondingly weak (see Problem 7.3).

In some systems, a transition can result in the generation of two photons by an 
electric dipole mechanism more eAciently than a single photon is generated by 
a magnetic dipole transition. An example of this multiple-quantum dipole transi-
tion is provided by the excited 1s12s1 singlet state of helium: the two-photon 
process governs the lifetime of the state because the magnetic dipole transition 
probability is so low.

7.3 Orbital and spin magnetic moments

So far, we have ignored the spin of the electron. Now we consider its eCect on the 
structure and spectra of hydrogenic atoms. Its eCect is not very pronounced on 
the energy levels of hydrogen itself, but it can be of great importance for atoms 
of high atomic number. We note that an electron has spin quantum number s = 1/2
and that the spin magnetic quantum number is one of the two values ms = ±1

2.

(a) The orbital magnetic moment

An electron is a charged particle and there is a magnetic moment associated with 
its angular momentum. Because the electron in an atom may have two types of 
angular momentum, spin and orbital angular momentum, there are two sources 
of magnetic moment. These two magnetic moments can interact and give rise to 
shifts in the energies of the states of the atom which aCect the appearance of the 
spectrum of the atom. The resulting shifts and splitting of lines is called the fine
structure of the spectrum.

First, consider the magnetic moment m arising from the orbital angular 
momentum of the electron. The quantum mechanical derivation of its orbital 
magnetic moment is described in Section 13.4; here we shall use the following 
classical argument. If a particle of charge −e circulates in an orbit of radius r and 
circumference 2pr in the xy-plane at a speed n, the time it takes for a complete 
revolution is t = 2pr/n. The current, the rate at which charge passes a given point, 
is therefore I = −e/t = −en/2pr. This current gives rise to a magnetic dipole moment 
with z-component mz = IA, where A is the area enclosed by the orbit, A = pr2.
It follows that

mz = IA = −enpr2

2pr
= −1

2
 enr

The z-component of the orbital angular momentum of the electron is lz = menr
(recall that l = r × p and p = mn), so

mz = − e
2me

lz

The same argument applies to orbital motion in other planes, and we can there-
fore write

m = gel (7.7a)
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with

ge = − e
2me

(7.7b)

The constant ge is called the magnetogyric ratio of the electron.
The properties of the orbital magnetic moment m follow from those of the 

angular momentum itself. In particular, its z-component is quantized and 
restricted to the values

mz = gemlH ml = l, l − 1, . . . , −l (7.8)

The positive quantity

mB = −geH = eH
2me

(7.9)

is called the Bohr magneton, and is often regarded as the elementary unit of 
magnetic moment. Its value is 9.274 × 10−24 J T−1. In terms of the Bohr magneton, 
the z-component of orbital magnetic moment is mz = −mBml.

(b) The spin magnetic moment

By analogy with the orbital magnetic moment, we might expect the spin mag-
netic moment to be related to the spin angular momentum by m = ges, but this 
turns out not to be the case. This should not be too surprising however, because 
spin has no classical analogue, yet here we are trying to argue by analogy with 
orbital angular momentum, which does have a classical analogue.

The relation between the spin and its magnetic moment can be derived from 
the relativistic Dirac equation, which gives m = 2ges: the magnetic moment due 
to spin is twice the value expected on the basis of a classical analogy. The experi-
mental value of the magnetic moment can be determined by observing the eCect
of a magnetic field on the motion of an electron beam, and it is found that

m = geges (7.10)

with ge = 2.0023 (see inside the front cover for its precise value). The factor ge is 
called the g-factor of the electron. The small discrepancy between the experimental 
value and the Dirac value of exactly 2 is accounted for by the more sophisticated 
theory of quantum electrodynamics, in which charged particles are allowed to 
interact with the quantized electromagnetic field. As for the orbital magnetic 
moment, the spin magnetic moment has quantized components on the z-axis,
and we write mz = −gemBms with ms = ±1/2.

7.4 Spin–orbit coupling

We now turn to the energy of interaction between the two magnetic moments, 
spin and orbital, of an electron. We shall use this opportunity to emphasize the 
danger of arguing by classical analogy, particularly when spin is involved.

The classical calculation of the energy of interaction runs as follows. A particle 
of mass me and charge −e moving at a velocity n in an electric field E experiences 
a magnetic field

B = E × n
c2

(7.11)

If the field is due to an isotropic electric potential j, we can write

E = − r
r

dj
dr

(7.12)

A brief comment
The following classical picture 
might be helpful. Quantum 
electrodynamics expresses 
the electromagnetic field as 
a collection of harmonic 
oscillators. We have seen that 
a harmonic oscillator has 
a zero-point energy, and so 
the electromagnetic vacuum 
has fluctuating electric and 
magnetic fields even if no 
photons are present. These 
vacuum fluctuations interact 
with the electron, and instead 
of moving smoothly the 
electron jitterbugs (technically, 
this motion is called 
Zitterbewegung). It also 
wobbles as it spins (in so far as 
spin has any such significance), 
for the same reason, and the 
wobble increases its magnetic 
moment above the value that 
would be expected for a 
smoothly spinning object.
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where r is the position vector of the particle. The unit vector r/r indicates that the 
field is directed along a radius. It follows that

B = − 1
rc2

dj
dr

r × n

For an electric field directed along a radius and a velocity vector in the xy-plane,
the magnetic field lies in the z-direction. The orbital angular momentum of the 
particle is l = r × p = mer × n, and so

B = − 1
merc

2

dj
dr

l (7.13)

The energy of interaction between a magnetic field B and a magnetic dipole 
m is −m · B, so we might anticipate (using eqns 7.7b, 7.10, and 7.13 and taking 
ge = 2) that the spin–orbit coupling hamiltonian should be

Hso = −m · B = 1
merc

2

dj
dr

m · l = − e
m2

e rc2

dj
dr

s · l

It turns out, however, that this result is exactly twice the result obtained by solv-
ing the Dirac equation. The error in the above formulation is the implicit assump-
tion that one can step from the stationary nucleus to the moving electron without 
treating the change of viewpoint relativistically. The correct calculation gives

Hso = x(r)l · s (7.14a)

where x (xi) is given by

x(r) = − e
2m2

e rc2

dj
dr

(7.14b)

The eCect of the spin–orbit coupling on the state | nlmlms〉 is governed (see 
Section 7.5) by the spin–orbit matrix element 〈nlmlms | Hso | nlmlms〉. When the 
electron has zero angular momentum (l = 0, an s-orbital), this matrix element 
vanishes as expected since there is no magnetic moment due to orbital angular 
momentum. For all hydrogenic states other than l = 0, l · s | nlmlms〉 is non-zero 
and proportional to H2. Therefore, for l ≥ 1, we write the radial average for the 
state | nlmlms〉 of the function x(r)H2 as hcz, where z (zeta) is called the spin–orbit
coupling constant; specifically

hcznl = 〈nlmlms | x(r) | nlmlms〉H2 (7.15)

The same value is obtained regardless of the value of ml because the electric 
potential is isotropic, or, seen another way, the radial dependence of the state is 
given by the radial wavefunction Rnl(r) which is independent of ml. Defined in 
this way, z is a wavenumber and hcz is an energy. For an electron in a hydrogenic 
atom, the potential arising from a nucleus of charge Ze is Coulombic, and 
j = Ze/4pe0r. Consequently

x(r) = − e
2m2

e rc2

d
dr

A
C

Ze
4pe0r

D
F = Ze2

8pe0m
2
e r3c2

(7.16)

The expectation value of r−3 for hydrogenic states, using the general properties of 
associated Laguerre functions (Section 3.13), is

〈nlmlms | r−3 | nlmlms〉 = Z3

n3a3
0l(l + 1–

2)(l + 1)
(7.17)

where a0 is the Bohr radius (eqn 3.65). Note that the factor of l in the denomin-
ator is no cause for concern since eqn 7.15 applies only to states with l > 0. 

A brief comment
The phenomenon that gives 
rise to the factor 1/2 is called 
Thomas precession. The 
electron moves in its orbital 
with speeds that approach the 
speed of light. To an observer 
on the nucleus, the coordinate 
system seems to rotate in the 
plane of motion, and the 
electron moves in such a way 
that its coordinate system 
appears to rotate by 180o when 
it has completed one circuit of 
the nucleus. It is spinning (in 
a classical sense) within its own 
frame with only one-half the 
rate if the frame were 
stationary, and this virtual 
slowing of its apparent motion 
reduces its magnetic moment 
by a factor of 1/2.
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Therefore, from eqns 7.15, 7.16, and 7.17, the spin–orbit coupling constant for 
a hydrogenic atom is

znl = Z4e2H2/hc
8pe0m

2
ec

2n3a3
0l(l + 1–

2)(l + 1)
(7.18)

It proves useful to express this ungainly formula in terms of the fine-structure
constant, a, which is defined as

a = e2

4pe0Hc
(7.19)

This dimensionless combination of fundamental constants has a value close to 
1/137 (see inside front cover) and is of extraordinarily broad significance because 
it is a fundamental constant for the strength of the coupling of a charge to the 
electromagnetic field. In the present context, we can use it to write

znl = a2R∞Z4

n3l(l + 1–
2)(l + 1)

(7.20)

where R∞ is the Rydberg constant. Note that as z ∝ Z4, spin–orbit coupling eCects
are very much larger in heavy atoms than in light atoms. What may be seen as 
a niggling problem in hydrogen can be of dominating importance in heavy 
elements, and the work we are doing here will prepare us for them.

A brief illustration

For hydrogen itself, Z = 1, and for a 2p-electron z = a2R∞ /24, which is about 
2.22 × 10−6 × R∞. Energy level separations and the wavenumbers of transitions (see 
eqn 7.3) are of the order of R∞ itself, so the fine structure of the spectrum of atomic 
hydrogen is a factor of about 2 × 10−6 times smaller, or of the order of 0.2 cm−1,
as observed.

7.5 The fi ne-structure of spectra

We can now explore how the spin–orbit coupling aCects the appearance of spec-
tra. Consider Fig. 7.4. When the spin and orbital angular momenta are parallel, 
the total angular momentum quantum number, j, takes its highest value (j = 3

2 for 
l = 1 and s = 1

2, and l + 1
2 in general). The corresponding magnetic moments are 

also parallel, which is a high-energy arrangement (eqn 7.14). When the two 
angular momenta are antiparallel, j has its minimum value (j = 1/2 when l = 1 and 
s = 1/2, and j = l − 1

2 in general). The corresponding magnetic moments are now 
antiparallel, which is a low-energy arrangement. We conclude that the energy of 
the level with j = l + 1

2 should lie above the level with, j = l − 1
2, and that the separ-

ation should be of the order of the spin–orbit coupling constant as that is a 
measure of the strength of the magnetic interaction between momenta. Note that 
the high energy of a state with high j does not stem directly from the fact that the 
total angular momentum is high, but rather stems from the fact that a high j
indicates that two magnetic moments are parallel and hence interacting adversely. 
Without that interaction, high j and low j would have the same energy.

Because the spin–orbit interaction is so weak in comparison with the energy-
level separations of the atom, we can use first-order perturbation theory to assess 
its eCect. The first-order correction to the energy of the state | ls; jmj〉 is, by 
eqn 6.24

Eso = 〈ls; jmj |Hso | ls; jmj〉 = 〈ls; jmj |x(r)l · s | ls; jmj〉 (7.21)

s

s

l

l

High j

Low j

High
energy

Low
energy

(a)

(b)

Fig. 7.4 (a) High and (b) 
low energy relative orientations 
of spin and orbital angular 
momenta of an electron as 
a result of the interaction of the 
corresponding angular momenta. 
The black arrows denote angular 
momenta and the blue arrows 
denote magnetic moments.
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(In the language of Section 4.9, note that we are using the coupled representation 
of the state, which is the natural one to use for the problem, and, for convenience 
of presentation, we do not explicitly show the quantum number n.) The matrix 
elements of a scalar product can be evaluated very simply by noting that because 
j = l + s,

j2 = | l + s |2 = l2 + s2 + 2l · s (7.22)

and therefore

l · s | ls; jmj〉 = 1
2(j2 − l2 − s2) | ls; jmj〉 (7.23)

 = 1
2H2{j(j + 1) − l(l + 1) − s(s + 1)} | ls; jmj〉

Consequently, the interaction energy is

Eso = 1
2H2{j(j + 1) − l(l + 1) − s(s + 1)}〈ls; jmj |x(r) | ls; jmj〉 (7.24)

 = 1
2hcznl{j(j + 1) − l(l + 1) − s(s + 1)}

 = Z4a2hcR∞
!
@
j(j + 1) − l(l + 1) − s(s + 1)

2n3l(l + 1–
2)(l + 1)

#
$

Note that the energy is independent of mj, the orientation of the total angular 
momentum in space, as is physically plausible, so each level is (2j + 1)-fold degen-
erate. Keep in mind, as indicated earlier, that the spin–orbit interaction applies 
to l ≥ 1 states, so the presence of the factor l in the denominator of eqn 7.24 is 
not problematic.

A brief illustration

For a p-electron, the separation between levels with j = 3
2 and j = 1

2 is Z4a2hcR∞/2n3,
and so it rapidly becomes negligible as n increases. For a hydrogen 2p-electron the 
splitting is a2R∞/16 ≈ 0.365 cm−1.

A brief illustration

For a p-electron j = 3
2 or 1

2. For j = 3
2 there are 2j + 1 = 4 degenerate states with an 

energy proportional to j(j + 1) − l(l + 1) − s(s + 1) = 1. For j = 1
2 there are 2j + 1 = 2 

degenerate states at an energy proportional to j(j + 1) − l(l + 1) − s(s + 1) = −2. The 
centroid of the split levels, taking degeneracies into account, remains unchanged; 
4 × 1 + 2 × (−2) = 0 (Fig. 7.5).

The centroid of the energy levels split by spin–orbit coupling is unchanged 
from the unsplit energy. This must be the case for a perturbation that arises intern-
ally in the atom because the total energy cannot be changed if the system is not 
interacting with the surroundings.

7.6 Term symbols and spectral details

To simplify the discussion of the spectrum that arises from these energy levels we 
need to introduce some more notation. Spectral lines arise from transitions 
between terms, which is another name for energy levels. The wavenumber, â, of 
a transition is the diCerence between the energies of two terms expressed as 
wavenumbers:

l = 1, s = ½

j = 1/2

j = 3/2

Fig. 7.5 The splitting of the states 
of a p-electron by spin–orbit 
coupling. Note that the centre of 
gravity of the levels is unshifted.
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â = T ′ − T (7.25)

A transition is denoted T ′ → T for emission and T ′ ← T for absorption, with the 
term T ′ higher in energy than the term T.

The configuration of an atom is the specification of the orbitals that the 
electrons occupy. There is only one electron in a hydrogenic atom, so we speak 
of the configuration 1s1 if the electron occupies a 1s-orbital, 2s1 if it occupies 
a 2s-orbital, and so on. A single configuration (such as 2p1) may give rise to 
several terms. For hydrogen, each configuration with l > 0 gives rise to a doublet
term in the sense that each term splits into two levels with diCerent values of j,
namely j = l + 1

2 and j = l − 1
2. For example, the configuration 2p1 gives rise to 

a doublet term with the levels j = 3
2 and j = 1

2, the configuration 3d1 gives rise to 
a doublet term with the levels j = 5

2 and j = 3
2, and so on. Each level labelled by 

the quantum number j consists of 2j + 1 individual states distinguished by the 
quantum number mj.

The hierarchy of concepts is summarized in Fig. 7.6. We should note a pattern 
emerging. The total hamiltonian for the atom (at this stage of the discussion) is 
H = h1 + Hso, where h1 is the one-electron hamiltonian, the hydrogenic hamil-
tonian for the electron (labelled 1) in the field of a bare nucleus of charge Ze. The 
energies of the configurations are essentially the eigenvalues of h1; their splitting 
into levels is a consequence of the presence of Hso. In due course, we shall see the 
impact of additional contributions to H.

The level of each term arising from a particular configuration is summarized 
by a term symbol constructed as follows:

multiplicity→2S+1{L}   ←   orbital angular momentum
 J←Level

where {L} is a letter (S, P, D, F, etc.) corresponding to the value of the total orbital 
angular momentum quantum number L (0, 1, 2, 3, etc.). For a hydrogen atom, 
L = l, so a configuration ns1 gives rise to an S term, a configuration np1 gives rise 
to a P term, and so on. The multiplicity of a term is the value of 2S + 1, where S
is the total spin angular momentum quantum number; provided that L ≥ S,
the multiplicity is the number of levels of the term. For hydrogen, S = s = 1

2,
so 2S + 1 = 2, and all terms are doublets and are denoted 2S, 2P, etc. As we saw 
earlier, all terms other than 2S have two levels distinguished by the value of J, and 
for hydrogen J = j = l ± 1/2. A 2S term has only a single level, with J = j = s = 1

2. The 
precise level of a term is specified by the right subscript of the term symbol, as in 
2S1/2 and 2P3/2. Each of these levels consists of 2J + 1 states, but these are rarely 
specified in a term symbol as they are degenerate in the absence of external elec-
tric and magnetic fields.

7.7 The detailed spectrum of hydrogen

The transitions responsible for the spectrum of hydrogen can be expressed by 
using term symbols (Fig. 7.7). Our first task is to identify the terms that arise 
from the various configurations of the atom. Consider, for instance, the Ha

line in the Balmer series (the line responsible for the red glow of excited 
hydrogen atoms), which corresponds to an electron in an orbital with n = 3
making a transition to an orbital with n = 2. The term symbols that can 
arise from the configurations possible are shown in Table 7.1. Note that the 
splitting of the levels in the n = 3 configuration is much smaller than in the n = 2 
configuration.

There is a complication. Although Table 7.1 shows that ns1 2S1/2 and np1 2P1/2

have diCerent energies, this is not in fact the case, for according to the Dirac 

1s1 2S1/2

2s1 2S1/2

3s1 2S1/2

2p1 2P1/2

2p1 2P3/2

3p1 2P1/2

3d1 2D3/2

3d1 2D5/23p1 2P3/2

Hα

Fig. 7.7 The energy levels of a 
hydrogen atom showing the fine 
structure and the transitions that 
give rise to certain features in 
the spectrum. Note that in 
this approximation some 
degeneracies remain (for states 
of the same j).

Configuration

Terms

Levels

States

2S+1{L}

2S+1{L}J

2S+1{L}J
MJ

Split by electrostatic interactions

Split by spin–orbit interactions

Split by external fields

Fig. 7.6 The hierarchy of names 
and the origin of the splittings 
that occur in atoms.
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theory of the hydrogen atom, their energies are the same! One way to view this 
degeneracy is that the Schrödinger equation ignores relativistic eCects. When 
these eCects are taken into account (as they are by the Dirac equation), they give 
rise to a contribution to the energy which is of the same order of magnitude as 
the spin–orbit interaction (which is also a relativistic phenomenon), with the 
result that levels of the same value of j but diCerent values of l (such as ns1 2S1/2

and np1 2P1/2) are degenerate. This relativistic eCect can symbolically (but not 
actually, for we must in fact replace the Schrödinger equation by the Dirac equa-
tion, with its very diCerent structure) be expressed by replacing the one-electron 
hamiltonian h1 by its relativistic version, h1,rel, and regarding the energies of the 
atom as the eigenvalues of H = h1,rel + Hso.

There is in fact a further complication that rides on the back of this complica-
tion: although the Dirac equation predicts an exact degeneracy, experimentally 
it is found that there is a small splitting between 2S1/2 and 2P1/2, which is known 
as the Lamb shift. As in the case of other discrepancies between experiment and 
the Dirac equation, we have to look for an explanation in the role of the electro-
magnetic vacuum in which the atom is immersed, and quantum electrodynamics 
accounts fully for the Lamb shift. The pictorial explanation appeals to the role 
of the zero-point fluctuations of the oscillations of the electromagnetic field, 
and their influence on the motion of the electron. This jitterbugging motion of 
the electron tends to smear its location over a region of space. The eCect of 
this smearing on the energy is most pronounced for s-electrons, as they spend a 
high proportion of their time close to the nucleus. The smearing tends to reduce 
the probability that the electron will be found at the nucleus itself, and so the 
energy of the orbital is raised slightly. There is less eCect on the energy of a 
p-electron because it spends less time close to the nucleus and its interaction with 
the nucleus is less sensitive to the smearing. More formally, the Lamb shift can 
be regarded as a consequence of a quantum-electrodynamic contribution, HQED,
to the hamiltonian, which has now grown into H = h1,rel + Hso + HQED, and its 
eigenvalues.

The allowed transitions between terms arising from the configurations with 
n = 3, 2, and 1 are shown in Fig. 7.7 (the selection rules on which this illustration 
is based are discussed later). Because the only appreciable spin–orbit splitting 
occurs in the 2p1 configuration, the transitions contributing to the Ha line fall 
into two groups separated by 0.36 cm−1. The doublet structure in the spectrum 
is therefore a compound doublet arising from two almost coincident groups of 
transitions.

Table 7.1 Terms arising from configurations with n = 2 and 3 in hydrogen

Configuration Term Energy znl

3d1 2D5/2 E3 + hcz3d a2R∞/405
2D3/2 E3 − 3/2hcz3d

3p1 2P3/2 E3 + 1/2hcz3p a2R∞/81
2P1/2 E3 − hcz3p

3s1 2S1/2 E3

2p1 2P3/2 E2 + 1/2hcz2p a2R∞/24
2P1/2 E2 − hcz2p

2s1 2S1/2 E2
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The structure of helium

We now move towards a discussion of many-electron atoms by setting up an 
approximate description of the simplest example: the helium atom, He (Z = 2).
We shall then use the features that this atom introduces to discuss more complex 
atoms.

7.8 The helium atom

The hamiltonian for the electrons in the helium atom is

H = − H2

2me
 (∇1

2 + ∇2
2) − 2e2

4pe0r1

− 2e2

4pe0r2

+ e2

4pe0r12

(7.26a)

with the distances defined in Fig. 7.8. The expression e2/4pe0 occurs throughout 
discussions of atomic and molecular structure, and henceforth we shall write it 
as j0, when the hamiltonian becomes

H = − H2

2me
 (∇1

2 + ∇2
2) − 2j0

r1

− 2j0
r2

+ j0
r12

(7.26b)

The first two terms are the kinetic energy operators for the two electrons, the 
following two are the potential energies of the two electrons in the field of the 
nucleus of charge 2e, and the final term is the potential energy arising from 
the repulsion of the two electrons when they are separated by a distance r12. In 
a very precise calculation we should use the reduced mass of the electron, but 
the calculation will be so crude that this refinement is unnecessary.

(a) Atomic units

The notational simplification that eqn 7.26 represents is often taken further by 
expressing the energy as a multiple of the Hartree energy, Eh, with

Eh = H2

mea
2
0

= j0
a0

= 2hcR∞ (7.27)

where a0 is the Bohr radius (Section 3.13), and expressing distances as multiples 
of a0. In these so-called atomic units,1 the Schrödinger equation for He becomes

− H2

2mea
2
0

 (∇1′2 + ∇2′2)y − j0
a0

A
C

2
r1/a0

+ 2
r2/a0

− 1
r12/a0

D
F y = eEhy

where the prime on the ∇ indicates that the derivatives are taken with respect to 
r/a0 and where e = E/Eh. On dividing each side by Eh, writing r′ = r/a0, and using 
the definitions in eqn 7.27 this equation becomes

−1
2(∇1′2 + ∇2′2)y − A

C
2
r′1

+ 2
r′2

− 1
r′12

D
F y = ey

It is common (but a little dangerous) not to write the prime on the distances and 
simply to remember that the r are multiples of the Bohr radius. Then we can write 
the hamiltonian as

H = −1
2(∇1

2 + ∇2
2) − 2

r1

− 2
r2

+ 1
r12

(7.28)

r1 r12

r2

dt1

dt2

Fig. 7.8  The distances involved 
in the potential energy of a 
two-electron atom.

1 For a full discussion of atomic units, see the IUPAC ‘green book’, Quantities, Units and 
Symbols in Physical Chemistry (2007).
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and interpret the calculated energies as multiples of the Hartree energy. The 
advantage of this procedure is notational simplicity; the disadvantage is that it is 
no longer possible to verify expressions by noting their dimensions. In this text, 
we take the middle ground, using eqn 7.26b, but if you prefer to work in atomic 
units (which is almost universally done in computational chemistry), simply set 
j0 and H2/me equal to 1 wherever they occur.

(b) The orbital approximation

The Schrödinger equation for helium has the form

HY(r1,r2) = EY(r1,r2) (7.29)

and the wavefunction depends on the coordinates of both electrons (we use 
uppercase Y for many-electron wavefunctions). It appears to be impossible to 
find analytical solutions of such a complicated partial diCerential equation in six 
variables, and almost all work has been directed towards finding increasingly 
refined numerical solutions. The simplest version of these approximate solutions 
is based on a perturbation approach, and this is the line we take here initially. 
The obvious candidate to use as the perturbation is the electron–electron inter-
action, but as it is not particularly small compared with the other terms in the 
hamiltonian we should not expect very good agreement with experiment and will 
need to make further refinements.

The unperturbed system is described by a hamiltonian that is the sum of two 
hydrogenic hamiltonians:

H(0) = H1 + H2, Hi = − H2

2me
 ∇i

2 − 2j0
ri

(7.30)

Whenever a hamiltonian is expressed as the sum of two independent terms, the 
eigenfunction is the product of two factors.

Proof 7.1 Eigenfunctions as a product of independent factors

We seek the eigenfunction Y such that H(0)Y = EY with H(0) a sum of independent 
terms H1 + H2 + . . . + Hn. Writing Y as a product of independent terms y1y2 . . . yn,
where Hiyi = Eiyi (and where both Hi and yi depend only on the coordinates of 
electron i) we find

(H1 + H2 + · · · + Hn)Y = (H1 + H2 + · · · + Hn)y1y2 · · · yn

 = (H1y1)y2 · · · yn + y1(H2y2)y3 + · · · + y1y2 · · · yn−1(Hnyn)

 = E1y1y2 · · · yn + E2y1y2 · · · yn + · · · + Eny1y2 · · · yn

 = (E1 + E2 + · · · + En)Y

Therefore, the product Y = y1y2 · · · yn is an eigenfunction with eigenvalue 
E = E1 + E2 + · · · + En.

It follows that for He the wavefunction of the two electrons (with their repul-
sion disregarded) is the product of two hydrogenic wavefunctions:

Y(r1,r2) = yn1l1ml1
(r1)yn2l2ml2

(r2) (7.31a)

and that, from eqn 7.2, the unperturbed energies are

E = −4hcR∞ 
A
C

1
n1

2
+ 1

n2
2

D
F (7.31b)

where we use R∞ (inside front cover) because we are replacing the true 
reduced mass with the electron mass. The approximation of writing the actual 

A brief comment
This simple product of two 
hydrogenic wavefunctions is 
most appropriate when both 
electrons occupy the same 
orbital, as in the ground 
state of He. When electrons 
occupy diIerent orbitals, 
see Section 7.9.



wavefunction, whatever that might be, as a product of one-electron wavefunc-
tions, is called the orbital approximation. It corresponds to a picture of the atom 
in which each electron occupies an identifiable orbital.

Now consider the influence of the electron–electron repulsion term, +j0/r12,
treated as a perturbation. The first-order correction to the energy is

E(1) = �n1l1ml1;n2l2ml2
j0
r12

n1l1ml1;n2l2ml2 � = J (7.32)

The term J is called the Coulomb integral:

J = j0�| yn1l1ml1
(r1) |2A

C
1
r12

D
F | yn2l2ml2

(r2) |2 dt1dt2 (7.33)

This integral (which is positive) has a very simple interpretation (Fig. 7.9). The 
term | Yn1l1ml1

(r1) |2 dt1 is the probability of finding the electron in the volume 
element dt1, and when multiplied by −e it is the charge associated with that 
region. Likewise, −e | yn2l2ml2

(r2) |2 dt2 is the charge associated with the volume 
element dt2.The integrand is therefore the Coulombic potential energy of inter-
action between the charges in these two volume elements and J is the total contribu-
tion to the potential energy arising from electrons in the two orbitals.

Example 7.2 Evaluating a Coulomb integral

Evaluate the Coulomb integral for the configuration 1s2 of an atom of atomic 
number Z given the following expansion

1

r12

=
1

r1
∑
l,ml

AC
4p

2l + 1
DF AC

r2

r1

DF
l

Y*lml
(q1,j1)Ylml

(q2,j2) (7.34)

when r1 > r2, and with r1 and r2 interchanged when r1 < r2.

Method The integral should be evaluated using y = (Z3/pa3
0)

1/2e−Zr/a0 for each elec-
tron. Because the wavefunctions are independent of angle, the integration over the 
angles is straightforward; the integration over Y gives zero except when l = 0 and 
ml = 0. Hence, the sum given above reduces to a single term inside the integral, 
namely 1/r12 = 1/r1 when r1 > r2 and 1/r12 = 1/r2 when r2 > r1. The radial integrations 
should be divided into two parts, one with r1 > r2 and the other with r2 > r1. The 
following two integrals are needed in the second line of the answer:

�
b

0

 
x2e−ax dx = (1/a3){2 − (2 + a2b2 + 2ab)e−ab}

�
b

∞ 
xe−ax dx = (1/a2){1 + ab}e−ab

Answer The integration is as follows:
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Orbital i

Orbital j

Fig. 7.9 The physical 
interpretation of the Coulomb 
integral, J.
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As shown in the example, for the 1s2 ground state of helium J ≈ 5.45 aJ, which 
corresponds to 34.0 eV or 5/2hcR∞. The total energy of the ground state of the 
atom (n1 = 1, n2 = 1) in this approximation is therefore

E = (− 4 − 4 + 5
2)hcR∞ = −11

2 hcR∞

This value corresponds to −12.0 aJ, −74.9 eV, or −7220 kJ mol−1. The experimen-
tal value, which is equal to the sum of the first and second ionization energies of 
the atom, is −12.65 aJ (−78.96 eV, −7619 kJ mol−1, −5.804hcR∞). The agreement 
is not brilliant, but the calculation is obviously on the right track. One of the 
reasons for the disagreement is that the perturbation is not small, and so first-
order perturbation theory cannot be expected to lead to a very reliable result.

7.9 Excited states of helium

A new feature comes into play when we consider the excited states of the atom. 
When the two electrons occupy diCerent orbitals (as in the configuration 1s12s1),
the wavefunctions are either yn1l1ml1

(r1)yn2l2ml2
(r2) or yn2l2ml2

(r1)yn1l1ml1
(r2), which we 

shall denote a(1)b(2) and b(1)a(2), respectively. Both wavefunctions have the 
same energy and their unperturbed energies are Ea + Eb. To calculate the per-
turbed energy, we use the form of perturbation theory appropriate to degenerate 
states (Section 6.4), and therefore set up the secular determinant. To do so, we 
need the following matrix elements, in which we identify state 1 with a(1)b(2)
and state 2 with b(1)a(2):

H11 = �a(1)b(2) H1 + H2 + j0
r12

a(1)b(2)� = Ea + Eb + J

H22 = Ea + Eb + J

H12 = �a(1)b(2) H1 + H2 + j0
r12

a(2)b(1)�
 = (Ea + Eb)〈a(1)b(2) |a(2)b(1)〉 + �a(1)b(2)

j0
r12

a(2)b(1)� = H21

The first of the integrals in H12 is zero because the orbitals a and b are 
orthogonal:

〈a(1)b(2) | a(2)b(1)〉 = 〈a(1) | b(1)〉〈b(2) | a(2)〉 = 0

The remaining integral is called the exchange integral, K:

K = j0�a(1)b(2)
1
r12

a(2)b(1)� (7.35)

Like J, this integral is positive. The secular determinant is therefore

H11 − ES11

H21 − ES21

H12 − ES12

H22 − ES22
= H11 − E

H21

H12

H22 − E
(7.36)

= Ea + Eb + J − E
K

K
Ea + Eb + J − E

= 0

For helium, Z = 2, and so J = 5j0/4a0 or 5hcR∞/2. (In atomic units, J = 5/4.) This 
expression evaluates to 5.45 aJ (34.0 eV).

Comment Take care with the expansion when orbitals other than s-orbitals are 
involved, because additional terms then survive.

Self-test 7.2 Evaluate J for the configuration 1s12s1.
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(Note that S11 = S22 = 1 and S12 = S21 = 0 due to orthonormality of states 1 and 2.) 
The solutions are

E = Ea + Eb + J ± K (7.37)

and the corresponding normalized wavefunctions are

Y±(1,2) = 1
21/2

{a(1)b(2) ± b(1)a(2)} (7.38a)

or, in more detail,

Y±(r1,r2) = 1
21/2

{yn1l1ml1
(r1)yn2l2ml2

(r2) ± yn2l2ml2
(r1)yn1l1ml1

(r2)} (7.38b)

where the individual functions are hydrogenic atomic orbitals with Z = 2.
The striking feature of this result is that the degeneracy of the two product 

functions a(1)b(2) and b(1)a(2) is removed by the electron repulsion, and their 
two linear combinations y± diCer in energy by 2K. The exchange integral has no 
classical counterpart, and should be regarded as a quantum mechanical correction 
to the Coulomb integral J. However, despite its quantum mechanical origin, it is 
possible to discern the origin of this correction by considering the amplitudes Y±

as one electron approaches the other. The crucial point is that Y− = 0 when r1 = r2

whereas Y+ does not necessarily vanish. The corresponding diCerences in the 
probability densities are illustrated in Fig. 7.10. We see that there is zero prob-
ability of finding the two electrons in the same infinitesimal region of space if 
they are described by the wavefunction Y−, but there is no such restriction if their 
wavefunction is Y+ (indeed, there is a small enhancement in the probability that 
they will be found together). The dip in the probability density | Y− |2 wherever 
r1 ≈ r2 is called a Fermi hole. It is a purely quantum mechanical phenomenon, and 
has nothing to do with the charge of the electrons; even ‘uncharged electrons’ 
would exhibit this phenomenon.

It follows from the existence of the Fermi hole, that electrons that occupy 
Y− tend to avoid one another. Therefore, the average of the electron–electron 
repulsion energy can be expected to be lower for Y− than for Y+, for in the latter 
the electrons tend to be found near one another. The eCect on the energy accounts 
for the reduction of the Coulombic potential energy from J to J − K for electrons 
in Y− and its increase from J to J + K for electrons in Y+.

It is appropriate at this point to mention a feature that will prove to be of 
crucial importance shortly. The wavefunction Y− is antisymmetric under the 
interchange of the labels of the electrons:

Y−(2,1) = 1
21/2

{a(2)b(1) − b(2)a(1)} = − 1
21/2

{a(1)b(2) − b(1)a(2)} = −Y−(1,2)

whereas Y+ is symmetric under particle interchange:

Y+(2,1) = 1
21/2

{a(2)b(1) + b(2)a(1)} = 1
21/2

{a(1)b(2) + b(1)a(2)} = Y+(1,2)

7.10 The spectrum of helium

At this stage we have seen that when both electrons are in the same orbital (as in 
1s2, the ground state), the configuration gives rise to a single term with energy 
2Ea + J, with both Ea and J depending on the orbital that is occupied. When the 
two electrons occupy diCerent orbitals (as in 1s12s1), then the configuration 
gives rise to two terms, one with energy Ea + Eb + J − K and the other with energy 

|y–|
2

|y+|
2

(a)

(b)

0

0

r2 – r1

r2 – r1

Fig. 7.10  (a) The formation of 
a Fermi hole when the spins are 
parallel and (b) the formation of 
a Fermi heap when the spins are 
paired.
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Ea + Eb + J + K. The separation of the terms by 2K should be detectable in the 
spectrum, and so we shall now consider the transitions in more detail.

The ground-state configuration is 1s2. Its total orbital angular momentum is 
zero (because l1 = l2 = 0), so L = 0 and it gives rise to an S term. The only excited 
configurations that we need consider in practice are those involving the excita-
tion of a single electron (because the excitation of two electrons exceeds the 
ionization energy of the atom), and therefore having the form 1s1nl1. The 
configuration 1s1nl1 gives rise to terms with L = l because only one of the elec-
trons may have a non-zero orbital angular momentum. Therefore, the terms we 
have to consider are 1s12s1 S, 1s12p1 P, and so on. The selection rule Dl = ±1
implies that transitions may occur between S and P terms, between P and D, etc., 
but not between S and D.

We need to consider the selection rules governing transitions between states of 
the form Y+ and Y−. To do so, we consider the integral

m+− = −e�Y*+(r1,r2)(r1 + r2)Y−(r1,r2)dt1 dt2

The electric dipole moment operator for a two-electron system (−er1 − er2) is 
symmetric under the permutation of the labels 1 and 2. However, under the 
interchange of the labels 1 and 2, the integrand changes sign because Y− is anti-
symmetric under the permutation of particles. As the value of an integral cannot 
depend on the labels that we give to the electrons, it follows that the only possible 
value for the integral is zero. Hence, there can be no transitions between spatial 
wavefunctions that are symmetric and antisymmetric under the permutation of 
particles. The selection rule we need is therefore

symmetrical ↔ symmetrical antisymmetrical ↔ antisymmetrical

but transitions between symmetrical and antisymmetrical combinations are not 
allowed.

Finally, we need to consider the multiplicities of the terms. Because each elec-
tron has s = 1

2 we expect S = 0 and 1, corresponding to singlet and triplet terms, 
respectively. For the singlet terms, J = L; for the triplet terms, the Clebsch–Gordan 
series gives J = L + 1, L, L − 1 provided that L > 0. Thus, we can expect levels such 
as 1P1,

3P2,
3P1, and 3P0 to stem from each 1s1np1 configuration, and these levels 

are expected to be split by the spin–orbit coupling. At this stage (a phrase intended 
to strike a note of warning), we expect each of these terms to exist as the 
symmetric and antisymmetric combinations. The expected terms are set out 
in Table 7.2.

The observed spectrum of helium is, to some extent, consistent with these 
remarks. Each 1s1nl1 configuration gives rise to two types of term (Fig. 7.11), one 
symmetric and the other antisymmetric under the permutation of particles. 

1s2

1s12s1

1s12s1

1s12p1

1s13p1
1s13p1

1s13d1

1s13d1
1s13s1

1s13s1

Allowed

Allowed
Forbidden

1s12p1

Fig. 7.11  The energy levels of 
a helium atom, their classification 
as singlets and triplets, and some 
of the allowed and forbidden 
transitions.

Table 7.2 The terms arising from He configurations*

Configuration Singlet terms Triplet terms

Y+ from 1s1ns1 1S0
3S0

Y− from 1s1ns1 1S0
3S0

Y+ from 1s1np1 1P1
3P2,

3P1,
3P0

Y− from 1s1np1 1P1
3P2,

3P1,
3P0

*Forbidden terms are in blue type.
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We know which is which, because the ground-state configuration 1s2 must be sym-
metric (both electrons occupy the same orbital), and therefore only symmetric 
states have appreciable transition intensity to the ground state. Furthermore, 
wherever both types of term can be identified, the antisymmetrical combination 
(the one that does not make transitions to the ground state) lies lower in energy 
than the symmetrical combination, in accord with the discussion in Section 7.9. 
There is, however, an extraordinary feature. An analysis of the spectrum shows 
that all the symmetric states are singlets and all the antisymmetric states are 
triplets. There are no symmetric triplets and no antisymmetric singlets (see 
Table 7.2). Moreover, there are only four terms from each 1s1np1 configuration, 
not eight. In fact, half of all possible terms appear to be excluded.

7.11 The Pauli principle

The explanation of the omission of half the expected terms requires the introduc-
tion of an entirely new fundamental feature of nature. We warned in Chapter 1 
that an additional postulate of quantum mechanics would prove to be necessary 
once we considered many-particle systems. This additional postulate was formu-
lated by Wolfgang Pauli.

Consider the state of the system when the spins of the electrons are taken into 
account. In Section 4.12 we saw that the spin state of two electrons corresponding 
to S = 0 is

s−(1,2) = 1
21/2

{a(1)b(2)− b(1)a(2)}

where, as usual, a denotes the state with ms = + 12 and b denotes the state with 
ms = − 12. The state s− is antisymmetric under particle exchange in the sense that

s−(2,1) = −s−(1,2)

On the other hand, the three states that correspond to S = 1 are all symmetric 
under particle interchange:

s +
(+1)(1,2) = a(1)a(2)

s +
(0)(1,2) = 1

21/2
{a(1)b(2) + b(1)a(2)}

s +
(−1)(1,2) = b(1)b(2)

(The superscript is the value of MS.) We can now list all combinations of orbital 
and spin states that might occur for the symmetric and antisymmetric combina-
tions of a 1s1nl1 configuration:

Y+s− Y+s +
(−1) Y+s +

(0) Y+s +
(+1)

Y−s− Y−s +
(−1) Y−s +

(0) Y−s +
(+1)

The experimentally observed states have been printed with normal type; those 
not observed are printed in blue. It is clear that there is a common feature: 
the allowed states are all antisymmetrical overall under particle interchange.
This observation has been elevated to a general law of nature:

The Pauli principle: The total wavefunction (including spin) must be anti-
symmetric with respect to the interchange of any pair of electrons.

In fact, the Pauli principle can be expressed more broadly by recognizing that 
elementary particles can be classified as fermions or bosons. A fermion is a 
particle with half-integral spin; examples are electrons and protons. A boson is 

A brief comment
Not too much should be 
made of the point that the 
antisymmetrical combination 
lies lower in energy than the 
symmetrical combination. 
Although the analysis has 
shown that it is plausible that 
an antisymmetric combination, 
with its Fermi hole, should 
lie lower in energy, the 
wavefunction was based on 
first-order perturbation theory 
and therefore ignored the 
distortion of the wavefunction 
that may occur. It turns out 
that this distortion, which 
corresponds to the shrinkage of 
the antisymmetric combination 
wavefunction so that the 
electrons lie closer to the 
nucleus than they do in 
the symmetric combination 
wavefunction, is of dominating 
importance for determining 
the order of energy levels. 
It remains true that the 
antisymmetric combination has 
a lower energy, but the reason 
is more complicated than the 
first-order argument suggests.
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a particle with integral spin, including 0. Examples of bosons are photons (spin 1) 
and a-particles (helium-4 nuclei, spin 0). The more general form of the Pauli 
principle is then as follows:

The total (space and spin) wavefunction must be antisymmetric under the 
interchange of any pair of identical fermions and symmetrical under the inter-
change of any pair of identical bosons:

For fermions, Y(1,2) = −Y(2,1)  For bosons: Y(1,2) = Y(2,1)

We shall consider only the restricted ‘electron’ form of the principle here, but use 
the full principle later (in Section 10.6). Although the principle should be regarded 
as one more fundamental postulate of quantum mechanics in addition to those 
presented in Chapter 1, it does have a deeper basis, for it can be rationalized to 
some extent by using relativistic arguments and the requirement that the total 
energy of the universe be positive. For us, it is a succinct, subtle, summary of 
experience (the spectrum of helium) that, as we shall see, has wide and never 
transgressed implications for the structure and properties of matter.

It is a direct consequence of the Pauli principle that there is a restriction on the 
number of electrons that can occupy the same state. This implication of the Pauli 
principle is called the Pauli exclusion principle:

No two electrons can occupy the same state.

In its simplest form, the derivation of the exclusion principle from the Pauli 
principle runs as follows. Suppose the spin states of two electrons are the same. 
We can always choose the z-direction such that their joint spin state is a1a2,
which is symmetric under particle interchange. According to the Pauli principle, 
the orbital part of the overall wavefunction must be antisymmetric, and hence of 
the form a(1)b(2) − b(1)a(2). But if a and b are the same wavefunctions, then this 
combination is identically zero for all locations of the two electrons. Therefore, 
such a state does not exist, and we cannot have two electrons with the same spins 
in the same orbital. If the two electrons do not have the same spin, then there 
does not exist a direction where their joint spin state is a1a2, so the argument fails. 
It follows that if two electrons do occupy the same spatial orbital, then they must 
pair; that is, have opposed spins. (Note that ‘opposed spins’ does not mean that 
the spin part of the total wavefunction is a(1)b(2) or b(1)a(2) but rather the anti-
symmetric linear combination s−(1,2).)

Overall wavefunctions that satisfy the Pauli principle are often written as 
a Slater determinant. The properties of determinants were introduced in 
Mathematical background 4. To see how such a determinant is constructed, 
consider another way of expressing the (overall antisymmetric) wavefunction of 
the ground state of helium:

Y(1,2) = y1s(r1)y1s(r2)s−(1,2) = 1
21/2

y1s(r1)y1s(r2){a(1)b(2) − b(1)a(2)}

 = 1
21/2

y1s(r1)a(1)
y1s(r2)a(2)

y1s(r1)b(1)
y1s(r2)b(2)

The expansion of the determinant generates the preceding line. The appearance 
of this determinant is simplified by introducing the concept of a spinorbital, a 
joint spin–space state of the electron:

ya
1s(1) = y1s(r1)a(1) yb

1s(1) = y1s(r1)b(1)

Then the ground state can be expressed more succinctly as the following 
determinant:
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Y(1,2) = 1
21/2

ya
1s(1)

ya
1s(2)

yb
1s(1)

yb
1s(2)

This is an example of a Slater determinant. The determinant displays the overall 
antisymmetry of the wavefunction very neatly, because if the labels 1 and 2 are 
interchanged, then the rows of the determinant are interchanged, and it is a gen-
eral property of determinants that the interchange of two rows results in a change 
of sign.

Now suppose that the electrons have the same spin and occupy the same orbitals. 
The Slater determinant for such a state would be

Y(1,2) = 1
21/2

ya
1s(1)

ya
1s(2)

ya
1s(1)

ya
1s(2)

Because a determinant with two identical columns has the value 0 (another 
general property of determinants that can be easily verified in this case), this 
Slater determinant is identically zero. Such a state, therefore, does not exist, as 
required by the Pauli exclusion principle.

We are now in a position to return to the helium spectrum. We have seen that 
two electrons tend to avoid each other if they are described by an antisymmetric 
spatial wavefunction. However, if the two electrons are described by such a 
wavefunction, it follows that their spin state must be symmetrical, and hence 
correspond to S = 1. Therefore, we can summarize the eCect by saying that parallel 
spins tend to avoid one another. This eCect is called spin correlation. However, 
the preceding discussion has shown that spin correlation is only an indirect 
consequence of spin working through the Pauli principle. That is, if the spins of 
the electrons are parallel, then the Pauli principle requires them to have an anti-
symmetric spatial wavefunction, which implies that the electrons cannot be 
found at the same point simultaneously.

A consequence of spin correlation is, as we have seen, that the triplet term aris-
ing from a configuration lies lower in energy than the singlet term of the same 
configuration. The point should be noted, however, that the diCerence in energy 
is a similar indirect consequence of the relative spin orientations of the electrons 
and does not imply a direct interaction between spins. The diCerence in energy 
of terms of diCerent multiplicity is a purely Coulombic eCect that reflects the 
influence of spin correlation on the relative spatial distribution of the electrons.

Many-electron atoms

We have seen that a crude description of the ground state of the helium atom is 
1s2 with both electrons in hydrogenic 1s-orbitals with Z = 2. An improved 
description takes into account the repulsion between the electrons and the con-
sequent swelling of the atom to minimize this disadvantageous contribution to 
the energy. It turns out that the eCect of this repulsion on the orbitals occupied 
can be simulated to some extent by replacing the true nuclear charge, Ze, by an 
eCective nuclear charge, ZeCe. (In casual usage, ZeC itself rather than ZeCe is com-
monly called the ‘eCective nuclear charge’.) The optimum value for helium, in the 
sense of corresponding to the lowest energy (recall the variation principle, Section 
6.5), is ZeC ≈ 1.3. This approach to the description of atomic structure can be 
extended to other many-electron atoms, and we shall give a brief description of 
what is involved. Some of the principles will be familiar from elementary chem-
istry and we shall not dwell on them unduly.
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7.12 Penetration and shielding

Most descriptions of atomic structure are based on the orbital approximation, 
where it is supposed that each electron occupies its own atomic orbital, and that 
orbital bears a close resemblance to one of the hydrogenic orbitals. This is the 
justification of expressing the structure of an atom in terms of a configuration, 
such as 1s22s22p6 for neon. Thus, we write the wavefunction for the neon atom 
in the orbital approximation as

Y = A
C

1
10!

D
F

1/2

 det | 1sa(1)1sb(2) . . . 2pb(10) |

It must clearly be understood that this expression is an approximation, because 
the actual many-electron wavefunction is not a simple product (or a sum of 
such simple products) but is a more general function of 3N variables and two 
spin states for each electron. To reproduce the wavefunction more exactly, we 
would have to take a superposition of antisymmetric products, as discussed in 
Chapter 9.

According to the Pauli exclusion principle, a maximum of two electrons can 
occupy any one atomic orbital. As a result, and as will be familiar from intro-
ductory chemistry, the electronic structure of an atom consists of a series of 
concentric shells of electron density, where a shell consists of all the orbitals of 
a given value of n. We refer to the shells as follows:

n 1 2 3 4 . . .
 K L M N . . .

Each shell consists of n subshells, which are the orbitals with a common value of 
l. There are 2l + 1 individual orbitals in a subshell:

l 0 1 2 3 . . .
 s p d f . . .
2l + 1 1 3 5 7 . . .

In a hydrogenic atom, all subshells of a given shell are degenerate, but the pres-
ence of electron–electron interactions in many-electron atoms removes this 
degeneracy, and although the members of a given subshell remain degenerate 
(so the three 2p-orbitals are degenerate in all atoms in the absence of externally 
applied electric and magnetic fields), the subshells correspond to diCerent
energies. It is typically found, for valence (outermost) electrons at least, that the 
energies of the subshells lie in the order s < p < d < f, but there are deviations from 
this simple rule.

The explanation of the order of subshells is based on the central-field approxi-
mation, in which the highly complicated inter-electronic contribution to the 
energy, which for electron 1 is

V = ∑
i≠1

e2

4pe0r1i

= j0 ∑
i≠1

1
r1i

(7.39a)

is replaced by a single point negative charge on the nucleus, so

V ≈ sj0
r1

(7.39b)

where −se is an eCective charge that repels the charge −e of the electron of 
interest. As a result of this approximation, the nuclear charge Ze is reduced to 
(Z − s)e, and hence we can write

ZeC = Z − s (7.40)
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The quantity s is called the nuclear screening constant and is characteristic of 
the orbital that the electron (which we are calling 1) occupies. Thus, s is diCerent
for 2s- and 2p-orbitals. It also depends on the configuration of the atom, and s
for a given orbital has diCerent values in the ground and excited states.

The partial justification for this seemingly (and actually) drastic approxima-
tion comes from classical electrostatics. According to classical electrostatics, 
when an electron is outside a spherical region of electric charge, the potential it 
experiences is the same as that generated by a single point charge at the centre of 
the region with a magnitude equal to the total charge within a sphere that cuts 
through the position of the electron (Fig. 7.12). Thus, if the K-shell is full and very 
compact, the eCect of its two electrons can be simulated by placing a point charge 
−2e on the nucleus provided that the electron of interest stays wholly outside the 
core region (here the region of the K-shell electrons) of the atom. If the electron 
of interest wanders into the core, then its interaction varies the closer it is to the 
nucleus, and when it is at the nucleus, it experiences the full nuclear charge.

The apparent reduction of the nuclear charge due to the presence of the other 
electrons in an atom is called shielding, and its magnitude is determined by the 
extent of penetration of core regions of the atom, the extent to which the electron 
of interest will be found close to the nucleus and inside spherical shells of nega-
tive charge. Strictly speaking, the shielding constant varies with distance, and 
an electron does not have a single value of s. However, in the next approxima-
tion we replace the varying value of s by its average value, and hence treat ZeC as 
a constant typical of the atom and of the orbital occupied by the electron of 
interest. This is the basis for replacing Z = 2 by Z = 1.3 for each electron in a He 
atom, for we are ascribing the average value s = 0.7 to each electron. Typical 
values of ZeC are given in Table 7.3.

It follows from the discussion of the radial distribution functions for electrons 
in atoms (Section 3.14) that an ns-electron penetrates closer to the nucleus than 
does an np-electron. Hence we can expect an ns-electron to be less shielded by 
the core electrons than an np-electron, and hence to have a lower energy. There 
is a similar diCerence between np- and nd-electrons, for the wavefunctions of the 
latter are proportional to r2 whereas those of the former are proportional to r
close to the nucleus; hence, nd-electrons are excluded more strongly from the 
nucleus than np-electrons. These eCects can be seen in the atomic energy-level 

2s

2p

3p 3d
3s

s p d f

Fig. 7.13 A schematic indication 
of the orbital energy levels of 
a many-electron atom (lithium, 
in fact) showing the removal of 
the degeneracy characteristic of 
hydrogenic atoms.

+Ze –e

–e

+Zeffe

Fig. 7.12  According to classical 
electrostatics, the charge of 
a spherically symmetrical 
distribution can be represented 
by a point charge equal in value 
to the total charge of the region 
and placed at its centre.

A brief comment
The procedure by which the 
value of ZeI = 1.6875 for He 
shown in Table 7.3 was 
obtained diIers from the 
procedure based on the 
variation principle which yields 
the value of 1.3 quoted above.

Table 7.3 Values of ZeC = Z − s for neutral ground-state atoms.

H He

1s  1  1.6875

Li Be B C N O F Ne

1s  2.6906  3.6848  4.6795  5.6727  6.6651  7.6579  8.6501  9.6421

2s  1.2792  1.9120  2.5762  3.2166  3.8474  4.4916  5.1276  5.7584

2p  2.4214  3.1358  3.8340  4.4532  5.1000  5.7584

Na Mg Al Si P S Cl Ar

1s 10.6259 11.6089 12.5910 13.5754 14.5578 15.5409 16.5239 17.5075

2s  6.5714  7.3920  8.2136  9.0200  9.8250 10.6288 11.4304 12.2304

2p  6.8018  7.8258  8.9634  9.9450 10.9612 11.9770 12.9932 14.0082

3s  2.5074  3.3075  4.1172  4.9032  5.6418  6.3669  7.0683  7.7568

3p  4.0656  4.2852  4.8864  5.4819  6.1161  6.7641

Values are from E. Clementi and D.L. Raimondi, Atomic screening constants from SCF functions. IBM Res. 
Note NJ-27 (1963).
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diagram for Li (Fig. 7.13), which has been inferred from an analysis of its emis-
sion spectrum.

7.13 Periodicity

The ground-state electron configurations of atoms are determined experiment-
ally by an analysis of their spectra or, in some cases, by magnetic measurements. 
These configurations show a periodicity that mirrors the block, group, and period 
structure of the periodic table. The rationalization of the observed configur-
ations is normally expressed in terms of the building-up (or aufbau) principle.
According to this principle, which will also be familiar from introductory chem-
istry, electrons are allowed to occupy atomic orbitals in an order that mirrors 
the structure of the periodic table (Fig. 7.14) and subject to the Pauli exclusion 
principle that no more than two electrons can occupy any one orbital, and if 
two electrons do occupy an orbital, then their spins must be paired. The order of 
occupation largely follows the order of energy levels as determined by penetration 
and shielding, with ns-orbitals being occupied before np-orbitals. In certain 
regions of the table the ns-orbitals lie below the (n − 1)d-orbitals of an inner shell: 
the occupation of 4s-orbitals before 3d-orbitals is a well-known example of this 
phenomenon, and it accounts for the intrusion of the d-block into the structure 
of the periodic table.

It is too much to expect such a simple procedure based on the energies of 
one-electron orbitals to account for all the subtleties of the periodic table. What 
matters is the attainment of the lowest total energy of the atom, not the lowest 
sum of one-electron energies, for the latter largely ignores electron–electron 
interactions (except implicitly). Thus, it is found in some cases that the lowest 
total energy of the atom is attained by shipping electrons around: the favouring 
of d5 and d10 configurations is an example of a manner in which the atom can 
relocate electrons to minimize the total energy, perhaps at the expense of having 
to occupy an orbital of higher energy.

There are two features of the building-up principle that should be kept in 
mind. One is that when more than one orbital is available for occupation, elec-
trons occupy separate orbitals before entering an already half-occupied orbital. 
This gives them a greater spatial separation, and hence minimizes the total energy 
of the atom. Second, when electrons occupy separate orbitals, they do so with 
parallel spins. This rule is often called Hund’s rule of maximum multiplicity 
(Section 7.20), and it can be traced to the eCects of spin correlation, as we have 
already seen for helium.

s pd

f

1
2
3

4
5

7
6

n H
Start

Fig. 7.14 The order of 
occupation of energy levels as 
envisaged in the building-up 
principle. At the end of each 
period, revert to the start of 
the next period.

A brief illustration

The six electrons of carbon (Z = 6) have a ground-state configuration 1s22s22p2. In 
more detail, we expect the configuration 1s22s22p1

x2p1
y, with the two 2p-electrons 

having parallel spins. A triplet is therefore expected for the ground term of the 
atom.

Once the ground-state electron configuration of an atom is known, it is pos-
sible to go on to rationalize a number of the properties. For example, the ioniza-
tion energy, I, of an element, the minimum energy needed to remove an electron 
from a gas-phase (ground-state) atom of an element in the process E(g) → E+(g)
+ e−(g) at T = 0 generally increases across a period because the eCect of nuclear 
attraction on the outermost electron increases more rapidly than the repulsion 



from the additional electrons that are present. However, the variation is not 
uniform (Fig. 7.15), because account must be taken of the identity of the orbitals 
from which the outermost electron is removed and the energy of the ion remain-
ing after the loss of the electron. The dip between Be and B, for instance, can be 
explained on the grounds that their electron configurations are 1s22s2 and 
1s22s22p1, respectively; so ionization takes place from a 2p orbital in B but a 2s 
orbital in Be, and the latter orbital has a lower energy on account of its shielding 
and penetration. The decrease between N and O reflects the fact that in N 
(1s22s22p1

x2p1
y2p1

z) the electron is removed from a half-filled 2p-orbital, whereas 
in O (1s22s22p2

x2p1
y2p1

z) the electron is ‘helped’ on its way by another electron that 
is present in the 2p-orbital and the fact that the resulting 2p3 configuration (being 
a half-filled configuration) has a low energy. The steep fall in ionization energy 
between He and Li, and between Ne and Na, reflects the fact that the electron is 
being removed from a new shell and so is more distant from the nucleus.

7.14 Slater atomic orbitals

No definitive analytical form can be given for the atomic orbitals of many-
electron atoms because the orbital approximation is very primitive. Nevertheless, 
it is often helpful to have available a set of approximate atomic orbitals which 
model the actual wavefunctions found by using the more sophisticated numerical 
techniques that we describe in Chapter 9. These Slater type orbitals (STOs) are 
constructed as follows:

1. An orbital with quantum numbers n, l, and ml belonging to a nucleus of an 
atom of atomic number Z is written

ynlml
(r,q,j) = NrneC−1e−ZeCr/neCYlml

(q,j) (7.41)

 where N is a normalization constant, Ylml
 is a spherical harmonic 

(Table 3.2), and r = r/a0.

2. The eCective principal quantum number, neC, is related to the true principal 
quantum number, n, by the following mapping

n → neC: 1 → 1 2 → 2 3 → 3 4 → 3.7 5 → 4.0 6 → 4.2

3. The eCective nuclear charge, ZeC, is taken from Table 7.3.

The values in Table 7.3 have been constructed by fitting STOs to numerically 
computed wavefunctions, and they supersede the values that were originally 
given by Slater in terms of a set of rules. Care should be taken when using STOs 
because orbitals with diCerent values of n but the same values of l and ml are not 
orthogonal to one another. Another deficiency of STOs is that ns-orbitals with 
n > 1 have zero amplitude at the nucleus.
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Fig. 7.15 The variation of the 
first ionization energy through 
Period 2 of the periodic table.

Example 7.3 Calculating a mean radius

Use an STO to calculate the mean distance of a 3p electron from the nucleus in 
a P atom.

Method We need to calculate the value of 〈r〉 by using a normalized Slater orbital. 
Take ZeC from Table 7.3. The spherical harmonics are normalized to 1; for other 
integrations, use

�
0

∞

xne−ax dx =
n!

an+1

››
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7.15 Slater determinants and the Condon–Slater rules

We have seen that a two-electron wavefunction that satisfies the Pauli principle 
can be expressed as a 2 × 2 determinant. The general form of a Slater determinant 
composed of the spinorbitals ja, jb, . . . and containing N electrons is

Y(1,2, . . . ,N) = A
C

1
N!

D
F

1/2

ja(1)
ja(2)

···
ja(N)

jb(1)
jb(2)

···
jb(N)

· · ·
· · ·

· · ·

· · ·

jz(1)
jz(2)

···
jz(N)

(7.42a)

A Slater determinant has N rows and N columns because there is one spinorbital 
for each of the N electrons present. The state is fully antisymmetric under the 
interchange of any pair of electrons, because that operation corresponds to the 
interchange of a pair of rows in the determinant. Furthermore, if any two spinor-
bitals are the same, then the determinant vanishes because it has two columns in 
common. Instead of writing out the determinant in full, which is tiresome, it is 
normally summarized by its principal diagonal:

Y(1,2, . . . N) = A
C

1
N!

D
F

1/2

 det | ja(1)jb(2) . . . jz(N) | (7.42b)

One common feature of quantum chemistry is the need to evaluate matrix 
elements between the Slater determinants of either a one-electron operator (such 
as the kinetic energy and the electric dipole moment) or a two-electron operator 
(such as the electron–electron repulsion energy). J.C. Slater developed a set of 
rules for evaluating the diagonal matrix elements of one- and two-electron 
operators and E.U. Condon generalized his results to oC-diagonal elements. The 
resulting Condon–Slater rules are as follows.

Answer For a P3p orbital we take neC = 3 and ZeC = 4.8864, then eqn 7.41 gives

y3p = Nr2e− 4.8864r/3Y1ml
(q,j) = Nr2e−1.6288r/a0Y1ml

(q,j)

To determine N we use

�y2
3p dt = N2�

0

∞

r6e−3.2576r/a0 dr�
0

p 
�

0

2p

| Y1ml
(q,j) |2 sin q dq dj = N2�

0

∞

r6e−3.2576r/a0 dr

= N2 6!a7
0

3.25767

It follows that

N = AC
3.25767

6!a7
0

DF
1/2

=
2.3253

a0
7/2

To calculate the expectation value of r, we need to evaluate only the radial 
integral:

〈r〉 = N2�
0

∞

r7e−3.2576r/a0 dr =
3.25767

6!a7
0

×
7!a8

0

3.25768
=

7a0

3.2576
= 2.1488a0

Self-test 7.3 Evaluate the average value of 1/r for an electron in an F2p Slater 
orbital.

[1.275/a0]
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We introduce the one- and two-electron operators

W1 = ∑
i

W(ri) W2 = 1
2 ∑

i≠j

W(ri,rj) (7.43)

The ground-state, one-electron excited state, and two-electron-excited state 
wavefunctions are denoted Y, Yp

m, and Ypq
mr, where the subscripts denote the 

spinorbital from which the electron has been promoted and the superscripts 
denote the spinorbital to which it has been promoted. There is no need to con-
sider promotion of more than one electron for a one-electron operator and of 
more than two electrons for a two-electron operator for all such matrix elements 
vanish due to the orthogonality of the spinorbitals. Then the non-vanishing one-
electron integrals are

〈Y | W1 | Y〉 = ∑
i

〈ji(1) | W(r1) | ji(1)〉 (7.44a)

〈Y | W1 | Yp
m 〉 = 〈jm(1) | W(r1) | jp(1)〉 (7.44b)

The non-vanishing two-electron integrals are

〈Y |W2 |Y〉 = 1
2 ∑

i≠j

{〈ji(1)jj(2) |W(r1,r2) |ji(1)jj(2)〉 (7.45a)

 − 〈ji(1)jj(2) |W(r1,r2) |jj(1)ji(2)〉}

〈Y |W2 |Yp
m〉 = ∑

i

{〈jm(1)ji(2) |W(r1,r2) |jp(1)ji(2)〉 (7.45b)

 − 〈jm(1)ji(2) |W(r1,r2) |ji(1)jp(2)〉}

〈Y |W2 |Ypq
mn〉 = 〈jm(1)jn(2) |W(r1,r2) |jp(1)jq(2)〉 (7.45c)

  − 〈jm(1)jn(2) |W(r1,r2) |jq(1)jp(2)〉

These rules are illustrated in Problem 7.13 and are used in various places in this 
chapter and Chapter 9.

7.16 Self-consistent fi elds

The best atomic orbitals are found by numerical solution of the Schrödinger 
equation. The original procedure was introduced by Hartree and is known as the 
self-consistent field (SCF) method. The procedure was improved by Fock and 
Slater to include the eCects of electron exchange, and the orbitals obtained by 
their methods are called Hartree–Fock orbitals. We present a much more detailed 
account of the Hartree–Fock procedure in Chapter 9 in the context of molecules, 
where most interest in the technique currently lies.

(a) The Hartree–Fock equations

The assumption behind the Hartree technique is that any one electron moves in 
a potential which is a spherical average of the potential due to all the other elec-
trons and the nucleus, and which can be expressed as a single charge centred on 
the nucleus (this is the central-field approximation; but it is not assumed that 
the charge has a fixed value). The Hartree–Fock technique adds to this nucleus-
centred potential a non-classical exchange term that cannot be identified with 
a central point charge. Then the Schrödinger equation, which has become con-
verted into a set of Hartree–Fock equations, is integrated numerically for that 
electron and the eCective potential in which it moves, taking into account, for 
instance, the fact that the total charge inside the sphere defined by the position of 
the electron varies as the distance of the electron from the nucleus varies. This 
approach supposes that the wavefunctions of all the other electrons are already 
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known so that the eCective potential can be calculated. That is not in general 
true, so the calculation starts out from some approximate form of the wavefunc-
tions, such as approximating them by STOs. The Hartree–Fock equation for the 
electron is then solved, and the procedure is repeated for all the electrons in the 
atom. At the end of this first round of calculation, we have a set of improved 
wavefunctions for all the electrons. These improved wavefunctions are then used 
to calculate the eCective potential, and the cycle of computation is performed 
again. The cycle is repeated until the improved set of wavefunctions does not 
diCer significantly from the wavefunctions at the start of the cycle. The wave-
functions are then self-consistent, and are accepted as good approximations to 
the true many-electron wavefunction.

The Hartree–Fock equations on which the procedure is based are slightly 
tricky to derive (see Further information 7.1) but they are reasonably easy to 
interpret. The hamiltonian that we need to consider is

H = ∑
i

hi + 1
2 j0 ∑

i≠j

1
rij

(7.46)

where hi is the one-electron hamiltonian for electron i (Section 7.6). The factor of 
1
2 in the double sum prevents the double-counting of interactions. The Hartree–
Fock equation for a space orbital (spatial wavefunction) ys occupied by electron 
1 in a closed-shell atom is

!
@h1 + ∑

r

 (2Jr − Kr)
#
$ys(1) = esys(1) (7.47a)

The sum is over all occupied spatial wavefunctions. The terms Jr and Kr are
operators that have the following eCects. The Coulomb operator, Jr, is defined as 
follows:

Jrys(1) = j0
1
2
3�yr*(2) AC

1
r12

D
F yr(2)dt2

5
6
7ys(1) (7.47b)

This operator represents the Coulombic interaction of electron 1 with electron 2 
in the orbital ys The exchange operator, Kr, is defined similarly:

Krys(1) = j0
1
2
3�yr*(2) AC

1
r12

D
F ys(2)dt2

5
6
7yr(1) (7.47c)

This operator takes into account the eCects of spin correlation. The quantity es in 
eqn 7.47a is the one-electron orbital energy. Equations 7.47b and 7.47c show 
that it is necessary to know all the other spatial wavefunctions in order to set up 
the operators J and K and hence to find the form of each wavefunction.

Once the final, self-consistent form of the orbitals has been established, we can 
find the orbital energies by multiplying both sides of eqn 7.47a by ys*(1) and 
integrating over all space. The right-hand side is simply es, and so

es = �ys*(1)h1ys(1)dt1 + ∑
r

 (2Jsr − Ksr) (7.48a)

where

Jsr = �ys*(1)Jrys(1)dt1 = j0�ys*(1)yr(2)A
C

1
r12

D
F yr*(2)ys(1)dt1dt2 (7.48b)

which, after reorganizing the integrand a little, is seen to be the Coulomb integral 
introduced in connection with the structure of helium (eqn 7.33). It is the average 



potential energy of interaction between an electron in ys and an electron in yr,
Similarly,

Ksr = �ys*(1)Krys(1)dt1 = j0�ys*(1)yr*(2)A
C

1
r12

D
F ys(2)yr(1)dt1 dt2 (7.48c)

This integral is recognizable as the exchange integral (eqn 7.35). In passing, note 
that Krr = Jrr.

(b) One-electron energies

The sum of the orbital energies is not the total energy of the atom, for such a sum 
counts all electron–electron interactions twice. So, to obtain the total energy we 
need to eliminate the eCects of double counting:

E = 2 ∑
s

es − ∑
r,s

 (2Jrs − Krs) (7.49)

where the sum is over the occupied orbitals (each of which is doubly occupied in 
a closed-shell species) and the expression applies only to closed-shell atoms.

A brief illustration

To verify that this procedure gives the correct result for helium in the ground-state 
configuration 1s2 we note that the one-electron energy is

e1s = E1s + (2J1s,1s − K1s,1s) = E1s + J1s,1s

and the total energy is

E = 2e1s − (2J1s,1s − K1s,1s) = 2(E1s + J1s,1s) − J1s,1s = 2E1s + J1s,1s

exactly as before.

The energy required to remove an electron from an orbital yr, on the assump-
tion that the remaining electrons do not adjust their distributions, is the one-
electron energy er. Therefore, we may equate the one-electron orbital energy with 
the ionization energy of the electron from that orbital. This identification is the 
content of Koopmans’ theorem:

Ir ≈ −er (7.50)

The theorem is only an approximation, because the remaining N − 1 electrons 
have a diCerent set of Hartree–Fock orbital energies (in the N − 1 electron ion) 
than they did in the N electron atom. (The spherically averaged electrostatic 
potentials diCer in the N and N − 1 electron systems.)

Solutions of the Hartree–Fock equations are generally stored as numerical 
values or fitted to sets of simple functions. Once they are available, the total elec-
tron density in an atom may be calculated very simply by summing the squares 
of the wavefunctions for each electron. As Fig. 7.16 shows, the calculated value 
exhibits the shell structure of the atom that more primitive theories have led us 
to expect. Note that the total electron density shows the shell structure as a series 
of inflections: it decreases monotonically without intermediate maxima and 
minima.

Hartree–Fock SCF atomic orbitals are by no means the most refined orbitals 
that can be obtained. The true wavefunction for an atom, whatever that may be, 
depends explicitly on the separations of the electrons, not merely their distances 
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Fig. 7.16 A representation of the 
electron density calculated for a 
many-electron atom. Note that 
the shell structure is apparent, 
but that the total electron density 
falls to zero monotonically. The 
graph is a plot of the electron 
density along a radius, not the 
radial distribution function.
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from the nucleus. The incorporation of the separations rij explicitly into the 
wavefunction is the background of the correlation problem, which is at the 
centre of much modern work (Chapter 9). Another route to improvement is to use 
the Dirac equation for the calculation rather than the non-relativistic Schrödinger 
equation. Relativistic eCects are of considerable importance for heavy atoms, 
and are needed to account for various properties of the elements, including the 
colour of gold, the lanthanide contraction, the inert-pair eCect, and even the 
liquid character of mercury.

7.17 Restricted and unrestricted Hartree–Fock calculations

It is customary in HF-SCF calculations on closed-shell states of atoms (for which 
the number of electrons, Ne, is always even) to suppose that the spatial compo-
nents of the spinorbitals are identical for each member of a pair of electrons. 
There are then 1/2Ne spatial orbitals of the form ym(ri) and the HF wavefunction 
is given by eqn 7.42b in the form

Y0 = (Ne!)
−1/2 det |ya

a(1)yb
a(2)ya

b . . . yb
z(Ne) |

Such a wavefunction is called a restricted Hartree–Fock (RHF) wavefunction. 
Two procedures are commonly used for open-shell states of atoms. In the 
restricted open-shell formalism, all electrons except those occupying open-shell 
orbitals are forced to occupy doubly occupied spatial orbitals. For example, 
the restricted open-shell wavefunction for atomic lithium would be of the 
form Y0 = 6−1/2 det |ya

1s(1)yb
1s(2)ya

2s(3) | in which the first two spinorbitals in the 
Slater determinant (which we identify as 1s-spinorbitals) have the same spatial 
wavefunction. However, the restricted open-shell formalism imposes a severe 
constraint on the wavefunction; whereas the 1sa electron has an exchange inter-
action with the 2sa-electron, the 1sb-electron does not and, as a result, the vari-
ational ground-state energy is usually not accurate. In the unrestricted open-shell 
Hartree–Fock (UHF) formalism the two 1s-electrons are not constrained to the 
same spatial wavefunction. For instance, the UHF wavefunction for Li would be 
of the form Y0 = 6−1/2 det |ya

a(1)yb
b(2)ya

c(3) | in which all three spatial orbitals are 
diCerent (with ya and yb versions of 1s-orbitals and yc a 2s-orbital). By relaxing 
the constraint of occupying orbitals in pairs, the open-shell UHF formalism gives 
a lower variational energy than the open-shell RHF formalism. However, one 
disadvantage of the UHF approach is that whereas the RHF wavefunction is 
an eigenfunction of S2, the UHF function is not; that is, the total spin angular 
momentum is not well defined for a UHF wavefunction.

Example 7.4 Showing that the RHF wavefunction is an eigenfunction of S2

Consider the RHF wavefunction Y0 = (2)−1/2 det |ya
a(1)yb

a(2) | for the He atom. Show 
that it is an eigenfunction of S2 and evaluate its eigenvalue.

Method We need to expand the Slater determinant and consider the eCect of the 
spin operator, which acts only on the spin states a and b and not on the spatial 
function ya. Because we are dealing with a two-electron system, S = s1 + s2, where 
si acts only on electron i. We use the relations

 S2 = (s1 + s2) · (s1 + s2) = s1
2 + s2

2 + 2s1 · s2

s1 · s2 = s1zs2z + s1xs2x + s1ys2y = s1zs2z + 1
2(s1+s2− + s1−s2+)

The results of the operations of s2, sz, s+, and s− on a and b are given in 
Section 4.8. ››
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In practice, the expectation value of S2 for the unrestricted wavefunction is 
computed and compared with the true value S(S + 1)H2 for the ground state. If the 
discrepancy is not significant, the UHF method has given a reasonable molecular 
wavefunction. The UHF wavefunction is often used as a first approximation 
to the true wavefunction even if the discrepancy is significant. It is also possible 
to use projection operator techniques on the UHF wavefunction to obtain an 
improved wavefunction with more accurate S2 expectation values.

7.18 Density functional procedures

An entirely diCerent approach to the calculation of the electronic structures of 
atoms was developed by L.H. Thomas and E. Fermi in 1927. Its importance lies 
in it being the background to what is currently one of the most favoured 
approaches to the calculation of the electronic structures of molecules, namely 
‘density functional theory’ (DFT). We present the underlying ideas and language 
here and develop DFT itself in Chapter 9.

(a) The Thomas–Fermi method

Thomas and Fermi sought to show that the kinetic energy and the potential 
energy of electrons could be related directly to the electron density, r(r), rather 
than the wavefunction of the electrons.

The starting point is as simple as the particle in a box model dealt with in 
Section 2.10, and the supposition that an atom can be regarded as a collection 
of cubic regions (cells), each of side L and volume L3 and each containing N
uniformly distributed electrons for an overall total of Ne electrons; this is known 
as the uniform electron gas model.

In three dimensions the available (kinetic) energy levels of each region are 
E = (h2/8meL

2)(n1
2 + n2

2 + n3
2). We shall write this expression as en2, where 

Answer First, we expand the determinant:

Y0 = (2)−1/2{ya(1)a(1)ya(2)b(2) − ya(2)a(2)ya(1)b(1)}

The eCect of S2 on the first term in Y0 is

S2ya(1)a(1)ya(2)b(2)

 = ya(1)s1
2a(1)ya(2)b(2) + ya(1)a(1)ya(2)s2

2b(2) + 2ya(1)s1za(1)ya(2)s2zb(2)

  + ya(1)s1+a(1)ya(2)s2− b(2) + ya(1)s1−a(1)ya(2)s2+ b(2)

 = 3
4H2ya(1)a(1)ya(2)b(2) + 3

4H2ya(1)a(1)ya(2)b(2) − 1
2H2ya(1)a(1)ya(2)b(2)

  + 0 + H2ya(1)b(1)ya(2)a(2)

 = H2ya(1)a(1)ya(2)b(2) + H2ya(1)b(1)ya(2)a(2)

A similar analysis of the eCect of S2 on the second term in Y0 yields

S2ya(2)a(2)ya(1)b(1) = H2ya(2)a(2)ya(1)b(1) + H2ya(2)b(2)ya(1)a(1)

On collecting terms we obtain

S2Y0 = (2)−1/2{(H2 − H2)ya(1)a(1)ya(2)b(2) − (H2 − H2)ya(2)a(2)ya(1)b(1)} = 0

Therefore, Y0 is an eigenfunction of S2 with an eigenvalue of zero, as is to be 
expected because the ground state of the closed-shell helium atom is a singlet.

Self-test 7.4 Confirm that the UHF wavefunction for helium of the form Y0 =
(2)−1/2 det | ya(1)a(1)yb(2)b(2) |, where ya ≠ yb, is not an eigenfunction of S2.

A brief comment
A more rigorous starting 
point permits diIerent cells to 
contain a diIerent (but fixed) 
number of electrons, with the 
overall total number being Ne.
See for example, Section 3.1 
of Density-functional theory 
of atoms and molecules by
R.G. Parr and W. Yang; 
Oxford University Press, New 
York (1989). However, the 
key result, eqn 7.53 below, 
remains unchanged.
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e = h2/8meL
2 and n2 = n1

2 + n2
2 + n3

2. The total number of states with an energy of 
no more than E is approximately given by the volume of an octant of a sphere of 
radius n (Fig. 7.17), which is N(E) = 1/8(4/3pn3) = 1/6p(E/e)3/2. The density of states 
at the energy E in a region at a location is therefore

g(E) = dN(E)
dE

= pE1/2

4e3/2
(7.51)

The kinetic energy density of a region, given that each state up to the uppermost 
filled (Fermi) level EF is occupied by two electrons, is

Ek = 2 �
0

EF

Eg(E)dE = p
2e3/2�

0

EF

E3/2 dE = pEF
5/2

5e3/2

Similarly, the total number of electrons in the region is

N = 2 �
0

EF

g(E)dE = p
2e3/2�

0

EF

E1/2 dE = pEF
3/2

3e3/2

By combining these two expressions we obtain

Ek = 35/3eN5/3

5p2/3
= 35/3h2L3

40p2/3me

A
C

N
L3

D
F

5/3

The quantity N/L3 is the electron density in the region, which we write r(r), so the 
kinetic energy density, E(r) = Ek/L

3, in the region is

E(r) = Cr(r)5/3 C = 35/3h2

40p2/3me

(7.52)

(For atomic units, set H2/me = 1, whereupon C = 35/3p4/3/10 = 2.871.) The total 
kinetic energy of the electrons in the atom, T, is the integral of this expression 
over all space, and we write

T[r] = C� r(r)5/3 dr (7.53)

The symbolism that we have used here is that of a functional, in which we are 
showing how a single number, the value of the kinetic energy, depends on the 
global properties of a function, in this case r(r). The concepts of functional and 
functional derivatives, which we need in this section, are explained in more detail 
in Further information 7.3.

To this kinetic energy functional we need to add terms representing the attrac-
tion of the electrons to the nucleus of atomic number Z and the electron–electron 
repulsion. The former is the following functional of the electron density:

VeN[r] = −j0Z� r(r)
r

dr (7.54)

The electron–electron contribution can also be expressed as a functional. In this 
case, we take into account the classical Coulombic interaction between a charge 
−er(r1)dr1 in the volume element dr1 at r1 and the charge −er(r2)dr2 in the volume 
element dr2 at r2:

Vee[r] = 1
2 j0� r(r1)r(r2)

| r1 − r2 |
dr1 dr2 (7.55)

where the factor of 1/2 prevents double-counting.

A brief comment
Functionals are already 
familiar for they have been 
employed implicitly elsewhere 
in this text, but were not so- 
called because the concept was 
not necessary. For instance, the 
energy is a functional of the 
wavefunction, and we could 
have written

E[y] = �y*(r)Hy(r)dr

n1

n2

n3

n = (n1
2 + n2

2 + n3
2)1/2

Fig. 7.17 The total number of 
states (each one represented by a 
point; only some are shown) with 
an energy of no more than E is 
approximately given by the 
volume of an octant of a sphere 
of radius n.



The total Thomas–Fermi energy functional for the atom, an expression for its 
total energy in terms of the electron density alone, is therefore

ETF[r] = T[r] + VeN[r] + Vee[r] (7.56)

At this stage we suppose that a variation principle (Section 6.5) can be applied, 
and that the optimum electron density corresponds to a minimum of the Thomas–
Fermi energy functional subject to the constraint that the total number of elec-
trons is constant as r is varied. That is, the variation must preserve the relation

� r(r)dr − Ne = 0 (7.57)

As usual, we include this constraint by multiplying it by a Lagrange multiplier m,
and from the vanishing variation

d 
1
2
3ETF[r] − m� r(r)dr

5
6
7 = 0

infer that for a minimum energy dETF[r]/dr = m and therefore that

m = 5
3Cr(r)2/3 − x(r) (7.58)

where the electrostatic potential x (or so it is commonly called; it is actually a 
potential energy) is given by

x(r) = j0
Z
r

− j0� r(r1)
| r − r1 |

dr1 (7.59)

In principle, m is found by solving eqn 7.58 for r(r) and then ensuring that the 
constraint in eqn 7.57 is satisfied. For a neutral atom, though, there is a simpler 
approach. At large distances from the nucleus, both r(r) and x(r) are zero, so the 
right-hand side of eqn 7.58 is zero at great distances. However, m is a constant, so 
if it is equal to zero at great distances, it is equal to zero at all distances. Therefore, 
for neutral atoms, we simply set m = 0 and proceed to solve the integral equation

r(r) = A
C

3
5C

D
F

3/2

x(r)3/2 = 23/2

3p2
x(r)3/2 (7.60)

(We are adopting atomic units, for notational simplicity.) For an atom the elec-
tron density and the electrostatic potential have spherical symmetry, so x(r) is 
a function of only r and we can write

x(r) = Zc(r)
r

(7.61)

where the function c(r) is to be determined. Close to the origin the potential 
energy is that of an electron in the field of a bare nucleus, so x(r) = Z/r, which 
implies that c(0) = 1. When we introduce the change of variable x = ar, with a =
2(4)2/3Z1/3/(3p)2/3 = 1.1295Z1/3, eqn 7.60 becomes

r(x) = 32Z2

9p3
 AC

c(x)
x

D
F

3/2

(7.62)

The electron density is seen to be a ‘universal’ function of x scaled by Z2. The 
solution of this equation subject to c(0) = 1 and c(∞) = 0 is set out in Further
information 7.4 and c(x) is plotted in Fig. 7.18. Note that the electron density 
becomes infinite at the nucleus (r ∝ 1/x3/2 as r → 0) but that the radial distribution 
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Fig. 7.18 The Thomas–Fermi 
function c(x).
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function, which is proportional to x2r, approaches zero as r → 0. The energy of 
the atom, as we also show in Further information 7.4, in atomic units is

E[r] = −0.7687Z7/3 (7.63)

The results calculated from this expression are compared with Hartree–Fock 
values in Table 7.4.

(b) The Thomas–Fermi–Dirac method

One obvious omission from the Thomas–Fermi (TF) method is its total neglect of 
the eCects of electron exchange: it is comparable to the early Hartree procedure, 
not the more refined Hartree–Fock procedure.

We take as our starting point for incorporating exchange the Hartree–Fock 
result in eqn 7.49, which implies that the classical electron–electron interaction 
functional Vee[r] should be replaced by a sum of two terms, a classical contribu-
tion and an exchange contribution:

Vee[r] = J[r] − 1/2K[r] (7.64a)

where

J[r] = 1
2 j0� r(r1)r(r2)

| r1 − r2 |
dr1 dr2 (7.64b)

is the classical, Coulombic term expressed in terms of the ‘one-point’ electron 
density r(r)

r(r) = 2 ∑
m

y*m(r)ym(r) (7.65)

To define the exchange contribution we need to introduce the more elaborate 
‘two-point’ density r(r,r ′):

r(r,r ′) = 2 ∑
m

y*m(r)ym(r ′) (7.66)

Then

K[r] = 1
2 j0� r(r1,r2)

2

| r1 − r2 |
dr1 dr2 (7.67)

(The two-point density could be complex, in which case we use its square 
modulus.) At this stage it does not look as though K is actually a functional of the 
one-point electron density r(r). However, P.A.M. Dirac was able to show that by 
taking the electron distribution to be that of a uniform gas in each region into 
which the atom is notionally divided, as in the Thomas–Fermi model, then2

Table 7.4 Energies of neutral atoms

He Ne Ar Kr Xe Rn

Z  2  10  18   36   54    86

E[r]/Eh −3.9 −166 −653 −3289 −8472 −25 095

EHF/E*h −2.9 −129 −527 −2752 −7232 −21 866

*Data from R.G. Parr and W. Yang, Density-functional theory of atoms and molecules, Oxford (1989).

2 Details of the calculation are in R.G. Parr and W. Yang, Density functional theory, Oxford 
University Press, Oxford (1989).
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K[r] = Cex�r(r)4/3 dr (7.68)

with Cex = 3/2(3/p)1/3j0 = 1.477j0. That other, so-called ‘non-local’, contributions to 
the exchange functional K can also in general be expressed in terms of the electron 
density at a single point is far from obvious and is another feature that is taken 
up and resolved by DFT, as we shall see in Chapter 9. With eqn 7.68 the func-
tional form of K has been recovered, and we show in Further information 7.3 
that in place of eqn 7.58 we have to solve

m = 5
3Cr(r)2/3 − 2

3Cexr(r)1/3 − x(r) (7.69)

The details of the solution of this equation need not detain us, for the numerical 
results are not particularly encouraging. However, the Thomas–Fermi–Dirac 
(TFD) method is a springboard for the modern DFT theory, which is widely used 
and largely reliable. In particular, the Dirac expression for the exchange contri-
bution is an example of a local density approximation (LDA) in which a term 
that actually depends on more than one location, in this case the two-point 
density, is replaced by one that depends on a single point, in this case the one-point 
density. We meet it again in the modern version of DFT in Chapter 9.

7.19 Term symbols and transitions of many-electron atoms

The state of a many-electron atom is expressed by a term symbol of exactly the 
same kind as we have already described for hydrogenic atoms (Section 7.6). To 
construct the symbol, we need to know the total spin, S, the total orbital angular 
momentum, L, and the total angular momentum, J, of the atom. These quantities 
are constructed by an appropriate application of the Clebsch–Gordan series 
(Section 4.10).

(a) Russell–Saunders coupling

In the Russell–Saunders coupling scheme, which is applicable when spin–orbit 
coupling is weak, all the spins are coupled together into a resultant S, all the 
orbital momenta are coupled into a resultant L, and only then are these two 
resultants coupled into a total angular momentum J. The angular momentum 
quantum numbers of the valence electrons are constructed as follows:

S = s1 + s2,s1 + s2 − 1, . . . , | s1 − s2 |
L = l1 + l2,l1 + l2 − 1, . . . , | l1 − l2 |
J = L + S,L + S − 1, . . . , | L − S |

Each of these series may need to be applied several times if there are more than 
two electrons in the valence shell. The core electrons can be neglected because the 
angular momentum of a closed shell is zero.

A brief comment
The ‘total’ angular momentum 
J we are considering here takes 
into account contributions 
from electrons; angular 
momentum due to, for 
instance, nuclear spin is 
not being considered.

Example 7.5 Constructing term symbols

Construct the term symbols that can arise from the configurations (a) 2p13p1 and 
(b) 2p5.

Method First, construct the possible values of L by using the Clebsch–Gordan 
series and identify the corresponding letters for the terms. Then construct the 
possible values of S similarly, and work out the multiplicities. Finally, construct 
the values of J from the values of L and S for each term by using the ››
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(b) Excluded terms

As indicated in the Comment in Example 7.5, some care is needed when deriving 
the term symbols arising from configurations of equivalent electrons, as in the 
2p2 configuration of carbon. For instance, although the configuration gives rise 
to D, P, and S terms, and S = 0, 1, it is easy to see that 3D is excluded. For this 
L = 2 term to occur, we need to obtain a state with ML = +2, as well as the other 
ML states that belong to a D term. To obtain ML = +2, both electrons must occupy 
orbitals with ml = +1. However, because the two electrons are in the same orbital 
(n = 2, l = 1, ml = +1), they cannot have the same spins, so the S = 1 state is 
excluded.

A quick way to decide which combinations of L and S are allowed is to use 
group theory and to identify the antisymmetrized direct product (Section 5.14). 
For the 2p2 configuration we need to form

G(1) × G(1) = G(2) + [G(1)] + G(0) (7.70a)

G(1/2) × G(1/2) = G(1) + [G(0)] (7.70b)

where we have used the notation introduced in Sections 5.14 and 5.20. (For 
eqn 7.70b, it should be apparent from Section 7.11 that [G(0)] is associated with 
the singlet spin state s− which is antisymmetric under electron interchange. For 
eqn 7.70a, inspection of the vector coupling coeAcients in Resource section 2 
readily shows that [G(1)] is antisymmetric with respect to electron exchange.) To 
ensure that the overall state is antisymmetric, we need to associate symmetric 
with antisymmetric combinations. In this case the terms are 1D, 3P, and 1S.

A more pedestrian procedure is to draw up a table of microstates, or combina-
tions of orbital and spin angular momentum of each individual electron, and 
then to identify the values of L and S to which they belong. We shall denote the 
spinorbital as ml if the spin is a and Ml if the spin is b. Then one typical microstate 
of two electrons would be (1,-) if one electron occupies an orbital with ml = +1

Clebsch–Gordan series again. A useful trick for shells that are more than half full 
is to consider the holes in the shell as particles, and to construct the term symbol 
for the holes. That is equivalent to treating the electrons, because a closed shell has 
zero angular momentum, and the angular momentum of the electrons must be 
equal to (in the sense of cancelling) the angular momentum of the holes.

Answer (a) For this configuration l1 = 1 and l2 = 1, so L = 2, 1, 0, and the configuration 
gives rise to D, P, and S terms. Two electrons result in S = 1, 0, giving rise to triplet 
and singlet terms, respectively, so the complete set of terms is 3D, 1D, 3P, 1P, 3S, and 
1S. The values of J that can arise are formed from J = L + S, L + S − 1, . . . , | L − S |,
and so the complete list of term symbols is

3D3,
3D2,

3D1,
1D2,

3P2,
3P1,

3P0,
1P1,

3S1,
1S0

(b) The configuration 2p5 is equivalent to a single hole in a shell, so L = l = 1, 
corresponding to a P term. Because S = s = 1

2 for the hole, the term symbol is 2P. 
The two levels of this term are 2P3/2 and 2P1/2, the same terms that arise from 2p1.

Comment The configuration 2p2 does not give rise to all the terms that 2p13p1

generates because the Pauli principle forbids the occurrence of certain combin-
ations of spin and orbital angular momentum. This point is taken up below.

Self-test 7.5 Construct the term symbols that can arise from the configurations 
(a) 3d14p1 and (b) 3d9.
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with a spin and the second electron occupies the same orbital with b spin. This 
microstate has ML = +2 and MS = 0, and is put into the appropriate cell in 
Table 7.5. The complete set of microstates can be compiled in this way, and 
ascribed to the appropriate cells in the table. Note that microstates such as (1,1), 
which correspond to the two a-spins in an orbital with ml = +1, are excluded by 
the Pauli principle and have been omitted.

Now we analyse the microstates to see to which values of L and S they belong. 
The microstate (1,-) must belong to L = 2, S = 0 which identifies it as a state of 
a 1D term. There are five states with L = 2, so we can strike out one microstate 
in each row of the column headed MS = 0; which one we strike out in each case 
is immaterial as this is only a bookkeeping exercise, and striking out one state is 
equivalent to striking out one possible linear combination. The next row shows 
that there is a microstate with ML = +1 and MS = +1. This state must belong 
to L = 1 and S = 1 and hence to the term 3P. The nine states of this term span 
ML = +1, 0, −1 and MS = +1, 0, −1, and so we can strike out nine of the remaining 
ten microstates. Only one microstate remains: it has ML = 0 and MS = 0, and 
hence belongs to L = 0 and S = 0, and is therefore a 1S term. Now we have 
accounted for all the microstates, and have identified the terms as 1D, 3P, and 1S,
as we had anticipated.

(c) Selection rules

The transitions that are allowed by the selection rules for a many-electron atom 
are

DJ = 0, ±1 but J = 0 → J = 0 forbidden

DL = 0, ±1 but L = 0 → L = 0 forbidden

Dl = ±1 DS = 0

The rules regarding DJ and DL express the general point about the conservation 
of angular momentum. The rule concerning Dl is based on the conservation of 
angular momentum for the actual electron that is excited in the transition and its 
acquisition of the angular momentum of the photon; it is relevant when using 
a single Slater determinant to represent a state. The rule regarding DS reflects the 
fact that the electric component of the electromagnetic field can have no eCect on 
the spin angular momentum of the electron, and in particular that it cannot 
induce transitions between wavefunctions that have diCerent permutation sym-
metry (see Section 7.10). The selection rules on J are exact: those concerning l, L,
and S presume that these individual angular momenta are well-defined.

7.20 Hund’s rules and Racah parameters

Friedrich Hund devised a set of rules for identifying the lowest energy term of 
a configuration with the minimum of calculation.

Table 7.5 The microstates of p2

ML, MS: +1 0 −1

+2 (1,-)

+1 (1,0) (1,0), (-,0) (-,0)

 0 (1,−1) (1,−-), (-,−1), (0,0) (-,−-)

−1 (−1,0) (−1,0), (−-,0) (−-,0)

−2 (−1,−-)
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1. The term with the maximum multiplicity lies lowest in energy.

For the configuration 2p2, we expect the 3P term to lie lowest in energy. The 
explanation of the rule can be traced to the eCects of spin correlation. On account 
of the existence of a Fermi hole, orbitals containing electrons with the same spin 
can contract towards the nucleus without an undue increase in electron–electron 
repulsion. The Fermi hole acts as a kind of protective halo around the electrons.

2. For a given multiplicity, the term with the highest value of L lies lowest in 
energy.

For example, if we had to choose between 3P and 3F in a particular configuration, 
then we would select the latter as the lower energy term. The classical basis of 
this rule is essentially that if electrons are orbiting in the same direction (and so 
have a high value of L), then they will meet less often than when they are orbiting 
in opposite directions (and so have a low value of L). Because they meet less 
often, their repulsion is less.

3. For atoms with less than half-filled shells, the level with the lowest value of 
J lies lowest in energy.

For the 2p2 configuration, which corresponds to a shell that is less than half full, 
the ground term is 3P. It has three levels, with J = 2, 1, 0. We therefore predict that 
the lowest energy level is 3P0. When a shell is more than half full, the opposite rule 
applies (highest J lies lowest in energy). The origin of this rule, in both its forms, 
is the spin–orbit coupling, and was discussed in Section 7.5.

The Hund rules are reasonably reliable for predicting the term of lowest energy, 
but are not particularly reliable for ranking all the terms according to their 
energy. A more quantitative procedure should evaluate the electron–electron 
repulsion energies as integrals over the orbitals occupied by the electrons. How-
ever, it has been established that all the integrals for a given configuration can be 
collected together in three specific combinations and the repulsion energy of any 
term of a configuration can be expressed as a sum of these three quantities.3 The 
three combinations of integrals are called the Racah parameters and denoted 
A, B, and C. The parameter A corresponds to an average of the total electron–
electron repulsion and B and C relate to the repulsion energies of individual 
electrons. The Racah parameters are positive as they represent repulsions.

Each term stemming from a given configuration has an energy that may be 
expressed as a linear combination of the three Racah parameters. For a p2

configuration a detailed analysis gives

E(1S) = A + 10B E(1D) = A + B E(3P) = A − 5B

and the order of terms is 3P < 1D < 1S, as Hund’s rules predict. For a d2 configuration 
a similar analysis gives

E(1S) = A + 14B + 7C E(1G) = A + 4B + 2C E(1D) = A − 3B + 2C

E(3P) = A + 7B E(3F) = A − 8B

The values of A, B, and C (which depend on the element and are diCerent for 
p- and d-electrons) are determined either by computation or by fitting these 
expressions to the observed energies of the terms (Table 7.6). Provided C > 5B,
the energies of the terms of the d2 configuration lie in the order 3F < 3P < 1D

3 See either J.S. GriAth, The theory of transition metal ions, Cambridge University Press, 
Cambridge (1964) or E.U. Condon and H. Odaba:i, Atomic structure, Cambridge University 
Press, Cambridge (1980).
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< 1G < 1S. This order is nearly the same as obtained by using Hund’s rules. 
However, if C < 5B, the advantage of having an occupation of orbitals that 
corresponds to a high orbital angular momentum is greater than the advantage 
of having a high multiplicity, and the 3P term lies above 1D.

Hund’s rules and the Racah parameters are not always reliable. For instance, 
the excited 3s13d1 configuration of magnesium gives rise to 1D and 3D terms. 
Hund’s rules predict that E(3D) < E(1D) and the Racah approach predicts

E(3D) = A − B E(1D) = A + B

in agreement. However, experimentally the opposite is found to be the case. An 
explanation is the role of configuration interaction (CI), the superposition of con-
figurations to achieve a better description of the atom. In this case, the 1D term is 
actually a mixture of about 75 per cent 3s13d1 and 25 per cent 3p2 (which can also 
give rise to a 1D term). If the two configurations have a similar energy, the electron–
electron repulsion term perturbs them and, as for any two-level system, they move 
apart in energy (Fig. 7.19). The lower combination is pressed down in energy, 
and as a result may fall below the 3D term, which is unchanged because there is 
no 3p2 3D term. Configuration interaction is discussed in more detail in Chapter 9.

7.21 Alternative coupling schemes

We have just seen that a configuration should not be taken too literally; the same 
is true of term symbols as well. The specification of a term symbol implies that L
and S have definite values, but that may not be true when spin–orbit coupling is 
appreciable, particularly in heavy atoms.

The term symbols we have introduced are based on Russell–Saunders (LS)
coupling, which is applicable when spin–orbit coupling is weak in comparison 
with Coulombic interactions between electrons. As we have remarked, when the 
latter are dominant, they result in the coupling of orbital angular momenta 
into a resultant with quantum number L and the spin angular momenta into a 
resultant with quantum number S. The weak spin–orbit interaction finally cou-
ples these composite angular momenta together into an overall resultant with 
quantum number J (Fig. 7.20). To represent the relative strengths of the coupling 
of the angular momenta, we imagine the component vectors as precessing,
or migrating around their cones, at a rate proportional to the strength of the 
coupling. (Recall that when the vector model was first introduced in Section 3.7 

Table 7.6 Empirical Racah parameters for d-block ions

M+ M2+ M3+ M4+

Ti   3d24s2 720 (3.7)

V    3d34s2  765 (3.9)  860 (4.8)

Cr  3d54s1  830 (4.1) 1030 (3.7) 1040 (4.1)

Mn 3d54s2  960 (3.5) 1130 (3.2)

Fe   3d64s2 1060 (4.1)

Co  3d74s2 1120 (3.9)

Ni   3d84s2 1080 (4.5)

Cu  3d104s1 1220 (4.0) 1240 (3.8)

Values are from P. Atkins, T. Overton, J. Rourke, M. Weller, and F. Armstrong, Shriver and Atkins’ 
Inorganic Chemistry (2010). Ions corresponding to a d2 configuration are bold. The table gives values 
of the parameter B with C/B in parentheses.
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Fig. 7.19  The eCect of 
configuration interaction 
between two D terms of the 
same multiplicity and the 
consequent reversal of the order 
of the terms of a configuration 
predicted by Hund’s rules.
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Fig. 7.20 A vector representation 
of Russell–Saunders (LS)
coupling in a two-electron atom.
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we stressed that the cones represented the possible orientations of the vectors: there 
was no motion.) When Russell–Saunders coupling is appropriate, the individual 
orbital momenta and the spin momenta precess rapidly around their resultants, 
but the two resultants L and S precess only slowly around their resultant, J.

When spin–orbit coupling is strong, as it is in heavy atoms, we use jj-coupling.
In this scheme, the orbital and spin angular momenta of individual electrons 
couple to give a combined angular momentum j, and then these combined 
angular momenta couple to give a total angular momentum J. Now l and s each 
precess rapidly around their resultant j, and the various js precess slowly around 
their resultant J (Fig. 7.21). In this scheme, L and S are not specified and so the 
term symbol loses its significance.

J

l1

j1

j2

j2

s1

s2

s2

l2

l2

Fig. 7.21  A vector representation 
of jj-coupling in a two-electron 
atom.
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1D2

3P1
3P0

1S0

(3/2,
3/2)

(3/2,
1/2)

(1/2,
1/2)

Pure
LS
coupling

Pure
jj

coupling

C Si Ge Sn Pb

Fig. 7.22 The correlation 
diagram for a p2 configuration 
and the approximate location 
of Group 14 atoms. Note that 
Russell–Saunders terms can be 
used to label the atoms regardless 
of the extent of jj-coupling.

A brief illustration

For the configuration 5p15d1 coupling l1 = 1 and s1 = 1
2 yields j1 = 3/2, 1/2. Coupling 

l2 = 2 and s2 = 1
2 yields j2 = 5

2, 3
2. Finally, coupling j1 and j2 gives values of J = 4, 3, 3, 

3, 2, 2, 2, 2, 1, 1, 1, 0.

Although the significance of the term symbol is lost when jj-coupling is rele-
vant, symbols can still be used to label the terms because there is a correlation 
between Russell–Saunders and jj-coupled terms. To see that this is so, consider 
the np2 configurations of the Group 14 elements. In the Russell–Saunders scheme 
we expect 1S, 3P, and 1D terms, and the levels 3P2,

3P1, and 3P0 of the 3P term. The 
energies of these terms are indicated on the left of Fig. 7.22. On the other hand, 
in jj-coupling, each p-electron can have either j = 1

2 or j = 3
2. The resulting total 

angular momenta will be J = 3,2,1,0 from (3/2,3/2), J = 2,1 from (3/2,1/2), and J = 1,0 
from (1/2,1/2). Because an electron with j = 1

2 can be expected to have a lower energy 
than one with j = 3

2 on the basis of spin–orbit coupling in a less than half-filled 
shell, we expect the order of energies indicated on the right of the illustration. 
Note that the Pauli principle excludes J = 3, because to achieve it, both electrons 
would need to occupy the same orbital with the same spin.

The states on the two sides can be correlated because J is well defined in both 
coupling schemes and we know (Section 6.1) that states of the same symmetry (in 
this case, the same J) do not cross when perturbations are present. The resulting 
correlation of states is shown in the illustration, which is called a correlation
diagram. As can be seen, even though Russell–Saunders coupling is inappro-
priate for the heavier members of the group, it can still be used to construct 
labels for the terms.

Atoms in external fi elds

In this final section, we shall consider how the application of electric and 
magnetic fields can aCect the energy levels and hence the spectra of atoms. We 
shall describe two eCects: the Zeeman eCect is the response to a magnetic field; 
the Stark eIect is the response to an electric field.

7.22 The normal Zeeman eff ect

We have already seen (in Section 7.3) that electrons possess magnetic moments 
as a result of their orbital and spin angular momenta. These moments will 
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interact with an externally applied magnetic field, and the resulting shifts in 
energy should be apparent in the spectrum of the atom.

Consider first the eCect of a magnetic field on a singlet term, such as 1P. Because 
S = 0, the magnetic moment m of the atom arises solely from the orbital angular 
momentum. For a field of magnitude B in the z-direction the hamiltonian is

H(1) = −mzB = −gelzB (7.71a)

If several electrons are present,

H(1) = −geLzB (7.71b)

The first-order correction to the energy of the MJ state of the J = 1 level (the only 
level, and with ML identified with MJ because there is no spin) of a 1P term is 
therefore

E(1) = 〈1PML | H(1) | 1PML〉 = −geMLHB = mBMLB (7.72)

where mB is the Bohr magneton (eqn 7.9). A 1S term has neither orbital nor spin 
angular momentum, so it is unaCected by a magnetic field. It follows that the 
transition 1P → 1S should be split into three lines (Fig. 7.23), with a splitting of 
magnitude mBB. A 1 T magnetic field splits lines by only 0.5 cm−1, so the eCect is 
very small. This splitting of a spectral line into three components is an example 
of the normal Zeeman eIect.

The three transitions that make up 1P → 1S correspond to diCerent values of 
DML. We have already seen that transitions with diCerent values of Dml (and 
likewise DML) correspond to diCerent polarization of electromagnetic radiation. 
In the present case, an observer perpendicular to the magnetic field sees that the 
outer lines of the trio (those corresponding to DML = ±1) are circularly polarized 
in opposite senses. These lines are called the σ-lines. The central line (which 
is due to DML = 0) is linearly polarized parallel to the applied field. It is called 
the π-line.

The normal Zeeman eCect is observed wherever spin is not present. It occurs 
even for transitions such as 1D → 1P, in which the upper term is split into five states 
and the lower is split into three. In this case, the splittings are the same in the two 
terms, and the selection rules DML = 0,±1 limit the transitions to three groups of 
coincident lines.

A brief illustration

In the presence of the magnetic field, the energies of the states of 1P with ML = −1,
0, and +1 are −mBB, 0, +mBB, respectively, relative to the unsplit term. Similarly, the 
energies of the states of 1D with ML= −2, −1, 0, +1, +2 are −2mBB, −mBB, 0, +mBB,
+2mBB, respectively, relative to the unsplit term at an energy DE above 1P. All 
DML = +1 transitions (for instance, 1D−2 → 1P−1) occur at an energy DE − mBB;
all DML = 0 transitions at DE; and all DML = −1 transitions at DE + mBB. There are 
three groups, each one consisting of three coincident lines.

7.23 The anomalous Zeeman eff ect

The anomalous Zeeman eIect, in which a more elaborate pattern of lines is 
observed, is in fact more common than the normal Zeeman eCect. It is observed 
when the spin angular momentum is non-zero and stems from the unequal split-
ting of the energy levels in the two terms involved in the transition. That unequal 
splitting stems in turn from the anomalous magnetic moment of the electron 
(Section 7.3).

1S

1P

+1

+1

0

0

0

–1

–1

ML

ΔML  = 

B = 0 B > 0
ν ν

Fig. 7.23 The splitting of energy 
levels of an atom in the normal 
Zeeman eCect, and the splitting 
of the transitions into three 
groups of coincident lines. 
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If the g-value of an electron were 1 and not 2, then the total magnetic moment 
of the electron would be collinear with its total angular momentum (Fig. 7.24). 
But in fact, because of the anomaly, the two are not collinear. The spin and 
orbital angular momenta precess about their resultant (as a result of spin–orbit 
coupling), and as a result, the magnetic moment is swept around too. This motion 
has the eCect of averaging to zero all except the component collinear with the 
direction of J, but the magnitude of this surviving magnetic moment depends on 
the values of L, S, and J because vectors of diCerent lengths will lie at diCerent
angles to one another and give rise to diCerent non-vanishing components of the 
angular momentum.

The calculation of the surviving component of the magnetic moment runs as 
follows. The hamiltonian for the interaction of a magnetic field B with orbital 
and spin angular momenta L and S is

H(1) = −morbital · B − mspin · B = −ge(L + 2S) · B (7.73a)

where we have used 2 in place of ge. At this point, we look for a way of expressing 
the hamiltonian as proportional to J by writing

H(1) = −gJ(L,S)ge J · B (7.73b)

where gJ(L,S) is a constant that depends on the values of L, S, and J. The two 
hamiltonians in eqns 7.73a and 7.73b are not equivalent in general, but for a 
first-order calculation we need only ensure that they have the same diagonal 
elements.

Consider Fig. 7.25. There are three precessional motions: L about J, S about J,
and J about B. The eCective magnetic moment can be found by projecting L on 
to J and then J on to B, and then doing the same for S. The precession averages to 
zero all the components perpendicular to this motion (this classical averaging is 
equivalent to ignoring all oC-diagonal components in a quantum mechanical 
calculation). If k is a unit vector along J, so k = J/| J |, it follows that the only sur-
viving terms are

L · B → (L · k)(k · B) = (L · J)( J · B)
| J |2

(7.74)

S · B → (S · k)(k · B) = (S · J)( J · B)
| J |2

Because J = L + S, it follows (by analogy with eqn 7.22) that

2L · J = J2 + L2 − S2 2S · J = J2 + S2 − L2

If these quantities are now inserted into eqn 7.73a and the quantum mechanical 
expressions for magnitudes replace the classical values (so that J2 is replaced by 
J(J + 1)H2, etc.), we find

H(1) = −ge(L + 2S) · B (7.75)

 = −ge
!
@1 + J(J + 1) + S(S + 1) − L(L + 1)

2J(J + 1)
#
$ J · B

This is the form we sought. By comparing it with eqn 7.73b we can identify the 
Landé g-factor as

gJ(L,S) = 1 + J(J + 1) + S(S + 1) − L(L + 1)
2J(J + 1)

(7.76)

When S = 0, gJ = 1 because then J must equal L. In this case, the magnetic moment 
is independent of L, and so all singlet terms are split to the same extent. 
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Fig. 7.25 The vector diagram 
used to calculate the Landé 
g-factor.
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Fig. 7.24  (a) If the spin magnetic 
moment of an electron bore 
the same relation to the spin as 
the orbital moment bears to the 
orbital angular momentum, the 
total magnetic moment would be 
collinear with the total angular 
momentum. (b) However, 
because the spin has an 
anomalous magnetic moment, 
the total moment is not 
collinear with the total angular 
momentum. The surviving 
component, after allowing for 
precession, is determined by 
the Landé g-factor.
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This uniform splitting results in the normal Zeeman eCect. When S ≠ 0, the value 
of gJ depends on the values of L and S, and so diCerent terms are split to diCerent
extents (Fig. 7.26). The selection rule DMJ = 0,±1 continues to limit the transi-
tions, but the lines no longer coincide and form three neat groups.

2D3/2

2P1/2

+3/2

+1/2

–1/2

+1/2

–1/2

–3/2

MJ

B = 0 B > 0
ν ν

+10–1ΔML  = 

Fig. 7.26  The anomalous 
Zeeman eCect. The splitting of 
energy levels with diCerent
g-values leads to a more complex 
pattern of lines than in the 
normal Zeeman eCect.

When the applied field is very strong, the coupling between L and S may be 
broken in favour of their direct coupling to the magnetic field. This feature is 
examined in Further information 7.2, where the full significance of the recoup-
ling is seen to be the search for the representation that gave matrices with the 
smallest oC-diagonal elements: the vector recoupling diagram is a pictorial 
representation of that eCect. The individual angular momenta, and therefore 
their magnetic moments, now precess independently about the field direction 
(Fig. 7.27). As the electromagnetic field couples to the spatial distribution of the 
electrons (recall the form of the transition dipole moment), not to the magnetic 
moment due to the spin, the presence of the spin now makes no diCerence to the 
energies of the transitions. As a result, the anomalous Zeeman eCect gives way to 
the normal Zeeman eCect. This switch from the anomalous eCect to the normal 
eCect is called the Paschen–Back eIect.

7.24 The Stark eff ect

The hamiltonian for the interaction with an electric field of strength E in the 
z-direction is

H(1) = −mzE = ezE (7.77)

where mz is the z-component of the electric dipole moment operator, mz = −ez. This 
operator has matrix elements between orbitals that diCer in l by 1 but which 
have the same value of ml (recall Sections 5.16 and 7.2).

The linear Stark eIect is a modification of the spectrum that is proportional to 
the strength of the applied electric field. It arises when there is a degeneracy 
between the two wavefunctions that the perturbation mixes, as for the 2s and 
2pz orbitals of hydrogen. The matrix element of the perturbation is, from 
Example 7.1,

〈2pz | H(1) | 2s〉 = 3ea0E (7.78)

Example 7.6 Analysing the anomalous Zeeman eIect

Account for the form of the Zeeman eCect when a magnetic field is applied to the 
transition 2D3/2 → 2P1/2.

Method Begin by calculating the Landé g-factor for each level, and then split the 
states by an energy that is proportional to its g-value. Proceed to apply the selec-
tion rule DMJ = 0,±1 to decide which transitions are allowed.

Answer For the level 2D3/2 we have L = 2, S = 1
2, and J = 3

2. It follows that g3/2(2,1
2) =

4
5. For the lower level, 2P1/2, we have g1/2(1,1

2) = 2
3. The splittings are therefore of 

magnitude 4
5mBB in the 2D3/2 term and 23mBB in the 2P1/2 term. The six allowed transi-

tions are summarized in Fig. 7.26, where it is seen that they form three doublets.

Self-test 7.6 Construct a diagram showing the form of the Zeeman eCect when a 
magnetic field is applied to a 3D2 → 3P1 transition.
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Fig. 7.27  As the strength of the 
applied field is increased, the 
precession of angular momenta 
about their resultant (as in (a)) 
gives way to precession about the 
magnetic field (as in (b)).
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and from Fig. 6.4 (or more formally from eqn 6.15) we know that the two degen-
erate orbitals mix and give rise to a splitting of magnitude 6ea0E. The two func-
tions that diagonalize the hamiltonian are N(2s ± 2pz), with N = 1/21/2 (Fig. 7.28). 
It is easy to see that they correspond to a shift of charge density into and out of 
the direction of the field, and this diCerence in distribution accounts for their 
diCerence in energy. The splitting is very small: even for fields of 1.0 MV m−1, the 
splitting corresponds to only 2.6 cm−1.

The linear Stark eCect depends on the peculiar degeneracy characteristic of 
hydrogenic atoms, and is not observed for many-electron atoms where that 
degeneracy is absent. In these atoms, it is replaced by the quadratic Stark eIect,
which is even weaker. The origin of the eCect is the same, but now the distortion 
of the charge distribution occurs only as a perturbation and the resulting shifts 
in energy are proportional to E2. The field has to distort a non-degenerate and 
hence ‘tight’ system, and then interact with the dipole produced by that 
distortion.

At very high field strengths the Ha line is seen to broaden and its intensity to 
decrease. These eCects are traced to the tunnelling of the electron. In high fields 
the potential experienced by the electron has the form shown in Fig. 7.29. The 
tails of the atomic orbitals seep through the region of high potential and pene-
trate into the external region, where the potential can strip the electron away 
from the atom. This ionization results in fewer atoms being able to participate 
in emission, and so the intensity is decreased. Moreover, as the upper state has 
a shorter lifetime, its energy is less precise and the transition becomes diCuse.

Vexternal

Vtotal

VCoulomb

y

r

Fig. 7.29 When the applied field 
is very strong, its contribution to 
the total potential energy is such 
as to provide a tunnelling escape 
route for the originally bound 
state of an electron.

+

–

(a)
(b)

Fig. 7.28 The origin of the 
first-order Stark eCect. The two 
mixed states (a) and (b) give rise 
to two electron distributions that 
diCer in energy.
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Further information

7.1  The Hartree–Fock equations

The normalized Hartree–Fock (HF) ground-state 
wavefunction Y is given by the Ne-electron Slater 
determinant

Y = (Ne!)
−1/2 det |ja(1)jb(2) . . . jz(Ne) | (7.79)

and the ground-state HF electronic energy is given by

E = 〈Y |H |Y〉 (7.80)

where H is given in eqn 7.46. We seek the set of 
orthonormal spinorbitals j that yield a minimum 
energy E: this condition leads to the HF equations.

As a first step, we derive an expression for E in terms 
of the spinorbitals. From eqns 7.46 and 7.80,

E = �Y ∑
i

hi + 1
2 j0∑

i≠j

1

rij

Y� (7.81)

We now use the Condon–Slater rules in Section 7.15. For 
the first term, we can write (see eqn 7.44a)

�Y ∑
i

hi Y� =
Ne

∑
i=1

〈ji(1) |h1 |ji(1)〉 (7.82a)

For the second term (see eqn 7.45a)

�Y 1
2 j0∑

i≠j

1

rij

Y� = 1
2 j0∑

i≠j
�j*i(1)j*j(2)A

C
1

r12

D
F   (7.82b)

× {ji(1)jj(2) − jj(1)ji(2)}dt1dt2

We shall use the notation

[jajb |jcjd] = j0�j*a(1)j*b(2)A
C

1

r12

D
F jc(1)jd(2)dt1dt2 (7.83)

and hence write

E =
Nso

∑
i=1

〈ji | h1 |ji〉 + 1
2

Nso

∑
i,j

{[jijj |jijj] − [jijj |jjji]} (7.84)

where Nso is the number of spinorbitals (which is also Ne).
Note that we do not have to exclude i ≠ j in the second sum 
because the term with i = j is identically zero.

We now use the variation theorem. To find the 
determinant Y for which E is a minimum we vary the 
spinorbitals subject to the constraint that they remain 
normalized and orthogonal:

dE = 0 subject to d 〈ji |jj〉 = 0 (7.85)

Whenever an extremum is sought subject to a constraint, 
we use the method of Lagrange multipliers in which each 
constraint is multiplied by a constant (the ‘Lagrange 
multiplier’) and added to the variation expression.4 In 
this case, when we vary each of the j*i we need to solve

Nso

∑
i=1

〈dji | h1 |ji〉 +
Nso

∑
i,j

{[djijj |jijj] − [djijj |jjji]}

 −
Nso

∑
i,j

ei,j 〈dji |jj〉 = 0

where the ei,j are the Lagrange multipliers. We now factor 
out the common term dj*i and use eqn 7.83 and the 
definitions in eqn 7.47 for the Coulomb and exchange 
operators (but in terms of spinorbitals rather than space 
orbitals), and obtain

Nso

∑
i=1
�dj*i (1)A

Ch1ji(1) +
Nso

∑
j=1

{Jj(1)ji(1)  (7.86)

 − Kj(1)ji(1) − ei,jjj(1)}DF dt1 = 0

As the variation dj*i is arbitrary, each term in the parentheses 
must be identically zero. Therefore, for each spinorbital,

h1ji(1) +
Nso

∑
j=1

{Jj(1)ji(1) − Kj(1)ji(1)} =
Nso

∑
j=1

ei,jjj(1) (7.87)

and hence

f1ji(1) =
Nso

∑
j=1

ei,jjj(1) (7.88a)

where the Fock operator is

f1 = h1 +
Nso

∑
j=1

{Jj(1) − Kj(1)} (7.88b)

It is possible to form a new set of spinorbitals,5 each a 
linear combination of the ji, such that the transformed Fock 
operator f ′1 is the same as f1 and the matrix composed of 
the multipliers ei,j is transformed into a diagonal matrix 
with elements ei′:

f ′1ji′(1) = ei′jj′(1) (7.89)

At this point, we discard the primes and obtain the HF 
equations for the spinorbitals. This equation can be 
converted into eqn 7.47a if the spinorbitals are written 
as products of spatial and spin functions and we restrict 
ourselves to the closed-shell case where all spatial functions 
are doubly occupied.

7.2  Vector coupling schemes

Here we consider the determination of the energy of an 
atom in a field of magnetic induction B with magnitude B
in the z-direction, its single p-electron having a spin–orbit 
coupling constant z. The hamiltonian is

H = (mBB/H)(lz + 2sz) + (hcz/H2)l · s (7.90a)

The matrix elements of this hamiltonian may be expressed 
in the coupled or the uncoupled representations. For the 
latter, it is convenient to express H in the form

H = (mBB/H)(lz + 2sz) + (hcz/H2){lzsz + 1
2(l+s− + l−s+)} (7.90b)

When all the matrix elements are calculated we obtain 
the values in Table 7.7 where the states are described by 

4 For a discussion of this procedure, see P. Atkins and J. de 
Paula, Physical chemistry, Oxford University Press (2010).

5 See A. Szabo and N.S. Ostlund, Modern quantum chemistry: 
introduction to advanced electronic structure, Macmillan, New 
York (1982).
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the notation | mlms〉. For the coupled representation it is 
sensible to write H in the form

H = (mBB/H)(lz + sz) + (mBB/H)sz + A
C

hcz
2H2

D
F (j2 − l2 − s2) (7.90c)

In the coupled representation, the states are eigenstates of j2,
jz, l2, and s2, and so most of the elements of the hamiltonian 
can be calculated very simply. The diAculty is associated 
with the eCect of sz, for the coupled states are not 
eigenstates of this operator. The eCect of sz may be 
determined by expanding the coupled states in terms of the 
uncoupled states by using the vector coupling coeAcients,
with the results summarized in Table 7.8.

The point of the calculation now becomes clear. To 
determine the energy levels of the electron, we need to 
diagonalize the matrix. If the externally applied field is 
very weak (in the sense mBB << hcz), then the matrix of H
has much smaller oC-diagonal elements in the coupled 
representation than in the uncoupled representation: 
only B occurs in the oC-diagonal elements in the coupled 
representation whereas z occurs in them in the uncoupled 
representation. Conversely, if the field is so strong that 
mBB >> hcz, then the uncoupled representation has smaller 
oC-diagonal elements and the matrix is more closely 
diagonal. Therefore, for practical convenience, it is better to 
set up the matrix in a representation that reflects the physics 
of the problem because then it is much easier to diagonalize. 
When the spin–orbit coupling is strong, the coupled 
representation should be used. When the applied field is 
strong, the uncoupled representation is more appropriate. 
The representation that most nearly diagonalizes the 
hamiltonian is the closest to the ‘true’ description of the 
system, and so we conclude that the coupled representation, 
with vectors adopting precise relative orientations, is better 
when the spin–orbit coupling is strong. The uncoupled 
representation, in which the vectors make precise angles 
with respect to the applied field but not to one another, is 
better when the external field is strong.

7.3  Functionals and functional derivatives

As remarked in the text, a functional F[f ] ascribes a number, 
denoted F, to an entire function, which we have denoted f.
The expectation value of a hamiltonian is an example 
of a functional, for it ascribes an energy to a function, 

Table 7.7 Matrix elements in the uncoupled representation

| ++1,+ 1
2〉 | 0,+ 1

2〉 | −−1,+ 1
2〉 | ++1,− 1

2〉 | 0,− 1
2〉 | −−1,− 1

2〉

〈+1,+ 1
2 | 2mBB + 1

2hcz 0 0 0 0 0

〈0,+ 1
2 | 0 mBB 0 hcz/ 2 0 0

〈−1,+ 1
2 | 0 0 − 1

2hcz 0 hcz/ 2 0

〈+1,− 1
2 | 0 hcz/ 2 0 − 1

2hcz 0 0

〈0,− 1
2 | 0 0 hcz/ 2 0 −mBB 0

〈−1,− 1
2 | 0 0 0 0 0 −2mBB + 1

2hcz

Table 7.8 Matrix elements in the coupled representation*

| 3
2,+

3
2) | 3

2,+
1
2) | 3

2,−
1
2) | 3

2,−
3
2) | 1

2,+
1
2) | 1

2,−
1
2)

(3
2,+

3
2 | 2mBB + 1

2hcz 0 0 0 0 0

(3
2,+

1
2 | 0 2

3mBB + 1
2hcz 0 0 − 1

3 2mBB 0

(3
2,−

1
2 | 0 0 − 2

3mBB + 1
2hcz 0 0 − 1

3 2mBB

(3
2,−

3
2 | 0 0 0 −2mBB + 1

2hcz 0 0

(1
2,+

1
2 | 0 − 1

3 2mBB 0 0 1
3mBB − hcz 0

(1
2,−

1
2 | 0 0 − 1

3 2mBB 0 0 − 1
3mBB − hcz

* For the bra and ket notation, see the brief illustration below.

A brief illustration

As an example, consider the element (1
2,+

1
2 | sz | 3

2,+
1
2), where the 

notation | j,mj) implies that we are working in the coupled 
representation. From the table of coeAcients, we expand 
both coupled states as linear combinations of uncoupled 
states | mlms〉. Thus | 32,+

1
2) = (1

3)
1/2 | +1,−1

2〉 + (2
3)

1/2 | 0,+1
2〉. The 

eCect of the operator sz on this state is

sz | 32,+
1
2) = −1

2H(1
3)

1/2 | +1,−1
2〉 + 1

2H(2
3)

1/2 | 0,+1
2〉

The state | 12,+
1
2) can be expressed as the linear combination 

| 12,+
1
2) = (2

3)
1/2 | +1,−1

2〉 − (1
3)

1/2 | 0,+1
2〉. The matrix element we 

require is therefore

(1
2,+

1
2 | (mB/H)Bsz | 32,+

1
2) = −1

3 2mBB

The entire matrix can be constructed in this way.
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the wavefunction. In functional notation we could write 
E[y] = 〈y | H | y〉. Because E[y] is an integral of the quantity 
y*Hy over all space, it has contributions from the whole 
range of values of y. The same is true in general of F[f ],
which is a number that is associated with the whole range 
of values of the function f(x).

A functional derivative is defined like an ordinary 
derivative, but acknowledges that F[f ] is a global quantity, 
as we have just explained. Thus, when f changes by df to 
f + df at each point, F undergoes a change dF that is the 
sum (integral) of all such changes:

dF[f ] = � dF[f ]

df
dfdx (7.91)

The quantity dF[f ]/df is the functional derivative of F[f ].
As an example, suppose that

F(f ) = a� f4/3dr (7.92)

with a a constant and f a function of r. (An expression 
of this form will arise in Chapter 9.) When the function 
changes from f(r) to f(r) + df(r) at each point, the functional 
changes from F[f ] to F[f + df ]:

F[f + df ] = a� (f + df )4/3 dr (7.93)

The integrand can be expanded as a Taylor series in the 
small quantity df and only the first-order term retained:

F[f + df ] = a� f 4/3A
C1 +

df
f

D
F

4/3

dr (7.94)

 ≈ a� (f4/3 + 4
3 f 1/3df )dr = F[f ] + 4

3a�f 1/3df  dr

Therefore,

dF[f ] = F[f + df ] − F[f ] = 4
3a�f 1/3df  dr (7.95)

It then follows by comparison with eqn 7.91 that

dF[f ]

df
= 4

3af(r)1/3 (7.96)

7.4  Solution of the Thomas–Fermi equation

To solve eqn 7.58, we need to relate the electrostatic 
potential to the charge density, and to do so use Poisson’s 
equation of classical electrostatics:

∇2x = 4pr (7.97)

Because the potential is spherically symmetrical, we need 
only the radial derivatives of x, and so can write

∇2x =
1

r

d2

dr2
rx

At this point we introduce x = Zc/r (eqn 7.61), x = ar, and 
r = (32Z2/9p3)(c/x)3/2 (eqn 7.62) as specified in the text, 
and obtain

d2c
dx2

=
c3/2

x1/2
 (7.98)

The parameter specific to a given neutral atom (namely Z)
no longer appears, so the solution of this equation is 
universal in the sense of applying to any neutral atom. The 
solution subject to c(0) = 1 and c(∞) = 0 must be obtained 
numerically and is plotted in Fig. 7.18. A brief selection of 
values is given in Table 7.9.

The energy of the atom is now obtained by inserting the 
value of r into eqn 7.56 and carrying out the integrations 
in eqns 7.53–7.55 numerically. The result is eqn 7.63. 
A more sophisticated procedure is described by Parr and 
Yang (loc. cit., p. 112), who show that

E[r] = −4p�
0

Z

dZ � xr(x)

a2
dx = −0.7687Z2 (7.99)

Table 7.9 Values of the universal Thomas–Fermi 
function c and the electron density

x c(x) r(x)/Z2 x c(x) r(x)/Z2

0 1 ∞  1 0.425 0.032

0.1 0.882 3.00  5 0.0788 0.0025

0.2 0.793 0.905 10 0.0244 1.4 × 10−5

0.5 0.607 0.153 15 0.0109 2.2 × 10−6

0.9 0.452 0.048 20 0.0058 5.7 × 10−7

Exercises

*7.1 Express the Rydberg constant R∞ in terms of the 
fine-structure constant and the Compton wavelength 
of an electron (see inside front cover).

*7.2 Calculate the wavenumbers of the transitions of He+

for the analogue of the Balmer series of hydrogen.

*7.3 Determine the longest possible wavelengths (the 
smallest wavenumbers) and the shortest possible 

wavelengths (the series limits) for lines in the (a) Lyman, 
(b) Balmer, (c) Paschen, and (d) Brackett series of the 
spectrum of atomic hydrogen.

*7.4 Predict the form of the spectrum of the muonic atom 
formed from an electron in association with a m-meson
(mm = 207me, charge +e).

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Problems

*7.1 Demonstrate that for one-electron atoms the selection 
rules are Dl = ±1, Dml = 0, ±1, and Dn unlimited. Hint.
Evaluate the electric-dipole transition moment 〈n′l′ml′ |m |nlml〉
with mx = −er sin q cos j, my = −er sin q sin j, and mz = −er cos q.
The easiest way of evaluating the angular integrals is to 
recognize that the components just listed are proportional 
to Ylml

 with l = 1, and to analyse the resulting integral 
group theoretically.

7.2 The general expression for the transition probability of 
an atom exposed to electromagnetic radiation of frequency 
v travelling in the direction k with the electric field polarized 
along the unit vector e is proportional to the square 
modulus of the expression Jfi = e · 〈f | e−2pink·r/cp | i〉 where p
is the linear momentum operator and r is a position (within 
the molecule) that becomes the integration variable when 
the bracket is written as an integral. Show that when the 
dimensions of the molecule are much smaller than the 
wavelength of the radiation, there are contributions 
that may be interpreted as magnetic dipole and electric 
quadrupole transitions as well as electric dipole transitions. 
Hint: Use p = (ime/H)[H,r] (see Problem 1.11(b) and Further

information 12.2) and the vector identity (a · b)(c · d) =
(a × c) · (b × d) + (b · c)(a · d).

7.3 Estimate the relative magnitudes of magnetic dipole, 
electric dipole, and electric quadrupole transition 
probabilities for light of wavelength 500 nm and 
a molecule of diameter 400 pm. Hint: Use the information 
derived in Problem 7.2.

*7.4 Confirm that in hydrogenic atoms, the spin–orbit 
coupling constant depends on n and l as in eqn 7.18.

7.5 Calculate the spin–orbit coupling constant for 
a 2p-electron in a Slater-type atomic orbital, and evaluate 
it for the neutral atoms of Period 2 of the periodic table 
(from boron to fluorine).

7.6 Suppose that an electron experiences a shielded 
Coulomb potential (a Coulomb potential modified by 
a factor exp(−r/rD), where rD is a constant). Evaluate the 
ratio of spin–orbit coupling constants z2p/z2p°, where z2p° is 
the constant for the unshielded potential. Explore the result 
of setting rD = ka0, where k is a variable parameter.

*7.5 Which of the following transitions are electric-dipole 
allowed: (a) 1s → 2s, (b) 1s → 2p, (c) 2p → 3d, (d) 3s → 5d, 
(e) 3s → 5p?

*7.6 The spectrum of a one-electron ion of an element 
showed that its ns-orbitals were at 0, 2 057 972 cm−1,
2 439 156 cm−1, and 2 572 563 cm−1 for n =1, 2, 3, 4, 
respectively. Identify the species and predict the ionization 
energy of the ion.

*7.7 Calculate the electric dipole transition moment for the 
transition 3pz ← 1s in a hydrogenic atom for z-polarized
radiation.

*7.8 Evaluate the spin–orbit coupling constant (in cm−1)
for (a) a 2p electron, (b) a 3d electron in Li2+.

*7.9 Identify the terms that may arise from the ground 
configurations of the atoms of elements of Period 2 and 
suggest the order of their energies.

*7.10 Write the hamiltonian for the lithium atom (Z = 3) 
and confirm that when electron–electron repulsions are 
neglected the wavefunction can be written as a product 
y(1)y(2)y(3) of hydrogenic orbitals and the energy is 
a sum of the corresponding energies.

*7.11 Write the explicit expression for the Slater determinant 
corresponding to the 1s22s1 ground state of atomic lithium. 
Demonstrate the antisymmetry of the wavefunction upon 
interchange of the labels of any two electrons.

*7.12 Confirm the radial integration in Example 7.2.

*7.13 Evaluate the expectation values of (a) r, (b) 1/r, and 
(c) 1/r3 for a 3p Slater orbital of general eCective nuclear 
charge ZeC. Express your result as multiples of a0.

*7.14 Confirm that eqn 7.49 is the correct expression for the 
total energy when an atom consists of four electrons (such 
as Be).

*7.15 What levels may arise from the following terms: 1S, 2P, 
3P, 3D, 2D, 1D, 4D?

*7.16 Arrange in order of increasing energy the terms that 
may arise from the following configurations: 1s12p1, 2p13p1,
3p13d1.

*7.17 What terms may arise from (a) a d2 configuration, 
(b) an f2 configuration?

*7.18 Use group theory (specifically, an expression like 
eqn 7.70) to decide which of the d2 and f2 terms may be 
triplets and which singlets.

*7.19 Calculate the magnetic field required to produce 
a splitting of 1 cm−1 between the states of a 1P1 level.

*7.20 Calculate the Landé g-factor for (a) a term in which 
J has its maximum value for a given L and S; (b) a term in 
which J has its minimum value.

*7.21 Transitions are observed and ascribed to 1F → 1D.
How many lines will be observed in a magnetic field of 4.0 T?

*7.22 Calculate the form of the spectrum for the Zeeman 
eCect on a 3P → 3S transition.

*7.23 Show that the solution of the Thomas–Fermi equation 
at large distances from the nucleus is r ∝ 1/r6 and deduce the 
constant of proportionality.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*7.7 Deduce the Landé interval rule, which states that for 
a given l and s, the energy diCerence between two levels 
diCering in j by unity is proportional to j. Hint. Evaluate 
Eso in eqn 7.24 for j and j − 1; use the second line in the 
equation (in terms of znl).

7.8 The ground-state configuration of an iron atom is 
3d64s2, and the 5D term has five levels (J = 4,3, . . . ,0) at 
relative wavenumbers 0, 415.9, 704.0, 888.1, and 978.1 
cm−1. Investigate how well the Landé interval rule (Problem 
7.7) is obeyed. Deduce a value of z3d.

7.9 (a) Calculate the energy diCerence between the levels 
with the greatest and smallest values of j for given l and s.
Each term of a level is (2j + 1)-fold degenerate.
(b) Demonstrate that the barycentre (mean energy) of 
a term is the same as the energy in the absence of spin–orbit 
coupling. Hint. Weight each level with 2j + 1 and sum 
the energies given in eqn 7.24 from j = | l − s | to j = l + s.
Use the relations

n

∑
s=0

s = 1
2n(n + 1) 

n

∑
s=0

s2 = 1
6n(n + 1)(2n + 1)

n

∑
s=0

s3 = 1
4n

2(n + 1)2

*7.10 Find the first-order corrections to the energies of the 
hydrogen atom that result from the relativistic mass increase 
of the electron. Hint. The energy is related to the 
momentum by E = (p2c2 + m2c4)1/2 + V. When p2c2 << m2c4,
E ≈ mc2 + p2/2m + V − p4/8m3c2, where the reduced mass m
has replaced m. Ignore the rest energy mc2, which simply 
fixes the zero. The term −p4/8m3c2 is a perturbation; hence 
calculate 〈nlml | H(1) | nlml〉 = −(1/2mc2)〈nlml | (p2/2m)2 | nlml〉
= −(1/2mc2)〈nlml | (Enlml

− V)2 | nlml〉. We know Enlml
; therefore 

calculate the matrix elements of V = −e2/4pe0r and V2.

7.11 Evaluate the Coulomb integral J for a hydrogenic 
configuration 1s12p1.

7.12 The Slater atomic orbitals are normalized but not 
mutually orthogonal. In the Schmidt orthogonalization 
procedure one orbital y is made orthogonal to another 
orbital y′ by forming y″ = y − cy′, with c = 2y*y′dt.
Confirm that y″ and y′ are orthogonal and construct 
a 2s-orbital that is orthogonal to a 1s-orbital from an 
STO basis.

*7.13  Confirm the Condon–Slater rules for a two-electron 
system by explicit expansion of the relevant Slater 
determinants.

7.14 Take a trial function for the helium atom as y =
y(1)y(2), with y(1) = (z3/p)1/2e−zr1 and y(2) = (z3/p)1/2e−zr2, z
being a parameter, and find the best ground-state energy for 
a function of this form, and the corresponding value of z.
Calculate the first and second ionization energies. Hint.
Use the variation theorem. All the integrals are standard; 
the electron repulsion term is calculated in Example 7.2. 
Interpret Z in terms of a shielding constant. The 
experimental ionization energies are 24.58 eV 
and 54.40 eV.

7.15 On the basis of the same kind of calculation as in 
Problem 7.14, but for general Z, account for the first 
ionization energies of the ions Li+, Be2+, B3+, and C4+. The 
experimental values are 73.5, 153, 258, and 389 eV, 
respectively.

*7.16 The first few S terms of helium lie at the following 
wavenumbers: 1s2 1S: 0; 1s12s1 1S: 166 272 cm−1: 1s12s1 3S:
159 850 cm−1; 1s13s1 1S: 184 859 cm−1; 1s13s1 3S:
183 231 cm−1. What are the values of K in the 1s12s1

and 1s13s1 configurations?

7.17 Consider a one-dimensional square well containing 
two electrons. One electron has n = 1 and the other has 
n = 2. Plot a two-dimensional contour diagram of the 
probability distribution of the electrons when their spins are 
(a) parallel, (b) antiparallel. Devise a measure of the radius 
of the Fermi hole. Hint. Recall the discussion in Section 
7.11. When the spins are parallel (for example, aa) the 
antisymmetric combination y1(1)y2(2) − y2(1)y1(2) must 
be used, and when the spins are antiparallel, the symmetric 
combination must be used. In each case plot y2 against 
axes labelled x1 and x2. Computer graphics may be used 
to obtain striking diagrams, but a sketch is suAcient.

7.18 An excited state of atomic calcium has the electron 
configuration 1s22s22p63s23p63d14f1. (a) Derive all the term 
symbols (with the appropriate specifications of S, L and J)
for the electron configuration. (b) Which term symbol 
corresponds to the lowest energy of this electron 
configuration? (c) Consider a 3F2 level of calcium derived 
from a diCerent electron configuration than that shown 
above. Which of the term symbols determined in part (a) 
can participate in spectroscopic transitions to this 3F2 level?

*7.19 Write down the Slater determinant for the ground 
term of the beryllium atom, and find an expression for 
its energy in terms of Coulomb and exchange integrals. 
Find expressions for the energy in terms of the Hartree–
Fock expression, eqn 7.49. Hint. Use eqn 7.49 for 
the configuration 1s22s2; evaluate the expectation 
value 〈y | H |y〉.

7.20 On the basis of the Thomas–Fermi model of an atom, 
evaluate the radius within which there is a 50 per cent 
probability of finding the electron density and evaluate it 
for the Period 2 elements. Hint. Use the radial distribution 
function r2r.

7.21 Devise an argument that the Thomas–Fermi–Dirac 
method gives worse agreement than the Thomas–Fermi 
method with Hartree–Fock energies. Hint. Consider the 
signs of those terms that contribute to E[r].

*7.22 In their classic account of density functional 
techniques, Parr and Yang describe a modification of 
the Thomas–Fermi method that relies on the elimination 
of the singularity of the electron density at the origin. 
They do so by imposing the additional constraint that
2e−2kr∇2r(r)dr < ∞. Deduce the expression for m and show 
that the singularity is eliminated by setting 4kl = Z where l
is a Lagrange multiplier for the additional constraint.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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An introduction to 
molecular structure

Now we come to the heart of chemistry. If we can understand the forces that hold atoms 
together in molecules, we may also be able to understand why, under certain conditions, 
initial arrangements of atoms change into new ones in the course of the events we call 
‘chemical reactions’. The aim of this chapter is to introduce some of the features of 
valence theory, the theory of the formation of chemical bonds. The description of 
bonding has been greatly enriched by numerical techniques, and the following chapter 
describes these more quantitative aspects of the subject.

There are two principal models of molecular structure: molecular orbital theory and 
valence bond theory. Both models contribute concepts to the everyday language 
of chemistry and so it is worthwhile to examine them both. However, molecular orbital 
theory has undergone more development than valence bond theory, and we shall con-
centrate on it.

The Born–Oppenheimer approximation

It is an unfortunate fact that, having arrived in sight of the promised land, we are 
forced to make an approximation at the outset. Even the simplest molecule, 
H2

+, consists of three particles, and its Schrödinger equation cannot be solved 
analytically. To overcome this diAculty, we adopt the Born–Oppenheimer approxi-
mation, which takes note of the great diCerence in masses of electrons and 
nuclei. Because of this diCerence, the electrons can respond almost instantan-
eously to displacement of the nuclei. Therefore, instead of trying to solve the 
Schrödinger equation for all the particles simultaneously, we regard the nuclei as 
fixed in position and solve the Schrödinger equation for the electrons in the static 
electric potential arising from the nuclei in that particular arrangement. DiCerent
arrangements of nuclei may then be adopted and the calculation repeated. The 
set of solutions so obtained allows us to construct the molecular potential energy 
curve of a diatomic molecule (Fig. 8.1), and in general a potential energy surface
of a polyatomic species, and to identify the equilibrium conformation of the 
molecule with the lowest point on this curve (or surface). The Born–Oppenheimer 
approximation is very reliable for ground electronic states, but it is less reliable 
for excited states.

8.1 The formulation of the approximation

The simplest approach to the formulation of the Born–Oppenheimer approxima-
tion is to consider a one-dimensional analogue of the hydrogen molecule-ion, 
in which all three particles are confined to the z-axis (Fig. 8.2). The full hamil-
tonian, H, for the problem is

8
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H = − H2

2me

[2

[z2
−

2

∑
I=1

H2

2mI

[2

[ZI
2

+ V(z,Z1,Z2) (8.1a)

where z is the location of the electron and ZI, with I = 1,2, the locations of the 
two nuclei. More simply:

H = Te + TN + V (8.1b)

for the electron kinetic energy, the nuclear kinetic energy, and the potential energy 
of the system, respectively. The potential energy includes the Coulombic repul-
sion of the nuclei and the Coulombic attractions of the electron to each nucleus. 
The Schrödinger equation is

HY(z,Z1,Z2) = EY(z,Z1,Z2) (8.2)

We attempt a solution of the form

Y(z,Z1,Z2) = y(z;Z1,Z2)yN(Z1,Z2) (8.3)

where y is the electronic wavefunction and yN is the nuclear wavefunction. The 
notation y(z;Z1,Z2) means that the wavefunction for the electron is a function of 
its position z and depends parametrically on the coordinates of the two nuclei in 
the sense that we get a diCerent wavefunction y(z) for each arrangement of the 
nuclei. When this trial solution is substituted into eqn 8.2 we obtain

HyyN = yNTey + yTNyN + VyyN + W = EyyN (8.4)

where

W = − 
2

∑
I=1

H2

2mI

A
C2

[y
[ZI

[yN

[ZI

+ [2y
[ZI

2
yN

D
F

This quantity is non-zero because the electronic wavefunction depends on the 
nuclear coordinates, so [y/[ZI and [2y/[ZI

2 are non-zero. However, because the 
nuclear masses appear in the denominator, we suppose that W is small and can 
be neglected. Therefore, instead of eqn 8.4, we try to solve

yNTey + yTNyN + VyyN = EyyN (8.5a)

or, collecting terms and rearranging slightly,

yTNyN + (Tey + Vy)yN = EyyN (8.5b)

The term in parentheses in eqn 8.5b is written

Tey + Vy = Ee(Z1,Z2)y (8.6)

for fixed values of the nuclear coordinates. This equation is the Schrödinger 
equation for the electron in a potential V that depends on the fixed locations of 
the two nuclei. The solution is the electronic wavefunction y, and the eigenvalue 
Ee(Z1,Z2) is the electronic contribution to the total energy of the molecule (the 
kinetic energy of the electron and the electron–nucleus interactions) plus the 
potential energy of internuclear repulsion at the chosen, fixed nuclear locations. 
This function plotted against the nuclear position gives the molecular potential 
energy curve.

When eqn 8.6 is substituted into eqn 8.5b, we find

yTNyN + EeyyN = EyyN

and on cancelling y obtain

TNyN + EeyN = EyN (8.7)
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Fig. 8.1 A typical molecular 
potential energy curve for 
a diatomic species.
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Fig. 8.2 The coordinates used 
in the discussion of the Born–
Oppenheimer approximation.

A brief comment
The term W is responsible 
for so-called ‘non-adiabatic’ 
eIects, which can be very 
important when interactions 
between electronic states are 
significant.
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This equation is the Schrödinger equation for the wavefunction yN of the nuclei 
when the nuclear potential energy, now represented by Ee, has the form of the 
molecular potential energy curve. The eigenvalue E is the total energy of the 
molecule within the Born–Oppenheimer approximation. We need to solve 
eqn 8.7 when we study the motion of nuclei in molecular rotation, molecular 
vibration and scattering processes, the latter including chemical reactions.

In this chapter we concentrate on eqn 8.6, but write it more simply and gener-
ally, and with the normal symbols for the potential energy and total energy, as

Hy = Ey H = − H2

2me

∇2 + V (8.8)

where V is the potential energy of the electron in the field of the stationary 
nuclei plus the nuclear interaction contribution and E is the total electronic and 
nucleus–nucleus repulsion energy for a stationary nuclear conformation.

8.2 An application: the hydrogen molecule-ion

Even within the Born–Oppenheimer approximation there is only one molecular 
species for which the Schrödinger equation can be solved exactly: the hydrogen 
molecule-ion, H2

+. The electronic hamiltonian for H2
+ is

H = − H2

2me

∇2 − j0
rA

− j0
rB

+ j0

R
(8.9)

with the distances defined in Fig. 8.3 and with j0 = e2/4pe0. The final term rep-
resents the repulsive interaction between the two nuclei, and within the Born–
Oppenheimer approximation is a constant for a given relative location of the 
nuclei.

As H2
+ has only one electron, it has a status in valence theory analogous to 

the hydrogen atom in the theory of atomic structure (Chapter 7). Just as the 
Schrödinger equation for the hydrogen atom is separable and solvable when 
expressed in spherical polar coordinates, so the equation for H2

+ is separable and 
solvable when expressed in ‘ellipsoidal coordinates’ (m,n,j), where

m = rA + rB

R
n = rA − rB

R
(8.10)

and j is the azimuthal angle around the internuclear axis (Fig. 8.4). In these 
coordinates, the two nuclei lie at the foci of ellipses of constant m. The resulting 
solutions, the wavefunctions of eqn 8.8, are called molecular orbitals (MOs) and 
resemble atomic orbitals but spread over both nuclei. To each molecular orbital 
corresponds a molecular potential energy curve, the eigenvalues of eqn 8.8.

(a) The molecular potential energy curves

The molecular potential energy curves vary with internuclear distance, R, as 
shown in Fig. 8.5. The two lowest curves are of the greatest interest, and we 
concentrate on them. The steep rise in energy as R → 0 is largely due to the 
increase in the nucleus–nucleus potential energy as the two nuclei are brought 
close together. At large distances, as R → ∞, the curves tend towards the values 
typical of a hydrogen atom with the second proton a long way away; we have 
taken that asymptotic energy to be the zero of energy. The lowest curve passes 
through a minimum close to R = 2a0, and its energy then lies about 0.20hcRH

(2.7 eV) below the energy of a separated hydrogen atom and proton. This result 
suggests that H2

+ is a stable species (in the sense of having a lower energy than its 
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Fig. 8.5 The molecular potential 
energy curves for the hydrogen 
molecule-ion.
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Fig. 8.3 The coordinates used to 
specify the hamiltonian for the 
hydrogen molecule–ion.
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j

Fig. 8.4 The ellipsoidal 
coordinates m, n, and j used for 
the separation of variables in 
the exact treatment (within 
the Born–Oppenheimer 
approximation) of the 
hydrogen molecule–ion.
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A brief comment
The label s signifies the 
cylindrical symmetry of the 
orbital about the internuclear 
axis. A s orbital has zero 
electronic orbital angular 
momentum about that axis, 
a fact used in Section 8.4.

dissociation products, but not in a chemical sense of being non-reactive), and 
that its bond length will be close to 2a0 (106 pm). The species is known spectro-
scopically: its minimum lies at 2.648 eV and its bond length is 106 pm, in very 
good agreement. The origin of the lowering of energy can be discovered by exam-
ining the form of the wavefunctions.

(b) The molecular orbitals

The molecular orbitals of H2
+ (exact within the Born–Oppenheimer approxima-

tion) are mathematically complicated functions of position, and as we shall 
shortly make yet another approximation, there is little point in giving their 
detailed form.1 However, since some of their features are very important and will 
occur in other contexts, we describe them below.

Figure 8.6 shows the two molecular orbitals of lowest energy as contour 
diagrams for various values of R. The striking diCerence between them is that the 
higher energy orbital (denoted 2s) has an internuclear node whereas the lower 
energy orbital (1s) does not. There is therefore a much greater probability of 
finding the electron in the internuclear region if it is described by the wavefunc-
tion 1s, than if it is described by 2s. The conventional argument then runs that 
because the electron can interact with both nuclei if its wavefunction is 1s, then 
it is in a favourable electrostatic environment and will have a lower energy than 
that of a separated hydrogen atom and proton. It is on the basis of such a simplistic 
argument that chemical bond formation is commonly associated with the 
accumulation of electron density in an internuclear region.

The actual interpretation of the wavefunction, however, is a much more 
delicate problem. The total energy of a molecule has contributions from several 
sources, including the kinetic energy of the electron. What appears to happen 
on bond formation (in H2

+ at least) is that, as R is reduced from a large value, 
the lowest energy wavefunction shrinks on to the nuclei slightly as well as accu-
mulating in the internuclear region. The transfer of electron density into the 
internuclear region is disadvantageous, because it is removed from close to the 
nuclei. However, the shrinkage of the orbitals overcomes this disadvantage, 
for although a slight increase in kinetic energy accompanies the shrinking 
(because the wavefunction becomes more sharply curved), a significant reduction 
in potential energy overcomes all these unwanted eCects, and the net outcome 
is a lowering of energy. The formation of 2s, on the other hand, results in a 
small expansion of the electron distribution around the nuclei, and that has a net 
energy-raising eCect. In other words, it is not the shift of electron density into 
the internuclear region that lowers the energy of the molecule, but the freedom 
that this redistribution gives for the wavefunction to shrink in the vicinity of the 
two nuclei.

In what follows, we shall anticipate the formation of a bond—as signalled 
by a lowering of the energy of the molecule—whenever there is an enhanced 
probability density in the internuclear region, but accept that this might be no 
more than a correlation rather than a direct eCect on the energy of the molecule. 
A detailed analysis has been performed only for H2

+, and the argument might be 
quite diCerent for other molecules.2

+

– +

(a)

(b)

Fig. 8.6 Contour diagrams of the 
(a) bonding and (b) antibonding 
orbitals (1s and 2s, respectively) 
of the hydrogen molecule–ion.

1 Explicit forms can be found in J.C. Slater, Quantum theory of molecules and solids,
McGraw-Hill, New York (1963).  

2 See M.J. Feinberg, K. Ruedenberg, and E.L. Mehler, The origin of binding and antibinding 
in the hydrogen molecule-ion. Adv. Quantum Chem., 27, 5 (1970).
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Molecular orbital theory

A diAculty will already have become apparent: the solution of the Schrödinger 
equation for H2

+ is so complicated (even after making the Born–Oppenheimer 
approximation) that there can be little hope that exact solutions will be found for 
more complicated molecules. Therefore, we must resort to another approxima-
tion, but use the exact solutions for H2

+ as a guide. Another reason why making 
a further approximation is quite sensible is that we already have available quite 
good atomic orbitals for many-electron atoms, and it seems appropriate to try to 
use them as a starting point for the description of many-electron molecules built 
from those atoms.

8.3 Linear combinations of atomic orbitals

Inspection of the form of the wavefunctions for H2
+ shown in Fig. 8.6 suggests 

that they can be simulated by forming linear combinations of hydrogen atomic 
orbitals:

y+ ≈ cA + cB y− ≈ cA − cB (8.11)

where cA is a H1s orbital on nucleus A and cB its analogue on nucleus B. In this 
chapter, we use c to denote an atomic orbital and y to denote a molecular 
orbital.

In the first case (y+), the accumulation of electron density in the internuclear 
region is simulated by the constructive interference that takes place between 
the two waves centred on neighbouring atoms. The nodal plane in the true 
wavefunction (y−) is recreated by the destructive interference between waves 
superimposed with opposite signs.

The partial justification for simulating molecular orbitals as an LCAO, a linear
combination of atomic orbitals, can be appreciated by examining the hamil-
tonian for the problem given in eqn 8.9. When the electron is close to nucleus A, 
rA << rB, and the hamiltonian is approximately

H = − H2

2me

∇2 − j0
rA

+ j0
R

(8.12)

Apart from the final, constant term, this hamiltonian is the same as that for 
a hydrogen atom. Therefore, close to nucleus A, the wavefunction of the electron 
resembles an H1s atomic orbital. The same is true close to B, and this form of the 
solution is captured by the two linear combinations constructed above.

The same conclusions can be reached in a more formal way, one that is more 
readily extended to other species, by writing the molecular orbitals as the follow-
ing LCAO:

y = ∑
r

crcr (8.13)

The atomic orbitals used in this expansion constitute the basis set for the calcula-
tion. In principle, we should use an infinite basis set for a precise recreation of the 
molecular orbital, but in practice only a finite basis set is used. Throughout this 
chapter we shall assume that the members of the basis set are real and that each 
one is normalized to 1.

The optimum values of the coeAcients of the basis set functions are found by 
applying the variation principle, which means (Section 6.6, eqn 6.46) that we 
have to solve the secular equations

A brief comment
For H+

2, a precise recreation of 
the molecular orbitals would 
use as a basis set the {1s-, 2s-, 
2p-, . . .} orbitals on each H 
atom; eqn 8.13 as invoked 
in this section uses only one 
basis function on each atom 
for each valence orbital.
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∑
r

cr{Hrs − ESrs} = 0 (8.14)

where Hrs is a matrix element of the hamiltonian and Srs is an overlap matrix 
element:

Hrs = 〈cr | H |cs〉 Srs = 〈cr |cs〉

These secular equations have non-trivial solutions only if the secular determinant 
vanishes. We write this condition as

|H − ES | = 0 (8.15)

where H is the matrix of elements Hrs and S is the corresponding matrix of 
elements Srs. To make progress with finding the roots of the determinant |H − ES |
we need to evaluate the relevant matrix elements.

(a) The secular determinant

We consider a minimal basis set for H2
+ composed of two atomic orbitals, one on 

hydrogen atom A and the other on hydrogen atom B.  The secular determinant 
is 2 × 2 and, since the basis set functions are normalized and real, we can write

SAA = SBB = 1 SAB = SBA = S

where S is the overlap integral, and

HAA = HBB = a HAB = HBA = b

where a is the molecular Coulomb integral and b is the resonance integral. The 
secular determinant is therefore

a − E
b − ES

b − ES
a − ES

= 0

and its roots are

E± = a ± b
1 ± S

(8.16)

The corresponding values for the real coeAcients of the normalized wavefunc-
tions are

cA = cB cA = 1
{2(1 + S)}1/2

 for E+ = a + b
1 + S

(8.17)

cA = −cB cA = 1
{2(1 − S)}1/2

 for E− = a − b
1 − S

We need to establish the detailed form of the Coulomb and resonance integrals.

(b) The Coulomb integral

We insert the explicit form of the hamiltonian (eqn 8.9) into the definition of the 
Coulomb integral a:

a = 〈A | H | A〉 = E1s − j0�A
1
rB

A� + j0
R

(8.18)

where we have abbreviated | cA〉 by | A〉 and will later abbreviate | cB〉 by | B〉. The 
first term in this expression (E1s) is obtained because cA is an eigenfunction of the 
atomic hamiltonian. The second term corresponds to the total Coulombic energy 
of interaction between an electron density c2

A and the second nucleus B (Fig. 8.7). 
We call this contribution j′:

A brief comment
The secular equations (8.14) 
can be expressed in matrix 
form as HdHd = SdESdE where d is 
the matrix the i-th column of 
which is composed of the set 
of coeGcients cr  for LCAO 
solution i and E is the diagonal 
matrix of energies Ei (the
energy of LCAO solution i.).

A
B

j ’

Fig. 8.7 The interpretation of the 
integral j′ as the total Coulombic 
potential energy arising from 
a charge distribution on A with 
nucleus B.
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j′ = j0� c2
A

rB

 dt (8.19)

This integral is positive. It follows that the total Coulomb integral is

a = E1s − j′ + j0

R
(8.20)
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Fig. 8.9 The variation of the 
integral j′ with internuclear 
distance in the hydrogen 
molecule–ion.
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Fig. 8.8 The variation of the 
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distance in the hydrogen 
molecule–ion.

Example 8.1 Evaluating overlap and Coulomb integrals

Evaluate (a) the overlap integral S and (b) the integral j′ for two H1s orbitals, 
a basis set for H2

+.

Method To evaluate integrals of this kind, it is natural to use ellipsoidal coordin-
ates, eqn 8.10, for which the volume element is

dt = 1
8 R3(m2 − n2)dm dn dj

with 1 ≤ m ≤ ∞, −1 ≤ n ≤ 1, and 0 ≤ j ≤ 2p. The atomic wavefunctions we use are 
c(r) = (1/pa0

3)1/2e−r/a0, where a0 is the Bohr radius; each orbital is centred on its 
nucleus. All the integrations are straightforward in ellipsoidal coordinates.

Answer (a) The product of the two wavefunctions is

cA(rA)cB(rB) = AC
1

pa0
3

DF e−(rA+rB)/a0 = AC
1

pa0
3

DF e−mR/a0

Therefore, the overlap integral is

S = 〈A |B〉 =
R3

8pa0
3 �

0

2p

�
1

∞ 

�
1

−1

(m2 − n2)e−mR/a0 dm dn dj

 =
R3

8pa0
3

× 2p × �
1

∞ 

�
1

−1

(m2 − n2)e−mR/a0 dm dn (after integration over j)

 =
R3

8pa0
3

× 2p × �
1

∞ AC 2m2 −
2

3
DF e−mR/a0 dm (after integration over n)

 = !
@1 +

R

a0

+
1

3
AC

R

a0

DF
2#
$ e−R/a0

(b) The contribution  j′ is similarly, using m2 − n2 = (m + n)(m − n):

j′ =
j0
pa0

3 �
0

2p

�
1

∞ 

�
1

−1

1–8 R3(m2 − n2)e−(m+n)R/a0

1/2R(m − n)
dm dn dj

 =
1

2
j0

AC
1

a0

DF
3

R2�
1

∞ 

�
1

−1

(m + n)e−(m+n)R/a0 dm dn =
1

R
j0

!
@1 − AC 1 +

R

a0

DF e−2R/a0
#
$

These two functions are plotted in Figs 8.8 and 8.9.

InterActivity Using the two Worksheets entitled Example 8.1 in this text’s website, 
explore the dependence of the overlap and Coulomb integrals on internuclear 

distance R and on atomic number Z for two hydrogenic 1s-orbitals.

Self-test 8.1 Evaluate the overlap integral between two Slater 2s-orbitals on 
diCerent atoms.



(c) The resonance integral

For the resonance integral b, we use the fact that cB is an eigenfunction of the 
hamiltonian for hydrogen atom B with eigenvalue E1s, and write

b = 〈A | H | B〉 = E1s〈A | B〉 − j0�A
1
rA

B� + j0
R

〈A | B〉 (8.21a)

 = A
CE1s + j0

R
D
F S − k′ 

where

k′ = j0� cAcB

rA
dt (8.21b)

The analytical expression for k′ for two H1s-orbitals is found to be

k′ = j0
a0

!
@1 + R

a0

#
$ e−R/a0 (8.22)

The integral k′, which is positive, has no classical analogue. However, an indica-
tion of its significance is that we can think of it as representing the interaction of 
the overlap charge density, −ecAcB, with nucleus A (Fig. 8.10). By symmetry, the 
interaction with nucleus B has the same value.

InterActivity Using the Worksheets entitled Equation 8.21a and Equation 8.22 
in this text’s website, explore the dependence of k′ and the resonance integral 

on internuclear distance R and on atomic number Z for two hydrogenic 1s-orbitals.

(d) The LCAO-MO energy levels for the hydrogen molecule-ion

It follows from eqns 8.16, 8.20, and 8.21a that the energies of the two LCAO-
MOs for H2

+ are

E+ = E1s + j0

R
− j′ + k′

1 + S
(8.23a)

E− = E1s + j0

R
− j′ − k′

1 − S
(8.23b)

InterActivity Use the Worksheet entitled Equation 8.23 in this text’s website to 
explore the dependence of the energies E+ and E− on internuclear distance R.

The integrals j′ and k′ are both positive, with j′ > k′; the lower of the two 
energies is E+ (Fig. 8.11). The ladder of energy levels is called a molecular orbital 
energy level diagram. The lower-energy orbital is called a bonding orbital and the 
higher-energy orbital is called an antibonding orbital. Occupation of a bonding 
orbital lowers the energy of a molecule and helps to draw the two nuclei together; 
when an antibonding orbital is occupied, the energy of the molecule is raised and 
the two nuclei tend to be forced apart. One feature that should be noticed is that 
the diagram is not quite symmetrical: the antibonding orbital lies further above the 
energy of a hydrogen atom than the bonding orbital lies below it (as shown in 
Figs 8.5 and 8.11). This asymmetry is largely due to the repulsion between the 
two nuclei, which pushes both orbitals up in energy. In other words, an anti-
bonding orbital is more antibonding than a bonding orbital is bonding.

The analytical expressions for the energies are plotted in Fig. 8.12. As can be 
seen, the molecular potential energy curve has a minimum close to R = 2.5a0

(130 pm) at a depth of 0.065j0/a0, or 0.13hcRH (170 kJ mol−1). The experimental 
values are 2.0a0 (106 pm) and 0.195hcRH (255 kJ mol−1), and so the agreement 
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Fig. 8.11 The molecular orbital 
energy level diagram of the 
hydrogen molecule-ion in the 
LCAO approximation. Note that 
the 2s-orbital is slightly more 
antibonding than the 1s-orbital
is bonding.
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Fig. 8.10 The interpretation of 
the integral k′ as the interaction 
of an overlap charge distribution 
with one of the nuclei.
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Fig. 8.12 The calculated 
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molecular orbitals of the 
hydrogen molecule-ion within 
the LCAO approximation. Note 
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is not spectacularly good. The principal source of error is that the basis is 
insuAciently flexible: we saw in the discussion of the exact solutions that a major 
contribution to the bonding comes from shrinkage of the orbitals on to their 
respective nuclei, but this feature cannot be captured by the present model.

(e) The LCAO-MOs for the hydrogen molecule-ion

According to eqn 8.17, the LCAO-MOs are

y+ = 1
{2(1 + S)}1/2

(cA + cB) (bonding orbital) (8.24a)

y− = 1
{2(1 − S)}1/2

(cA − cB) (antibonding orbital) (8.24b)

One more detail of the molecular orbitals can usefully be introduced at this 
stage. The two molecular orbitals in eqn 8.24 can be classified according to their 
parity, their symmetry properties under inversion of the electron coordinates. 
As indicated in Fig. 8.13, under inversion the wavefunction y+ remains indis-
tinguishable from itself, and hence it is classified as having gerade symmetry, 
denoted g, where gerade is the German word meaning ‘even’. In contrast, y− changes 
sign under inversion, so it is classified as ungerade, the German word for ‘odd’, and 
denoted u. The full-dress versions of the orbital labels are therefore 1sg and 1su

(note that when u and g are added as labels, each set is labelled separately). We 
already know that the symmetry classification is important for the discussion of 
selection rules (Section 7.2); we shall see that the same classification also helps us 
to understand the electronic structures of molecules.

8.4 The hydrogen molecule

We model the electronic structure of the hydrogen molecule, H2, by the addition 
of a second electron to the 1sg orbital, to give the configuration 1sg

2. The orbital 
description is therefore y+(1)y+(2), where the 1 and 2 in parentheses are short 
for r1 and r2, respectively, the locations of the two electrons. Writing the true 
wavefunction y(1,2) as a product is an approximation that is valid only if 
electron–electron interactions are ignored or replaced by some kind of average 
one-electron potential energy (as in the central-field approximation, Section 7.12); 
in other words, the approximation is valid if the true hamiltonian

H = − H2

2me

∇1
2 − H2

2me

∇2
2 − j0

rA1

− j0

rB1

− j0

rA2

− j0

rB2

+ j0

r12

+ j0

R
(8.25a)

is replaced by an expression of the form

H = H1 + H2 + j0
R

(8.25b)

where each Hi is expressed in terms of the coordinates of the electron i alone.
The approximate spatial wavefunction y+(1)y+(2) is symmetric under particle 

interchange, so the spin component must be proportional to a(1)b(2) − b(1)a(2)
to guarantee that the overall wavefunction is antisymmetrical. Therefore, when 
the two electrons enter the single molecular orbital y+, they do so with paired 
spins (↑↓). Spin-pairing is thus seen not to be an end in itself, but the way that 
electrons must arrange themselves in order to pack into the lowest energy 
orbital.

The ground-state configuration of H2 is classified as 1Σg in an echo of the term 
symbols used for atoms (Section 7.19).

+

+

+

–

(a)

(b)

Fig. 8.13 The parity classification 
of orbitals in a homonuclear 
diatomic molecule: (a) g, (b) u.



• The superscript 1 is the spin multiplicity of the state, which in this instance 
corresponds to S = 0 because the two electrons are paired.

• The Σ (uppercase upright sigma) is the analogue of the letter S used to denote 
full spherical rotational symmetry and indicates that the total orbital angu-
lar momentum around the internuclear axis is zero because both electrons 
occupy s-orbitals, and so neither has orbital angular momentum about the 
axis. More formally, we denote the component of orbital angular momen-
tum about the axis as l for each electron, and the total as L = l1 + l2. In 
ground-state H2, l1 = l2 = 0, so L = 0, corresponding to a Σ term.

• The subscript g indicates that the overall parity of the state is gerade (even). 
To calculate it from the individual values for each electron we use

g × g = g g × u = u u × u = g

 which follow from the mathematical properties of the products of odd and 
even functions, and use the first of these results for this two-electron system 
in which both electrons occupy g-orbitals. Had one electron occupied a su-
orbital, then the term would have been of overall u parity.

The full form of the two-electron approximate wavefunction for the ground state 
of molecular hydrogen is

y(1,2) = y+(1)y+(2)s−(1,2) (8.26a)

where the factor s− is the normalized spin contribution

y(1,2) = (1
2)

1/2{a(1)b(2) − a(2)b(1)} (8.26b)

The energy of the molecule is found by evaluating the expectation value of the 
hamiltonian in eqn 8.25a. The resulting expression (see Problems 8.6 and 8.7) is

E = 2E1s + j0

R
− 2j′ + 2k′

1 + S
+ j + 2k + m + 4l

2(1 + S)2
(8.27)

The sum of the first three terms in eqn 8.27 is identical to the energy of the hydro-
gen molecule-ion (eqn 8.23a) but with two 1s-electrons. In addition to the 
integrals already defined (S, j′ and k′), we need:

• The repulsion of a charge density of electron 1 on hydrogen atom A with the 
charge density of electron 2 on hydrogen atom B:

j = j0�cA(1)2 1
r12

cB(2)2dt1 dt2 = (AB | AB) (8.28a)

• The repulsion of the overlap charge density of electron 1 and the overlap 
charge density of electron 2:

k = j0�cA(1)cB(1)
1
r12

cA(2)cB(2)dt1 dt2 = (AA | BB) (8.28b)

• The repulsion of the charge density of electron 1 on A with the overlap 
charge density of electron 2:

l = j0�cA(1)2 1
r12

cA(2)cB(2)dt1 dt2 = (AA | AB) (8.28c)

• The repulsion of the charge density of electron 1 on A with the charge density 
of electron 2 also on A:

m = j0�cA(1)2 1
r12

cA(2)2dt1 dt2 = (AA | AA) (8.28d)

A brief comment
As usual, we are running out of 
letters. Be careful to distinguish 
S (upper case italic) for the 
overlap integral, S (upper 
case italic) for the total spin 
quantum number, and S (upper 
case roman) for a symmetry 
label of an atomic term.

A brief comment
If f(x) is an even function, so 
that f(x) = f(−x), and g(y) is 
an odd function, so that g(y) =
−−g(−y), then the product b(x,y)
= f(x)g(y) is an odd function:

b(−x,−y) = f(−x)g(−y)
= −−f(x)g(y) = −−b(x,y)
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The values for these integrals are given in Further information 8.1; the notation 
on the right will be used again in Chapter 9. The molecular potential energy 
curve calculated from this expression is shown in Fig. 8.14. It has a minimum at 
R = 1.4a0 (74 pm), and the minimum lies at 0.27hcRH (350 kJ mol−1) below 2E1s,
the energy of two separated hydrogen atoms. The experimental values are 1.40a0

(74.1 pm) and 0.33hcRH (430 kJ mol−1), respectively, and although there is a fair 
measure of agreement, there is room for improvement. The kind of improvement 
that can be made includes the use of a more flexible basis set, the use of SCF 
procedures, and the incorporation of electron correlation (see Chapter 9).

8.5 Confi guration interaction

One procedure that is widely used and that can be illustrated here (and developed 
in much greater detail in Chapter 9) is configuration interaction (CI), first men-
tioned in connection with atoms in Section 7.20. If we continue to employ the 
two-orbital basis set for H2, then the following configurations are possible:

1sg
2 1sg

11su
1 1su

2

The wavefunctions, including spin, are

Y1(1,2;1Σg) = y+(1)y+(2)s−(1,2)

Y2(1,2;1Σu) = (1
2)

1/2{y+(1)y−(2) + y+(2)y−(1)}s−(1,2)

Y3(1,2;1Σg) = y−(1)y−(2)s−(1,2)

Y4(1,2;3Σu) = (1
2)

1/2{y+(1)y−(2) − y+(2)y−(1)}s+(1,2)

Each state has been classified according to the procedure indicated in Section 8.4 
and is antisymmetric with respect to electron interchange, as required by the 
Pauli principle.

The MO description given in Section 8.4 considered only Y1(1,2). When the 
energies of all four terms are calculated, we obtain the molecular potential energy 
curves shown in Fig. 8.15. Two of the curves, for Y1(1,2) and Y3(1,2), refer to 1Σg

terms and converge on the same energy as R → ∞. We have already seen that 
states of the same symmetry never cross because the hamiltonian always has 
non-zero matrix elements between them. As a result configuration interaction 
occurs, and instead of crossing the two terms move apart as shown in Fig. 8.15. 
Configuration interaction lowers the energy of the lower term because their 
interaction in eCect pushes the two states apart (as in Fig. 6.3), and hence leads 
to an improved description of the ground state and a lowering of its energy.

With CI, the wavefunction of the lower energy state is a linear combination of 
the two 1Σg states:

Y(1,2) = c1Y1(1,2) + c3Y3(1,2) = X(1,2)s−(1,2) (8.29)

where X (uppercase chi) is the orbital structure of this function:

X(1,2) = c1y+(1)y+(2) + c3y−(1)y−(2) (8.30)

 = 1
2c1{cA(1) + cB(1)}{cA(2) + cB(2)} + 1

2c3{cA(1) − cB(1)}{cA(2) − cB(2)}

 = 1
2(c1 + c3){cA(1)cA(2) + cB(2)cB(1)} + 1

2(c1 − c3){cA(1)cB(2) + cB(1)cA(2)}

It is revealing to compare this wavefunction with the form it has in the absence 
of configuration interaction (setting c1 = 1 and c3 = 0):

X(1,2) = 1
2cA(1)cA(2) + 1

2cB(2)cB(1) + 1
2cA(1)cB(2) + 1

2cB(1)cA(2) (8.31)

The key point is that the former wavefunction (eqn 8.30) is more flexible because 
the coeAcients c1 + c3 and c1 − c3 are variable; there is no such flexibility in the 
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latter wavefunction. This relaxation of constraint is an improvement and is 
reflected in the lowering of energy of the lower of the two interacting states.

8.6 Diatomic molecules

It is not a long step, at least at the present level of exposition, from H2 to the 
LCAO-MO description of other diatomic molecules. The basic principle for 
the construction of molecular orbitals is to form linear combinations of atomic 
orbitals that have the same symmetry with respect to rotations about the inter-
nuclear axis. More formally, we build linear combinations of atomic orbitals that 
have the same symmetry species (that is, span the same irreducible representa-
tion) within the molecular point group. As we established in Section 5.16, only 
orbitals of the same symmetry species may have non-zero overlap (S ≠ 0) and 
hence only they contribute to bonding. Thus, with the internuclear axis taken 
as the z-axis, s-, pz-, and dz2-orbitals all have symmetry species Σ in D∞h (for 
homonuclear diatomics) or C∞n (for heteronuclear diatomics) and may con-
tribute to s-orbitals. Similarly, px- and py-orbitals jointly span Π in D∞h or C∞n,
and hence may contribute to p-orbitals (Fig. 8.16) which have one unit of orbital 
angular momentum about the internuclear axis; dyz- and dzx-orbitals also span 
irreducible representations of symmetry species Π, and they too may contribute 
to p-orbitals. It is rarely necessary to consider d-orbitals, but the same principles 
can be applied; we select atomic orbitals of symmetry species D (specifically dxy

and dx2−y2), and form linear combinations of them.
We have stressed that group theory provides techniques for selecting atomic 

orbitals that may contribute to bonding, but other types of arguments must be 
used to decide whether these orbitals do in fact contribute, and to what extent.

(a) Criteria for atomic orbital overlap and bond formation

To participate significantly in bond formation, atomic orbitals must be neither 
too diCuse nor too compact. In either case, there would be only weak constructive 
or destructive overlap between neighbouring atoms, and only feeble bonds would 
result. It follows that in Period 2, (1s,1s)-overlap can be largely neglected in com-
parison with (2s,2s)-overlap, for 1s-orbitals are too compact to have significant 
overlap with each other. Indeed, it is generally safe, for qualitative discussions at 
least, to consider only overlap between orbitals of the valence shell, for only these 
orbitals are neither too compact nor too diCuse to have significant overlap.

In addition, the energies of the orbitals should be similar. To see why this is so, 
consider the following secular determinant for the bond formed between two 
diCerent atoms A and B:

aA − E
b − ES

b − ES
aB − E

= 0 (8.32)

where, in the usual notation, aA = 〈A |H | A〉, aB = 〈B |H | B〉, b = 〈A |H | B〉, and S =
〈A | B〉. The roots are found by solving the quadratic equation for the energy, and 
when |aA − aB | >> b and S = 0 they are

E− = aA − b2

|aB − aA |
E+ = aB + b2

|aB − aA |
(8.33)

These results (which are illustrated in Fig. 8.17) show that the molecular orbital 
energies are shifted from the atomic orbital energies (aA and aB) by only a small 
amount when aA and aB are very diCerent. Therefore, in heteronuclear diatomic 
molecules where atomic orbitals on diCerent atoms do not coincide in energy 
(unless by accident), the atomic orbitals closest in energy dominate the bonding.

(a) (b)

(c) (d)

Fig. 8.16 Examples of varieties 
of molecular orbitals: (a) and 
(b) s-orbitals, (c) and (d) p-orbitals.

(a)

(b)

aA aB

b

b

aA

aB

b2/(aA – aB)

b2/(aA – aB)

Fig. 8.17 The molecular orbital 
energy levels stemming from 
atomic orbitals of (a) the same 
energy, (b) diCerent energy.
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In the case of homonuclear diatomic molecules, solution of eqn 8.32 (with 
S = 0) demonstrates that the molecular orbital energies have their greatest shifts 
from the atomic orbital energies (by ±b, see Fig. 8.17) when aA = aB, that is, when 
the bond is formed from an atomic orbital cA and its matching orbital cB (for 
example, two 1s-orbitals in H2). This feature implies that the atomic orbitals of 
identical energy dominate the bonding. The strongest bonds will have compos-
itions such as (2s,2s) and (2p,2p) and there is no need (for qualitative discussions, 
at least) to consider (2s,1s) and (2p,1s) contributions. Detailed computations, 
however, cannot be so simplistic (see Chapter 9).

(b) Homonuclear diatomic molecules

With the above rules in mind, it is quite easy to set up a plausible molecular 
orbital energy level diagram for the Period 2 homonuclear diatomic molecules. 
We consider only the valence orbitals (and, in due course, the electrons they con-
tain). From the four atomic orbitals of Σ symmetry (the 2s- and 2pz-orbitals on 
each atom), we can form four linear combinations; these are the four s-orbitals
labelled 1sg, 1su, 2sg, and 2su in Fig. 8.18. Although to a first approximation we 
can think of the 2s-orbitals as forming bonding and anti-bonding combinations 
and the 2pz-orbitals as doing the same, there is normally insuAcient energy 
diCerence between 2s- and 2p-orbitals for it to be safe to ignore (2s,2p) contribu-
tions, and, as a result, it is better to think of all four combinations as formed from 
the four atomic orbitals, with increasing energy from the most bonding com-
bination (1sg) to the most antibonding combination (2su). All four s-orbitals
have mixed 2s- and 2pz-orbital character, with the lowest energy combination 
predominantly 2s-orbital in character and the highest energy combination pre-
dominantly 2pz. The four orbitals with Π symmetry (the 2px- and 2py-orbitals
on each atom) likewise form four combinations, but because they span the two-
dimensional irreducible representation, they fall into two doubly degenerate sets, 
which we call 1pu (the bonding MO) and 1pg (the antibonding MO). It is hard to 
predict the order of energy levels, particularly the relative ordering of the s and 
p sets, but it is found experimentally and confirmed by more detailed calculations 
that the order shown on the left of Fig. 8.18 applies from Li2 to N2, whereas the 
order shown on the right applies to O2 and F2.

To arrive at the electron configuration of the neutral molecule, we add the 
appropriate number of valence electrons to each set of energy levels. The pro-
cedure mirrors the building-up principle for atoms in that the electrons are added 
to the lowest energy available orbital subject to the requirement of the Pauli 
exclusion principle. If more than one orbital is available (as is the case when 
electrons occupy the p-orbitals), then electrons first occupy separate orbitals 
so as to minimize electron–electron repulsions; moreover, to benefit from spin 
correlation (Section 7.11), they do so with parallel spins.

1σg

1σu

1πu 1πu

1πg 1πg

2σg

2σu

1σg

1σu

2σg

2σu

2s

2p

2s

2p

Li2

Be2

B2C2

N2

O2 F2

Ne2

Energy

Fig. 8.18 The molecular orbital 
energy levels of diatomic 
molecules of the Period 2 
elements. The labels indicate the 
highest occupied level of the 
specified species. Note the change 
in the order that appears between 
dinitrogen and dioxygen.

A brief illustration

For N2 we need to accommodate 10 valence electrons, and the ground-state 
configuration is 1sg

21su
21pu

42sg
2, 1Σg

The bond order of a diatomic molecule is defined as half the diCerence between 
the number of bonding and antibonding electrons:

b = 1
2(Nbonding − Nantibonding) (8.34)
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The bond order is an indication of the strength of the bond. For dinitrogen, the 
ground-state configuration in the brief illustration has a bond order of 3, con-
sistent with the triple bond in the molecule. Bond orders can be computed using 
the types of electronic structure calculations described in Chapter 9.

A brief comment
There are molecules which 
exist despite having 
a computed bond order of zero. 
For example, the existence of 
dihelium at low temperatures 
can be attributed to non-
bonding van der Waals 
interactions of the type 
described in Chapter 12. 
Dihelium is an example of 
a class of molecules called 
van der Waals molecules.

Example 8.2 Determining bond orders

Determine the bond orders of molecular oxygen (O2) and the molecular ions O2
2+,

O2
+, O2

−, and O2
2−.

Method Use the molecular orbital energy level diagram for dioxygen in Fig. 8.18 
and add the appropriate number of valence electrons to the set of energy levels. 
The bond order is given by eqn 8.34.

Answer For O2, there are 12 valence electrons and the expected ground-state 
configuration is

O2 1sg
21su

22sg
21pu

41pg
2

The bond order is 1/2(8 − 4) = 2, as expected for a species with a notional double 
bond. Because the highest occupied molecular orbital is the antibonding 1pg, the 
additional valence electron in O2

− results in a bond order of 11/2. In a similar fashion 
we find bond orders of 1 (O2

2−), 21/2 (O2
+) and 3 (O2

2+). We therefore predict that the 
di-cation of molecular oxygen has the strongest and shortest bond.

Comment The greater bond order in O2
+ than in O2 is consistent with a shorter 

bond length in the cation (1.123 pm) than in the neutral molecule (1.207 pm).

Self-test 8.2 Determine the bond orders of molecular nitrogen and the molecular 
ions N2

2+, N2
+, N2

−, and N2
2−.

Example 8.2 predicts that the ground-state configuration for O2

O2 1sg
21su

22sg
21pu

41pg
2, 3Σg

Note that because only two electrons occupy the 1pg orbital, they will be in 
separate orbitals and have parallel spins. Hence the ground state is predicted 
to be a triplet (S = 1). The possession of non-zero spin is consistent with the para-
magnetic character of oxygen gas.

The terms HOMO and LUMO are used to refer to the highest occupied and 
lowest unoccupied molecular orbitals, respectively, which in the case of O2 are 
the 1pg (HOMO) and 2su (LUMO) orbitals. The HOMO and LUMO are referred 
to jointly as the frontier orbitals; the frontier is the site of much of the reactive 
and spectroscopic activity of the species.

The term symbols that have been attached to the configurations listed for 
dintrogen and dioxygen have been deduced in the manner already sketched for 
H2. However, the symbol for O2 is quite instructive (and incomplete). To determine 
the value of L, the total orbital angular momentum around the internuclear 
axis, we add together all the individual ls. For s-orbitals (and each electron they 
contain), l = 0. For p-orbitals, l = ±1 because each orbital corresponds to a 
diCerent sense of rotation about the axis: l = +1 corresponds to the linear com-
bination p+ = px + ipy and l = −1 corresponds to p− = px − ipy (in each case the 
unwritten normalization factor is 1/21/2). It follows that a p4 configuration neces-
sarily contributes 0 to L, because it has equal numbers of electrons orbiting clock-
wise and counter-clockwise. A p2 configuration, as in O2, however, can contribute 
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0 or ±2 to L because the two electrons can be in diCerent orbitals (p1
+p1

−) or the 
same orbital (p2

+ or p2
−), respectively. Hence, the configuration can give rise to a 

Σ (|L | = 0) and a D (|L | = 2) term, respectively. Because we expect the two electrons 
to occupy diFerent orbitals (to minimize their mutual repulsion), it follows that 
we expect the ground term to be Σ, with D higher in energy. Moreover, because 
the electrons are in diCerent p-orbitals, they can have either S = 0 or S = 1, so we 
expect 1Σ and 3Σ terms, with the latter lower in energy. On the other hand, the D
term must have paired spins because both electrons occupy the same p-orbital,
and so it must have S = 0, so giving a 1D term. The experimental molecular potential 
energy curves for O2 are illustrated in Fig. 8.19, and these terms can be identified.

We remarked that the term symbol for O2 given above is incomplete. Terms 
designated Σ also require a label to distinguish their behaviour under reflection 
in a plane that contains the internuclear axis (see the D∞h character table in 
Resource section 1). Each s-orbital has the character +1 under this operation. 
A p-orbital, however, may have the character +1 or −1 (Fig. 8.20). If the two 
electrons of interest occupy diCerent p-orbitals, then one of them will be +1
and the other will be −1, and overall the character of the configuration will be 
(+1) × (−1) = −1. This symmetry is denoted by a right superscript, so the full term 
symbol for the ground state of O2 is 

3Σg
−.

The case of C2 is equally instructive. The straightforward application of the 
building-up principle suggests the ground-state configuration

C2 1sg
21su

21pu
4 1Σg

+

However, we have to be circumspect, because we are dealing with a many-electron 
molecule, and the occupation of the lowest energy orbitals does not necessarily 
lead to the lowest energy. We need to allow for the possibility that excitation of 
an electron to a nearby orbital, as illustrated in Fig. 8.21, might lower the electron–
electron repulsion and result in a lower overall energy despite the occupation of 
a higher energy orbital. The resulting configuration 1sg

21su
21pu

32sg
1 would result in 

a 3Πu term, with the lowering of energy aided by the presence of spin correlation. 
Provided that the 1pu and 2sg orbitals are quite close in energy, there is no 
unambiguous way of predicting which is the lower state. Indeed, even the experi-
mental situation was unclear for many years, but it has now been resolved in 
favour of a 1Σg

+ ground state.
This qualitative approach to the electronic structure of homonuclear diatomic 

molecules is only a first stage in reaching an understanding. Modern quantitative 
theories of structure are based on detailed numerical calculations like those 
described in Chapter 9.

(c) Heteronuclear diatomic molecules

The qualitative eCect of the presence of two diCerent atoms in a diatomic mol-
ecule is for there to be a non-uniform distribution of electron density. Specifically, 
for molecular orbitals of the form

y = cAcA + cBcB

it will no longer be true that |cA |2 = |cB |2. If we take A to be the more electronega-
tive atom of the two, then useful rules of thumb will be:

• The bonding combination will have |cA |2 > |cB |2, with cA and cB of the same 
sign, as it is a contribution to the lowering of energy for the electron to be 
found predominantly on A.

• The antibonding combination will have |cA |2 < |cB |2, with cA and cB of 
opposite sign, and an electron in this orbital will be found predominantly on B. 
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Its occupation of an orbital on B is a contribution to the raising of the energy 
of this molecular orbital.

A second feature of heteronuclear bonding is that because, except by accident, 
the energies of the orbitals of one atom do not coincide with those of the second 
atom, the extent to which the molecular orbitals are shifted in energy from the 
atomic orbitals is less than for homonuclear species. To borrow a term from clas-
sical physics, in homonuclear molecules the orbitals of the same designation 
‘resonate’ with one another and hence couple strongly, whereas the resonance is 
imperfect in heteronuclear species and the coupling is weaker.

These features suggest that a heteronuclear bonding system can be generated 
from the homonuclear system by

• reducing the changes in energy represented by the molecular orbital energy 
levels;

• allowing for a greater contribution to bonding orbitals from atomic orbitals 
of low energy;

• allowing for a greater contribution to antibonding orbitals from higher 
energy atomic orbitals.

The resulting scheme (for CO) is illustrated in Fig. 8.22. Note also that, because 
a heteronuclear diatomic molecule lacks a centre of inversion, the parity designa-
tion (g or u) is no longer relevant.

The ground-state electron configuration of CO can now be deduced by adding 
the 10 valence electrons to the five lowest-energy orbitals:

CO 1s22s21p43s2 1Σ+

The HOMO is 3s, which is in fact a largely non-bonding orbital on the C atom, 
so 3s2 corresponds to a lone pair on C. The LUMO is 2p, which is a doubly 
degenerate pair of orbitals of largely C2p-orbital character. This combination of 
a HOMO that can provide two electrons and a LUMO that can accept them is 
chemically highly potent, and accounts for the widespread occurrence of metal 
carbonyl complexes such as Ni(CO)4 and for the ability of carbon monoxide to 
act as a poison.

Once again, it must be stressed that arguments such as these are little more 
than a qualitative rule of thumb for rationalizing certain features of the elec-
tronic structures of diatomic molecules. For accurate energies and electron distri-
butions, and to calculate reliable molecular properties from these wavefunctions, 
it is necessary to use the numerical techniques described in Chapter 9.
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2π
C2p

C2s

O2p

O2s

Fig. 8.22 A depiction of the 
molecular orbital energy levels of 
the carbon monoxide molecule. 
The energy levels are notional. 
The orbital depictions have 
been computed as described 
in Chapter 9, using a 3-21G* 
basis in the Hartree–Fock 
approximation.
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Fig. 8.21 When orbitals have 
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Molecular orbital theory of polyatomic molecules

The molecular orbitals of polyatomic species are linear combinations of atomic 
orbitals just like those in eqn 8.13, which we repeat here:

y = ∑
o

coco (8.35)

The main diCerence is that now the sum extends over all the atomic orbitals of 
the atoms in the molecule. However, as for diatomic molecules, only atomic 
orbitals that have the appropriate symmetry make a contribution, because only 
they have net overlap with one another. When a molecule lacks any symmetry 
elements (other than the identity), there is no way of avoiding assembling each 
molecular orbital from the entire basis set. However, when the molecule has 
elements of symmetry, group theory can be particularly helpful in deciding which 
atomic orbitals in the basis set can contribute to each molecular orbital, and in 
classifying the resulting orbitals according to their symmetry species.

8.7 Symmetry-adapted linear combinations

The concept behind the construction of a symmetry-adapted linear combination
(SALC) is to identify two or more equivalent atoms in a molecule, such as the two 
H atoms in H2O, and to form linear combinations of the atomic orbitals they 
provide that belong to specific symmetry species. Then molecular orbitals are 
constructed by forming linear combinations of each SALC with an atomic orbital 
of the same symmetry species on the central atom (the O atom in H2O). We can 
be confident that only the SALC with a given symmetry species will have a net 
overlap with an atomic orbital of the same symmetry species. The eCect of using 
SALCs instead of the raw basis is to factorize the secular determinant into block-
diagonal form, because all elements Hrs and Srs are zero except between orbitals 
of the same symmetry species. The secular determinant is thereby factorized into 
a product of smaller determinants, and we need to find the roots of these deter-
minants, which is in general a much simpler task.

(a) The H2O molecule

The H2O molecule belongs to the point group C2v. If we use the six-member 
minimal basis set (H1sA, H1sB, O2s, O2px, O2py, O2pz), then we should expect 
a 6 × 6 determinant and a sixth-order equation to solve for E. However, it should 
be clear from Fig. 8.23 that the two linear combinations

j(A1) = H1sA + H1sB j(B2) = H1sA − H1sB

can have net overlap with O2s and O2pz (for j(A1)) and with O2py (for j(B2)),
but not with O2px (there is no j(B1) from the H1s basis). This observation sug-
gests that molecular orbitals in H2O will fall into the following groups:

y(a1) = c1c(O2s) + c2c(O2pz) + c3j(A1)

y(b1) = c(O2px)

y(b2) = c4c(O2py) + c5j(B2)

where we take z as the twofold rotation axis and x as perpendicular to the 
molecular plane. The secular determinant consists of three blocks, one being 
three-dimensional (involving the solution of a cubic equation for E), one being 
one-dimensional (involving only a trivial statement of the energy), and one 
being two-dimensional (and requiring the solution of a quadratic equation). 

a1

a1

b2

b2

b1

O2s, O2pz

O2py

O2px

H1sA + H1sB

H1sA – H1sB

Fig. 8.23 The symmetry 
classification of the oxygen 
atomic orbitals in H2O, a C2v

molecule, and the two symmetry-
adapted linear combinations of 
the H1s orbitals.
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In each case we have identified the symmetry species of the SALC by reference to the 
character table and have combined it with atomic orbitals of the same symmetry 
species to form a molecular orbital of the specified symmetry species. The molecu-
lar orbitals (not the SALCs) are labelled by lower case roman letters correspond-
ing to the symmetry species, so in H2O we can expect the orbitals a1, b1, and b2.
Each orbital of a particular symmetry species is then numbered sequentially in 
order of increasing energy, to give a notation such as 1a1, 2a1, and so on.

The formal procedure for the construction of SALCs was explained in Sec-
tion 5.12, where we saw that a character table is used to formulate a projection 
operator, and then that projection operator is applied to a member of the basis. 
The procedure is illustrated in the following example.

Example 8.3 Constructing symmetry-adapted linear combinations

Construct the SALCs for H2O using the basis set (H1sA, H1sB, O2s, O2px, O2py,
O2pz).

Method Follow the method set out in Example 5.9. The point group is C2v and 
h = 4.

Answer The eCect of the operations of the group on the basis is set out in the 
following table:

C2v O2s O2px O2py O2pz H1sA H1sB

E O2s O2px O2py O2pz H1sA H1sB

C2 O2s −O2px −O2py O2pz H1sB H1sA

sv O2s O2px −O2py O2pz H1sB H1sA

s′v O2s −O2px O2py O2pz H1sA H1sB

For A1, d = 1 and all c(R) = +1 (in this context, c denotes a character!). Hence, 
column 1 gives O2s, column 2 and column 3 give 0, column 4 gives O2pz and 
column 5 gives 1

2(H1sA + H1sB). This set of orbitals combine to give the molecular 
orbital y(a1) listed in the text. For A2, with characters (1,1, −1, −1), no column 
survives. For B1 with characters (1, −1,1, −1), column 2 gives O2px, and all other 
columns give 0. The b1 orbital is therefore a non-bonding orbital confined to 
the O atom, as no other orbitals present have net overlap with it (see Fig. 8.23). 
For B2, with characters (1, −1, −1,1), column 3 gives O2py and columns 5 or 6 give 
1
2(H1sA − H1sB). Hence, the b2 orbital has the form given in the text.

Comment If d-orbitals were available (as in H2S), the dz2- and dx2−y2- would con-
tribute to a1 molecular orbitals, dyz would contribute to b2, and dzx and dxy would 
be non-bonding and b1 and a2, respectively.

Self-test 8.3 Construct SALCs from the H1s orbitals of NH3.

The energies of the molecular orbitals and the values of the coeAcients are found 
by solving the secular equations in the normal way. However, there is the added 
complication that the bond lengths and the bond angles must also be varied until 
the total energy of the molecule is a minimum, and that lowest energy arrange-
ment of the atoms is accepted as the most stable state of the molecule. Alternatively, 
if the geometry of the molecule is known, then a single calculation may be carried 
out for that arrangement of nuclei. For H2O, for instance, the bond angle is 104°, 
and the molecular orbital energy level diagram is as shown in Fig. 8.24. 

Energy

1a1

2a1

3a1

1b2

2b2

1b1

Fig. 8.24 The molecular orbitals 
of H2O at its equilibrium bond 
angle of 104°. The energy 
levels are notional. The orbital 
depictions have been computed 
as described in Chapter 9, using 
a 3-21G* basis in the Hartree–
Fock approximation.
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As there are eight valence electrons to accommodate, the ground-state electron 
configuration of H2O is expected to be

H2O 1a1
21b2

22a1
21b1

2 1A1

The overall term symbol is calculated by multiplying together the characters of 
the occupied orbitals, and then identifying the overall symmetry species of the 
molecule from the character table. As all the orbitals are doubly occupied, and 
their characters are ±1, the outcome is the set (1,1,1,1), which corresponds to A1.
All electrons are paired, so S = 0 and the multiplicity is 1.

(b) The NH3 molecule

The same technique may be applied to ammonia, NH3, which belongs to the 
point group C3v. Now the minimal basis set, the basis set employing only the 
valence orbitals, consists of N2s, N2p, and three H1s, giving seven members in 
all. Without adopting symmetry arguments, we would expect to have to solve 
a 7 × 7 secular determinant. With symmetry taken into account, we would expect 
the problem to be reduced to a series of bite-sized determinants. Intuitively, we 
should expect the N2s- and N2pz-orbitals to belong to one symmetry species and 
N2px and N2py to belong to another. This separation can indeed be seen at a 
glance by looking at the C3v character table in Resource section 1, because an 
s-orbital and a pz-orbital on the central atom both span A1 whereas (px,py) jointly 
span E. The symmetry species of the three H atoms were established in Example 
5.9, and we know that the SALCs, which there were called s1, s2, and s3, span A1

+ E. These points can be verified by reference to Fig. 8.25 or by reviewing the 
work that was done in Example 5.9.

The complete 7 × 7 secular determinant for NH3 factorizes into a 3 × 3 deter-
minant (for the a1-orbitals) and two 2 × 2 determinants (for the e-orbitals). The 
molecular orbitals are therefore of the form

y(a1) = c1s1 + c2c(N2s) + c3c(N2pz)

y(e) = c′1s2 + c′2c(N2px) and c1″s3 + c2″c(N2py)

(The e-orbitals are distinguished by their reflection symmetry.) The solution of 
the secular determinant for the observed bond angle of 107° gives a set of energy 
levels shown in Fig. 8.26. There are eight electrons to accommodate, and so the 
configuration of the ground state is expected to be

NH3 1a1
21e42a1

2 1A1

The HOMO is the 2a1-orbital, which is largely a non-bonding orbital composed 
of N2s- and N2pz-orbitals: the electrons that occupy it therefore constitute a lone 
pair on the N atom.

8.8 Conjugated p-systems and the Hückel approximation

A special class of polyatomic molecules consists of those containing p-bonded
atoms, particularly conjugated polyenes and arenes. They fall into a unique class 
because the orbitals with local s and p symmetry can be discussed separately. By 
‘local’ symmetry we mean symmetry with respect to one internuclear axis rather 
than the global symmetry of the molecule. For global symmetry we have to 
classify orbitals according to the overall point group of the molecule, and the 
s,p designation is relevant only for linear species. However, if we focus on an 
individual A−B fragment of the molecule, then the orbitals do have a character-
istic rotational symmetry about that axis, and they can be classified as locally s
or p.

a1

a1

N2s, N2pz

N2px, N2py

H1sA + H1sB + H1sC

2H1sA – H1sB – H1sC

H1sB – H1sC

e

e

Fig. 8.25 The symmetry 
classification of the nitrogen 
atomic orbitals in NH3, a C3v

molecule, and the three 
symmetry-adapted linear 
combinations of the H1s orbitals.



One reason for the separate treatment of orbitals that can be classified locally 
as s and p is that the electrons in p-orbitals are typically less strongly bound than 
those in s-orbitals, so there is little interaction between the two types of orbital 
(recall the principles set out in Section 8.6). Another reason for the separation is 
that as p-orbitals are typically found in planar molecules, they have global sym-
metry properties (specifically, with respect to reflection in the molecular plane) 
that distinguish them from s-orbitals, and therefore span diCerent irreducible 
representations of the molecular point group. As a consequence, they can be 
discussed separately.

The simplest organic p-system is the ethene molecule, CH2=CH2. The s-orbitals
in ethene are molecular orbitals composed of various symmetry-adapted linear 
combinations of C2s, C2px, C2py, and H1s orbitals; the p-orbitals are formed by 
overlap between C2pz orbitals where the z-axis lies perpendicular to the molecu-
lar plane (Fig. 8.27). This model immediately accounts for the torsional rigidity 
of the molecule, because (C2pz,C2pz)-overlap is greatest when the molecule is 
planar. The p-orbital energies are found by solving a 2 × 2 secular determinant, 
and the solutions given in eqn 8.17 may be employed because the carbon-carbon 
fragment is homonuclear.

When the p-system is conjugated, which means that the p-system extends over 
several neighbouring atoms, the simplest description of the bonding is in terms of 
the Hückel approximation. This drastic approximation makes the following 
assumptions in the formulation of the secular determinant | H − ES |:

1. All overlap integrals are set equal to zero: Srs = drs.

This is in fact a poor approximation, because actual overlap integrals are typic-
ally close to 0.2. Nevertheless, when the rule is relaxed, the energies are shifted 
in a simple way and their relative order is not greatly disturbed.

Energy

1a1

2a1

3a1

1e

2e

Fig. 8.26 The molecular orbitals 
of NH3 at its equilibrium bond 
angle of 107°. The energy levels 
are notional. The orbital 
depictions have been computed 
as described in Chapter 9, using 
a 3-21G* basis in the Hartree–
Fock approximation.

Fig. 8.27 The structure of the 
p-orbital in ethene.

 8.8 CONJUGATED p-SYSTEMS AND THE HÜCKEL APPROXIMATION | 277



278 | 8 AN INTRODUCTION TO MOLECULAR STRUCTURE

2. All diagonal matrix elements of the hamiltonian are ascribed the same 
value: Hrr = a.

The parameter a is negative. This approximation is reasonable for species that 
do not contain heteroatoms because all the conjugated atoms are electronically 
similar.

3. All oC-diagonal elements of the hamiltonian are set equal to zero except for 
those between neighbouring atoms, all of which are set equal to b.

The parameter b is negative. It is the important parameter characteristic of 
Hückel theory, in so far as it governs the separation of the molecular orbital 
energy levels.

a + 1.618b

a + 0.618b

a – 1.618b

a – 0.618b

Energy

+ +

+ +

+

+ +

+

+ +

– –

– –

– –

Fig. 8.28 The Hückel molecular 
orbitals and their energies in 
butadiene (as viewed down the 
axis of the p-orbitals).

A brief comment
Some justification for setting all 
diagonal elements to the same 
value comes from the Coulson–
Rushbrooke theorem, which 
states that the charge density 
on all the carbon atoms 
is the same in alternant 
hydrocarbons. An alternant
hydrocarbon is one in which 
the atoms can be divided into 
two groups by putting a star on 
alternate atoms and not having 
any neighbouring stars when 
the numbering is complete. 
Benzene (1) is alternant; 
azulene (2) is non-alternant.

Example 8.4 Implementing the Hückel approximation

Set up and solve the secular determinant for p-orbitals of the butadiene molecule 
in the Hückel approximation.

Method Construct the secular determinant by setting all diagonal elements equal 
to a − E and oC-diagonal elements between neighbouring atoms equal to b; all 
other elements are zero. Set the secular determinant equal to zero, and solve the 
resulting quartic equation in x = a − E for x and hence E.

Answer The equation to solve is

a − E
b
0
0

b
a − E
b
0

0
b

a − E
b

0
0
b

a − E

= 0

On setting x = a − E and expanding the determinant, we obtain

x4 − 3b2x2 + b4 = 0

This quartic in x is a quadratic equation in y = x2, namely

y2 − 3b2y + b4 = 0

so its roots can be found by elementary methods:

x = AC
3 ± 51/2

2
DF

1/2

b x = − AC
3 ± 51/2

2
DF

1/2

b

We conclude that the energy levels are

E = a ± 1.618b a ± 0.618b

as shown in Fig. 8.28.

Comment The secular determinant for butadiene is an example of a so-called ‘tri-
diagonal determinant’, in which the non-zero elements all lie along three neigh-
bouring diagonal lines. From the theory of determinants, an N × N tridiagonal 
determinant with equal elements along the main diagonal and equal elements along 
a subdiagonal has the following roots:

Ek = a + 2b cos AC
kp

N + 1
DF k = 1,2, . . . ,N

InterActivity Use the Worksheet entitled Example 8.4 in this text’s website to 
explore the roots of a tridiagonal determinant of dimension N.

Self-test 8.4 Find the roots of the secular determinant for the p-orbitals of square-
planar cyclobutadiene.

[a ± 2b, a, a]

*

**

*

*
**

*

1

2



Example 8.4 has shown how to calculate the molecular orbital energy levels in 
a simple case. The coeAcients of the orbitals can be found by substituting these 
energies into the secular equations. However, in practice it is much easier to 
employ a computer: the roots we have found are the eigenvalues of the secular 
matrix H − ES and the corresponding eigenfunctions of the matrix are the 
coeAcients of the atomic orbitals that contribute to each molecular orbital. For 
example, the four molecular orbitals of butadiene are found in this way to be

y(1p) = 0.372cA + 0.602cB + 0.602cC + 0.372cD E = a + 1.618b
y(2p) = −0.602cA − 0.372cB + 0.372cC + 0.602cD E = a + 0.618b
y(3p) = −0.602cA + 0.372cB + 0.372cC − 0.602cD E = a − 0.618b
y(4p) = 0.372cA − 0.602cB + 0.602cC − 0.372cD E = a − 1.618b

where cJ is a 2pz-orbital on atom J. The composition of these molecular orbitals 
is independent of the values of a and b (provided b ≠ 0). Notice that the energy of 
the orbital increases with the number of nodes, and that the amplitude of each 
coeAcient follows a sine wave fitted to the length of the molecule (Fig. 8.29).

The ground-state configuration of the molecule is 1p22p2, which corresponds 
to a total p-electron energy of 4a + 2(5)1/2b. The energy of a single unconjugated 
(bonding) p-orbital is a + b (see eqn 8.16 and ignore overlap), and so if the mol-
ecule were described as having two unconjugated p-bonds, its total p-electron
energy would have been 4a + 4b. The diCerence, which in this case is {2(51/2) − 4}b
= 0.472b, is called the delocalization energy of the molecule. The delocalization 
energy is independent of a within the Hückel approximation. Remember that b
is negative; it has a very approximate order-of-magnitude value of b = −0.75 eV 
(−72 kJ mol−1).

The Hückel procedure leads to secular determinants of dimension NC, where 
NC is the number of carbon atoms in the molecule. However, these large deter-
minants may often be factorized by making use of the symmetry of the system 
beyond the simple mirror plane that enables the p-system to be distinguished 
from the s-system. This additional factorization follows from the usual argu-
ments about the hamiltonian having no non-zero elements between linear com-
binations of orbitals that belong to diCerent symmetry species of the molecular 
point group. For benzene, for instance, the 6 × 6 determinant can be simplified 
considerably by making use of the D6h symmetry of the molecule. In fact, because 
every 2pz-orbital changes sign under reflection in the molecular plane, we lose no 
information by using the C6v subgroup of the molecule. The procedure involves 
treating the C atoms as the peripheral atoms of a molecule, and setting up SALCs 
of their 2pz-orbitals; however as there is no ‘central’ atom, these SALCs are in 
this instance the actual p molecular orbitals of the molecule. The projection 
operator technique described in Section 5.12 leads to the following linear com-
binations (labelled according to the symmetry species of the group D6h):

y(a2u) = A
C
1
6

D
F

1/2

(pA + pB + pC + pD + pE + pF)

y(e1g) = (a) AC
1
12

D
F

1/2

(2pA + pB − pC − 2pD − pE + pF) and (b) 
1
2

(pB + pC − pE − pF)

y(e2u) = (a) AC
1
12

D
F

1/2

(2pA − pB − pC + 2pD − pE − pF) and 

  (b) 
1
2

(pB − pC + pE − pF)

y(b2g) = A
C
1
6

D
F

1/2

(pA − pB + pC − pD + pE − pF)

Fig. 8.29 The contributions of 
the p-orbitals to each p-orbital
match the amplitude of a sine 
wave (the wavefunction for 
a particle in a box) at the parent 
carbon atom.
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These orbitals are sketched in Fig. 8.30. Note that the form of the orbitals is 
determined solely by the symmetry of the molecule and makes no reference to the 
values of a or b. As we show in the following example, the energy levels are

E(a2u) = a + 2b E(e1g) = a + b E(e2u) = a − b E(b2g) = a − 2b

As we have already remarked, b is negative, so the orbitals lie in the order shown 
in the illustration. As we remarked in the case of butadiene, the energy of the 
molecular orbital increases with the number of nodes.

Energy

1a2u

1b2g

1e1g

1e2u

a + 2b

a + b

a – b

a – 2b

Fig. 8.30 The molecular orbitals 
and their energies in benzene. 
The energy levels are from the 
Hückel approximation. The 
orbital depictions have been 
computed as described in 
Chapter 9, using a 3-21G* 
basis in the Hartree–Fock 
approximation.

Example 8.5 Determining the energy levels of the benzene molecule

Determine the p-electron energy levels of the benzene molecule by using the Hückel 
approximation.

Method The molecular orbitals are specified above. We can form secular determi-
nants for each orbital species separately as the hamiltonian has no oC-diagonal
elements between orbitals of diCerent symmetry species. Use the Hückel rules for 
writing the matrix elements after expanding the Hrs matrix elements in terms of 
the linear combinations of 2pz-orbitals. The orbitals that span one-dimensional 
irreducible representations give simple 1 × 1 determinants, which are trivial to 
solve. The orbitals that span two-dimensional irreducible representations give 
2 × 2 determinants, which lead to quadratic equations. However, because the 
e-orbitals of each set have diCerent reflection symmetry, they too give diagonal 
determinants, so the roots can be found trivially.

Answer The matrix elements we require are as follows:

〈y(a2u)|H |y(a2u)〉 = 1
6(pA + · · · + pF |H | pA + · · · + pF〉 = a + 2b

〈y(b2g)|H |y(b2g)〉 = 1
6(pA − · · · − pF |H | pA − · · · − pF〉 = a − 2b ››



The ground-state electron configuration of benzene is

C6H6 a2
2ue

4
1g

1A1g

and the delocalization energy is

Edeloc = {2(a + 2b) + 4(a + b)} − 6(a + b) = 2b

The HOMO is e1g and the LUMO is e2u. The six electrons just complete the 
molecular orbitals with net bonding eCect, leaving unfilled the orbitals with 
net antibonding character, which is a characteristic configuration for aromatic 
molecules. To some extent this configuration echoes the configuration of N2,
and both molecules have a pronounced chemical inactivity. Another feature of 
the energy levels of benzene is that the array of levels is symmetrical: to every 
bonding level there corresponds an antibonding level. This symmetry is a charac-
teristic feature of alternant hydrocarbons and can be traced to the topological 
character of the molecules. Indeed, many of the results of Hückel theory can be 
established on the basis of ‘graph theory’, the branch of topology concerned with 
the properties of networks. One particular result of this kind of analysis is the 
justification of the ‘(4n + 2)-rule’ for the anticipation of aromatic character, 
where n is the number of p-electrons.

As we have stressed, Hückel theory, which virtually hijacks the disagreeable 
integrals that appear in a full treatment, is only the most primitive stage of dis-
cussing p-electron molecules. Even the more sophisticated version of Hückel 
theory, called extended Hückel theory, in which overlap integrals are not set to 
zero, is primitive compared to the modern, far more reliable numerical approaches 
described in Chapter 9.

〈y(e1g(a))|H |y(e1g(a))〉 = a + b 〈y(e1g(b))|H |y(e1g(b))〉 = a + b
〈y(e2u(a))|H |y(e2u(a))〉 = a − b 〈y(e2u(b))|H |y(e2u(b))〉 = a − b
〈y(e1g(a))|H |y(e1g(b))〉 = 0 〈y(e2u(a))|H |y(e2u(b))〉 = 0

The resulting energies are those quoted in the text and displayed in Fig. 8.30.

Comment For a cyclic conjugated polyene containing NC carbon atoms in the ring, 
the general solution of the secular determinant yields the energy levels

Ek = a + 2b cos AC
2kp
NC

DF
where

• k = 0, ±1, ±2, . . . , ±(NC − 1)/2 for odd NC

• k = 0, ±1, ±2, . . . , ±(NC − 2)/2, NC/2 for even NC

This result is the basis of a simple graphical mnemonic for relating the energy levels 
of a cyclic polyene to its shape. As shown in Fig. 8.31, the pattern of energy levels 
mirrors the locations of the C atoms (which lie at locations given by cos (2kp/NC)
around the ring of an NC-atom polyene).

InterActivity Use the Worksheet entitled Example 8.5 in this text’s website to 
compute the Hückel molecular orbital energy levels for a cyclic polyene.

Self-test 8.5 Use the C2v subgroup of naphthalene to find the p-electron molecular 
orbital energy levels within the Hückel approximation.

Fig. 8.31 The pattern of energy 
levels in cyclic polyenes mirrors 
the locations of the carbon atoms 
in the ring.
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8.9 Ligand fi eld theory

The success of Hückel theory is rooted in the fact that the orbitals themselves are 
determined by the symmetry of the system. These symmetry-determined orbitals 
are then put into an order of energies, essentially by counting the number and 
noting the importance of their nodes. The energy diCerences between the orbitals 
are typically so large that the coarseness of this procedure does not unduly mis-
represent their order. A similar situation occurs in the complexes of d-metal ions. 
These complexes consist of a central metal ion surrounded by a three-dimensional 
array of ligands. The composition of the orbitals of the complex is largely deter-
mined by the symmetry of the environment, and a single parameter can be used 
to give a rough indication of the order of the energies of the molecular orbitals 
of the complex. Ligand field theory is a kind of three-dimensional version of 
Hückel theory, in which symmetry plays a central role, and in which structural, 
spectroscopic, magnetic, and thermodynamic properties are parametrized in 
terms of the ligand field splitting parameter, D.

We denote the central metal ion by M and assume that it has the configuration 
dn. The ligands are denoted L, and we confine attention to ML6 octahedral com-
plexes with Oh symmetry. The orbitals of the ligands are denoted l. In particular, 
we suppose that each ligand i supplies an orbital l i

(s) that has local s symmetry 
with respect to the M–L bond; s- or  p-orbitals, the latter directed along the M–L 
bond, are examples of such ligand orbitals. Thus, in ligand field theory, each 
Lewis-base ligand is simulated by a single orbital that supplies two electrons. 
Later we shall allow for the possibility that the ligands can supply electrons from 
or accept electrons into their p-orbitals, and denote the latter by li

(p).

(a) The SALCs of the octahedral complex

The first step in ligand field theory is to set up symmetry-adapted linear combin-
ations and to identify the symmetry species of the d-orbitals on the central metal 
ion. A glance at the Oh character table in Resource section 1 shows that in an 
octahedral environment, two of the d-orbitals (dz2 and dx2−y2) span Eg and the 
remaining three (dxy, dyz, and dzx) span T2g. The standard techniques of group 
theory show that the ligand s-orbitals span A1g + Eg + T1u in Oh, and projection 
operator techniques give the following explicit forms of the corresponding SALCs:

y(A1g) = A
C
1
6

D
F

1/2

(l1
(s) + l2

(s) + l3
(s) + l4

(s) + l5
(s) + l6

(s))

 y(Eg) = (a) AC
1

12
D
F

1/2

(2l5
(s) + 2l6

(s) − l1
(s) − l2

(s) − l3
(s) − l4

(s)) and

  (b) 
1
2

(l1
(s) + l2

(s) − l3
(s) − l4

(s))

y(T1u) = (a) AC
1
2

D
F

1/2

(l1
(s) − l2

(s)),

  (b) AC
1
2

D
F

1/2

(l3
(s) − l4

(s)), and

  (c) AC
1
2

D
F

1/2

(l5
(s) − l6

(s))

These SALCs are illustrated in Fig. 8.32. Note that there is no T2g combination.

(b) The molecular orbitals of the octahedral complex

Now we form molecular orbitals as linear combinations of the SALCs and the 
metal d-orbitals of the same symmetry species, for only these combinations have 

a1g

eg

t1u

Fig. 8.32 A depiction of the 
symmetry-adapted linear 
combination of ligand atomic 
orbitals in an octahedral 
complex.
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non-zero net overlap. It is apparent from Fig. 8.32 that dz2 has non-zero overlap 
with y(Eg,a) but not with y(Eg,b); the opposite is true for dx2−y2.

y(a1g) = y(A1g)

y(eg) = (a) c1c(dz2) + c2y(Eg,a) and (b) c′1c(dx2−y2) + c′2y(Eg,b)

y(t1u) = (a) y(T1u,a), (b) y(T1u,b), (c) y(T1u,c)

y(t2g) = (a) c(dxy), (b) c(dyz), (c) c(dzx)

We have not included overlap with metal s- and p-orbitals: they transform as A1g

and T1u, respectively, and so would combine with the SALCs of those symmetry 
species. We therefore can expect an array of energy levels like that shown in 
Fig. 8.33. The bonding eg combination is largely confined to the ligands (the 
lower energy orbitals) and the antibonding combination is largely confined to 
the metal ion. The t2g orbitals are non-bonding atomic orbitals on the metal ion. 
The a1g and t1u combinations labelled ‘bonding’ in Fig. 8.33 are confined almost 
entirely to the ligands and those labelled ‘antibonding’ are confined almost 
entirely to the metal.

(c) The ground-state confi guration: low- and high-spin complexes

There are 12 electrons to accommodate that are supplied by the ligands (two 
from each Lewis base), and n electrons supplied by the dn metal ion. Of these 
12 + n electrons, 12 fill the two bonding eg and four ‘bonding’ a1g and t1u orbitals: 
these electrons are largely confined to the ligands. Up to six of the remaining n
electrons are free to occupy the three t2g orbitals on the metal ion and the remain-
der will occupy the antibonding eg combination, which is largely confined to the 
metal ion too.

However, at this point there is a complication. The ground-state electron 
configuration of the complex is the configuration that corresponds to the lowest 
total energy. When the separation between t2g and the antibonding eg orbitals is 
small, it may be advantageous to occupy the latter orbital before completely 
filling the former, because then the electrons occupy spatially distinct regions and 
may do so with parallel spins and so benefit from spin correlation. The crucial 
quantity is the ligand field splitting parameter, D, the energy separation between 
eg and t2g. If this splitting is large, then a d4 complex, for instance, will adopt 
the configuration t4

2g with one orbital doubly occupied. However, if the splitting 
is small, then it may be energetically advantageous for the complex to adopt 
the configuration t3

2geg
1 with all four electrons in separate orbitals with parallel 

spins.
It follows from this discussion that we should distinguish between the follow-

ing two cases:

• The strong-field case, in which the ligand field splitting parameter is large 
and it is energetically favourable to occupy the t2g orbitals first.

• The weak-field case, in which the ligand field splitting parameter is small and 
it is energetically favourable to occupy the eg orbitals before the t2g orbitals 
are completely filled.

Metal
atom

Complex Ligands

4p

4s

3d
eg

eg

eg

a1g

a1g

a1g

t1u

t1u

t1u

t2g
Δ

Fig. 8.33 The molecular orbital 
energy level diagram for 
an octahedral complex. For 
accounting purposes, the ligand 
electrons occupy all the bonding 
orbitals; the electrons supplied 
by the metal atom occupy the 
orbitals in the box.

A brief illustration

The ligand field splitting parameter in [Cr(CN)6]
3− (a d3 strong-field complex) is 

26 600 cm−1 (3.30eV); that in the d3 weak-field complex [Cr(OH2)6]
3+ is 17 400 cm−1

(2.16eV).
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The ambiguity in ground-state configuration is found for d4, d5, d6, and d7

complexes.

• When the ligand field splitting parameter is so large that a t4
2g, t

5
2g, t

6
2g, or t6

2ge
1
g

configuration is adopted, the spins need to pair. As a result, such complexes 
are classified as low-spin complexes. As may be verified from Fig. 8.34, they 
have 2, 1, 0, and 1 unpaired spins, respectively.

• When the ligand field is weak, the complexes can be expected to be t3
2ge

1
g,

t3
2ge

2
g, t

4
2ge

2
g, and t5

2ge
2
g, with 4, 5, 4, and 3 unpaired spins (Fig. 8.34). Such com-

plexes are classified as high-spin complexes.

Because the number of unpaired electrons is responsible for the magnetic prop-
erties of complexes, we see that modification of the ligands and consequently the 
size of D may influence the magnetic properties of the species.

(d) Tanabe–Sugano diagrams

The weak-field case can be quite tricky to handle because the tm
2geg

m′ configurations 
are so strongly perturbed by electron–electron interactions. We shall illustrate 
the diCerence between strong-field and low-field cases by considering a d2

configuration.
In a free ion, a d2 configuration, as in Ti2+ and V3+ can give rise to the terms 1G,

3F, 1D, 3P, and 1S. From Hund’s rules, we can expect the 3F term to lie lowest in 
energy, with perhaps the 3P next above it. When the ligand field is weak, we can 
think of the formation of molecular orbitals as a small perturbation on the free-
ion levels. To determine the eCect of this perturbation, we consider the eCect of 
the reduction in symmetry from R3 (the full rotation group in three dimensions, 
typical of an atom) to Oh and identify the symmetry species that 3F and 3P become 
in the octahedral environment. The technique required was described in Section 
5.19 and illustrated in Example 5.14:

3P → 3T1g
3F → 3A2g + 3T1g + 3T2g

The separation of the terms stemming from 3F increases as the perturbation 
becomes stronger (Fig. 8.35). In the strong-field case we can discuss the con-
figurations in terms of occupation of the t2g and eg orbitals and we can have

t2
2g

3T1g t1
2ge

1
g

3T1g + 3T2g e2
g

3A2g

where we have retained only the triplet terms. The order of energies can be anti-
cipated by referring to Fig. 8.33, and they are shown on the right of Fig. 8.35.

At this point, we can construct the correlation diagram by connecting states 
of the same symmetry but allowing for the non-crossing rule. The diagram in 
Fig. 8.35 is in fact a part of a Tanabe–Sugano diagram for the correlation of 
strong- and weak-field states of a complex. The actual state of a complex 
corresponds to an intermediate stage of the diagram, and the location can be 
determined by fitting the observed spectroscopic transitions to the energy levels. 
In practice, a Tanabe–Sugano diagram is expressed in terms of the ligand field 
splitting parameter D and quantities that parametrize the strengths of the 
electron–electron repulsion, namely the Racah parameters B and C (Section 7.20), 
so values of these quantities can be determined.

(e) Jahn–Teller distortion

Deviations from octahedral symmetry arise spontaneously in certain complexes 
such as many of the hexa-coordinate copper(II) complexes. Their occurrence is 
summarized by the Jahn–Teller theorem:

Weak
field

Strong
field

E
n

er
g

y

d2 3F

d2 3P

t2
2g

3T1g

e1
gt

1
2g

3T2g

e1
gt

1
2g

3T1g

eg
2 3A2g

Fig. 8.35 A Tanabe–Sugano type 
of correlation diagram for 
the states of an octahedral 
two-electron complex.

eg

t2g

Strong
field

Weak
field

d4

d5

d6

d7

Fig. 8.34 The high- and low-spin 
arrangements that arise from 
weak and strong ligand fields for 
complexes with four to seven
d-electrons.
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In any non-linear system, there exists a distortion of the molecule that removes 
the degeneracy of an orbitally degenerate state.

The theorem can be illustrated by considering a d9 octahedral complex, such as 
[Cu(OH2)6]

2+. The ground-state configuration is expected to be t6
2ge

3
g; it is orbit-

ally degenerate because the ‘hole’ in the d10 configuration can occupy either dz2 or 
dx2−y2. If the complex were to distort so that it lengthened along a C4 axis, then the 
degeneracy of the antibonding eg orbital would be removed by the change in 
overlap. We would expect the antibonding character of the orbital formed by 
overlap with the dz2-orbital to be reduced as the M–L bond length increases, so 
this molecular orbital will become lower in energy (Fig. 8.36). Alternatively, if 
the M–L bond length were to shorten, the same eg orbital would become higher 
in energy. In either case, the complex will remain in the distorted shape, because 
it then has a lower energy than in the undistorted, regular octahedral shape. The 
Jahn–Teller theorem does not tell us which distortion (elongation or compression 
of the M–L bonds along the C4 axis) is preferred; that depends on energetics, not 
symmetry.

(f ) Metal–ligand p bonding

We consider the role of p-bonding between the metal ion and the ligands by sup-
posing that on each ligand there are two orbitals with local p symmetry with 
respect to the M–L axis. They span T1u + T2u + T1g + T2g (Fig. 8.37), and only the 
last can have net overlap with the t2g orbitals of the ion. The explicit structures of 
the SALCs of these orbitals are as follows:

y(T1u) = (a) 12(p3x + p4x + p5x + p6x),

  (b) 12(p1y + p2y + p5y + p6y),

  (c) 12(p1z + p2z + p3z + p4z)

y(T2g) = (a) 12(p5x − p6x + p1z − p2z),

  (b) 12(p5y − p6y − p3z + p4z),

  (c) 12(p1y − p3x − p2y + p4x)

y(T1g) = (a) 12(p6x − p5x + p1z − p2z),

  (b) 12(p5y − p6y + p3z − p4z),

  (c) 12(p1y − p2y + p3x − p4x)

y(T2u) = (a) 12(p5y + p6y − p1y − p2y),

  (b) 12(p1z + p2z − p3z − p4z),

  (c) 12(p5x + p6x − p3x − p4x)

Two cases may be distinguished, and are illustrated in Fig. 8.38.

1. The ligand p-orbitals are full (the ligands act as p-donors). In this case, 
the ligand field splitting parameter is reduced by the formation of (M,L) 
p-orbitals because the original non-bonding t2g orbitals become slightly 
antibonding.

2. The p-orbitals of the ligands are initially empty (so the ligands act as p-
acceptors). In this case, the t2g orbitals are made slightly bonding, with the 
result that the ligand-field splitting parameter is increased.

The correlation of the value of D with the identity of the ligand and the metal ion 
depends critically on the ability of the species to form p-orbitals. Moreover, 
the stability of complexes such as those formed by CO (a p-acceptor ligand, recall 

Distortion

E
n

er
g

y

dz2 2 2dx  – y

Fig. 8.36 The eCect of the 
distortions envisaged in 
the Jahn–Teller eCect.

t1u

t2g

t2u

t1g

Fig. 8.37 A representation of 
the symmetry-adapted linear 
combinations of ligand 
p-orbitals. Each arrow can 
be regarded as indicating 
a p-orbital, the head indicating 
the positive lobe.
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the discussion in Section 8.6), including Ni(CO)4 and [Fe4(CO)13]
2−, can also be 

traced to the involvement of p-orbitals.

The band theory of solids

The electronic structures of solids can be regarded as an extension of molecular 
orbital theory to aggregates consisting of virtually infinite numbers of atoms. 
However, there are certain features that are unique to solids, particularly the 
formation of continuous bands of energy levels instead of discrete levels, and the 
role of the translational symmetry of the lattice. There are in fact two starting 
points for the discussion of solids. One is the particle-in-a-box wavefunctions 
described in Chapter 2. The other is the discussion of conjugated molecules 
presented earlier in this chapter. We shall give a brief introduction to both and 
see how one may be correlated with the other. We shall confine our attention to 
one-dimensional solids because they are so much simpler to treat. However, such 
solids do not show all the properties of a three-dimensional solid, and this mater-
ial must be regarded as no more than introductory.

8.10 The tight-binding approximation

The tight-binding approximation treats a solid as an extended molecule, and 
takes as its starting point orbitals that are confined to individual atoms (hence the 
name of the approach). Then molecular orbitals are formed that spread through-
out the solid.

The simplest approach is to adopt the Hückel approximation and to consider 
a line of N atoms, each of which has one valence s-orbital that can overlap only 
its two immediate neighbours (Fig. 8.39). As usual, the wavefunctions will be

y = ∑
I

cIcI (8.36)

where the index I runs over all the atoms in the line. The N × N secular deter-
minant has the form

a − E
b
0
···

b
a − E
b
···

0
b

a − E
···

0
0
b
···

· · ·
· · ·
· · ·
···

= 0

This determinant is tridiagonal (see Example 8.4), so we can write down the 
roots immediately:

Ek = a + 2b cos AC
kp

N + 1
D
F k = 1,2, . . . ,N (8.37)

As N → ∞ the energy separation between neighbouring levels approaches zero 
but the width of the band remains finite (Fig. 8.40):

lim
N→∞

(E1 − EN) = 4b (8.38)

The lowest energy corresponds to a fully bonding linear combination of atomic 
orbitals and the highest energy corresponds to a molecular orbital that has a 
node between each pair of neighbouring atoms. The molecular orbitals of inter-
mediate energy have k − 1 nodes distributed along the chain of atoms.

eg

eg

π

d
t2g

Δ

σ

d

t2g
Δ

σ

eg π

d

t2g
Δ

σ

(a)

(b)

(c)

Fig. 8.38 The eCect of p-bonding
on the ligand field splitting 
in an octahedral complex: 
(a) only s-bonding, (b) with 
occupied ligand p-orbitals
(a p-donor ligand), and 
(c) unoccupied ligand p-orbitals
(a p-acceptor ligand).

Fig. 8.39 The string of s-orbitals
used to discuss the formation of 
bands in a one-dimensional solid.
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The band of orbitals we have constructed is called an s-band because it is formed 
by the linear combination of s-orbitals. If the atoms have valence p-orbitals too, 
then a similar superposition can take place, with the formation of a p-band. In 
a typical solid, the energy separation of the s- and p-orbitals of the free atoms will 
be quite large, and as a result the two bands will not overlap. The orbital struc-
ture of the solid will therefore consist of two (or more) bands separated by a band
gap, a region of energy to which no orbitals belong. If each atom provides one 
electron, the s-band will be half full. The band is then known as a conduction
band because the electrons in the highest filled orbitals can travel through the 
solid in response to the application of electric fields. If, however, each atom 

1 2 3 4 5 6 7 8 9 10 1211 ∞
Number of atoms, N

2|b|

–2|b|

0

E
n

er
g

y

Fig. 8.40 The formation of 
molecular orbitals from a chain 
of N atomic orbitals. Note that 
the separation of the most 
bonding and most antibonding 
orbitals remains finite and that 
the density of orbitals is greatest 
at the edges of the band.

Example 8.6 Determining the density of states of a one-dimensional solid

Inspection of the diagram in Fig. 8.40 indicates that the density of states, r(E), the 
number of states in an energy range divided by the width of the range, increases 
towards the edges of the bands. Confirm this conclusion analytically.

Method First, we need to define the density of states analytically. Each value of k
denotes a single state. If the quantum number k changes from k to k + Dk as the 
energy changes from E to E + DE, there are Dk states in the energy range DE, so the 
density of states at the energy E is r(E) = Dk/DE. When the states are packed 
together so closely that to a good approximation they form a continuum, we can 
replace the finite quantities by infinitesimals and write r(E) = dk/dE. It is simpler 
to express the energy as e = E − a.

Answer We write the energy expression as

e = 2b cos AC
kp

N + 1
DF

from which it follows that

k = AC
N + 1

p
DF  arccos AC

e
2b

DF
The density of states is therefore

r(e) =
dk

de
= −

(N + 1)/2bp
{1 − (e/2b)2}1/2

where we have used

d

dx
 arccos ax = −

a

(1 − a2x2)1/2

This function (noting that b < 0) becomes infinite at the edges of the band, where 
e = ±2b (Fig. 8.41).

Comment The graphical mnemonic in Example 8.5 (Fig. 8.31) illuminates this con-
clusion, for when N is very large there is little diCerence between a line of atoms 
and one with the ends joined to form a circle. There are more points captured by 
slices near the top and bottom of the circle than at its mid-point. The increase 
of the density of states towards the edge of the band is uncharacteristic of higher-
dimensional solids. In them, the density is highest towards the centre of the band, 
and is least at the edges. This diCerence arises from the possibility of degeneracies 
in dimensions greater than 1.

Self-test 8.6 Derive an expression for the mean energy of a band that is half full.
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Fig. 8.41 The density of states in 
a band formed from an infinite 
chain of atomic orbitals.
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provides two electrons, then the s-band will be full. It is then called a valence
band. Its uppermost electrons are separated by a substantial energy gap from the 
p-band, and so they are not mobile.

The conduction and valence bands and the band gap govern the electric con-
ductivity properties of a substance and the following classifications of substances 
arise:

• A metallic conductor is a substance with an electric conductivity that 
decreases as the temperature is increased. Such materials have incomplete 
conduction bands and the decrease in conductivity arises from the increased 
scattering of the mobile electrons by lattice vibrations.

• A semiconductor is a solid with an electric conductivity that increases as 
the temperature is increased. Such materials have a full valence band 
separated by a small gap from an empty conduction band. Their conductiv-
ity arises from the excitation of electrons from the valence band into the 
conduction band, and the number of electrons so promoted increases with 
temperature.

• An insulator is a substance with a very low conductivity on account of a 
band gap that is large compared with kT.

The artificial manipulation of the properties of conduction and valence bands by 
the insertion of foreign atoms is the basis of the semiconductor industry.

8.11 The Kronig–Penney model

We now turn to a seemingly entirely diCerent attack on the same problem. This 
approach will echo the material in Chapter 2, and—most surprisingly—results in 
a description of solids that, despite the entirely diCerent starting point, mirrors 
the molecular-orbital approach given above. The origin of that similarity is 
another manifestation of the power of symmetry, in this case translational sym-
metry, in determining the general structure of energy levels regardless of the 
details of physical interactions.

If we were to disregard the variation in the potential energy of an electron as it 
travels through the lattice, the solutions of the Schrödinger equation would be 
those of a free particle, and we would write

yk(x) = eikx Ek = k2H2

2me

(8.39)

where we consider here only linear momentum in the positive x direction and 
therefore ignore the free-particle solutions e−ikx. Note how the energy varies 
quadratically with the magnitude of the wavevector k. In an actual solid, the 
potential energy varies periodically, and the Schrödinger equation is

− H2

2me

d2y
dx2

+ V(x)y = Ey (8.40)

with V(x + a) = V(x), where a is the spacing of the lattice points. According to the 
Bloch theorem, the solutions of the Schrödinger equation for a periodic potential 
of this kind have the form

yk(x) = uk(x)eikx uk(x + a) = uk(x) (8.41)

The periodic functions uk(x) are called Bloch functions. Substitution of the func-
tion uk(x)eikx into the Schrödinger equation leads to the following equation for 
the Bloch functions:
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u″k + 2iku′k − A
C
2me

H2
{V(x) − E} + k2DF uk = 0 (8.42)

where u′ = du/dx and u″ = d2u/dx2.
We shall establish the form of the Bloch functions in the particular case of 

a periodic potential energy like that shown in Fig. 8.42, which is called the 
Kronig–Penney model. It is plainly a great simplification of the true potential 
energy, but it establishes certain important features that are found in practice.

There are two types of region, one in which the potential is zero and the other 
in which it has the constant value V. We shall consider solutions for which E < V
and shortly simplify the problem still further by letting V → ∞ and b → 0 in such 
a way that Vb (the area of the rectangular region of non-zero potential energy) 
remains constant. It will be convenient to introduce the two real parameters

a2 = 2meE
H2

b2 = 2me(V − E)
H2

(8.43)

and then to write the equations for the two regions as

(a) V = 0: u″k + 2iku ′k + (a2 − k2)uk = 0

(b) V ≠ 0: u″k + 2iku ′k − (b2 + k2)uk = 0

The solutions are subject to the requirement that the wavefunctions and their 
first derivatives are continuous at the interfaces between the regions.

As may be verified by substitution, the solutions of the two diCerential equa-
tions have the form

(a) uk(x) = Aei(a−k)x + Be−i(a+k)x

(b) uk(x) = Ce(b−ik)x + De−(b+ik)x

The conditions of continuity of u and u′ at the two boundaries of each zone, 
namely uk(a) = uk(−b) and u ′k(a) = u ′k(−b), lead to the following four equations:

A + B − C − D = 0

Aei(a−k)a + Be−i(a+k)a − Ce−(b−ik)b − De(b+ik)b = 0

i(a − k)A − i(a + k)B − (b − ik)C + (b + ik)D = 0

i(a − k)Aei(a−k)a − i(a + k)Be−i(a+k)a − (b − ik)Ce−(b−ik)b + (b + ik)De(b+ik)b = 0

For these four simultaneous equations to have a solution, the determinant of the 
coeAcients must be zero:

1
ei(a−k)a

i(a − k)
i(a − k)ei(a−k)a

1
e−i(a+k)a

−i(a + k)
−i(a + k)e−i(a+k)a

−1
−e−(b−ik)b

−(b − ik)
−(b − ik)e−(b−ik)b

−1
−e(b+ik)b

(b + ik)
(b + ik)e(b+ik)b

= 0 (8.44)

This rather horrendous determinant reduces (as can best be shown by use 
of symbolic algebra software, but patience and a pencil also work) to the 
condition

A
C
b2 − a2

2ab
D
F  sinh bb sin aa + cosh bb cos aa = cos k(a + b) (8.45)

When we introduce the simplifying conditions V → ∞, b → 0, Vb = constant,
eqn 8.45 simplifies to

g sinaa
aa

+ cos aa = cos ka g = meVba
aH2

(8.46)

V

0 a–b
x

Fig. 8.42 The potential energy of 
an electron in the Kronig–Penney 
model.
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This equation is still transcendental, but we can identify its implications by plot-
ting the left-hand side against aa. The left-hand side depends on the value of g,
which is a measure of the height and width of the barrier between neighbouring 
wells, and one such graph is shown in Fig. 8.43, where we have used g = 3

2p.
The essential point can now be made clear. Because the right-hand side of 

eqn 8.46 lies between −1 and +1, only certain values of aa (that is, only certain 
values of E, because a ∝ E1/2) give rise to solutions. Where the left-hand side lies 
outside the range −1 to +1, there are no solutions. It follows that the solutions 
of the Schrödinger equation for a periodic potential correspond to a series of 
allowed bands separated by gaps. Moreover, as can be seen from Figs 8.43 and 
8.44, the widths of the allowed bands increase with increasing energy. A final 
important point can be seen by comparing the diagrams in Fig. 8.44, which show 
the eCect of changing g, the depth of the potential wells. As can be seen, as the 
depth increases, the allowed regions become narrower and converge on those 
of a particle in a square well.
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Fig. 8.43 The solution of the 
equation for the energy levels of 
the Kronig–Penney model. 
The only permitted solutions are 
those that correspond to the 
regions in which the curve lies 
between +1 and −1.
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Fig. 8.44 The formation of bands 
as a function of the parameter g
in the Kronig–Penney model. 
The limit g = 0 corresponds to the 
absence of barriers, and there is 
no discrete band structure (the 
levels are those of a free particle, 
so there is one infinitely wide 
band). The other limit, g = ∞,
corresponds to a series of 
independent infinitely deep 
square wells, and each energy 
level corresponds to those of 
a particle in a box of width a.

Example 8.7 Analysing the asymptotic behaviour of a periodic solid

Show that for infinitely deep wells, the energy spectrum of a periodic solid becomes 
that of a collection of independent wells.

Method When examining an equation for its asymptotic solutions, identify the 
terms that dominate the others as the selected parameter becomes infinite, and 
retain only them. Find the solution of the remaining terms.

Answer As g → ∞, the first term in eqn 8.46 dominates the other two and the equa-
tion becomes

g sinaa

aa
� 0

This equation has solutions only for aa = ±np with n = 1, 2, . . . . It follows that 
the allowed energies are

En =
H2a2

2me

=
n2h2

8mea
2

exactly as for a particle in a single box.

Comment The electron cannot tunnel between neighbouring boxes when the wells 
are infinitely deep.

Self-test 8.7 Derive an expression for the width of the allowed band.
[2 arctan(g/aa)]

Equation 8.46 can be solved numerically for a as a function of k, and hence the 
variation of the energy with k can be determined. The variation for g = 3

2p is 
shown in Fig. 8.45. The discontinuities occur at

k = np/a n = ±1,±2, . . . (8.47)

8.12 Brillouin zones

Each region between the discontinuities in eqn 8.47 is called a Brillouin zone.
The discontinuities occur at the edges of the Brillouin zones, and towards the 
centres of the zones the variation of E with k is parabolic, exactly as in a free 
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particle model. This observation, together with eqn 8.47, is a clue to the origin of 
the existence of band gaps, because they occur where the periodicity of the lattice 
matches the periodicity of the wavefunctions. In the centres of the zones, there 
is no match between the two, and the combinations cos kx and sin kx of the 
complex wave eikx are degenerate because, averaged over the lattice, each com-
bination samples favourable regions of the potential equally. However, when the 
periods match, the cosine function (for instance) has maximum probability in 
the wells throughout the solid and the sine function has nodes in the wells every-
where. The two combinations are now no longer degenerate, and the perturb-
ation caused by the lattice has driven them apart (just as in famous Fig. 6.3).

It should be noted that k in the right-hand side of eqn 8.46 can be changed to 
k ± 2pn/a without changing the value of the right-hand side. So we can adjust the 
value of k by this amount at will, yet still obtain the same energies. In the reduced
wavevector representation, k is modified by a diCerent amount in each Brillouin 
zone to bring its value into the range −p/a ≤ k ≤ p/a. This reduction has the eCect
of compressing Fig. 8.45 into the form shown in Fig. 8.46, where all the values 
of k lie in a range of width 2p/a.

Finally, we impose a further constraint on the wavefunctions. When there are 
many atoms (wells) in the lattice, there is little error introduced if we assume that 
the ends of the lattice can be brought round into a circle and joined. This proce-
dure preserves the translational symmetry of the system throughout its length 
rather than introducing awkward end eCects. (If we were interested in the sur-
face states of metals, such a procedure would be invalid, of course.) The circular-
ity of the system implies that the wavefunctions must satisfy cyclic boundary 
conditions (Section 3.1), and that y(x + L) = y(x) where L = Na, N being the 
number of atoms in the ring. In terms of the Bloch functions, this condition is

uk(x + L)eik(x+L) = uk(x)eikx

However, because uk(x + L) = uk(x) (as one location is an integral number of 
lattice periods a away from the other), this condition is equivalent to

k = 2pn
L

= 2pn
Na

n = 0,±1,±2, . . .

We have seen, however, that an entire zone is expressed by values of k that lie 
within a length 2p/a. It follows that |n | cannot exceed 1/2N, for otherwise k would
lie outside the range. Therefore, the number of spatial states in any band of the 
system is N. Another way of accepting the validity of this result is to consider the 
limit of very deep wells, when we have seen that the solid is then equivalent to 
N independent wells. Each band then consists of an infinitely narrow band of N
levels of the same energy (recall Fig. 8.44), and this number is preserved when 
interactions are allowed between the wells.

The conclusion we have just drawn concerning the number of levels in a band 
is of the greatest importance for understanding the electronic structure of solids, 
for it implies that each Brillouin zone can accommodate up to 2N electrons.
When each atom provides one electron, the zone is only half full and the solid is 
a metallic conductor. When each atom provides two electrons, the lowest zone 
is full and there is an energy gap before the next zone becomes available; such 
a material is a semiconductor (and an eCective insulator if the gap is large). This 
description mirrors exactly the conclusions of the molecular orbital, tight-binding 
description of solids.
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Fig. 8.45 The band structure 
represented as a plot of energy 
against the parameter k.
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1

Fig. 8.46 In this depiction of 
the band structure, the curves 
illustrated in the previous 
diagram have all been transferred 
into the central zone to give 
a more compact representation.
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Further information

8.1  Molecular integrals

In the case of the MO description of H2
+, the energy is given 

by the expression quoted in eqn 8.23, with

j′
j0

= �a2(1)

r1b

dt1 =
1

R
{1 − (1 + s)e−2s}

k′
j0

= �a(1)b(1)

r1b

dt1 =
1

a0

(1 + s)e−s

S = �a(1)b(1)dt1 = !
@1 + s +

1

3
s2#$ e−s

where j0 = e2/4pe0 and s = R/a0. We have taken 1s-orbitals 
on each atom, and have denoted them a and b.

For the MO description of H2, the energy is given by 
eqn 8.27,

E = 2E1s +
j0
R

−
2j′ + 2k′

1 + S
+

j + 2k + 4l + m

2(1 + S)2

The following integrals are required in addition to those 
given above:

j

j0
= � a2(1)b2(2)

r12

dt1 dt2 =
1

R
−

1

2a0

!
@

2

s
+

11

4
+

3

2
s +

1

3
s2#$ e−2s

k

j0

= � a(1)b(1)a(2)b(2)

r12

dt1 dt2 =
A(s) − B(s)

5a0

l

j0
= � a2(1)a(2)b(2)

r12

dt1 dt2

 =
1

2a0

!
@

A
C2s +

1

4
+

5

8s
e−sDF − A

C
1

4
+

5

8s
D
F e−3s#$

m

j0

= � a2(1)a2(2)

r12

dt1 dt2 =
5

8a0

with

A(s) =
6

s
{(g + ln s)S2 − E1(4s)S′2 + 2E1(2s)SS′}

B(s) = !
@− 

25

8
+

23

4
s + 3s2 +

1

3
s3#$ e−2s

S′(s) = S(−s) = !
@1 − s +

1

3
s2#$ es

where g is Euler’s constant (g = 0.577 22 . . .) and E1(x) is 
one version of the tabulated function known as the 
exponential integral:3

E1(x) = �
x

∞
e−z

z
dz

These equations give some of the idea of the complexity 
of integrals that arise in analytical treatments of even 
homonuclear diatomic molecules.

3 See M. Abramowitz and I.A. Stegun, Handbook of math-
ematical functions, Dover, New York (1965) and mathematical 
software packages.

Exercises

*8.1 Confirm that substitution of the trial wavefunction 
in eqn 8.3 into the Schrödinger equation 8.2 results in 
eqn 8.4.

*8.2 Write down the Schrödinger equation for the total 
wavefunction of the hydrogen molecule–ion. Within the 
Born–Oppenheimer approximation, write down the 
Schrödinger equations for the electronic wavefunction 
and for the nuclear wavefunction.

*8.3 Derive the expressions for the energies (eqn 8.16) 
and coeAcients (eqn 8.17) of the LCAO wavefunctions 
of the hydrogen molecule–ion starting from the secular 
determinant given in Section 8.3.

*8.4 Deduce the terms that arise from the excited electron 
configuration 1sg

11su
1 of the hydrogen molecule.

*8.5 Determine the complete forms (spatial and spin) of the 
H2 two-electron approximate wavefunctions corresponding 
to the terms derived in Exercise 8.4.

*8.6 Confirm that the orbital part of the CI wavefunction 
c1Y1 + c3Y3 in Section 8.5 can be expressed as shown 
in eqn 8.30, in terms of the sums and diCerences of the 
coeAcients ci.

*8.7 Confirm that the energies in eqn 8.33 result from the 
secular determinant in eqn 8.32 when the two orbitals have 
greatly diCering energies and have zero overlap.

*8.8 Predict the ground configurations of (a) C2, (b) C2
+,

(c) C2
−, (d) N2

+, (e) N2
−, (f) F2

+, (g) Ne2
+. Give the lowest energy 

term for each species.

*8.9 Compute the bond order and identify the HOMO and 
LUMO of each species in Exercise 8.8.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*8.10 Set up and solve the secular determinant for the 
cyclopropenyl radical in the Hückel p-electron scheme; 
find the energy levels and estimate the delocalization energy.

*8.11 Within the Hückel p-electron scheme, estimate the 
delocalization energy of (a) the benzene cation C6H6

+ and 
(b) the benzene dianion C6H6

2−.

*8.12 Give the spin multiplicities of all the terms that can 
arise from d4, d5, d6, and d7 low-spin complexes.

*8.13 Give the spin multiplicities of all the terms that can 
arise from d4 and d5 high-spin complexes.

*8.14 Determine which symmetry species are spanned by 
(a) d-orbitals, (b) f-orbitals in a tetrahedral complex.

*8.15 Verify that the Kronig–Penney model results in 
eqn 8.44.

Problems

*8.1 The dependence of the molecular integrals j′, k′,
and S for the hydrogen molecule–ion on the internuclear 
separation R are specified in Section 8.3. Plot the variation 
of the integrals a and b and the energies E+ and E− against R
and identify the equilibrium bond length and the 
dissociation energy of the molecule–ion.

8.2 Confirm that 1
2(E− + E+) − E1s is a positive quantity, 

and hence that the eCect of an antibonding orbital 
outweighs the eCect of a bonding orbital. Hint. Set up 
expressions for the quantity using eqns 8.21 and 8.22 
and the results of Example 8.1; proceed to plot the 
quantity against R.

8.3 (a) Evaluate the probability density of the electron in H2
+

at the mid-point of the bond, and plot it as a function of R.
(b) Evaluate the diCerence densities r± = y2

± − 1
2(y2

A + y2
B) at 

points along the line joining the two nuclei (including the 
regions outside the nuclei) for R = 130 pm. The diCerence
density shows the modification to the electron distribution 
brought about by constructive (or destructive) overlap. 
Hint. Use the expressions for the coeAcients in eqn 8.17 to 
obtain y±. The overlap integral S is given in Example 8.1. 
(c) Repeat the calculation for several values of R.

*8.4 We shall see in Chapter 10 that the vibrational 
frequency of a chemical bond is w = (kf /m)1/2, where 
kf = (d2E/dR2)0 is the force constant and m is the eCective
mass; for a homonuclear diatomic molecule of atoms of 
mass m, m = 1

2 m. Estimate the vibrational frequency of the 
hydrogen molecule–ion. Hint. Use mathematical software 
to evaluate the second derivative of the energy (eqn 8.23a).

8.5 Evaluate the overlap integral S for two H2s orbitals, 
components of a basis set for an excited electronic state 
of H2

+.

8.6 Take the hydrogen molecule wavefunction in eqn 8.26 
and find an expression for the expectation value of the 
hamiltonian in terms of molecular integrals. Hint. The 
outcome of this calculation is eqn 8.27.

*8.7 Show that eqn 8.27 for the ground-state energy of 
the hydrogen molecule can also be obtained by using the 
Condon–Slater rules (Section 7.15).

8.8 All the integrals involved in the H2 molecular orbital 
calculation are listed in eqn 8.28 and Further information 8.1. 
(a) Write and run a procedure using mathematical software 
to calculate E − 2E1s as a function of R. (b) Identify the 
equilibrium bond length and the dissociation energy. 
(c) Use software to evaluate the force constant for the bond 
(the experimental value is 575 N m−1).

8.9 Evaluate the probability density for a single electron at 
a point on a line running between the two nuclei in H2 and 
plot the diCerence density r1 − 2(y2

A + y2
B) for R = 74 pm. 

Hint. Use eqn 8.26. The probability density of electron 1, 
r1, is obtained from y2(1,2) by integrating over all locations 
of electron 2, because the latter’s position is irrelevant. 
Therefore, begin by forming r1 = 2y2(1,2)dt2.

*8.10 Predict the ground configuration of (a) CO, (b) NO. 
For each species, decide which term lies lowest in energy, 
compute the bond order and identify the HOMO and 
LUMO.

8.11 Use a minimal basis set for the MO description of 
the molecule H2O to show that the secular determinant 
factorizes into (1 × 1), (2 × 2), and (3 × 3) determinants. Set 
up the secular determinant, denoting the Coulomb integrals 
aH, a ′O, and aO for H1s, O2s, and O2p, respectively, and 
writing the (O2p, H1s) and (O2s, H1s) resonance integrals 
as b and b′, respectively. Neglect overlap. First, neglect the 
2s-orbital, and find expressions for the energies of the 
molecular orbitals for a bond angle of 90o.

8.12 Now develop the previous calculation by taking into 
account the O2s-orbital. Set up the secular determinant with 
the bond angle q as a parameter. Find expressions for the 
energies of the molecular orbitals and of the entire molecule. 
As a first step in analysing the expressions, set aH ≈ aO ≈ a ′O,
and b ≈ b′.

*8.13 Construct the symmetry-adapted linear combinations 
for methane, CH4, using a minimal basis set.

8.14 Set up and solve the secular determinants for 
(a) hexatriene, (b) the cyclopentadienyl radical in the Hückel 
p-electron scheme; find the energy levels and molecular 
orbitals, and estimate the delocalization energy.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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8.15 (a) Confirm that the symmetry-adapted linear 
combinations of p-orbitals for benzene are those set 
out above Example 8.5. (b) Find the corresponding 
symmetry-adapted combinations for naphthalene.

*8.16 The allyl radical CH2=CHCH2· is a conjugated 
p-system having a p-orbital on the carbon atom adjacent 
to a double bond. Estimate its p-electron energy by using 
the Hückel approximation.

8.17 Confirm that the solutions of a tridiagonal determinant 
are those given in Example 8.4.

8.18 Show that the roots of the secular determinant for 
a cyclic polyene of N atoms can be constructed by inscribing 
a regular N-gon in a circle and noting the locations of the 
corners of the polygon, as in Fig. 8.31. Hint. See A.A. Frost 
and B. Musulin, J. Chem. Phys., 572, 21 (1953).

*8.19 Heterocyclic molecules may be incorporated into the 
Hückel scheme by modifying the Coulomb integral of the 
atom concerned and the resonance integrals to which it 
contributes. Consider pyridine, C5H5N (symmetry group 
C2v). Construct and solve the Hückel secular determinant 
with bCC ≈ bCN ≈ b and aN = aC + 1/2b. Estimate the electron 
energy and the delocalization energy. Hint. The roots of 
the determinants are best found on a computer.

8.20 Explore the role of p-orbital overlap in p-electron
calculations. Take the cyclobutadiene secular determinant, 
but construct it without neglect of overlap between 
neighbouring atoms. Show that in place of x = (a − E)/b
and 1 the elements of the determinant become w = (a − E)/
(b − ES) and 1, respectively. Hence the roots in terms of w
are the same as the roots in terms of x. Solve for E. Typically 
S = 0.25.

8.21 Find the eCect of including neighbouring atom overlap 
on the p-electron energy levels of benzene. Use a computer 
to explore how the energies depend on the bond lengths, 
using b ∝ S and

S(2pp,2pp) = {1 + s + 2
5s2 + 1

15s3}e−s s =
ZeCR

2a0

where ZeC is taken from Table 7.3. Consider the diCerence
in delocalization energy between the cases where the 

molecule has six equivalent C–C bond lengths of 140 pm 
(the experimental value) and where it has alternating lengths 
of 133 pm and 153 pm (typical C=C and C–C lengths, 
respectively).

*8.22 An ion with the configuration f2 enters an 
environment of octahedral symmetry. What terms arise 
in the free ion, and with which terms do they correlate 
in the complex? Hint. Follow the discussion of Section 8.9.

8.23 In the strong field case, the configuration d2

gives rise to eg
2, t1

2ge
1
g, and t2

2g. (a) What terms may arise? 
(b) How do the singlet terms of the complex correlate 
with the singlet terms of the free ion? (c) What 
configurations arise in a tetrahedral complex, 
and what are the correlations?

8.24 Find the symmetry-adapted linear combinations of 
(a) s-orbitals, (b) p-orbitals on the ligands of an octahedral 
complex. Hint. Set Cartesian axes on each ligand site, 
with z pointing towards the central ion, determine how 
the orbitals are transformed under the operations of 
the group O, and use the procedures for establishing 
symmetry-adapted orbitals as described in Chapter 5.

*8.25 Repeat Problem 8.24 for a tetrahedral complex. 
What is the role of p-bonding in such complexes?

8.26 Repeat Problem 8.24 for a square planar complex. 
What is the role of p-bonding in such complexes? 
Hint. Work in the reduced point group D4.

8.27 Revisit the tight-binding approximation (Section 8.10) 
and allow for bond alternation along the chain so that for 
atoms 1 and 2, the resonance integral is b1; for atoms 2 and 
3, b2; for atoms 3 and 4, b1; and so forth. Determine the 
width of the band as N → ∞. Hint. Determine the width 
numerically as N increases from 1 to about 15 for a fixed 
ratio of b2/b1 of, for instance, 0.9, plot the results, and infer 
a result for N → ∞.

*8.28 Explore the eCect of changing the depth of the 
potential well by finding the solutions of eqn 8.46 for 
diCerent values of g. Solve the equations numerically 
for (a) g = p and (b) g = 2p.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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9Computational chemistry

One of the primary goals in molecular quantum mechanics is to solve the time-
independent Schrödinger equation and to determine the electronic structures of atoms 
and molecules, with the modern emphasis on molecules of ever greater complexity. 
Chapter 8 established the qualitative features of molecular structure calculations in 
terms of visualizable concepts. In this chapter, we introduce some of the computational 
techniques that are used to solve the Schrödinger equation for electrons in molecules: 
we establish the equations that are used and describe some of the approximations that 
make the computations feasible.

Our starting point is the Born–Oppenheimer approximation (Section 8.1) and our focus 
is the solution of the electronic Schrödinger equation

Hy(r ;R) = E(R)y(r ;R) (9.1)

for a fi xed set of locations R of the nuclei. The electronic wavefunction y depends on 
the electronic coordinates r and parametrically on R; E(R) is the electronic energy. The 
hamiltonian is

H = −
h̄2

2me

Ne

∑
i

∇2
i  − j0

Ne

∑
i

Nn

∑
I

ZI

rIi

 + 1
2 j0

Ne

∑
i≠j

1

rij

 (9.2)

with, as usual, j0 = e2/4pe0. In molecular structure calculations it is conventional not to 
include the nucleus–nucleus repulsion term in H, but to add it as a classical term at the 
end of the calculation; we adopt that convention here.

A brief comment
As remarked in Section 7.8, to use atomic units (as is commonly done in computational 
chemistry), set j0 = 1 and ™2/me = 1; distances are expressed as multiples of the Bohr 
radius a0 and energies are obtained as multiples of the Hartree energy, Eh.

There are two main approaches to the solution of the Schrödinger equation. In an ab 
initio calculation, a model is chosen for the electronic wavefunction and eqn 9.1 is 
solved using as input only the values of the fundamental constants and the atomic 
numbers of the nuclei. (The term ab initio comes from the Latin words for ‘from the 
beginning’.) The accuracy of this approach is determined primarily by the model chosen 
for the wavefunction and the facilities available for computation. For large molecules, ac-
curate ab initio calculations are computationally expensive and semiempirical methods 
have been developed to treat a wider variety of chemical species. A semiempirical 
method makes use of a simplifi ed form for the hamiltonian and adjustable parameters 
obtained from experimental data. In both cases it is a challenging task to compute 
‘chemically accurate’ energies; that is, energies calculated within about 0.05 eV (about 
5 kJ mol−1) of the true values. In recent years a new technique of calculation, density 
functional theory (DFT), has become the dominant procedure: opinion is divided on 
whether to regard it as a semiempirical method.

This chapter concentrates on the calculation of the electronic wavefunction and the 
electronic energy. However, once those quantities are known, a wide range of chemically 
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and physically important properties can be determined. For example, by fi nding the 
minimum of the potential energy surface (that is, the electronic energy plus the nucleus–
nucleus repulsion energy) of a molecule, it is possible to characterize its equilibrium 
structure in terms of its bond lengths and bond angles. Force constants and vibrational 
frequencies can be determined from gradients of the potential energy surfaces.

The Hartree–Fock self-consistent fi eld method

The self-consistent field method for atoms was described in Section 7.16. 
However, because it is the starting point of many of the ab initio methods for 
molecules, we consider it again here in more detail and generalize some of the 
previous discussion to many-nuclei systems. Table 9.1 summarizes the notation 
we shall use throughout the chapter, although we shall depart from it (with 
appropriate warnings) when we judge the notation becoming too cumbersome.

9.1 The formulation of the approach

The crucial complication in all electronic structure calculations is the presence 
of the electron–electron repulsion, with a potential energy that depends on the 
electron–electron separations rij as given by the third term in eqn 9.2. As a first 
step, suppose that the true many-electron wavefunction, Y, is similar in form to 
the wavefunction Yo that would be obtained if this complicating feature were 
neglected. That is, Yo is a solution of

HoYo = EoYo Ho =
Ne

∑
i=1

hi (9.3)

where hi is the one-electron hamiltonian for electron i (see Section 7.6). This 
Ne-electron equation can be separated into Ne one-electron equations, so we can 
immediately write Yo as a product of Ne one-electron wavefunctions (orbitals) of 
the form yo

m(ri;R). To simplify the notation, we shall denote the orbital occupied 
by electron i with coordinate ri and parametrically depending on the nuclear 
arrangement R as yo

m(i). It is a solution of the one-electron equation

hiyo
m(i) = Eo

myo
m(i) (9.4)

where Eo
m is the energy of an electron in molecular orbital m in this independent-

electron model. The overall wavefunction Yo is a product of one-electron wave 
functions:

Yo = ya
o(1)yb

o(2) . . . yz
o(Ne) (9.5)

The function Yo depends on all the electron coordinates and, parametrically, on 
the nuclear locations. The overall energy Eo is a sum of the one-electron energies.

At this stage, we have not taken into account the spin of the electron or the 
requirement that the electronic wavefunction must obey the Pauli principle. 
To do so, we introduce the concept of the spinorbital, jm(i), first encountered in 
Section 7.11. A spinorbital is a product of an orbital wavefunction and a spin 
function, and in a more elaborate notation would be denoted jm(xi;R), where xi

represents the joint spin-space coordinates of electron i. To ensure that the Pauli 
principle is obeyed, we use a Slater determinant (Section 7.15) and write the 
overall wavefunction as

Yo(x;R) = (Ne!)
−1/2 det |ja(1)jb(2) . . . jz(Ne) | (9.6a)



The spinorbitals jm, with m = a, b, . . . , z, are orthonormal and the labels a,
b, . . . now include the spin state as well as the spatial state. A simpler notation is 
to write eqn 9.6a as

Y = ||jajb · · · jz || (9.6b)

with the normalization factor implied.

9.2 The Hartree–Fock approach

Electron–electron repulsions are critically important and must be included in any 
reliable computation of electronic structure: they are the focus of all that follows. 
In the Hartree–Fock method (HF method), which was described in relation to 
many-electron atoms in Section 7.16 but is applicable to molecules too, a 
wavefunction of the form given in eqn 9.6 is sought, with the electron–electron 
repulsions treated in an ‘average’ way. That is, each electron is considered to 
be moving in the electrostatic field of the nuclei and the average field of the 
other Ne − 1 electrons. In the Hartree–Fock method, as distinct from the earlier 
Hartree method, there is also a contribution from quantum mechanical exchange 
eCects. The spinorbitals that give the lowest energy Ne-electron determinantal 
wavefunction are found by using variation theory subject to the constraint that 
the spinorbitals are orthonormal.

As shown in Further information 7.1, the optimization leads to the Hartree−
Fock (HF) eqn 7.88 for the spinorbitals. For closed-shell systems with doubly 
occupied orbital wavefunctions, the HF equations for the individual orbital 
wavefunctions (Problem 9.2) are

f1ym(1) = emym(1) (9.7a)

Here f1 is the Fock operator which is defined in terms of the Coulomb operator, 
Jm, and the exchange operator, Km:

f1 = h1 + ∑
m′

 {2Jm′(1) − Km′(1)} (9.7b)

Jm′(1)ym(1) = j0�y*m′(2)
1
r12

ym(1)ym′(2)dt2 (9.7c)

Km′(1)ym(1) = j0�y*m′(2)
1
r12

ym′(1)ym(2)dt2 (9.7d)

The sum in eqn 9.7b is over the occupied molecular orbitals. As we saw in 
Section 7.16, the Coulomb operator takes into account the Coulombic repulsion 

Table 9.1 Notation and labelling

Species Label Number used

Electrons, at ri i,j = 1,2, . . . Ne

Nv for valence electrons
Np for p electrons

Nuclei, at RI I,J = A,B, . . . Nn

Atomic orbitals, c o,o′ = 1,2, . . .
and a,b, . . .

No

Gaussian basis Ng

Molecular orbitals, y m,m′ = a,b, . . . z

Spinorbitals, j m,m′ = a,b, . . . z

A brief comment
Electronic structure 
calculations are littered 
with acronyms: the terms we 
use in this chapter are collected 
together in Box 9.1 at the end 
of the chapter.
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between electrons, and the exchange operator represents the modification of this 
energy that can be ascribed to the eCects of spin correlation. It follows that the 
sum in eqn 9.7b represents the average potential energy of electron 1 due to the 
presence of the other Ne − 1 electrons. As in the case of atoms, each molecular 
orbital must be obtained by solving an equation of the form of eqn 9.7a with the 
corresponding Fock operator fi by adopting an iterative style of solution, and 
stopping when the solutions are self-consistent to within some pre-established 
criterion.

A brief illustration

For the ground state of the H2 molecule, both electrons occupy a molecular orbital 
(which in Section 8.4 we called 1ssg) which is the solution of eqn 9.7a with

f1 == h1 ++ J1ssg
(1)

because J == K and where

h1 == −−
H2

2me

∇2 −− j0
AC

1

r1A

+
1

r1B

DF
J1ssg

(1)yy1ssg
(1) == j0�yy*1ssg

(2)AC
1

r12

DF yy1ssg
(1)yy1ssg

(2)dtt2

9.3 The Roothaan equations

The HF-SCF procedure is relatively straightforward to implement for atoms, for 
their spherical symmetry means that the HF equations can be solved numerically. 
However, the numerical solution for molecular orbitals is so complex that a 
modification of the technique must be used. As long ago as 1951, C.C.J. Roothaan 
and G.G. Hall independently developed the LCAO-MO procedure for express-
ing molecular orbitals as a linear combination of atomic orbitals and applied it 
to the HF procedure. In this section, which is limited to a discussion of the 
restricted closed-shell HF formalism, we show how this suggestion transforms 
the coupled HF equations into a problem that can be solved by using matrix 
manipulations.

To develop eqn 9.7a we introduce a set of No basis functions co, which for the 
moment we can think of as atomic orbitals centred on the various atoms, and 
express each spatial wavefunction ym as a linear combination of these basis 
functions:

ym =
No

∑
o=1

comco (9.8)

where com are as yet unknown coeAcients. For instance, we might express the 
ground-state MO of H2 as a linear combination of H1s atomic orbitals that 
remain unchanged throughout the calculation. From a set of No basis functions, 
we can obtain No linearly independent spatial wavefunctions, and the problem of 
calculating the wavefunctions has been transformed to one of computing the 
coeAcients com.

When the expansion in eqn 9.8 is substituted into eqn 9.7a, we obtain

f1

No

∑
o=1

comco(1) = em

No

∑
o=1

comco(1) (9.9)



Multiplication of both sides of this equation by c*o′(1) and integration over all 
space yields

No

∑
o=1

com�c*o′(1)f1co(1)dt1 = em

No

∑
o=1

com�c*o′(1)co(1)dt1 (9.10)

As is often the case in quantum chemistry, the structure of a set of equations 
becomes clearer if we introduce a more compact notation. In this case, it proves 
sensible to introduce the overlap matrix, S, and the Fock matrix, F, with 
elements

So′o = �c*o′(1)co(1)dt1 (9.11)

Fo′o = �c*o′(1)f1co(1)dt1 (9.12)

Then eqn 9.10 becomes

No

∑
o=1

Fo′ocom = em

No

∑
o=1

So′ocom (9.13a)

This expression is one in a set of No simultaneous equations (one for each value 
of o′) that are known as the Roothaan equations. The entire set of equations can 
be written as the single matrix equation

Fc = eSc (9.13b)

where c is an No × No matrix composed of elements com and e is an No × No diag-
onal matrix of the orbital energies em. The Roothaan equations look deceptively 
simple, but remember that the Fock operator f1 is expressed in terms of integrals 
over the molecular orbitals (recall the last brief illustration) and therefore depends 
on the values of the coeAcient com.

A brief illustration

Suppose we write the H21sg molecular orbital as the LCAO y1sg = cAscA + cBscB,
then the overlap matrix is

S = AC
SAA

SBA

SAB

SBB

DF SAB = �c*A(1)cB(1)dt1, etc 

The Fock matrix is

F = AC
FAA

FBA

FAB

FBB

DF FAB = �c*A(1)f1cB(1)dt1, etc

with the Fock operator given in the preceding brief illustration. The matrix of 
coeAcients is

c = AC
cAs

cBs

cAs ′

cBs ′

DF
where the coeAcients in the second column correspond to the second LCAO-MO 
that can be obtained from the two basis functions. The Roothaan equations are 
then

AC
FAA

FBA

FAB

FBB

DF AC
cAs

cBs

cAs ′

cBs ′

DF = AC
es
0

0
es ′

DF AC
SAA

SBA

SAB

SBB

DF AC
cAs

cBs

cAs ′

cBs ′

DF
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At this stage we can make progress by drawing on some of the properties of 
matrix equations (see Mathematical background 4). The Roothaan equations 
are (as we see in the brief illustration) a set of simultaneous equations for the 
coeAcients. They have a non-trivial solution only if the following secular equation 
is satisfied:

det |F − eS | = 0 (9.14)

where det |M | is the determinant of the matrix M. This equation cannot be solved 
directly because the matrix elements Fo′o involve integrals over the Coulomb and 
exchange operators which themselves depend on the spatial wavefunctions. 
Therefore, as before, we must adopt a self-consistent field approach, obtaining 
with each iteration a new set of coeAcients com and continuing until a conver-
gence criterion has been satisfied (Fig. 9.1).

A brief illustration

The secular equation for our treatment of H2 is

det
FAA − eSAA

FBA − eSBA

FAB − eSAB

FBB − eSBB
= (FAA − eSAA)(FBB − eSBB) − (FAB − eSAB)(FBA − eSBA)

= 0

This equation is a quadratic equation for the energy:

(SAASBB − SABSBA)e2 + (SABFBA + SBAFAB − SAAFBB − SBBFAA)e + (FAAFBB − FABFBA)

= 0

The energies—the roots of this quadratic equation—can be found once the inte-
grals (including the integrals that occur in the Fock matrix and their dependence 
on the coeAcients) have been determined. In this very simple case we can use the 
quadratic formula for the roots of the quadratic equation

ax2 + bx + c = 0, x =
−b ± (b2 − 4ac)1/2

2a

with x identified as e and

a = (SAASBB − SABSBA)

b = (SABFBA + SBAFAB − SAAFBB − SBBFAA)

c = (FAAFBB − FABFBA)

One line of the resulting expansion is

FAAcAs + FABcBs = esSAAcAs + esSABcBs

and the other four lines may be obtained similarly. Although the matrix elements 
of F are defined in terms of the fixed atomic orbitals, the Fock operators also 
depend on the coeAcients as they are defined in terms of the molecular orbitals, 
not just the contributing atomic orbitals. We shall see this dependence explicitly 
shortly.

It is instructive to examine the matrix elements of the Fock operator, for in that 
way we can begin to appreciate some of the computational diAculties of obtain-
ing HF-SCF wavefunctions. The explicit form of the matrix element Fo′o is 
obtained from eqns 9.7 and 9.12, and is



Fo′o = �c*o′(1)h1co(1)dt1 + 2j0∑
m′
�c*o′(1)y*m′(2)

1
r12

ym′(2)co(1)dt1 dt2 (9.15)

 − j0∑
m′
�c*o′(1)y*m′(2)

1
r12

co(2)ym′(1)dt1 dt2

The first term on the right is a one-electron integral that we shall denote ho′o.
The sums are over the occupied molecular orbitals; to simplify the notation we 
can drop the prime on m. Insertion of the expansion in eqn 9.8 results in the 
following expression for Fo′o solely in terms of integrals over the known basis 
functions:

Fo′o = ho′o + 2j0 ∑
m,q,r

c*qmcrm�c*o′(1)c*q(2)
1
r12

co(1)cr(2)dt1 dt2 (9.16)

 − j0 ∑
m,q,r

c*qmcrm�c*o′(1)c*q(2)
1
r12

co(2)cr(1)dt1 dt2

The appearance of this expression is greatly simplified by introducing the follow-
ing notation for the two-electron integrals over the basis functions:

(ab |cd) = j0�c*a(1)c*b(2)
1
r12

cc(1)cd(2)dt1 dt2 (9.17)

Equation 9.16 then becomes

Fo′o = ho′o + ∑
m,q,r

c*qmcrm{2(o′q |or) − (o′q | ro)} (9.18a)

which is usually written as

Fo′o = ho′o + ∑
q,r

Pqr{(o′q |or) − 1
2 (o′q | ro)} (9.18b)

where Pqr is defined as

Pqr = 2 ∑
m

c*qmcrm (9.19)

As usual, the sum is over the occupied molecular orbitals. The matrix elements 
Pqr are referred to as density matrix elements, and are interpreted as the total 
electron density in the overlap region of cq and cr; recall that the summation in 
eqn 9.19 is over all occupied molecular orbitals. When q = r, Pqq is the electron 
density on atom q; when q ≠ r, Pqr is the bond order between q and r.

No Yes

Done

Convergence?
Choose set of
basis functions,
co

Formulate set of trial
coefficients com (and 
therefore wavefunctions
ym)

eqn 9.14

Fock
matrix, F

Overlap
matrix, S

Energies, em

coefficients, com

Start

End

eqn 9.11

eqn 9.12
Fig. 9.1 A summary of the 
initiation (left) and iteration 
(right) procedures for 
a Hartree–Fock self-consistent 
field calculation. 
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The one-electron matrix elements ho′o need to be evaluated only once because 
they remain unchanged during each iteration. However Pqr, which depends on 
the expansion coeAcients cqm and crm, does need to be re-evaluated at each iter-
ation. Because the number of two-electron integrals (eqn 9.17) to evaluate is of the 
order of No

4—so even small basis sets for moderately-sized molecules can rapidly 
approach millions of two-electron integrals—their eAcient calculation poses the 
greatest challenge in an HF-SCF calculation. The problem is alleviated somewhat 
by the possibilities that a number of integrals may be identically zero due to sym-
metry, some of the non-zero integrals may be equal by symmetry, and some of the 
integrals may be negligibly small because the basis functions may be centred on 
widely separated atomic nuclei.1

9.4 The selection of basis sets

In principle, a complete set of basis functions c must be used to represent molecu-
lar orbitals y exactly, and the use of an infinite number of basis functions would 
then result in an HF energy equal to that given by the variational expression, eqn 
7.80 in Further information 7.1. This limiting energy is called the Hartree–Fock
limit (HF limit). The HF limit is not the exact ground-state energy of the molecule 
because it still ignores eCects of electron correlation (a point discussed below). 
However, because an infinite basis set is not computationally feasible, a finite 
basis set is always used and the error due to the incompleteness of the basis is 
called the basis-set truncation error. A measure of this error is the diCerence
between the HF limit and the computed lowest energy in an HF-SCF calculation. 
A critical computational consideration therefore is to keep the number of basis 
functions low (to minimize the number of two-electron integrals to evaluate), to 
choose them cleverly (to minimize the computational eCort for the evaluation of 
each integral), but nevertheless to achieve a small basis-set truncation error.

A brief illustration

The Fock matrix element FAB for H2, bearing in mind that only the 1sg orbital is 
occupied, is

FAB = hAB + PAA{(AA | BA) − 1
2 (AA | AB)} + PAB{(AA | BB) − 1

2 (AA | BB)}

+ PBA{(AB | BA) − 1
2 (AB | AB)} + PBB{(AB | BB) − 1

2 (AB | BB)}

By symmetry (AA | BA) = (AA | AB) = (AB | BB), (AB | AB) = (AB | BA) = (AA | BB); 
so

FAB = hAB + (AA | BB)PAB + (AA | BA)PAA

where we have anticipated that PAB = PBA and PAA = PBB for this homonuclear 
species. A typical density matrix element is

PAB = 2c*AscBs

because only one molecular orbital is occupied. Of course, in this homonuclear 
diatomic molecule the coeAcients are fully determined by symmetry, but that is 
not the case in general.

1 For a discussion of some of these approaches, see Section 2.3 of D.M. Hirst, A computa-
tional approach to chemistry, Blackwell Scientific Publications, Oxford (1990) and references 
therein. Another useful reference is C.M. Quinn, Computational quantum chemistry: an inter-
active guide to basis set theory, Academic Press, London (2002).
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The basis functions chosen are usually real. One choice of basis functions for 
use in eqn 9.8 are the Slater-type orbitals (STOs) introduced in Section 7.14. A 
complete basis set consists of STOs with all permitted integral values of n, l, and 
ml and all positive values of the orbital exponents, z (zeta), the parameter that 
occurs in the radial part (e−zr) of the STO. In practice, only a small number of all 
possible functions are used. The best values of z are determined by fitting STOs 
to atomic wavefunctions computed numerically, as explained in Section 7.14. 
However, for HF-SCF calculations on molecules with three or more atoms, the 
evaluation of the many two-electron integrals (ab |cd) is impractical. Indeed, this 
‘two-electron, four-centre integral problem’ was once considered to be one of 
the greatest problems in quantum chemistry.

(a) Gaussian-type orbitals

The introduction of Gaussian-type orbitals (GTOs) by S.F. Boys in 1950 played 
a major role in making ab initio calculations computationally feasible. Cartesian 
Gaussians are functions of the form

gijk(r) = Nxiyjzke−ar2

(9.20)

where the origin of the coordinates is the nucleus of the atom; i, j, and k are non-
negative integers; N is a normalization constant and a is a positive exponent. The 
integers lead to the following classification:

Possibilities Type

i = j = k = 0 (0,0,0) s

i + j + k = 1 (1,0,0), (0,1,0), (0,0,1) p

i + j + k = 2 (0,1,1), (1,0,1), (1,1,0), (2,0,0), (0,2,0), (0,0,2) d

and so on (Fig. 9.2). There are six d-type Gaussians. If preferred, six linear com-
binations of them can be used instead, five of them having the angular behaviour 
of the five real 3d-hydrogenic orbitals and the sixth being spherically symmetri-
cal, like an s-function. This sixth linear combination is sometimes eliminated 
from the basis set, but its elimination is not essential because we have not assumed 
that the basis set is orthogonal. Spherical Gaussians, in which factors like x are
replaced by spherical harmonics, are also used.

InterActivity Use the Worksheet entitled Equation 9.20 on the website for this text 
to explore the dependence of the GTO on the exponent a.
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Fig. 9.2 Gaussian orbitals. 
(a), (b), and (c) show the contour 
plots for s-, p-, and d-type 
Gaussians, respectively, with 
the form e−r2, xe−r2 and xye−r2.
(d) Cross-sections through the 
three functions. 
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The central advantage of GTOs is that the product of two Gaussians at diFer-
ent centres is equivalent to a single Gaussian function centred at a point between 
the two centres (Fig. 9.3). Therefore, two-electron integrals on three and four 
diCerent atomic centres can be reduced to integrals over two diCerent centres, 
which are much easier to compute. However, there is also a disadvantage to using 
GTOs that to some extent negates the computational advantage. A 1s hydro-
genic atomic orbital has a cusp at the atomic nucleus; an n = 1 STO also has a 
cusp there, but a GTO does not (Fig. 9.4). Because a GTO gives a poorer rep-
resentation of the orbitals at the atomic nuclei, a larger basis must be used to 
achieve an accuracy comparable to that obtained from STOs.

A
m

p
lit

u
d

e

G1

G2

G1G2

r

Fig. 9.3 The product of two 
Gaussians (G) is itself a Gaussian 
lying between the two original 
functions. In this figure, the 
amplitude of the product has 
been multiplied by 100.

Radius, r

s-type
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n = 1 STO
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e,
y

Fig. 9.4 A hydrogenic 1s-orbital 
is an exponential function, so 
there is a cusp at the nucleus. 
A Gaussian does not have a cusp 
at the nucleus.

A brief illustration

Suppose we take an s-type Gaussian function centred on each nucleus of H2, then 
(ignoring normalization)

g000(rA)g000(rB) = e−ar2
Ae−ar2

B = e−ar2
Ae−a |R−rA |2 = e−ar2

Ae−a(R2+r2
A−2R·rA) = e−a(R2+2r2

A−2R·rA)

where rA and rB describe the position of the electron relative to nucleus A and B, 
respectively, and R is the internuclear vector. Now note that

2 | rA − 1
2 R |2 = 2r2

A + 1
2 R2 − 2R · rA

It follows that

g000(rA)g000(rB) = e− 1–2aR2

e−2a | rA− 1–2 R |2

which is a Gaussian function centred on the mid-point of the molecule. A typ-
ical two-electron integral (with the normalization constants N reinstated) then 
becomes

(AA | BB) = j0N
4e−aR2� e−2a | rA1−

1–2 R |2 1

r12

 e−2a | rA2−1–2 R |2dt1 dt2

which is a single-centre two-electron integral, with each Gaussian centred on the 
mid-point of the internuclear separation.

To alleviate the problem of having to expand the basis set, several GTOs are 
often grouped together to form what are known as contracted Gaussian func-
tions. In particular, each contracted Gaussian, co, is taken to be a fixed linear 
combination of the original or primitive Gaussian functions, g, centred on the 
same atomic nucleus:

co = ∑
i

doigi (9.21)

with the contraction coeAcients doi and the parameters characterizing g held 
fixed during the calculation. The molecular orbitals are then expressed as a linear 
combination of the contracted Gaussians, as in eqn 9.8. The use of contracted 
rather than primitive Gaussians reduces the number of unknown coeAcients com

to be determined in the HF calculation. For example, if each contracted Gaussian 
is composed of three primitives from a set of 30 primitive basis functions, then 
whereas the expansion in eqn 9.8 involves 30 unknown com coeAcients, the cor-
responding expansion using contracted basis functions of eqn 9.21 has only 10 
unknown coeAcients. This decrease in the number of coeAcients leads to poten-
tially large savings in computer time with little loss of accuracy if the contracted 
Gaussians are chosen well.



How are the primitives and the contracted Gaussians constructed? In some 
applications, a set of basis functions is chosen and an atomic SCF calculation 
is performed, resulting in an optimized set of exponents (for example, a in 
eqn 9.20) for the basis functions, which can then be used in molecular structure 
calculations. The simplest type of basis set is a minimal basis set in which one 
function is used to represent each of the orbitals of elementary valence theory.

A brief illustration

A minimal basis set would include one function each for H and He (for the 1s 
orbital); five basis functions each for Li to Ne (for the 1s, 2s, and three 2p orbitals); 
nine functions each for Na to Ar, and so on. A minimal basis set for H2O, for 
instance, consists of seven functions, and includes two basis functions to represent 
the two H1s orbitals, and one basis function each for the 1s, 2s, 2px, 2py, and 2pz

orbitals of oxygen.

A minimal basis set, however, results in wavefunctions and energies that are 
not very close to the HF limit: accurate calculations need more extensive basis 
sets. A significant improvement is achieved by adopting a double-zeta basis set
(DZ basis set), in which each basis function in the minimal basis set is replaced 
by two basis functions. Compared to a minimal basis set, the number of basis 
functions has doubled and with it the number of variationally determined expan-
sion coeAcients com. A DZ basis set for H2O, for instance, would use 14 func-
tions. In a triple-zeta basis set (TZ basis set), three basis functions are used to 
represent each of the atomic orbitals encountered in elementary valence theory.

A split-valence basis set (SV basis set) is a compromise between the inadequacy 
of a minimal basis set and the computational demands of DZ and TZ basis sets. 
Each valence atomic orbital is represented by two basis functions while each 
inner-shell atomic orbital is represented by a single basis function. For example, 
for an atomic SCF calculation on C using contracted Gaussians in an SV basis, 
there is one contracted function representing the 1s orbital, two representing the 
2s orbital, and two each for the three 2p orbitals.

The basis sets we have described so far ignore possible contributions from 
basis functions representing orbitals for which the value of the quantum number 
l is larger than the maximum value considered in elementary valence theory (such 
as the inclusion of d-orbitals in the discussion of carbon compounds). When 
bonds form in molecules, atomic orbitals are distorted (or polarized) by adjacent 
atoms. This distortion can be taken into account by including basis functions 
representing orbitals with high values of l. For example, the inclusion of p-type 
basis functions can model reasonably well the distortion of a 1s orbital, and 
d-type functions are used to describe distortion of p-orbitals. The addition of 
these polarization functions to a DZ basis set results in a double-zeta plus polar-
ization basis (DZP basis). For example, in a DZP basis for methane, a set of three 
2p-functions is added to each H atom and a set of six 3d-functions is added to the 
C atom.

(b) The construction of contracted Gaussians

There are numerous ways to construct contracted Gaussian basis sets. One 
approach is to make a least-squares fit of Ng primitive Gaussians to a set of STOs 
that have been optimized in an atomic SCF calculation. For example, an SCF 
calculation is performed on a C atom using STOs to find the contracted Gaussians 
best representing the 1s, 2s, and 2p STOs, and then these contracted Gaussians 

 9.4 THE SELECTION OF BASIS SETS | 305



306 | 9 COMPUTATIONAL CHEMISTRY

are used in a subsequent SCF calculation on methane. The expansion of an STO 
in terms of Ng primitive Gaussians is designated STO-NgG. A common choice is 
Ng = 3, giving a set of contracted Gaussians referred to as STO-3G.

A second approach is to perform an atomic SCF calculation using a large num-
ber No of primitive Gaussian functions for the basis functions in eqn 9.8; from 
this calculation, the coeAcients com are determined. The primitive Gaussians are 
then divided into groups to form the contracted functions of eqn 9.21 with the 
contraction coeAcients fixed at these calculated values. An SCF calculation is 
then performed with these contracted functions. In the (4s)/[2s] contraction
scheme for molecules containing hydrogen, four primitive s-type Gaussians are 
divided into two groups to construct two basis-set functions for atomic hydro-
gen. As in many contraction schemes, the most diCuse primitive (the one with the 
smallest value of the exponent a in eqn 9.20) is left uncontracted and each of 
the remaining primitives appears in only one contracted Gaussian. That is, in the 
(4s)/[2s] scheme, three of the primitives are used to form one contracted Gaussian 
basis function and one of the primitives is itself a basis function.

Other contraction schemes also result in valuable savings. Table 9.2 lists a 
typical hierarchy of improvements. The addition of asterisks (*) to a scheme 
indicates the use of one or more polarization functions.

Table 9.2 Typical contraction schemes

Orbital of an inner shell Orbital of a valence  shell

6-31G One contracted Gaussian 
composed of six primitives

One contracted Gaussian composed 
of three primitives + a single diCuse
primitive

6-31G* As above Plus six d-type Gaussians for each 
atom  other than H

6-31G** As above As above but with three p-type 
Gaussians for each H

A brief illustration

To determine the number of basis set functions in a molecular structure calcula-
tion of C2H2 using a 6-31G* basis set each H1s orbital is represented by two basis 
set functions, using a total of four primitive Gaussians. Each C1s orbital is repre-
sented by one contracted Gaussian of six primitives. The C2s and C2p orbitals of 
each C atom are each represented by two basis set functions, one a contraction of 
three primitives and one a single uncontracted primitive. In addition, each C atom 
will also have six d-type polarization functions. Therefore, the total number of 
6-31G* basis set functions for C2H2 is 2(1 + 4 × 2 + 6) + 2 × 2 = 34. The total 
number of primitives used is 2{6 + 4 × (3 + 1) + 6} + 2 × 4 = 64.

Self-test 9.1 How many basis functions would there be in a molecular structure 
calculation on H2O using a 6-31G** basis?

[25 basis functions composed of 42 primitives]

(c) Calculational accuracy and the basis set

The basis-set superposition error is a contribution to the inaccuracy of calcula-
tions that stems from the use of a finite basis set instead of an infinite basis set; 
this error may arise in the calculation of the interaction energy of two weakly 



bound systems. As an example, suppose we were interested in the energetics of 
the dimerization of hydrogen chloride, HCl + HCl → (HCl)2, and we defined the 
interaction energy as the energy of the dimer minus the energies of the two 
infinitely separated monomers, Einteraction = E((HCl)2) − 2E(HCl). If we used, for 
example, a 6-31G basis set for each of the atoms in HCl, it might seem that the 
obvious choice would be to use a 6-31G basis set on each of the four atoms of the 
dimer. However, when the energy of an individual HCl molecule is computed, 
only the basis set functions on two atoms (H and Cl) are used to describe each 
molecular orbital y. On the other hand, the orbitals in the calculation for the 
dimer are expressed as linear combinations of the basis set functions on all four 
atoms. In other words, the basis set for the dimer is larger than that for either 
monomer, and this enlargement of the basis results in a non-physical lowering of 
the energy of the dissociated dimer relative to the separated monomers.

A common method used to correct the basis-set superposition error is the 
counterpoise correction, in which the energies of the monomer are computed by 
using the full basis set used for the dimer. For example, in the case of (HCl)2 when 
first computing the energy of an HCl molecule, a basis set is used that consists of 
functions centred on each nucleus of the HCl monomer as well as the same basis 
set functions centred at the two points in space that would correspond to the 
equilibrium positions of the other two HCl nuclei in the dimer.

Table 9.3 presents results of ab initio HF-SCF calculations on the ground states 
of several closed-shell molecules and shows how the SCF energy varies with the 
basis set used in the calculation. The reported SCF energies correspond to geo-
metries at or nearly at equilibrium. The energies represent the sum of the electronic 
(ab initio) energy and the nucleus–nucleus repulsion energy for the selected 
geometry. We see from the table that the energy approaches the HF limit as the 
basis set becomes more complete.

We have mentioned that the electronic potential energy surface (or curve for a 
diatomic molecule) can be used to predict the equilibrium geometries of mol-
ecules. This prediction can then be compared directly with the best experimental 
values. Table 9.4 shows a number of calculated equilibrium bond lengths using 
the basis sets indicated in Table 9.3 A good ab initio SCF calculation typically is 
in error by 0.02–0.04a0 (corresponding to 1–2 pm).

Electron correlation

However good the HF ground-state wavefunction Y0 may appear to be, it is not 
the ‘exact’ wavefunction. The HF method relies on averages: it does not consider 

Table 9.3 Self-consistent field energies with a variety of basis sets*

Basis set H2 N2 CH4 NH3 H2O

STO-3G −1.117 −107.496 −39.727 −55.454 −74.963

4-31G −1.127 −108.754 −40.140 −56.102 −75.907

6-31G* −1.127 −108.942 −40.195 −56.184 −76.011

6-31G** −1.131 −108.942 −40.202 −56.195 −76.023

HF limit −1.134 −108.997 −40.225 −56.225 −76.065

*The energies are expressed as multiples of the Hartree energy, Eh = 4.359 74 aJ.
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the instantaneous Coulombic interactions between electrons; nor does it take 
into account the quantum mechanical eCects on electron distributions because 
the eCect of the Ne − 1 electrons on the electron of interest is treated in an average 
way. These deficiencies are summarized by saying that the HF method ignores
electron correlation. A great deal of work in the field of electronic structure cal-
culation has been directed at taking electron correlation into account.

9.5 Confi guration state functions

The HF method yields a finite set of molecular orbitals when a finite basis set 
expansion is used. In general, a basis with No members results in No molecular 
orbitals. By ordering the molecular orbitals energetically and taking the 1/2Ne

lowest in energy to be doubly occupied by the Ne electrons, we form the HF 
ground-state wavefunction Y0. However, there remain No − 1/2Ne unoccupied 
virtual orbitals. For instance, in H2 and its description in terms of a molecular 
orbital built from the two electrons in a bonding orbital, the virtual molecular 
orbital is the unoccupied antibonding orbital.

We shall denote the ground state of a molecule by ; its wavefunction is

Y = ||jajb · · · jljmjn · · · jz || (9.22a)

A singly excited determinant corresponds to a wavefunction for which a single 
electron in an occupied spinorbital jm has been promoted to a virtual spinorbital 
jp (Fig. 9.5):

Ym
p = ||jajb · · · jljn · · · jp · · · jz || (9.22b)

This wavefunction represents states like . A doubly excited determinant is 

one in which two electrons have been promoted, as in , one from jm to jp

and one from jn to jq:

Ypq
mn = ||jajb · · · jljo · · · jp · · · jq · · · jz || (9.22c)

In a similar manner, we can form other multiply excited determinants. Each of 
the determinants, or a linear combination of a small number of them constructed 
so as to have the correct electronic symmetry (for example, a linear combination 
of determinants with the same eigenvalues of S2) is called a configuration state 
function (CSF).

Table 9.4 Self-consistent field equilibrium bond lengths with a variety of 
basis sets*

Basis set H2 N2 CH4 NH3 H2O

STO-3G 1.346 2.143 2.047 1.952 1.871

4-31G 1.380 2.050 2.043 1.873 1.797

6-31G* 1.380 2.039 2.048 1.897 1.791

6-31G** 1.385 2.039 2.048 1.897 1.782

Observed 1.401 2.074 2.050 1.912 1.809

*The bond lengths are expressed as multiples of the Bohr radius (a0 = 52.917 72 pm).

jNe

jp

jq

jc

jb

ja

j2

j1

Y0 Ya Y ab

p pq

Fig. 9.5 The notation for excited 
determinants.
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The energy associated with the exact ground-state wavefunction of the form of 
eqn 9.23 is the exact non-relativistic ground-state energy (within the Born–
Oppenheimer approximation). The diCerence between this exact energy and the 
HF limit is called the correlation energy. Configuration interaction accounts to 
some extent for the electron correlation neglected in the Hartree–Fock method.

At this point the familiar refrain is inevitable: in practice, it is computationally 
impossible to handle an infinite basis set of Ne-electron Slater determinants with 
each determinant constructed from an infinite set of spinorbitals. Furthermore, it 
becomes computationally very demanding (both in computer time and storage) 
to handle extremely large numbers of determinants. The latter problem is slightly 
alleviated by the observation that a number of the determinants in eqn 9.23 can 
often be eliminated on the basis of symmetry. For example, if we are interested in 

A brief illustration

A doubly excited CSF for H2 would be

Y1su1su
1sg1sg

= ||ya
1su

(1)yb
1su

(2) || representing

which is necessarily a singlet state. A singly excited CSF for H2 would be the singlet 
state corresponding to , and is a linear combination of Slater determinants 
(one determinant alone is not an eigenstate of S2):

Y1su
1sg

= ||ya
1sg

(1)yb
1su

(2) || − ||yb
1sg

(1)ya
1su

(2) ||

A brief illustration

A primitive example of CI was described in Section 8.5 in connection with the 
electronic structure of H2. There we saw that the ground state (using the 1s orbital 
basis with y1sg

= cA + cB) is (with normalization ignored) Y0 = ||ya
1sg

(1)yb
1sg

(2) ||. We 
also saw that an improved wavefunction is obtained by superimposing the doubly-
excited singlet state function, which in the notation introduced in this section is 
Y1su1su

1sg1sg
= ||ya

1su
(1)yb

1su
(2) || and in which both electrons have been excited into the 

antibonding s orbital. As we saw in Section 8.5, the mixing of these two wave-
functions can be interpreted as reducing the probability that both electrons will be 
found on the same atom.

9.6 Confi guration interaction

The exact ground-state wavefunction can be expressed as a linear combination 
of all possible Ne-electron Slater determinants (of the correct symmetry) arising 
from a complete set of spinorbitals. Therefore, we can write the exact electronic 
wavefunction Y as

Y = c0Y0 + ∑
a,p

cp
aYp

a + ∑
a<b
p<q

cpq
abYpq

ab + ∑
a<b<c
p<q<r

cpqr
abcYpqr

abc + · · · (9.23)

where the cs are expansion coeAcients and where the limits in the summation 
indices (a < b and so on) ensure that we sum over all unique pairs of spinorbitals 
in doubly excited determinants, over all unique triplets of spinorbitals in triply 
excited determinants, and so on. In other words, a given excited determinant 
appears only once in the summation. An ab initio method in which the wavefunc-
tion is expressed in the form of eqn 9.23 is called configuration interaction (CI).
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computing an accurate wavefunction for the 1∑g
+ ground state of H2, we do not 

need to include CSFs that do not correspond to the required 1∑g
+ symmetry. For 

instance, we can ignore CSFs that have u parity or which have non-zero eigen-
values of Sz.

There is another point that emphasizes—if further emphasis is required—the 
diAculty of carrying out molecular structure calculations reliably. Even if we 
could include all CSFs of the desired symmetry in eqn 9.23, we must also remem-
ber that the CSFs themselves are constructed from a finite set of basis functions 
and therefore molecular orbitals. A calculation is classified as full CI if all CSFs 
of the appropriate symmetry are used for a given finite basis set. For a given 
basis, full CI is the best CI calculation we can do. The diCerence between the 
ground-state energies obtained from a Hartree–Fock SCF calculation and a 
full CI calculation using the same basis set is called the basis-set correlation 
energy (Fig. 9.6). As the basis set is enlarged, the basis-set correlation energy gets 
closer to the exact correlation energy.

9.7 CI calculations

In configuration interaction calculations, the ground-state wavefunction Y (the 
only state we consider) is represented as a linear combination of Ne-electron
Slater determinants. Equation 9.23 can be written in a notationally simpler 
form as

Y =
L

∑
J=1

CJYJ (9.24)

The expansion coeAcients CJ are determined variationally by minimizing the 
Rayleigh ratio E (eqn 6.43a) using Y as the trial function. As in all applications 
of variation theory (see Sections 6.5 and 6.6), this minimization is equivalent to 
solving a set of simultaneous equations for the coeAcients CJ:

L

∑
J=1

HIJCJ = E
L

∑
J=1

SIJCJ (9.25a)

where, as usual,

HIJ = �YI*HYJ dt SIJ = �YI*YJ dt (9.25b)

and the notation 2 · · · dt implies integration over spatial and spin coordinates. 
The set of equations can be written in matrix notation as

HC = ESC (9.26a)

where C is an L × L matrix of coeAcients. Because the Slater determinants form 
an orthonormal set (SIJ = dIJ), eqn 9.26a becomes

HC = EC (9.26b)

This matrix equation can be solved by diagonalizing H.
The matrix elements HIJ, which must be evaluated in CI calculations, can be 

expressed in terms of the basis functions c, because the Slater determinants are 
composed of spinorbitals expressed in terms of the basis functions (Fig. 9.7). 
When the number of determinants is large it is necessary to employ a truncation 
scheme to keep the computation to a manageable size. The use of a truncated 
CSF list is referred to as limited CI. A systematic approach to the selection of deter-
minants for use in eqn 9.24 is to include all those determinants diCering from the 
HF wavefunction Y0 by no more than some predetermined number of spinorbitals. 

Slater determinants, Yi

Section 9.3

Section 9.5

Section 7.11

Spinorbitals, jm

Spatial wavefunctions, ym

Basis functions, co

Fig. 9.7 Matrix elements 
between Slater determinants can 
ultimately be expressed in terms 
of matrix elements between basis 
functions.
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Because the spinorbitals cannot be improved once the HF-SCF calculation has 
been completed, the best we can do is to include systematically more and more 
excited determinants in the expansion.

Because the two-electron operator 1/r12 cannot aCect more than two electrons, 
matrix elements H0J between the HF wavefunction Y0 and determinants YJ that 
are more than doubly excited are zero (recall the Condon–Slater rules in Section 
7.15). In addition, through the use of Brillouin’s theorem, hamiltonian matrix 
elements between Y0 and all singly excited determinants also vanish (see Problem 
9.7). However, singly excited determinants will have a small but non-zero eCect
on the calculation of the ground-state energy because they have non-zero matrix 
elements with doubly excited determinants, which themselves mix with Y0.
Moreover, single excitations do aCect the electronic charge distribution and 
therefore properties such as the dipole moment. Thus, they are often included 
in CI calculations. A first approach (which can be expected to be reasonably 
accurate when Y0 is an approximation to the exact wavefunction) is to limit the 
list of excited determinants to those that are singly and doubly excited. Limitation 
of the list of determinants to Y0 and determinants that are singly and doubly 
excited with respect to Y0 is denoted SDCI. If only Y0 and doubly excited deter-
minants (as in the preceding brief illustration) are used, then the technique is 
denoted DCI.

Table 9.5 presents results for CI calculations on H2 using some of the basis sets 
of Table 9.2. In particular, we compare results from DCI and SDCI. As H2 is 
a two-electron species, SDCI in this case is the same as full CI. The entries for the 
energies in Table 9.5 represent the diCerences between the SCF and CI ground-
state energies, both computed using the same basis set. Several things are appar-
ent from the table. First, the single excitations make a very small contribution to 
the energy. Second, the contribution to the energy from the double excitations is 
very sensitive to the basis set. As the basis set gets larger, we recover a larger frac-
tion of the exact correlation energy of −0.0409Eh (−1.11eV) from the doubly 
excited configurations. However, even the largest basis set of Table 9.5, 6-31G**, 
gives an energy that is significantly diCerent from the exact correlation energy, 
primarily because l ≥ 2 functions have not been included in the basis.

Table 9.5 also lists the equilibrium bond length of H2 obtained by finding the 
minimum in the calculated potential energy curve as a function of the bond 
length. We see that as the basis set is improved, the computed bond length is 
closer to the experimental result of 1.401a0. By comparing Tables 9.4 and 9.5 we 
can see that for a given basis set, the full CI calculation is superior to the HF-SCF 
result.

One serious deficiency that plagues limited CI calculations is the lack of size-
consistency. A method is deemed size-consistent if the energy of a many-electron 
system is proportional to the number of electrons Ne in the limit Ne → ∞; in par-
ticular, the energy of AB computed when subsystems A and B are infinitely far 
apart should be equal to the sum of the energies of A and B separately computed 
using the same method. That the physical requirement of size-consistency is not 

Table 9.5 Calculated properties of dihydrogen

Basis set {E(DCI) – E(SCF)}/(10−3 Eh) {E(SDCI) – E(SCF)}/(10−3 Eh) Re(SDCI)/a0

STO-3G −20.56 −20.56 1.389

4-31G −24.87 −24.94 1.410

6-31G** −33.73 −33.87 1.396
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satisfied, for example, by a SDCI wavefunction is demonstrated in the following 
example. The magnitude of the size-consistency error increases as the size of the 
molecule increases.

Example 9.1 Demonstrating the lack of size-consistency

Demonstrate that the SDCI calculation on the dimer He2 is not size-consistent.

Method We need to show that the energy of two infinitely separated He atoms is 
not equal to the energy of the dimer He2 when the internuclear distance is infinite. 
Recalling that full CI calculations are size-consistent but limited CI is not, we should 
compare SDCI calculations to full CI calculations on both He + He and He2.

Answer First, consider the energies of the two He atoms separately computed using 
SDCI. The infinitely separated atoms each have an HF wavefunction given by 
Y0 = ||ya

1s(1)yb
1s(2) ||. Because He has only two electrons, a calculation involving all 

single and double excitations would involve all possible determinants; it would be 
a full CI calculation for each atom. Therefore, the SDCI calculation on the two 
independent two-electron He systems (that is, the four-electron He + He SDCI 
calculation) includes contributions from quadruply excited determinants in which 
both electrons on each independent He atom are excited. Now consider the SDCI 
calculation on the composite four-electron He + He dimer with an infinite inter-
nuclear distance. An SDCI calculation involving only singly and doubly excited 
determinants will not be the same as full CI; in particular, it will not include con-
tributions from quadruply excited determinants. Therefore, the SDCI calculation 
on the composite four-electron system He2 (at infinite internuclear separation) 
will result in both a diCerent wavefunction and a diCerent energy than the SDCI 
treatment of the two independent two-electron He systems. Thus, the limited CI 
calculation is not size-consistent.

Self-test 9.2 What level of CI calculation is necessary to ensure that the He2 dimer 
CI calculation is size-consistent?

[SDTQCI]

9.8 Multiconfi guration methods

In the CI methods described in the previous section, the expansion coeAcients
com of eqn 9.8 are determined in an initial HF-SCF calculation and held fixed in 
the subsequent CI calculation. In the multiconfiguration self-consistent field 
method (MCSCF), the coeAcients com as well as the coeAcients CJ of eqn 9.24 
are optimized. This simultaneous optimization of both sets of expansion 
coeAcients makes MCSCF computationally demanding, but by optimizing com

reasonably accurate results can be obtained with the inclusion of a smaller num-
ber of CSFs.

The development of eAcient MCSCF methods is particularly important for 
excited states. One such scheme is the complete active-space self-consistent field 
method (CASSCF) in which the spatial wavefunctions (which are themselves 
optimized during the calculation by determining the optimal values of com) are 
divided into three classes:

1. A set of inactive orbitals composed of the lowest energy spatial wavefunc-
tions that are doubly occupied in all determinants included in eqn 9.24.

2. A set of virtual orbitals of very high energy spatial wavefunctions that are 
unoccupied in all determinants.
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3. A set of active orbitals that are energetically intermediate between the inac-
tive and virtual orbitals.

The active electrons are the electrons that are not in the doubly occupied inactive 
orbital set. The CSFs included in the CASSCF calculation are configurations (of 
the appropriate symmetry and spin) that arise from all possible ways of distribut-
ing the active electrons over the active orbitals.

The choice of which orbitals to include as active orbitals is critical in CASSCF. 
One approach is to select the bonding, non-bonding, and antibonding orbitals 
that arise in qualitative MO theory from the valence atomic orbitals of the atoms 
in the molecule. For example, in a CASSCF calculation of the ground-state wave-
function and energy of the homonuclear diatomic B2, one choice could be to take 
the inactive orbitals to be the s-orbitals formed from the B1s atomic orbitals 
and to take the active orbitals to be the s- and p-orbitals that are formed from the 
B2s and B2p atomic orbitals. The choice of active orbitals is important because 
the number of CSFs rises very quickly as the number of active orbitals increases.

In the restricted active-space (RAS) SCF method, the set of active orbitals is 
further divided into three subsets of orbitals (denoted I, II, and III) with the 
requirements that subset I contains a (specified) minimum number of electrons 
and subset III contains a (specified) maximum number of electrons. The number 
of electrons in subset II is unrestricted but the total number of electrons in the 
three subsets must be specified in the RASSCF calculation. In practice, subset II 
contains the most important orbitals for the problem at hand and this set of 
orbitals is reminiscent of the ‘normal’ active set of CASSCF.

9.9 Møller–Plesset many-body perturbation theory

Configuration interaction calculations provide a systematic approach for going 
beyond the HF level, by including determinants that are successively singly 
excited, doubly excited, triply excited, and so on, from a ground-state configur-
ation. One important feature of CI is that it is variational, but one disadvantage 
is its lack of size-consistency. Perturbation theory (PT, Chapter 6) provides an 
alternative systematic approach to finding the correlation energy: whereas its 
calculations are size-consistent, they are not variational in that it does not in 
general give energies that can be regarded as upper bounds to the exact energy.

The application of PT to a system composed of many interacting particles is 
called many-body perturbation theory (MBPT). Because we want to find the cor-
relation energy for the ground state, we take the zero-order hamiltonian from 
the Fock operators of the HF-SCF method. This choice of H(0) was made in the 
early days of quantum mechanics (in 1934) by C. Møller and M.S. Plesset, and 
the procedure is called Møller–Plesset perturbation theory (MPPT). Applications 
of MPPT to molecular systems did not actually begin until some 40 years later.

In MPPT, the zero-order hamiltonian H(0) (in this context denoted HHF) is given 
by the sum of the one-electron Fock operators defined in eqn 9.7:

HHF =
Ne

∑
i=1

fi (9.27)

The HF ground-state wavefunction Y0 is an eigenfunction of HHF with an eigen-
value E0

(0) given by the sum of the orbital energies of all the occupied spinorbitals. 
The perturbation H(1) is given by

H(1) = H − HHF (9.28a)

where, as before, H is the electronic hamiltonian. For electron i, it follows from 
eqn 9.7 that the perturbation is
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H(1)(i) = j0 ∑
j

1
rij

− ∑
m

 {2Jm(i) − Km(i)} (9.28b)

where the sum over j omits electron i, and the sum over m is over the occupied 
molecular orbitals. The HF energy EHF associated with the (normalized) ground-
state HF wavefunction Y0 is the expectation value of H and is equal to the sum of 
the zero-order energy E0

(0) and the first-order energy correction E0
(1), where the 

latter is equal to the expectation value of the perturbation H(1). As may be inferred 
from the discussion of ordinary perturbation theory in Section 6.2, the second-
order correction to the energy is

E(2) = ∑
J≠0

〈YJ |H(1) |Y0〉〈Y0 |H(1) |YJ〉
E0

(0) − EJ
(0)

(9.29)

where YJ is a multiply excited determinant and an eigenfunction of HHF with 
eigenvalue EJ

(0). The inclusion of the second-order energy correction in MPPT is 
designated MP2.

To evaluate eqn 9.29, we need to be able to evaluate the oC-diagonal matrix 
elements 〈YJ | H(1) |Y0〉. First, we note that the matrix element 〈YJ | HHF |Y0〉 = 0 
because Y0 is an eigenfunction of HHF and the spinorbitals, and hence the deter-
minants, are orthogonal. From Brillouin’s theorem and the discussion in Section 9.7, 
we conclude that only doubly excited determinants have non-zero H(1) matrix 
elements with Y0 and therefore only double excitations contribute to E(2).

A brief illustration

Suppose we apply MP2 to H2 in the minimal basis of two H1s orbitals. Then the 
only matrix elements we need in the evaluation of eqn 9.29 are

〈Y1su1su
1sg1sg

|H(1) |Y0〉 = j0 �y1su
(1)y1su

(2)
1

r12

y1sg
(1)y1sg

(2)dt1 dt2

The operators J and K make no contribution because they are one-electron oper-
ators and so cannot generate a doubly excited configuration from the ground state. 
When the LCAOs y1sg

= N1sg
(cA + cB) and y1su

= N1su
(cA − cB) are introduced, the 

matrix element becomes

〈Y1su1su
1sg1sg

|H(1) |Y0〉

= j0(N1sg
N1su

)2�(cA − cB)(1)(cA − cB)(2)
1

r12

 (cA + cB)(1)(cA + cB)(2)dt1 dt2

= (N1sg
N1su

)2 {(AA | AA) − (AB | AA) + · · · + (BB | BB)}

If for simplicity we disregard overlap, then (N1sg
N1su

)2 = 1
4. There are 16 terms; 

however, many are the same by symmetry, and we find

〈Y1su1su
1sg1sg

|H(1) |Y0〉 = 1
2 {(AA | AA) − (AB | AB)}

The MP2 estimate of the correlation energy is therefore

E0
(2) = {(AA | AA) − (AB | AB)}2

4{E(1sg1sg) − E(1su1su)}

It is possible to extend MPPT to include third- and fourth-order energy correc-
tions, and the procedures are then denoted MP3 and MP4.2 The algebra involved 

2 For a detailed discussion, see S. Wilson, Electron correlation in molecules, Clarendon Press, 
Oxford (1984).
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becomes more complicated at higher orders of perturbation theory, and it is com-
mon to use diagrammatic techniques to classify and represent the various terms 
that appear in the perturbation series expressions. These diagrammatic represen-
tations can be used to prove that MPPT is size-consistent in all orders.

9.10 The coupled-cluster method

Another popular ab initio method that, like MPPT, is size-consistent but not 
variational, is called the coupled-cluster method (CC method).

(a) Formulation of the method

The CC method introduces the cluster operator C, which relates the exact elec-
tronic wavefunction Y to the HF wavefunction Y0 through

Y = eCY0 (9.30a)

where the exponential operator eC is defined by the series expansion

eC = 1 + C + 1
2! C

2 + 1
3! C

3 + · · · (9.30b)

The eCect of the cluster operator C is the sum of the eCects of a one-electron 
excitation operator C1, two-electron excitation operator C2, . . . , N-electron
excitation operator CN:

C = C1 + C2 + · · · CN (9.31a)

with

C1Y0 = ∑
a,p

t a
pYa

p C2Y0 = ∑
a,b,p,q

tpq
abYpq

ab (9.31b)

and so on; the ta
p are called single-excitation amplitudes, tpq

ab double-excitation
amplitudes, and so on. No operators beyond CN appear because Y0 has all elec-
trons in N occupied spinorbitals. We do not need to know the explicit form of the 
operator C: its eCect is expressed by the values of the amplitudes t, which are 
determined as we explain below.

The eCect of eC on Y0 yields terms of the form C1Y0, C2Y0, C3Y0, . . . , but it also 
results in products of excitation operators such as C1C1Y0, C1C2Y0, and C1C2C3Y0.
Because C1Y0 results in singly excited determinants, another application of C1 (as 
in C1C1Y0) results in doubly excited determinants; the latter also result from 
C2Y0. However, there is an important diCerence. For C2Y0, the double-excitation 
amplitudes t pq

ab appear whereas for C1C1Y0, products ta
ptb

q of single-excitation 
amplitudes result. We say that C2Y0 represents a ‘connected’ double-excitation con-
tribution whereas C1C1Y0 represents a ‘disconnected’ double-excitation con-
tribution. Similarly, C3Y0 is a connected triple-excitation contribution whereas 
C1C1C1Y0 (that is, C1

3Y0) and C1C2Y0 are disconnected, involving, respectively, 
products of three single-excitation amplitudes and products of single- and double-
excitation amplitudes. There are various ways of representing the eCect of C
diagrammatically: one is shown in Fig. 9.8.

An approximation widely used in CC applications is to truncate the cluster 
operator C to include only certain types of term. In the approach referred to as 
‘coupled cluster singles and doubles’ (CCSD), C is approximated by C1 + C2. In 
CCD, only C2 is employed whereas in CCSDT, C is given by C1 + C2 + C3.

(b) The coupled-cluster equations

To derive the set of coupled-cluster equations in the simplest CCD approxima-
tion, eCY0, with C = C2, is substituted into the Schrödinger equation:

C1

C1

C1

C2

C3

C2

C1

C1 C1 C1

Fig. 9.8 A graphical 
representation of the distinction 
between some connected (blue) 
and disconnected (black) clusters 
in the expansion of eCY.
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HeC2Y0 = EeC2Y0 (9.32a)

and therefore

H(1 + C2 + 1
2 C2

2 + · · · )Y0 = E(1 + C2 + 1
2 C2

2 + · · · )Y0 (9.32b)

Now we use the fact that Y0 is normalized and orthogonal to all excited Slater 
determinants, so after multiplication by Y0* and integration over all space and 
spin coordinates, the right-hand side of this expression becomes simply E.
Similarly, the left-hand side becomes simply

〈Y0 |H(1 + C2 + 1
2 C2

2 + · · · ) |Y0〉 = 〈Y0 |H |Y0〉 + 〈Y0 |HC2 |Y0〉

The term in HC2 does not necessarily vanish because H contains two-electron 
operators that can restore the ground state from a doubly excited state. Because 
the first term on the right is the HF energy of the ground state, it follows that

EHF + 〈Y0 |HC2 |Y0〉 = E (9.33)

There are two unknown quantities in this expression: the energy E and the 
double excitation amplitudes arising from the eCect of C2. We make progress by 
finding another set of equations by multiplying eqn 9.32a by Yij

kl* instead of Y0*. 
Using the orthonormality of the Slater determinants and the fact that the H
includes a two-electron operator we find

〈Yij
kl |H |Y0〉 + 〈Yij

kl |HC2 |Y0〉 + 1
2 〈Yij

kl |HC2
2 |Y0〉 = E〈Yij

kl |C2 |Y0〉 (9.34)

When the expression for E in eqn 9.33 is substituted in eqn 9.34, we obtain 
an equation solely in terms of the double-excitation amplitudes:

〈Yij
kl |H |Y0〉 + 〈Yij

kl |HC2 |Y0〉 + 1
2 〈Yij

kl |HC2
2 |Y0〉 (9.35)

= {EHF + 〈Y0 |HC2 |Y0〉}〈Yij
kl |C2 |Y0〉

If there is a total of m doubly excited determinants Yij
kl , there are m equations of 

this form and there are m unknown double-excitation amplitudes tij
kl . Once the 

hamiltonian matrix elements are computed (as well as the HF energy), the set of 
non-linear equations for the double-excitation amplitudes is solved (usually in an 
iterative fashion beginning with estimates of the amplitudes). From the ampli-
tudes the CCD energy E and wavefunction eCY0 are determined.

A brief illustration

The eCect of C2 on the ground state of H2 within the simple basis we have been 
using so far is C2Y0 = tY1su1su

1sg1sg
. Therefore, eqn 9.35 is

EHF(1σu1σu) 1442443

〈Y1su1su
1sg1sg

|H |Y0〉 + 〈Y1su1su
1sg1sg

|H |Y1su1su
1sg1sg

〉 t

=
1
2
3

EHF(1sg1sg)�

EHF + 〈Y0 |H |Y1su1su
1sg1sg

〉t
5
6
7

 1 14243

〈Y1su1su
1sg1sg

|Y1su1su
1sg1sg

〉t

In the preceding brief illustration we evaluated the oC-diagonal elements of H
and found them equal to 1/2{(AA | AA) − (AB | AB)}, which we shall denote Q.
With DE = EHF(1su1su) − EHF(1sg1sg), the equation we have derived then becomes

Qt2 − DEt − Q = 0

which is a simple quadratic equation for the amplitude t in terms of integrals 
that in principle have already been evaluated.  In Exercise 9.16 you are invited to 
show that when Q << DE, the energy is the same as that calculated in the MP2 
approximation of MPPT in the preceding brief illustration.
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Density functional theory

Density functional theory (DFT) is now one of the most dominant computational 
procedures for molecular electronic structure calculations. The basic idea behind 
the method, as we saw in Section 7.18, is that the energy of an electronic system 
can be written in terms of the electron probability density, r. For a system of Ne

electrons, r(r) denotes the total electron density at a particular point r in space. 
As in the development of the Thomas–Fermi method for atoms, the electronic 
energy E is treated as a functional of the electron density and is denoted E[r], in 
the sense that for a given function r(r), there is a single corresponding energy. The 
properties of functionals and their derivatives are described in Further informa-
tion 7.3.

There are several advantages to using DFT. One is that the approach uses 
a single three-dimensional function for an Ne-electron molecule, the electron 
density, with no constraints due to permutation symmetry whereas wavefunction 
approaches rely on the properties of a 3Ne-dimensional function with a large 
number of constraints to ensure that it is fully antisymmetric. Furthermore, the 
Ne-electron wavefunction has cusps where the electrons approach one another 
whereas the electron density, because it does not involve inter-electron distances 
explicitly, has no such cusps.

9.11 The Hohenberg–Kohn existence theorem

The application of the Thomas–Fermi method to molecules relies on a number of 
assumptions, chief among them being that the electron density determines the 
properties of the molecule and that the energy is correctly given by a variation 
principle. It was not until 1964 that a formal proof of the former was given3 by 
P. Hohenberg and W. Kohn which we shall call the Hohenberg–Kohn existence 
theorem:

The ground-state energy and all other ground-state electronic properties are 
uniquely determined by the electron density.

Proof 9.1 The Hohenberg–Kohn existence theorem

The hamiltonian for a many-electron molecule is given in eqn 9.2, which we repeat 
here with a slightly diCerent notation:

H = −
H2

2me

Ne

∑
i

∇2
i − j0

Ne

∑
i

Nn

∑
I

ZI

|ri − rI |
+ 1

2 j0

Ne

∑
i≠j

1

|ri − rj |

The interaction between the electrons and the nuclei (the second term on the right) 
will be denoted n(r) for each electron:

n(r) = − j0

Nn

∑
I

ZI

|r − rI |

Then the hamiltonian becomes

H = −
H2

2me

Ne

∑
i

∇2
i +

Ne

∑
i

n(ri) + 1
2 j0

Ne

∑
i≠j

1

|ri − rj |

The specification of the external potential n(r) (that is its conventional name; 
it is actually a potential energy) in terms of the nuclear atomic numbers and ››

3 P. Hohenberg and W. Kohn, Phys. Rev., 864, B136 (1964).
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The Hohenberg–Kohn existence theorem confirms that it is possible to express 
the ground-state energy of a molecule as a functional of the ground-state electron 
density and therefore to write

EHK[r] 14243

E[r] = T[r] + Vee[r] + �r(r)v(r)dr (9.36)

relative locations of electrons and nuclei and the specification of the number of 
electrons jointly define the molecule and therefore in principle determine all its 
properties. That the electron density determines the total number of electrons is 
obvious: see eqn 7.57. We need to show, therefore, that the ground-state electron 
density also determines the external potential: if it does, then all the properties 
of the molecule are determined by the ground-state electron density too. To prove 
the result, we use a reductio ad absurdum argument: we assume the opposite and 
show that the assumption leads to a contradiction.

To establish the following result, we need to use one of the Condon–Slater rules 
(Section 7.15), that for a sum of one-electron operators

〈Y |W1 |Y〉 =
Ne

∑
i=1

〈ji(1) |W(r1) |ji(1)〉

The total external potential is a sum of one-electron terms, so we can write

�Y
Ne

∑
i=1

v(ri) Y� =
Ne

∑
i=1

〈ji(1) |v(r1) |ji(1)〉

= �∑
i

j*i (r1)ji(r1)v(r1)dr1

= �r(r)v(r)dr

where the electron density (eqn 7.65) has been expressed in terms of spinorbitals 
and in the last line the integration variable r1 has been replaced by r.

Suppose that we have two hamiltonians H and H′ that diCer in their external 
potentials but which correspond to the same ground-state electron density. Because 
the external potentials are diCerent, the normalized wavefunctions Y and Y′ are 
diCerent. We now use Y′ as a trial function for H, and from the variation theorem 
(Section 6.5) can write, using the result established above,

E0 < 〈Y′ |H |Y′〉 = 〈Y′ |H′ |Y′〉 + 〈Y′ |H − H′ |Y′〉

 < E′0 + �r(r){v(r) − v′(r)}dr

Alternatively, we could use Y as a trial function for H ′, and obtain

E′0 < 〈Y |H′ |Y 〉 = 〈Y |H |Y 〉 + 〈Y |H′ − H |Y 〉

 < E0 − �r(r){v(r) − v′(r)}dr

The sum of these two expressions is

E0 + E′0 < E′0 + E0

which is the absurdity that enables us to conclude that the initial supposition is 
false and therefore that the ground-state electron density corresponds to a unique 
external potential. From that it follows that the ground-state electron density 
determines (in principle) all the properties of the molecule.
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As in the Thomas–Fermi–Dirac (TFD) method, the electron–electron potential 
energy functional is the sum of a classical Coulombic contribution, J[r], and a 
quantum-mechanical contribution.

9.12 The Hohenberg–Kohn variational theorem

The Hohenberg–Kohn existence theorem informs us that it is suAcient to know 
the ground-state electron density to determine any property of a molecule, but at 
this stage the only clue we have to constructing the electron density is first to find 
the wavefunctions by solving the Schrödinger equation and then to use eqn 7.65. 
However, a very important point is that we can make progress by establishing 
a result analogous to the variation principle for wavefunctions, which is the 
Hohenberg–Kohn variational theorem:

For a trial density function r′(r), the energy functional E0[r′] cannot be less 
than the true ground-state energy of the molecule.

This conclusion was assumed in the TFD method, and its use there is justified by 
this theorem.

Proof 9.2 The variation theorem for the energy functional

We have already established that a ground-state electron density determines the 
external potential of a system, so a trial density function r′(r), which is everywhere 
positive and integrates to Ne, establishes the corresponding external potential v′
and therefore the hamiltonian H′ and normalized wavefunction Y′. We can use 
this wavefunction as a trial function for the actual molecule with hamiltonian H
and use the variation theorem result that 〈Y′ |H |Y′〉 ≥ E0. Then

〈Y′ |H |Y′〉 = T[r′] + Vee[r′] + �r′(r)v(r)dr = E[r′]

Because 〈Y′ |H |Y′〉 ≥ E0, it follows that E[r′] ≥ E0, as we sought to show.

As in the TF method, the variation theorem implies that variation of the elec-
tron density subject to the constraint in eqn 7.57 corresponds to an extremum:

d 
1
2
3E[r] − m�r(r)dr

5
6
7 = 0

(This equation appears in Section 7.18 but with the approximate ETF[r] replaced 
by a potentially exact E[r].) Therefore, the ground-state electron density must 
satisfy m = dE[r]/dr(r), or

m = v(r) + dEHK[r]
dr(r)

(9.37)

This is the fundamental equation of DFT.

9.13 The Kohn–Sham equations

So far we have a general formalism that provides encouragement for making 
further progress, but no specific guidance. The next major step in the develop-
ment of DFT came with the derivation of a set of one-electron equations from 
which the electron density r could be obtained. To generate an actually solvable 
set of equations, W. Kohn and L.J. Sham considered a hypothetical reference 
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system consisting of Ne non-interacting electrons in an external potential vref(r)
selected so that the electron density of the reference system, rref(r), is identical to 
the true electron density, r(r). The hamiltonian for the reference system is

href =
Ne

∑
i=1

hi
KS hi

KS = − H2

2me

∇2
i + vref(ri) (9.38)

and where the one-electron Kohn–Sham orbitals ym
KS are eigenfunctions of the 

one-electron Kohn–Sham hamiltonians hi
KS:

hi
KSym

KS(i) = em
KSym

KS(i) (9.39)

The Slater determinant representing the ground-state wavefunction of the refer-
ence system is

Yref = ||ja
KS(1)jb

KS(2) . . . jz
KS(Ne) ||

where the jKS are the Kohn–Sham spinorbitals, each of which is a product of a 
Kohn–Sham spatial orbital yKS and a spin state (a or b); we are considering only 
closed-shell species.

The total energy functional for the actual molecule (that is, eqn 9.36), can be 
written in terms of the reference system functional together with a correction 
term

E[r] = T[r] + Vee[r] + �r(r)v(r)dr

 = Tref[rref] + Jref[rref] + �r(r)v(r)dr + {T[r] + Vee[r] − (Tref[rref] + Jref[rref])}

However, the reference system has been set up to have the same electron density 
as the real system, so we can write

E[r] = Tref[r] + J[r] + �r(r)v(r)dr + EXC[r]

where the exchange–correlation energy is

EXC[r] = T[r] + Vee[r] − (Tref[r] + J[r])

The subscript on J[r] has been deleted because (as defined in eqn 7.64b) it is the 
same for any system with a continuous distribution of electron density. At this 
stage we can rewrite eqn 9.37 as

m = veC(r) + dTref[r]
dr(r)

(9.40)

with

veC(r) = v(r) + dJ[r]
dr(r)

+ dEXC[r]
dr(r)

The functional derivative of J[r] is given by

dJ[r]
dr(r)

= j0� r(r ′)
| r − r ′ |

 dr ′

and that of the exchange–correlation energy defines the exchange–correlation 
potential vXC(r):

vXC(r) = dEXC[r]
dr(r)

(9.41)



Note that this potential is not a functional: it is an ordinary function of the posi-
tion. The eCective potential is therefore

veC(r) = v(r) + j0� r(r ′)
| r − r ′ |

 dr ′ + vXC(r)

The final point is that eqn 9.40 is the same as the equation that would be derived 
on the basis that the electrons are free, as in the reference system, but moving in an 
external potential veC(r). Therefore, the appropriate form of the electron density 
that satisfies eqn 9.40 is nothing other than that obtained by solving eqn 9.39 with 
vref(r) in eqn 9.38 replaced by veC(r).  In other words, to find the electron density 
that minimizes the energy functional, we need to solve the Kohn–Sham equation

1
2
3h1 + j0� r(r2)

| r1 − r2 |
 dr2 + vXC(r1)

5
6
7ym

KS(r1) = em
KSym

KS(r1) (9.42)

where h1 is the one-electron hamiltonian

h1 = − H2

2me

∇2
1 + v(r1)

9.14 The exchange–correlation challenge

The challenge is to find the functional EXC[r] and hence the function vXC(r).
Numerous schemes have been developed for obtaining approximate forms for 
the functional for the exchange–correlation energy. That the implementation of 
DFT (rather than its underlying formalism) depends on various ad hoc inven-
tions is why some regard it as a type of semiempirical method, but as distinct 
from conventional semiempirical procedures. The search for more accurate func-
tionals is an active area of current research eCorts. The main source of error in 
DFT usually stems from the approximate nature of EXC[r]. This functional is 
often separated into an exchange functional (representing exchange energy) and 
a correlation functional (representing correlation energy):

EXC[r] = EX[r] + EC[r]

It is sometimes assumed that the exchange contribution outweighs the correla-
tion contribution. Note that although a variation theorem underlies the method, 
the fact that the exchange energy is represented by an approximate expression 
means that the energies calculated can no longer be regarded as upper bonds to 
the true energy (that is, the calculated energy might lie below the true energy).

(a) Local density approximations

In the most primitive local density approximation (LDA), we use the Dirac 
expression for the exchange energy, whereby the exchange contribution is given 
by EX[r] = −1/2K[r] and K[r] is given by eqn 7.68 with an adjustable parameter a:

EXC[r] = A�r(r)4/3dr A = −9
8a

A
C
3
p

D
F

1/3

j0 (9.43a)

(The value of a is typically set to about 2/3; when a = 2/3, A = Cex.) This is the 
original Xa method (the X stands for ‘exchange’) introduced by J.C. Slater before 
DFT was established and which can now be seen to be a special case of DFT; for 
technical reasons related to the definition of the exchange–correlation potential, 
Slater’s method is no longer used. We show in Further information 7.3 that the 
corresponding exchange–correlation potential is

vXC(r) = 4
3 Ar(r)1/3 (9.43b)
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The KS equations are solved in a self-consistent fashion. Initially, we guess the 
electron density r (eqn 7.65), typically by using a superposition of atomic dens-
ities. By using some approximate form (which remains fixed during all iterations) 
for the functional EXC[r] (for example, using eqn 9.43), we next compute vXC as 
a function of r. The set of KS equations is then solved to obtain an initial set of 
KS orbitals. This set of orbitals is then used to compute an improved density 
from eqn 7.65, and the process is repeated until the density and exchange–corre-
lation energy have converged to within some tolerance. The electronic energy is 
then computed from E[r].

A brief illustration

In our continuing treatment of H2, we begin by assuming that the electron density 
in the molecule is r(r) = |cA(r) |2 + |cB(r) |2 for each electron, and suppose that the 
exchange–correlation potential is that in eqn 9.43b. Then the KS equations we 
need to solve are

1
2
3
h1 + j0� r(r2)

r12

 dr2 + 4
3 Ar(r1)

1/3
5
6
7
y(r1) = ey(r1)

This equation is solved numerically using the initial guess for the electron density 
and the solutions are used to construct a better approximation to r(r). The proce-
dure is continued until the iterations are self-consistent. When convergence has 
been achieved, the energy of the molecule is computed from

E[r] = 2 �y(r1)h1y(r1)dr1 + j0� r(r1)r(r2)

r12

 dr1 dr2 + A�r(r1)
4/3dr1

where the first term is the sum of the energies of the two electrons in the field of the 
two protons, the second term is the electron–electron interaction, and the last term 
is the exchange–correlation energy.

The KS orbitals can be computed numerically or they can be expressed in 
terms of a set of basis functions; in the case of the latter, solving the KS equations 
amounts to finding the coeAcients in the basis set expansion. As in the HF methods, 
a variety of basis set functions can be used (including STOs and GTOs) and the 
wealth of experience gained in HF calculations can prove to be useful in the choice 
of DFT basis sets. The computation time required for a DFT calculation formally 
scales as the third power of the number of basis functions; as a result, DFT methods 
are computationally more eAcient (though not necessarily more accurate) than 
HF-based formalisms, which scale as the fourth power of the number of basis 
functions. However, for large systems such as proteins, even this third-power 
scaling makes computational investigations impractical and much eCort these 
days is devoted to the development of DFT algorithms with lower-power scaling.

(b) More elaborate functionals

Hundreds of diCerent exchange–correlation functionals have been proposed, 
and ever more elaborate ones are still being generated. One path to elaboration 
is to suppose that a local density approximation is only the first approximation 
to the truth and that the exchange–correlation functional should depend not 
only on the electron density at a point but also its gradient there. That is, in the 
generalized-gradient approximation (GGA) we suppose that

EXC[r] = � f(r(r),∇r(r))dr



where f is a suitably chosen function. The functions are often highly elaborate 
and often have parameters that are chosen, for instance, by matching the expres-
sions to HF exchange-energy calculations. A natural extension of the GGA is to 
include the second derivatives in the function defining the functional and to write 
it f(r,∇r,∇2r) in place of f(r,∇r). However, in the meta-generalized gradient 
approximation (mGGA), a slightly more elaborate step is taken, which is to 
include in the dependence of f terms that represent the kinetic energy density:

t(r) = H2

2me
∑

i

∇y*i(r) · ∇yi(r)

The sum is over occupied orbitals. That such an expression represents a kinetic 
energy density follows from its integration by parts (Problem 9.13):

�t(r)dr = H2

2me
∑

i
�∇y*i(r) · ∇yi(r)dr = − H2

2me
∑

i
�y*i(r)∇

2yi(r)dr

Then, in mGGA we write

EXC[r] = � f(r(r),∇r(r),∇2r(r),t(r))dr

and for f construct a suitable function with adjustable parameters that enable it 
to be fitted to experimental data. Further approaches include hybrid functionals,
in which the exchange–correlation energy is expressed as a linear combination of 
a variety of diCerent proposals, including Hartree–Fock exchange with density 
functional exchange. For example, the Hartree–Fock exchange contribution 
might be multiplied by 0.25 and added to the density functional contribution 
multiplied by 0.75. The density functional correlation contribution would then 
be added to that sum.

Density functional theory, being so widely used, is a rich source of diCerent
suggestions about the form of the exchange and correlation contributions to the 
exchange–correlation functional, and the best sources of further information are 
the reviews that we list in Further reading. Techniques are also available for 
treating open-shell species and, with the use of analytical expressions for energy 
gradients, for force constants too.

Gradient methods and molecular properties

Once the electronic energy is obtained by solving the electronic Schrödinger 
equation, a number of molecular properties, perhaps the most important being 
the equilibrium molecular geometry, can be determined. The calculation of 
molecular structures is a valuable supplement to experimental data in areas of 
structural chemistry such as X-ray crystallography, electron diCraction, and 
microwave spectroscopy. Calculation of derivatives of the potential energy with 
respect to nuclear coordinates is crucial to the eAcient determination of equilib-
rium structures. The derivatives can be computed numerically by calculating the 
potential energy at many geometries and determining the change in energy as 
each nuclear coordinate is varied. However, gradient methods, which determine 
energy derivatives analytically, are computationally faster and more accurate 
than numerical diCerentiation.

Energy derivatives are also useful for determining other molecular properties. 
The second derivatives of the energy with respect to nuclear coordinates are the 
force constants for normal mode frequencies within the harmonic approximation 

A brief comment
The gradient of a scalar 
function f(x,y,z) is defined as

∇f = A
C
[f
[x

D
F i ++ A

C
[f
[y

D
F j ++ A

C
[f
[z

D
F k

where i, j, and k are unit 
vectors in the x-, y-, and 
z-directions, respectively. 
Some properties of the gradient 
are given in Mathematical
background 3.
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(Section 10.11). The third, fourth, and higher derivatives give anharmonic cor-
rections to vibrational frequencies (Section 10.13). Energy derivatives need not 
be limited to nuclear coordinates; for example, it is sometimes useful to consider 
derivatives with respect to electric field components. Mixed second derivatives 
with respect to one nuclear coordinate and one electric field component yield 
dipole moment derivatives that are used to determine infrared intensities within 
the harmonic approximation (see Section 10.8).

9.15 Energy derivatives and the Hessian matrix

Since 1969, when P. Pulay wrote the first computer program for determining first 
derivatives of SCF energies analytically, gradient methods have developed into 
one of the most vigorously studied areas of modern quantum chemistry. First 
applied to closed-shell SCF calculations, gradient methods were later generalized 
to open-shell RHF and UHF calculations. In addition to the development of 
gradient methods for ab initio techniques based on Slater determinants, analytical 
expressions have also been derived for DFT. In general, analytical first and 
second energy derivatives are now available for a number of levels of ab initio
calculations.

For a diatomic molecule, the molecular potential energy, E, which in this 
section includes the nucleus–nucleus repulsion term, depends only on the inter-
nuclear distance, R. Therefore, to find the potential minimum (more generally, any 
stationary point) we need to locate the value of R at which dE/dR = 0. The search 
is more complicated for polyatomic molecules because the potential energy is 
a function of many nuclear coordinates, qI. At the equilibrium geometry, each of 
the forces fI exerted on a nucleus by electrons and other nuclei must vanish:

fI = − [E
[qI

= 0 (9.44)

Therefore, in principle, the equilibrium geometry can be found by computing all 
the forces at a given molecular geometry and seeing if they vanish. If they do not, 
the geometry is varied until one is found that corresponds to zero forces. The 
forces will not vanish identically in a numerical calculation, but we can stop the 
iterative search for the equilibrium geometry when their magnitudes are smaller 
than a predetermined tolerance level. Typically, to obtain bond and torsional 
angles and bond distances within 1o and 0.002a0 (0.1 pm), respectively, of their 
optimal computed equilibrium values, all forces should be below about 10 pN. 
Such tolerances typically require between N and 2N cycles, where N is the num-
ber of atoms in the molecule.

To calculate analytical derivatives of the energy with respect to nuclear co-
ordinates it is necessary to compute derivatives of one- and two-electron integrals 
over the basis functions. Because the basis functions are centred on atomic nuclei, 
when derivatives of the integrals are determined we need the derivatives of the 
basis set functions with respect to nuclear coordinates. Whether or not deriva-
tives of various expansion coeAcients are also required depends on whether they 
were determined variationally and on the order of the energy derivative under 
consideration.

To understand the last point, consider derivatives of a general expansion 
coeAcient denoted cj. The first derivative of the energy with respect to nuclear 
coordinate qI is given by

dE

dqI

=
[E
[qI

+ ∑
j

[E
[cj

[cj

[qI

(9.45a)
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However, for variationally determined expansion coeAcients, the term [E/[cj

vanishes; therefore, we have the important result that to evaluate the gradient 
of the energy, we do not need the derivatives [cj/[qI of variationally deter-
mined coeAcients. As a result, in HF and MCSCF, the analytical determination 
of the energy gradient requires derivatives of only the one- and two-electron 
integrals.

A zero gradient characterizes a stationary point on the surface but does not 
diCerentiate between minima, maxima, and saddle points. To distinguish the 
types of stationary points, it is necessary to consider the second derivatives of 
the energy with respect to the nuclear coordinates. The quantities [2E/[qi[qj

comprise the Hessian matrix, H. Whereas a minimum (maximum) of a one-
dimensional potential curve corresponds to a positive (negative) second deriva-
tive, a minimum (maximum) of a multidimensional potential energy surface is 
characterized by the eigenvalues of the Hessian matrix all being positive (nega-
tive). A transition state (a first-order saddle point) corresponds to one negative 
eigenvalue and all the rest positive.

A brief illustration

The function f (x,y) = 1/2k(x2 − y2) is shown in Fig. 9.9. Because [2f/[x2 = k, [2f/[y2

= −k, and [2f/[x[y = 0, the Hessian matrix is

H = AC
k
0

0
−k

DF
This Hessian corresponds to a saddle point, as the illustration shows.

The second derivative of the energy is given by

d2E
dq2

I

=
[2E
[q2

I

+ ∑
j

A
C

[2E
[qI [cj

[cj

[qI

+
[E
[cj

[2cj

[q2
I

D
F (9.45b)

Because the term ([E/[cj) vanishes, evaluation of the second derivative of the 
energy does not require the second derivative of the variationally determined 
coeAcients. However, it does require their first derivatives, ([ci/[qI).

To calculate analytical derivatives of the energy, it is necessary to evaluate the 
derivatives of the one- and two-electron integrals; this in turn requires evaluation 
of derivatives of the basis set functions with respect to the nuclear coordinates 
of their centres. For Gaussian-type orbitals (eqn 9.20), the derivatives of the 
basis functions may be computed analytically and result in other GTOs. For 
example, the first derivative of an s-type Gaussian with respect to x yields a 
p-type GTO; the first derivative of the p-type GTO g100 yields an s- and a d-type 
GTO (see Exercise 9.20).

x
y

f (x,y)

Fig. 9.9 The saddle-shaped 
function f(x,y) = 1/2k(x2 − y2).

A brief illustration

To compute the force constant of the bond in H2, it is necessary to evaluate 
the second derivative of the energy with respect to the internuclear distance (see 
eqn 10.42). To determine d2E/dR2, it is necessary to compute the derivatives of the 
Fock matrix elements with respect to R. For example, one of the Fock matrix 
elements, given in the third of the brief illustrations in Section 9.3, is

FAB = hAB + (AA | BB)PAB + (AA | BA)PAA ››
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Therefore, we require, among other terms, the second derivative of the two-
electron integral (AA | BB). Suppose we are using  the Gaussian basis functions in 
the first brief illustration in Section 9.4 and reproduced here:

(AA | BB) = j0N
4e−aR2� e−2a | rA1−

1–2 R | 2 1

r12

 e−2a | rA2−1–2 R | 2dt1 dt2

Because the centre of each Gaussian function is the mid-point of the internuclear 
separation, whatever the value of R the integrand has the same value, which we 
write I and treat as a constant:

(AA | BB) = j0N
4e−aR2

I

The second derivative of this two-electron integral is

d2(AA | BB)

dR2
= j0N

42a(2aR2 − 1)e−aR2

I = 2a(2aR2 − 1)(AA | BB)

9.16 Analytical procedures

There are a number of algorithms available for finding stationary points on a 
potential surface. In general, the stability, reliability, and computational cost of 
the algorithm as well as its speed of convergence need to be considered. The 
algorithms can be broadly classified into three groups. Those using only the 
energy are the slowest to converge but are useful if analytical derivatives are 
unavailable. Those using both the energy and its analytical first derivatives are 
significantly more eAcient (by almost an order of magnitude). Furthermore, their 
rate of convergence can be improved if a good initial estimate of the Hessian 
matrix is available, perhaps obtained from lower level ab initio calculations (for 
example, ones that use smaller basis sets). Algorithms that use the energy together 
with its analytical first and second derivatives are the most accurate and eAcient
methods. Whichever algorithm is used, all nuclear coordinates should be opti-
mized; this optimization is especially important for transition states where opti-
mizing a subset of all the nuclear coordinates might locate a saddle point that 
changes significantly when all coordinates are optimized.

Semiempirical methods

There are clearly computational limitations to treating molecular systems with 
large numbers of electrons accurately. Even with increases in computer speed and 
memory and the development of eAcient algorithms, ab initio methods are not 
applied routinely to molecules with several dozen atoms. On the other hand, 
semiempirical methods are fast enough to be applied routinely to larger systems 
and, thus, make electronic structure calculations available for a wider range of 
molecules. Ab initio methods represent a more theoretically ‘pure’ approach, and 
one of the limitations to the accuracy of the semiempirical methods in addition to 
the approximations inherent in their formulation is the accuracy of experimental 
data used to obtain the parameters. However, in large part because adjustable 
parameters are optimized to reproduce a number of important chemical prop-
erties, semiempirical methods became widely popular, although density functional 
approaches have to a large extent displaced them in popularity.

The optimization of parameters is, in general, a diAcult task for several 
reasons. First, accurate experimental data are often not available. Second, the 
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simultaneous optimization of several parameters for a large number of molecules 
is very time-consuming. The parameters are interconnected in the sense that a 
significant variation in the value of one parameter in a nearly optimal parameter 
set must be accompanied by variations in several other parameters too. Succes-
sively optimizing each parameter is not feasible. Semiempirical methods were 
first developed for conjugated p-electron systems and we shall therefore begin 
our discussion with them and later describe more general methods.

9.17 Conjugated p-electron systems

The p-electrons of a conjugated system such as benzene are treated separately 
from the s-electrons partly because their energies are so diCerent and partly on 
account of the diCerent symmetries of their orbitals. The eCective p-electron
hamiltonian Hp of a molecule with Np p-electrons is

Hp = − H2

2me

Nπ

∑
i=1

∇i
2 +

Nπ

∑
i=1

V i
p,eC + 1

2 j0

Nπ

∑
i,j

1
rij

(9.46)

where the first term is the kinetic energy operator, V i
p,eC is the eCective potential 

energy for p-electron i resulting from the potential field of the nuclei and all 
s-electrons, and the final term represents the repulsive potential energy due to 
interactions between p-electrons. The core hamiltonian hp

i for p-electron i is

hp
i = − H2

2me

∇i
2 + V i

p,eC (9.47)

so we can write

Hp =
Nπ

∑
i=1

hp
i + 1

2 j0

Nπ

∑
i,j

1
rij

(9.48)

The hamiltonian Hp is approximate because the p- and s-electrons have been 
treated separately and the eCect of the latter in Hp appears only in the eCective
potential V i

p,eC.

(a) The Hückel approximation

The most famous semiempirical p-electron theory is the Hückel molecular orbital 
theory (HMO). As this method has already been described in some detail in 
Section 8.8, here we point out only some of the features of this method that 
characterize it as semiempirical. In HMO, Hp is approximated as a sum of one-
electron terms:

Hp =
Nπ

∑
i=1

hi
p,eC (9.49)

where hi
p,eC is an eCective hamiltonian for p-electron i. The form of hi

p,eC is left 
unspecified; only its matrix elements appear in HMO. Because Hp is a sum of 
one-electron terms, the wavefunction Yp can be written as a product of one-
electron molecular orbitals ym, each of which is a solution of the eigenvalue 
equation

hm
p,eCym = Emym (9.50)

where Em is the energy associated with the molecular orbital ym. Each molecular 
orbital is written as a linear combination of atomic orbitals (LCAO). For example, 
in an HMO treatment of a conjugated hydrocarbon (such as benzene), the 
molecular orbitals are linear combinations of C2pz atomic orbitals. The variation 
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principle is then applied, and gives rise to a set of secular equations, which have 
non-trivial solutions only if

det |hp,eC − ES | = 0 (9.51)

where hp,eC
rs  is the matrix element of hp,eC between the atomic orbitals of atoms r

and s and Srs is their overlap integral. This expression is the analogue of the 
Roothaan equations, eqn 9.13, but diCers in the restriction of the hamiltonian 
to a sum of one-electron terms and the orbitals to p-orbitals. As described in 
Section 8.8, HMO makes some severe assumptions about the values of the matrix 
elements hp,eC

rs  and Srs:

1. For all overlap integrals, Srs = drs.

2. Diagonal elements, hp,eC
rr = a.

3. OC-diagonal elements, hp,eC
rs = b if atoms r and s are neighbours and 0 

otherwise.

The setting of selected matrix elements to zero and the parametrizing of non-zero 
matrix elements are common features in semiempirical methods. Because Hp is 
written as a sum of one-electron terms with explicit forms left unspecified, the 
HMO method treats repulsions between the p-electrons very poorly (if at all!). 
As a result, it is useful only for qualitative discussions of p-conjugated systems. 
For examples of this technique, see Section 8.8.

(b) The Pariser–Parr–Pople method

The Pariser–Parr–Pople method (PPP) is a much more substantial procedure than 
HMO, but nevertheless it is primitive compared with current semiempirical 
procedures. It starts with the hamiltonian Hp of eqn 9.48 and proceeds initially 
in the same way as in the Roothaan procedure, but limiting its attention to the 
p-electrons. Thus, in place of eqns 9.18 we use

F p
o′o = hp

o′o + ∑
q,r

Pqr{(o′q |or) − 1
2 (o′q | ro)} (9.52)

where the density matrix elements Pqr are defined in eqn 9.19.
At this point the PPP method makes some approximations beyond the separ-

ation of p and s orbitals. First, we set So′o = do′o, as in HMO. Then some of the 
two-electron integrals

(ab |cd) = j0�c*a(1)c*b(2)
1
r12

cc(1)cd(2)dt1 dt2 (9.53)

are set equal to zero, but in a more subtle way than in HMO. The product 
c*a(1)cc(1) with a ≠ c is called a diCerential overlap (it is the integrand of an over-
lap integral, so can formally be obtained from an overlap integral by diCerenti-
ation; hence the name). In the zero diCerential overlap approximation (ZDO
approximation), the two-electron integral is set to zero unless a = c and b = d. In 
other words, we set the product of atomic orbitals

c*a(1)cc(1) = 0 if a ≠ c (9.54a)

As a result, the two-electron integrals are given by

(ab |cd) = dacdbd(ab |ab) (9.54b)

and the integral (ab |ab), which could be computed, is treated as an empirical 
parameter. In the ZDO approximation, all three-centre and four-centre two-
electron integrals are neglected.
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In addition, in the PPP method the integrals hp
o′o are usually not calculated but 

instead are set to zero or are treated as empirical parameters. In particular, for 
atomic orbitals co and co′ centred on atoms o and o′ that are not bonded together, 
hp

o′o is set to zero; for atomic orbitals centred on atoms that are bonded together, 
the matrix element is taken to be an empirical parameter bo′o that varies with the 
nature of the atoms o and o′. The diagonal elements hp

o′o′ are usually set to an 
empirical parameter ao′. (Note the resemblance to HMO theory at this point.)

If all the two-electron integrals (ab |cd) are set to zero and the matrix elements 
hp

o′o replaced by the matrix elements hp,eC
o′o , then the PPP method (an SCF treat-

ment) reduces to the HMO method (a non-SCF treatment).

9.18 General procedures

The development of semiempirical methods to treat general molecular systems 
made significant progress due in large part to the eCorts of J.A. Pople, M.J.S. 
Dewar, and their co-workers. These methods treat valence electrons explicitly 
and the names of the various methods are suggestive of which two-electron 
integrals are set to zero in the treatment. We shall set up the general equations for 
the treatment of the valence electrons and describe some of these semiempirical 
methods without going into detail. One point to keep in mind in the following 
discussion is that (except for hydrogen) there will be several basis functions 
on each atom; this was not the case for conjugated systems and makes the 
bookkeeping of neglected and non-neglected two-electron integrals more 
complicated.

Consider a closed-shell molecule with Nv valence electrons. The valence-electron 
hamiltonian Hv is given by

Hv =
Nv

∑
i=1

hv
i + 1

2 j0

Nv

∑
i,j

1
rij

(9.55a)

where hv
i is the core hamiltonian for valence electron i given by

hv
i = − H2

2me

∇i
2 + V i

v,eC (9.55b)

and V i
v,eC is the eCective potential energy for valence electron i resulting from the 

potential field of the nuclei and all of the inner-shell electrons. We proceed as in 
the Roothaan approach but limit the discussion to the valence electrons. Thus, 
eqn 9.18 is replaced by

F v
o′o = hv

o′o + ∑
q,r

Pqr{(o′q |or) − 1
2 (o′q | ro)} (9.56)

In the most primitive approach, known as the complete neglect of diIerential
overlap (CNDO), we use the zero diCerential overlap approximation and write

(ab |cd) = dacdbd(ab |ab) (9.57)

The two-electron integral is set to zero even when diCerent atomic orbitals ca and 
cc belong to the same atom. The surviving integrals are often taken to be para-
meters with values that are adjusted until the results of the CNDO calculations 
resemble those of HF-SCF minimal basis set calculations.

To discuss the next level of approximation, which is not as drastic as CNDO, 
we need to introduce some terminology. The ‘exchange integral’ was defined in 
eqn 7.35 in terms of the spatial parts of the spinorbitals; here we shall refer to the 
two-electron integrals over basis functions ca as exchange integrals if they are of 
the form (aa |bb). In the level of approximation known as intermediate neglect of 
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diIerential overlap (INDO), (aa |bb) is retained if ca and cb belong to the same 
atom. These one-centre exchange integrals are important for explaining the split-
ting between electronic states that come from the same electronic configuration; 
thus INDO will give vastly improved results over CNDO when spectroscopic 
terms are of interest.

We now ask which two-electron integrals are retained in INDO. Consider a 
diagonal element F v

aa in eqn 9.56. The first integral in the sum, (o′q |or), becomes 
(aq |ar) and the only contribution comes from the integral with q = r. This inte-
gral (aq |aq) would also be retained in CNDO. The second integral in the sum, 
(o′q | ro), becomes (aq | ra), and there are two contributions to it. One contri-
bution comes from a = r = q giving the integral (aa |aa); the other contribution 
comes from q = r with the stipulation that atomic orbital q belongs to the same 
atom as atomic orbital a. This one-centre exchange integral (aq |qa) would not be 
retained in CNDO.

Example 9.2 Identifying non-zero two-electron integrals in INDO

What two-electron integrals should be retained in the oC-diagonal elements of F v
o′o

if atomic orbitals co and co′ are centred on the same atom?

Method We need to examine eqn 9.56 and consider each term in the summation 
separately. We retain one-centre exchange integrals (o′o |o′o) in addition to those 
two-electron integrals (oq |oq) retained in CNDO.

Answer The two-electron integral (o′q |or) contributes when q = o and r = o′, to 
give (o′o |oo′), or q = o′ and r = o, to give (o′o′ |oo), in each case giving one-centre 
exchange integrals. The second term in the sum, (o′q | ro), contributes (1) when 
q = o and r = o′, giving an integral (o′o |o′o) that is also retained in CNDO, or 
(2) when q = o′ and r = o, giving the one-centre two-electron integral (o′o′ |oo).

Self-test 9.3 What two-electron integrals contribute to the oC-diagonal elements 
Fv

o′o when atomic orbitals co and co′ belong to diCerent atoms?
[First term (o′q | or) never contributes; second term (o′q | ro)

contributes only when q = o and r = o′.]

As in CNDO, parameters are chosen in INDO to give as close agreement as 
possible to the results of minimal basis set HF-SCF calculations. Thus, although 
CNDO and INDO give reasonable equilibrium geometries when compared to 
experiment, they give poor results (as do HF-SCF methods) when compared 
with experimental quantities such as standard enthalpies of formation. Dewar 
and his co-workers developed a variety of semiempirical methods with the aim 
of reproducing not HF-SCF wavefunctions but rather four gas-phase molecular 
properties, namely molecular geometries, enthalpies of formation, dipole 
moments, and ionization energies. The hope was to achieve this goal by careful 
selection (that is, optimization) of the values of the parameters.

Dewar first used the INDO approach and produced several versions of a 
semiempirical method he termed modified intermediate neglect of diIerential
overlap (MINDO). The first two versions were called MINDO/1 and MINDO/2; 
a much improved version, which has proved to be useful for studies of hydro-
carbons, is MINDO/3. Another semiempirical method based on INDO was 
developed by M.C. Zerner and denoted ZINDO/1. Its parametrization was 
optimized for calculating energies and geometries of molecules containing 
first or second series d-metals; it does not fare as well for organic molecules. 
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ZINDO/S has been designed for computing electronic spectroscopic properties 
of d-metal complexes.

A much less severe approximation than INDO is the neglect of diatomic diIer-
ential overlap (NDDO) in which only diatomic diCerential overlap is not retained: 
that is, the diCerential overlap c*o(1)co′(1) is neglected only when the basis func-
tions belong to diCerent atoms. Therefore, in the NDDO formalism, we retain all 
one-centre two-electron integrals and not just the one-centre exchange integrals; 
for example, (o′q | ro′) is retained where o′, q, r are diCerent basis functions on the 
same atom as well as retaining two-centre integrals of the form (ab |cd) where a
and c are diCerent orbitals on one atom and b and d are diCerent orbitals on 
a second atom.

The NDDO method was proposed by Pople in the mid-1960s; however, it was 
not until Dewar developed the modified neglect of diIerential overlap method
(MNDO) based on the NDDO formalism that the latter became more widely 
used as a predictive semiempirical method. In general, the MNDO method gives 
substantially better agreement with experiment than does MINDO/3. For example, 
in a study of 138 closed-shell molecules,4 the mean absolute error in enthalpies 
of formation decreased from about 50 kJ mol−1 in MINDO/3 to 30 kJ mol−1 in 
MNDO. Molecules were deliberately included in the study that had presented 
diAculties in earlier calculations and therefore the reported errors are larger than 
they would have been for a randomly selected set of molecules. Similarly, in a 
treatment of 80 diCerent molecules and a total of 228 bonds,4 the mean absolute 
error in equilibrium bond length decreased from 2.2 pm in MINDO/3 to 1.4 pm 
in MNDO.

Although MNDO was a significant improvement over MINDO/3, there 
remained deficiencies in the MNDO method, in particular an inadequate descrip-
tion of systems with hydrogen bonds. In 1985, Dewar developed an improved 
version of MNDO called Austin model 1 (AM1; the procedure is named after the 
University of Texas at Austin), which overcomes the major weaknesses of MNDO 
without any significant increase in computing time. AM1 also provides more 
accurate enthalpies of formation and (through the application of Koopmans’ 
theorem, Section 7.16) ionization energies than MNDO. However, there are 
instances in which AM1 can result in the prediction of some very peculiar geo-
metries for hydrogen bonds.

Semiempirical methods continue to be developed because there is always room 
for improvement of the parametrization scheme and the use of experimental 
data. A third parametrization, designated PM3, of the MNDO method (MNDO 
and AM1 being versions 1 and 2, respectively) has been developed, and in general 
has been found to give better bond lengths, ionization energies, and enthalpies of 
formation than the two other MNDO schemes. However, despite this progress, 
there are cases where PM3 is much worse than MNDO. The three semiempirical 
methods MNDO, AM1, and PM3 do not use d-orbitals in their basis sets and 
therefore do not give very accurate results for most d-metal compounds nor for 
those main group elements where, from ab initio studies, d-orbitals are known to 
be of importance. The MNDO formalism has been extended to d-orbitals and 
the resulting MNDO/d parametrization scheme is much better at predicting 
properties of organometallic compounds. Furthermore, the AM1 scheme has 
been extended to include d-orbitals in a very similar manner to the creation of 
MNDO/d. This extension of AM1, which is parametrized for molybdenum and 
denoted AM1/d,5 gives identical results to AM1 for main-group atoms. For a 

4 M.J.S. Dewar and W. Thiel, J. Am. Chem Soc., 4907, 99 (1977).
5 A.A. Voityuk and N. Rosch, J. Phys. Chem. A, 4089, 104 (2000).
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series of Mo compounds, AM1/d resulted in mean absolute errors in bond dis-
tances of 4.4 pm and in enthalpies of formation of 30 kJ mol−1.

Molecular mechanics

For very large systems, as in biochemical applications, it is not computationally 
practicable to use solely quantum mechanical approaches to compute potential 
energies. For these applications, often a mixture of quantum mechanics and 
molecular mechanics is employed, the latter using potential functions from 
classical mechanics to compute the potential energy for a specified arrangement 
of atoms.

9.19 Force fi elds

In molecular mechanics (MM), each atom (the atomic nucleus and the associated 
electrons of the atom) is treated as a single particle. Therefore, MM is not 
very useful for chemical problems that involve bond-breaking or bond-forming 
since electronic eCects are critical in such cases. Rather, MM is commonly used 
in large systems for predicting the potential energy of a particular molecular 
conformation.

In MM, atoms are treated as charged spheres with diameters determined from 
experiment or theory and charges (or partial charges) taken from theory. The 
interactions between the atoms are based on models of springs and on other 
classical potentials. The total potential energy is typically taken to be the sum of 
the bond stretching energy Estr, the bending energy Ebend, the twisting (or torsion) 
energy Etor, and the energy of interaction between non-bonded atoms Enb. The last 
contribution includes van der Waals, steric, and electrostatic interactions between 
atoms not chemically bound. Other energy contributions such as stretch–bend 
coupling interactions and special treatment of hydrogen bonding may also be 
introduced. The equations for the potential energy terms contain parameters and 
the specified set of equations and parameters is called the force field.

Numerous force fields have been developed for MM, the most common ones 
for studies of proteins and nucleic acids being AMBER (Assisted Model Building 
with Energy Refinement) and CHARMM (Chemistry at Harvard Macromolecular 
Mechanics). A popular force field for small organic molecules is MM2, part 
of the MMx set of force fields which also includes MM3 and MM4. Typical 
expressions for the potential energy terms are:

Estr = ∑ 1
2 kb(r − r0)

2 (9.58a)

Ebend = ∑ 1
2 kq(q − q0)

2 (9.58b)

Etor = ∑A{1 + cos(nt − j)} (9.58c)

Enb = ∑
i>j

!
@−

Cij

r6
ij

+
Dij

r1
ij
2

+
QiQjj0

errij

#
$ (9.58d)

The sum in eqn 9.58a is over all bonds in the molecule and the harmonic oscilla-
tor parameters kb (an empirical force constant) and r0 (the equilibrium bond 
length) are assigned for each kind of bond (C–C, C–H, N–H, . . . ). The sum in 
eqn 9.58b extends over all angles and the values of kq (which controls the stiC-
ness of the ‘angular’ spring) and q0 (the equilibrium angle) are assigned to each 



 9.20 QUANTUM MECHANICS–MOLECULAR MECHANICS | 333

kind of angle (CCC, OCH, COH, . . . ). The sum in eqn 9.58c is over all torsional 
motions with A the amplitude, n the periodicity factor, and j the displacement 
in the dihedral angle t. The dihedral angle is usually taken to be zero for the cis
conformation of the quartet of atoms. The value of n reflects the symmetry of 
the torsional motion (for example, the HC–CH torsional motion in ethane has 
n = 3 and periodicity 2p/3). Values of A, n, and j are assigned to each kind of 
torsional motion (CC–CC, CO–CC, CC–CN, . . . ). The sum in eqn 9.58d extends 
over all distinct pairs of interacting non-bonded atoms i and j. The first two terms 
in the equation represent van der Waals and repulsion interactions parametrized 
by empirical coeAcients Cij and Dij which are assigned to each kind of non-
bonded pair (C and H, C and C, C and O, . . . ). The last term in the 
sum is the Coulombic interaction of particles of charges Qi and Qj in an environ-
ment of local relative permittivity er. These charges (or partial charges) are often 
computed using ab initio or semiempirical methods. Because a given atom is 
surrounded by a small number of bonded atoms but can have non-bonded inter-
actions with many atoms in the molecule, most of the computer time in MM 
is spent on computing Enb, and performing calculations on parallel and vector 
machines has been invaluable.

The MM procedure is used to compute the potential energy for systems with 
large numbers, often thousands, of atoms, including biomolecules (such as pro-
teins and nucleic acids), organic compounds, and polymers; both gas-phase and 
solution-phase systems can be studied. The energy is computed for numerous 
molecular geometries so that the lowest energy conformation for the system can 
be located. Finding conformations corresponding to local minima in energy is 
a relatively easy task; determining the conformation associated with the global
minimum is often a challenging undertaking due to the large number of degrees 
of freedom in macromolecules.

9.20 Quantum mechanics–molecular mechanics

Calculations using MM take significantly less computer time than quantum 
mechanical methods; however, because the former do not provide descriptions in 
terms of electrons or orbitals, they are of limited use in systems where quantum 
mechanical eCects are important. Therefore, an active area of current research 
eCorts is the development of approaches that treat certain parts of the system 
accurately (that is, quantum mechanically) while treating other parts of the system 
with much faster methods of lower accuracy. One such approach is quantum
mechanics–molecular mechanics (QM/MM).

The QM/MM procedure is applicable when the system can be partitioned into 
two regions; one region (the ‘active site’) requires an accurate QM calculation of 
its potential and the second region (the rest of the system) acts as a perturbation 
on the active site and can be treated with an approximate and fast MM calcula-
tion of its potential. By using a quantum mechanical calculation, we can treat 
bond-breaking and bond-forming accurately at the active site yet still take into 
account the role of the surrounding atoms using MM.

A QM/MM calculation is usually performed in an iterative manner. The con-
formation of the atoms in the active site (the QM subsystem) is fixed and the 
MM calculation is performed on the MM subsystem; in the latter calculation, 
the eCects (for example, non-bonded interactions Enb) of the QM subsystem on 
the MM subsystem potential are taken into account by treating the QM atoms as 
fixed MM atoms. Then the QM method is applied to the active site utilizing, for 
example, a self-consistent field method. From the QM calculation, a preferred 
(lower energy) geometry of the QM subsystem is located. Then with this new 
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active site conformation, the entire process is repeated until the geometry of all 
atoms in the system is converged.

The critical challenge in a QM/MM calculation is to devise an accurate inter-
face between QM and MM when the boundary between the two subsystems 
intersects covalent bonds. Various approaches have been developed in this active 
area of research;6 one common approach employs ‘capping’ atoms. As an example, 
suppose we are interested in an enzyme that contains a nitrogen atom in its 
active site which is bonded to a substituted benzene ring. If the QM/MM bound-
ary is taken as intersecting the N–C covalent bond, the N atom is part of the QM 
subsystem and the substituted ring is part of the MM subsystem. In such an 
arrangement, the benzene ‘ligand’ is ‘removed’ and replaced with a capping 
atom, typically H, and the QM calculation is performed on the model subsystem 
with an N–H bond in the active site.

Box 9.1 Acronyms for electronic structure calculations*

Acronym Name/Description

AMBER assisted model building with energy refinement

AM1 Austin model 1 (version 2 of MNDO)

CASSCF complete active-space self-consistent field

CC coupled-cluster

CCD coupled-cluster doubles

CCSD coupled-cluster singles and doubles

CCSDT coupled-cluster singles, doubles, and triples

CHARMM chemistry at Harvard Macromolecular Mechanics

CI configuration interaction

CNDO complete neglect of diCerential overlap

CSF configuration state function

DCI CI including doubly excited Slater determinants

DFT density functional theory

DZ double-zeta basis set

DZP double-zeta plus polarization basis

GTO Gaussian-type orbital

HF Hartree–Fock

HF-SCF Hartree–Fock self-consistent field

HMO Hückel molecular orbital

INDO intermediate neglect of diCerential overlap

KS Kohn–Sham

LCAO linear combination of atomic orbitals

LDA local density approximation

MBPT many-body perturbation theory

MCSCF multiconfiguration self-consistent field

MINDO modified intermediate neglect of diCerential overlap

MM molecular mechanics

MMx set of force fields for MM studies

6 A discussion of some of these approaches can be found in Chapter 13 of C.J. Cramer, 
Essentials of computational chemistry: theories and models, J. Wiley, Chichester (2002).
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Acronym Name/Description

MNDO modified neglect of diCerential overlap

MPn Møller–Plesset perturbation theory including nth-order energy correction

MPPT Møller–Plesset perturbation theory

NDDO neglect of diatomic diCerential overlap

PMx parametrization model x (version x of MNDO)

PPP Pariser–Parr–Pople

PT perturbation theory

QM/M quantum mechanics–molecular mechanics

RASSCF restricted active-space self-consistent field

RHF restricted Hartree–Fock

SCF self-consistent field

SDCI CI including singly and doubly excited Slater determinants

SDTQCI CI including singly, doubly, triply, and quadruply excited Slater 
determinants

STO Slater-type orbital

STO-NG representation of STO as linear combination of N primitive Gaussians

SV split-valence basis

TZ triple-zeta basis

UHF unrestricted Hartree–Fock

ZDO zero diCerential overlap

ZINDO semiempirical INDO-based method developed by M.C. Zerner

m-npG one contracted Gaussian composed of m primitives for each inner-shell 
atomic orbital; two contracted Gaussians of n and p primitives, 
respectively, for each valence-shell atomic orbital

m-npG* m-npG basis plus d-type polarization functions for non-hydrogen atoms

m-npG** m-npG* basis plus p-type polarization functions for hydrogen atoms

*This list is confined to terms used in the chapter.

Exercises

*9.1 Confirm that the product in eqn 9.5 of one-electron 
wavefunctions is an eigenfunction of the hamiltonian H(0)

of eqn 9.3 and determine its corresponding eigenvalue.

*9.2 Show that the Slater determinant Y = (1/6)1/2 det |ya
1s(1)

yb
1s(2)ya

1s(3) | for the He− ion is identically zero.

*9.3 In the first brief illustration in Section 9.3, the 
expression FAAcAs + FABcBs = esSAAcAs + esSABcBs was 
derived. Find the remaining three equations of this 
form.

*9.4 We went on to show that FAB = hAB + (AA | BB)PAB +
(AA | AB)PAA. Deduce the corresponding expressions for 
FBA, FAA, and FBB.

*9.5 Give an example of a restricted Hartree–Fock 
wavefunction and an unrestricted Hartree–Fock 
wavefunction for an Al atom.

*9.6 In an HF-SCF calculation on the Cl atom using 
20 (spatial) basis functions, how many virtual orbitals 
are determined?

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*9.7 How many f-type Gaussian orbitals are there 
(of a given shell)?

*9.8 Express the integral (AA | BB) in H2 in terms of s-type 
Gaussian orbitals on each nucleus.

*9.9 How many orbitals would constitute a minimal basis 
set in (a) NH3, (b) CH3Cl?

*9.10 How many orbitals would constitute (a) a split-
valence basis set, (b) a DZP basis set in NH3?

*9.11 Determine the number of basis set functions in 
a molecular electronic structure calculation on ethanol, 
CH3CH2OH, using (i) a 6-31G; (ii) a 6-31G* 
(iii) a 6-31G** basis.

*9.12 Determine the total number of diCerent Slater 
determinants for an electronic structure calculation on 
ethanol, CH3CH2OH, that can be formed from a 6-31G** 
basis set.

*9.13 In a CI calculation on the ground 2S state of lithium, 
which of the following Slater determinants can contribute 
to the ground-state wavefunction? (a) ||Ya

1sYb
1sYa

2s ||;
(b) ||Ya

1sYb
1sYb

2s ||; (c) ||Ya
1sYb

1sYa
2p ||; (d) ||Ya

1sYa
2pYb

2p ||;
(e) ||Ya

1sYa
3dYb

3d ||; (f) ||Ya
1sYa

2sYa
3s ||.

*9.14 In a CI calculation on the excited 3Σ+
u electronic state 

of H2, which of the following Slater determinants can 
contribute to the excited-state wavefunction? (a) || 1sa

g1sa
u ||;

(b) || 1sa
g1pa

u ||; (c) || 1sa
u1p b

g ||; (d) || 1sb
g2sb

u ||; (e) || 1pa
u1pa

g ||;
(f) || 1p b

u2p b
u ||.

*9.15 In the brief illustration of Møller–Plesset perturbation 
theory (Section 9.9) we remarked that 〈Y1su1su

1sg1sg
|H(1) |Y0〉 =

(N1sg
N1su

)2{(AA | AA) − (AB | AA) + · · · + (BB | BB)}. Identify 
the unwritten integrals.

*9.16 In the discussion of the coupled-cluster method, we 
deduced the expression Qt2 − DEt − Q = 0. Show that when 
Q << DE, the energy is the same as that calculated in the 
MP2 approximation of MPPT.

*9.17 Equation 7.65 is the starting point for the sequence 
of iterations needed for the Thomas–Fermi and DFT 
calculations. Set up an expression for r(r) for the H2

molecule using the molecular orbital j(r) = yA(r) + yB(r).

*9.18 Calculate the Hessian matrix H for the function 
f = sin ax cos by.

*9.19 (a) Which of the following methods are capable of 
yielding an energy below the exact ground-state energy? 
(b) Which of the following methods are not assured of 
being size-consistent? (i) HF−SCF; (ii) full CI; (iii) SDCI; 
(iv) MP2; (v) MP4; (vi) CCSD; (vii) DFT.

*9.20 Show that the first derivative of a p-type Gaussian 
orbital generates an s-type and a d-type GTO.

*9.21 Refer to Exercise 9.4: which of the integrals vanish 
in the ZDO approximation?

*9.22 Show that if the force field specified in eqn 9.58 is 
adopted, then for small torsional displacements, the 
molecule undergoes harmonic oscillation.

Problems

*9.1 Show that (1/Ne!)
1/2 is the correct normalization factor 

for a single Slater determinant consisting of Ne orthonormal 
spinorbitals.

9.2 Show that in the closed-shell restricted Hartree–Fock 
case the general spinorbital Hartee–Fock equation 
(eqn 7.88) can be converted to an HF equation (specifically 
eqn 9.7) for the spatial wavefunction y. (Hint. To convert 
from spinorbitals to spatial orbitals, you will need to 
integrate out the spin functions. Begin with eqn 7.88 and 
let ja(1) = ya(1)a(1); an identical result will be obtained 
if you assume that ja(1) = ya(1)b(1).)

9.3 Consider the two-electron integrals over the basis 
functions defined in eqn 9.17. If the basis functions are 
taken to be real, a number of the integrals are equivalent; 
for example, (ab |cd) = (ad |cb). Find the other integrals 
that are equal to (ab |cd).

*9.4 In a Hartree–Fock calculation on atomic hydrogen 
using four primitive s-type Gaussian functions (S. Huzinaga, 
J. Chem. Phys., 1293, 42 (1965)), optimized results were 

obtained with a linear combination of Gaussians with 
coeAcients cji and exponents a of 0.509 07, 0.123 317; 
0.474 49, 0.453 757; 0.134 24, 2.013 30; and 0.019 06, 
13.3615. Describe how these primitives would be utilized 
in a (4s)/[2s] contraction scheme.

9.5 A single Slater determinant is not necessarily an 
eigenfunction of the total electron spin operator. Therefore, 
even within the Hartree–Fock approximation, for the 
wavefunction F0 to be an eigenfunction of S2, it might 
have to be expressed as a linear combination of Slater 
determinants. The linear combination is referred to as a 
spin-adapted configuration. As a simple example, consider a 
two-electron system with four possible Slater determinants:

F1 = (1
2)1/2 det |y1(r1)a(1)y2(r2)a(2) |

F2 = (1
2)1/2 det |y1(r1)a(1)y2(r2)b(2) |

F3 = (1
2)1/2 det |y1(r1)b(1)y2(r2)a(2) |

F4 = (1
2)1/2 det |y1(r1)b(1)y2(r2)b(2) |

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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(a)  Show that the Slater determinants F1 and F4 are 
themselves eigenfunctions of S2 with eigenvalue 2H2

(corresponding to S = 1). (b) From F2 and F3, determine 
two linear combinations, one of which corresponds to 
S = 1, MS = 0 and the other of which corresponds to S = 0, 
MS = 0.

9.6 Show that the product of an s-type Gaussian centred at 
RA with exponent aA and an s-type Gaussian centred at RB

with exponent aB can be written in terms of a single s-type 
Gaussian centred between RA and RB.

*9.7 Prove Brillouin’s theorem; that is, show that 
hamiltonian matrix elements between the HF wavefunction 
F0 and singly excited determinants are identically zero. 
Hint. Use the Condon−Slater rules.

9.8 Consider two Slater determinants F1 and F2 that diCer
by only one spinorbital; that is,

F1 = || · · · jmji · · · ||
F2 = || · · · jpji · · · ||

Derive the following Condon–Slater rule:

〈F1 |H |F2〉 = 〈jm(1) |h1 |jp(1)〉 + ∑ i {[jmji |jpji]

− [jmji |jijp]}

where we have used the notation

[jajb |jcjd] = j0�j*a(1)j*b(2) A
C

1

r12

D
F jc(1)jd(2)dr1 dr2

9.9 Using the notation [jajb |jcjd] given in the preceding 
problem for a two-electron integral over the spinorbitals, 
show that (a) [jajb |jcjd] = [jbja |jdjc] and (b) [jajb |jcjd]
= [jcjd |jajb]*.

*9.10 (a) For a CASSCF calculation of the ground-state 
wavefunction of diatomic C2, describe a reasonable choice 
for the distribution of s and p molecular orbitals into 
active, inactive and virtual orbitals. (b) How many inactive 
and active electrons are there in the calculation? (c) In 
an RASSCF calculation, how might the set of active 
orbitals be further divided?

9.11 Show that the Møller–Plesset perturbation H(1) can be 
written in terms of the Coulomb and exchange operators as

H(1) =
Ne

∑
i,j=1

!
@

j0

2rij

− Jj(i) + Kj(i)
#
$

9.12 Use Møller–Plesset perturbation theory to obtain 
an expression for the ground-state wavefunction corrected 
to first order in the perturbation.

*9.13 Show that the expression for t(r) in the meta-
generalized gradient approximation of DFT represents 
a kinetic energy density.

9.14 Demonstrate explicitly the relation between the PPP 
and the HMO methods described in the last paragraph of 
Section 9.17.

9.15 Which of the following two-electron integrals (over 
real basis functions) are not neglected in (i) CNDO; 
(ii) INDO; (iii) MNDO? (a) (ij | ij) with qi and qj belonging
to diCerent atoms; (b) (ij | ji) with qi and qj belonging to the 
same atom; (c) (ij | ji) with qi and qj belonging to diCerent
atoms; (d) (ik | ji) with qi, qj and qk belonging to the same 
atom; (e) (ik | jl) with qi and qj belonging to one atom and 
qk and ql belonging to another; (f) (ii | ii).

*9.16 Using appropriate electronic structure software, 
perform HF-SCF calculations for the ground electronic states 
of H2 and F2 using (a) 6-31G and (b) 6-31G** basis sets. 
Determine ground-state energies and equilibrium geometries.

9.17 Repeat Problem 9.16 with the indicated basis sets but, 
rather than HF-SCF, perform calculations using (i) SDCI, 
(ii) MP2, (iii) DFT (B3LYP functional).

9.18 Repeat Problems 9.16 and 9.17 for the triatomics 
H2O and CO2. In addition, compute the vibrational 
wavenumbers in each case.

*9.19 Use the AM1 and PM3 semiempirical methods to 
compute the equilibrium bond lengths and enthalpies of 
formation of (a) ethanol, (b) 1,4-dichlorobenzene.

9.20 Devise a simple spreadsheet program for evaluating 
a two-electron integral in the H2 molecule.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Molecular rotations 
and vibrations

Molecular spectra are more complex than atomic spectra and convey richer information. 
Their greater complexity arises from the more complicated structures of molecules, for 
whereas the spectra of atoms are due only to their electronic transitions, the spectra of 
molecules arise from electronic, vibrational, and rotational transitions. These modes are 
not independent of one another, and the complexity of the spectra is enriched by the 
interactions between them. We shall see that an interpretation of molecular spectra 
yields a great deal of information about the shapes and sizes of molecules, the strengths 
and stiff nesses of their bonds, and other information that is needed to account for 
chemical reactions.

The energy associated with rotational transitions is usually less than for vibrational 
transitions, and the energy of vibrational transitions is usually less than for electronic 
transitions. Therefore, although it is possible to observe pure rotational transitions, a 
vibrational transition is normally accompanied by rotational transitions. Electronic transi-
tions are accompanied by both vibrational and rotational transitions and are correspond-
ingly more complicated. Because of this hierarchy, we shall deal with transitions in order 
of increasing size of the quanta involved.

Spectroscopic transitions

There are certain features that are common to all forms of spectroscopy, parti-
cularly relating to the intensities and widths of spectral lines. These features, 
which are based on the material presented in Chapter 6, include the nature of the 
interaction of the molecule with the electromagnetic field, the Boltzmann popu-
lation of molecular states, and lifetime broadening.  We should also bear in mind 
that molecular collisions aCect the appearance of spectra since collisions can 
change the populations and lifetimes of the states involved in the transition.

10.1 Absorption and emission

We saw in Chapters 6 and 7 that the most intense transitions are induced by the 
interaction of the electric component of the electromagnetic field with the electric 
dipole associated with the transition. We also saw that the intensity of the transi-
tion between an initial state | i〉 and a final state | f〉 is proportional to the square 
(more precisely, the square modulus) of the electric dipole transition moment, mfi,
where

mfi = 〈f |m | i〉 (10.1)

in which m is the electric dipole moment operator (a vector). We decide whether 
or not a particular transition can occur in the spectrum by examining this integral 
and formulating a selection rule. The selection rules for absorption and emission 

10
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of radiation are based on the criteria for this electric dipole transition moment 
being non-zero, as explained in Section 5.16. However, we need to distinguish 
between two types of selection rules.

• Gross selection rules are statements about the properties that a molecule 
must possess in order for it to be capable of showing a particular type of 
transition.

• Specific selection rules are statements about the changes in quantum numbers 
that may occur during such a transition.

The physical interpretation of the electric dipole transition moment is that it is a 
measure of the magnitude of the dipolar migration of charge that accompanies 
the transition (Fig. 10.1).

Once an electric dipole transition moment has been calculated it can be used in 
the expressions derived in Section 6.10 for the rates of transitions:

Stimulated: Wf←i = BfirR(nfi) Spontaneous: Wf←i = Afi (10.2)

where rR(nfi) is the energy density of radiation states at the transition frequency 
(Section 6.10) and

Afi = 8phn3

c3
Bfi Bfi = | mfi |2

6e0H2
(10.3)

If it is safe to ignore spontaneous emission (which is the case for transition fre-
quencies of less than about 1 THz, or when considering systems in which only 
the ground state is significantly populated), the net rate of absorption of energy 
is the diCerence between the rate of absorption and the rate of stimulated emis-
sion multiplied by the energy change that accompanies each transition (hn = E):

dE
dt

= NlhnWu←1 − NuhnWu→1 = (Nl − Nu)hnBfirR(n) (10.4)

where Nu is the population of the upper state and Nl is the population of the 
lower state. That is, the net rate of energy extraction from the incident radiation 
is proportional to the population diCerence between the two states. If the sample 
is at thermal equilibrium at a temperature T, the relative populations of the 
upper and lower states are given by the Boltzmann distribution:

Nu

Nl

= e−(Eu−El)/kT = e−hn/kT (10.5)

For electronic transitions and most vibrational transitions the upper state is 
virtually unpopulated at normal temperatures, so only absorption processes are 
significant and we can write

dE
dt

= NhnBfirR(n) (10.6)

where N is the total number of molecules in the sample.

10.2 Raman processes

The process that gives rise to Raman spectra is the inelastic scattering of a photon 
by a molecule. The photon loses some of its energy to the molecule or gains some 
from it, and so departs from the molecule with a lower or a higher frequency, 
respectively. The lower frequency components of the scattered radiation are 
called the Stokes lines and the higher frequency components are called the anti-
Stokes lines.

A brief comment
Molecular collisions obey 
diIerent selection rules, and 
may induce a wide variety of 
transitions. Their eIect is 
usually to establish thermal 
equilibrium populations of 
rotational, vibrational, and 
electronic states.

(a)

(b)

yi

yi

yf

yf

Charge

Fig. 10.1 In order for a transition 
to be electric-dipole allowed, it 
must possess a degree of dipolar 
character, as in (a). A purely 
spherically symmetrical (or some 
other non-dipolar) redistribution 
of charge, as in (b), cannot 
interact with the electric field 
vector of the electromagnetic 
field.
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The selection rules for Raman transitions are based on aspects of the polariz-
ability, a, of the molecule, the measure of its response to an electric field and 
ability to acquire an electric dipole moment (Section 12.1). Their origin can be 
appreciated by a classical argument in which we consider the dipole moment 
induced in a molecule by a time-dependent electromagnetic field

m(t) = a(t)E (t) = 2a(t)E0 cos wt (10.7)

If the polarizability of the molecule changes between amin and amax at a frequency 
wint as a result of its rotation or vibration, we can write

m(t) = 2(a + 1
2Da cos wintt)E0 cos wt

where a is the mean polarizability and Da = amax − amin is its range of variation. 
This product expands to

m(t) = 2aE0 cos wt + 1
2DaE0{cos(w + wint)t + cos(w − wint)t} (10.8)

This induced dipole moment has three components. One (the first term on the 
right) has the incident frequency and gives rise to the unshifted Rayleigh line
in the Raman spectrum. The other two components are shifted in frequency by 
the frequency at which the molecular motion causes the polarizability to oscillate 
and give rise to the Stokes and anti-Stokes lines with frequencies w − wint and 
w + wint, respectively. The Stokes and anti-Stokes frequencies are present only if 
Da ≠ 0, so we can infer the following gross selection rules:

• Rotational Raman transitions require the molecule to have an anisotropic 
polarizability.

• Vibrational Raman transitions require the polarizability to change as the 
molecule vibrates.

Molecular rotation

The strategy for this chapter will be to establish the energy levels of molecules for 
each mode of motion, and then to apply the selection rules to determine the 
appearance of the relevant spectrum. We begin with the rotation of molecules. 
The treatment is considerably simplified by drawing on the properties of angular 
momentum established in Chapters 3 and 4.

We need the concept of the moment of inertia, I, of a body, a property first 
introduced in connection with rotational motion in Chapter 3. The moment of 
inertia about an axis q set in the molecule is defined as

Iqq = ∑
i

mixi
2(q) (10.9)

where xi(q) is the perpendicular distance of the atom i of mass mi from the axis q
(Fig. 10.2). The double subscript is used on I for technical reasons, but broadly 
speaking it echoes the presence of the distances xi(q) as their squares. The moment 
of inertia of a diatomic molecule with bond length R and atomic masses mA and 
mB is particularly simple and will be useful later. For rotation about an axis 
perpendicular to the bond and through the centre of mass it is:

I = mR2 1
m

= 1
mA

+ 1
mB

 or m = mAmB

mA + mB

(10.10)

where m is the reduced mass of the molecule. The expressions for the moments of 
inertia of other molecules are more complex (Table 10.1).

A brief comment
We have used the trigonometric 
relation cos A cos B =
1/2 cos(A + B) + 1/2 cos (A − B).

mixi

Fig. 10.2 The basis of the 
definition of the moment of 
inertia about a selected axis in 
terms of the mass of a particle 
and its vertical distance from 
the axis.
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Table 10.1 Moments of inertia*

1. Diatomic molecules

mA mB

R
I = mR2 m =

mAmB

m

2. Triatomic linear rotors

mB

mA mC

R ′R
I = mAR2 + mCR′2 −

(mAR − mCR′)2

m

mB

mA mA
R R

I = 2mAR2

3. Symmetric rotors
I|| = 2mA(1 − cos q)R2

  I⊥ = mA(1 − cos q)R2 +
mA

m
(mB + mC)(1 + 2 cos q)R2

    +
mC

m
{(3mA + mB)R′ + 6mAR[ 1

3 (1 + 2 cos q)]1/2}R′

mB

mC

mA mA

mA

R ′
R

q

I|| = 2mA(1 − cos q)R2mB

mA

mA

mA

R

q I⊥ = mA(1 − cos q)R2 +
mAmB

m
(1 + 2 cos q)R2

I|| = 4mAR2

I⊥ = 2mAR2 + 2mCR′2

mB

mC

mC

mA

mA mA

mA

R ′

R ′

R

4. Spherical rotors

I = 8
3 mAR2

mB

mA

mA mA

mA

R

I = 4mAR2

mB
mA

mA

mA

mA

mA

mA

R

*In each case, m is the total mass of the molecule.
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A molecule with heavy atoms well away from its centre of mass has a large 
moment of inertia; in classical physics, such a molecule accelerates only slowly 
when subjected to a torque (a turning force), T , with dw/dt = T /I, where w is the 
angular velocity (the rate of change of orientation). In this respect, the moment 
of inertia plays in rotational motion the same role as inertial mass plays in linear 
motion (for which the acceleration is equal to F/m).

10.3 Rotational energy levels

According to classical physics, the kinetic energy of rotation of a body of moment 
of inertia Iqq about an axis q is the following analogue of 12mv2 for linear motion:

Ek = 1
2 ∑

q

Iqqwq
2 = ∑

q

Jq
2

2Iqq

(10.11)

Here wq is the angular frequency about the axis and we have used the classical 
expression for the component of angular momentum around each axis, Jq = Iqqwq

(the analogue of p = mv). There is no contribution from potential energy for free 
rotation, so the hamiltonian for the problem is

H =
Jx

2

2Ixx

+
Jy

2

2Iyy

+
Jz

2

2Izz

(10.12)

with each Jq to be interpreted as an operator for the q-component of angular 
momentum.

Initially we consider rigid rotors, bodies that are not distorted by rotation. 
Rigid rotors are classified by the point group to which they belong (Chapter 5), 
which determines the number of moments of inertia that are equal by symmetry.

(a) Symmetric rotors

A symmetric rotor (or symmetric top) is a rigid body with one symmetry axis Cn

with n ≥ 3. Examples include NH3, CH3Cl, CH3C≡CH, and C6H6. As a con-
sequence of this symmetry, two of the moments of inertia are the same, and 
we write I|| = Izz and I⊥ = Ixx = Iyy, where z is the figure axis of the molecule (the 
n-fold axis). It follows that

H =
Jx

2 + Jy
2

2I⊥
+

Jz
2

2I||

This hamiltonian can be expressed in terms of the operator J2 = Jx
2 + Jy

2 + Jz
2 for the 

square of the magnitude of the total angular momentum, when it becomes

H = J2

2I⊥
+ A

C
1

2I||
− 1

2I⊥

D
F Jz

2 (10.13)

To establish the eigenvalues of this hamiltonian, we import the eigenvalues of 
the operators J2 and Jz that were established in Chapter 4, recalling that the eigen-
values of the operator J2 are J(J + 1)H2 and those of Jz are an integral multiple of 
H. It is conventional to use K for the quantum number specifying the component 
of angular momentum on the internal figure axis of a molecule and to reserve 
MJ for its component on the laboratory-fixed Z-axis (laboratory-fixed axes are 
commonly upper case). Then it follows that the eigenvalues of the hamiltonian in 
eqn 10.13 are

E(J,K,MJ) = J( J + 1)H2

2I⊥
+ A

C
1

2I||
− 1

2I⊥

D
F K2H2 (10.14)

A brief comment
Rigid bodies with three 
diIerent moments of inertia 
(asymmetric rotors) are too 
diGcult to treat by elementary 
means and we shall not 
consider them here.
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with

J = 0, 1, 2, . . . K = J, J − 1, . . . , −J MJ = J, J − 1, . . . , −J

It is important to note that although the component of angular momentum on 
the laboratory axis does not appear explicitly in the energy, it is nevertheless 
required to specify the complete state of angular momentum of the molecule 
(Fig. 10.3). That E does not depend on MJ is consistent with the fact that in the 
absence of external fields, the rotational energy of the molecule is independent of 
the orientation of its angular momentum in space; that is, states diCering only in 
values of MJ are degenerate.

The significance of the quantum number K is that it tells us how the total angular 
momentum of the molecule is distributed over the molecular axes (Fig. 10.4):

• when | K | ≈ J, then almost the whole of the molecule’s angular momentum is 
around its figure axis;

• if | K | ≈ 0, then most of its angular momentum is about an axis perpendicular 
to the figure axis.

Opposite signs of K correspond to opposite directions of rotation. Note that the 
energy depends on K2, so the energy is independent of the direction of rotation 
about the figure axis, as is physically plausible.

It is conventional in the discussion of molecular rotation to express the energy 
in terms of the rotational constants I and J as wavenumbers (and typically 
expressed in reciprocal centimetres, cm−1):

I = H
4pcI||

J = H
4pcI⊥

(10.15a)

When (as is common in microwave spectroscopy) it is more convenient to express 
the rotational constants as frequencies (typically in megahertz, MHz), we denote 
them A and B and use

A = H
4pI||

B = H
4pI⊥

(10.15b)

Symmetric rotors are classified by the relative magnitudes of A and B.

• For a prolate (cigar-shaped) top, A > B; examples are NH3 and CH3C≡CH.

• For an oblate (pancake-shaped) top, A < B; an example is C6H6.

Then from eqns 10.14 and 10.15, with E( J,K,MJ) = hcF( J,K,MJ), where F is 
a wavenumber,

F(J,K,MJ) = JJ(J + 1) + (I − J)K2 (10.16)

The degeneracy of each level with K ≠ 0 is gJ = 2(2J + 1), because MJ can take 
2J + 1 diCerent values for a given value of J, and K can be either positive or nega-
tive. If K = 0, gJ = 2J + 1 because K then has only a single value.

When K = 0, the motion is entirely around an axis perpendicular to the figure 
axis, and

F(J,0,MJ) = JJ(J + 1) (10.17)

As expected, the energy of rotation now depends solely on the moment of inertia 
about that perpendicular axis. When | K | = J, its maximum value,

F(J,±J,MJ) = IJ2 + JJ (10.18)

Now the main contribution (the term proportional to J2) comes from the moment 
of inertia about the figure axis. The perpendicular component continues to 

MJ

K

J

Fig. 10.3 The physical 
significance of the quantum 
numbers J, K, and MJ for 
a rotating non-linear molecule.

K = 0

J

J K ≈ J(a)

(b)

Fig. 10.4 (a) When K = 0 the 
rotation of the molecule is 
entirely about an axis that is 
perpendicular to its figure axis. 
(b) When K has its maximum 
value (of J), most of the 
rotational motion is around 
the figure axis.

A brief comment
By convention, for an oblate 
top, A would be replaced by C;
to keep the notation simple, we 
use A for both types of top.
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contribute because the component JH of angular momentum about the figure axis 
is always less than the magnitude { J(J + 1)}1/2H of the angular momentum, so even 
if | K | = J, (provided that J > 0) the molecule continues to rotate at least slowly 
around the perpendicular axis.

(b) Spherical rotors

A spherical rotor (or spherical top) is a rigid molecule that belongs to a cubic 
(tetrahedral and octahedral) or icosahedral point group. Examples are CH4, SF6,
and C60. Such molecules have all three moments of inertia equal. With J = H/4pcI,
it follows that

F(J,K,MJ) = JJ(J + 1) (10.19)

and the rotational energy of the molecule is independent of both K and MJ.
However, as both quantum numbers are still needed to specify the precise 
state of angular momentum of the molecule, each level is now (2J + 1)2-fold
degenerate (Fig. 10.5). The K-degeneracy reflects the fact that it is now immater-
ial what component the angular momentum has on the now arbitrary molecular 
z-axis.

(c) Linear rotors

A linear rotor is a molecule that belongs to the point group C∞v or D∞h. In such 
molecules, which include all diatomic molecules, CO2, and HC≡CH, the angular 
momentum vector is necessarily perpendicular to the axis of the molecule, so
K ≡ 0 in all states. With J = H/4pcI, it follows that

F(J,MJ) = JJ(J + 1) (10.20)

This equation resembles eqn 10.19, but note that K does not appear in the 
specification of the state as it is identically zero. One implication of the absence 
of K is that the degeneracy of a linear rotor is only gJ = 2J + 1, for now only MJ

can range over a series of values and K is fixed at zero (Fig. 10.6).

(d) Centrifugal distortion

The treatment of a molecule as a rigid rotor is only an approximation. As 
rotational excitation increases, the bonds are put under stress and are stretched. 
The increase in moment of inertia that accompanies this centrifugal distortion
results in a lowering of the rotational constants, so the energy levels are less far 
apart at high J than for a truly rigid rotor. We show in Further information 10.1
that a first approximation to the eCect of centrifugal distortion on the energy 
levels of a linear rotor is obtained by writing

F(J,MJ) = JJ(J + 1) − çJ2(J + 1)2 (10.21)

where ç is called the centrifugal distortion constant. For diatomic molecules,

ç = H3

4pkfcm2R6
e

(10.22)

where kf is the force constant of the bond (an indication of its stiCness), m is 
the reduced mass, and Re is the equilibrium internuclear bond length in the rigid 
rotor.

The centrifugal distortion constant is larger for molecules with bonds that 
have low force constants, for then the centrifugal distortion caused by a given 
angular momentum is large. However, because a small force constant is often 
associated with long bond lengths and high reduced mass, the eCect of the latter 
terms may overcome the eCect of changes in kf itself.

1

2

3

4

5

0

6

1

9

25

49

81

121

169

0

2

6

12

20

30

42

E
n

er
g

y

J
E J

/h
cB

~
gJ

Fig. 10.5 The rotational energy 
levels and their degeneracies of 
a spherical rotor. Note the very 
rapid increase in degeneracy 
(which at high values of J is 
proportional to J2).
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10.4 Pure rotational selection rules
First we establish the gross selection rule and then the specific selection rules. 
Then we apply the selection rules to find expressions for the wavenumbers of 
rotational transitions.

(a) The gross selection rule

Consider a linear molecule in the state | e,J,MJ〉, where e is a label specifying both 
the electronic state and vibrational state of the molecule. The electric transition 
dipole matrix element that we need to consider to establish the pure rotational 
selection rules is 〈e,J′,M′J | m | e,J,MJ〉, where m is the electric dipole moment oper-
ator. According to the Born–Oppenheimer approximation (Section 8.1), the rota-
tion of the molecule as a whole can be separated from the motion of the electrons 
and the overall wavefunction of the molecule written as the product | e〉 | J,MJ〉. (We 
are also implicitly supposing that the vibrations are so much faster than the rota-
tions, that they may be separated too.) The transition dipole matrix element then 
factorizes into

〈e,J′,M′J | m | e,J,MJ〉 = 〈 J′,M′J | 〈e | m | e〉 | J,MJ〉 = 〈 J′,M′J | me | J,MJ〉 (10.23)

where me is the permanent electric dipole moment of the molecule in the state e.
In other words, the transition dipole matrix element is the matrix element of 
the permanent electric dipole moment between the two states connected by the 
transition. We can immediately conclude that:

Only polar molecules can have a pure rotational spectrum.

(b) The specifi c selection rules

To establish the specific selection rules governing rotational transitions, we have 
to investigate the values of J′ and M′J  for which the matrix element 〈 J′,M′J |me | J,MJ〉
is non-zero for given values of J and MJ. For a linear molecule, the rotational 
wavefunctions are eigenfunctions of the operators J2 and JZ (where Z denotes the 
laboratory axis). As we established in Section 4.7 in connection with orbital 
angular momenta, these eigenfunctions are the spherical harmonics YJMJ

(q,j),
where the angles denote the orientation with respect to laboratory-fixed axes. 
It follows that for a component Q of the transition dipole moment (where 
Q = X, Y, or Z in the laboratory-fixed axes)

〈 J′,M′J |meQ | J,MJ〉 = �
p

0
�

0

2p

Y*J′M′J(q,j)meQYJMJ
(q,j)sinq dq dj (10.24)

The most eAcient way to evaluate this integral is to recognize that the com-
ponents of the dipole moment operator may themselves be written in terms of 
spherical harmonics (by using the information in Table 3.2):

meX = me sin q cos j = −1
2

A
C
8p
3

D
F

1/2

me(Y1,+1 − Y1,−1) (10.25)

meY = me sin q sin j = i 1
2

A
C
8p
3

D
F

1/2

me(Y1,+1 − Y1,−1)

meZ = me cos q = A
C
4p
3

D
F

1/2

meY1,0

So, to evaluate the matrix elements we need to evaluate integrals of the form

IM = �
p

0
�

0

2p

Y*J′M′J(q,j)Y1,M(q,j)YJMJ
(q,j)sinq dq dj (10.26)

with M = 0, ±1.
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Fig. 10.6 The rotational energy 
levels and their degeneracies of 
a linear rotor. Note that the 
degeneracy increases more slowly 
(at high values of J the number is 
proportional to J) than for a 
spherical rotor, and the rotational 
states are much more sparse.
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The integral IM is in an ideal form for the application of group theoretical argu-
ments. We saw in Section 5.19 that YJMJ

 is a member of the basis that spans the 
irreducible representation G(J) of the full rotation group. The integrand therefore 
has a component that spans the completely symmetric irreducible representation 
only if

G(J′) × G(1) × G(J) = G(0) + · · · (10.27)

which it does only if J′ = J, J ± 1, excluding J′ = J = 0 (Fig. 10.7). Therefore, 
one selection rule is DJ = ±1. (The integral with J′ = J does not correspond to 
an observable transition in pure rotational spectroscopy.) The integral over j
has the form (recall that YJM is proportional to eiMj)

IM ∝ �
0

2p

 ei(MJ+M−M′J)j dj

This integrand is completely symmetric (that is, independent of j) only if  MJ + M
− M′J = 0, so we can conclude that the selection rule for MJ is DMJ = 0, ±1. The 
joint selection rules are therefore:

Pure rotational transitions (linear rotor):

DJ = ±1 DMJ = 0, ±1 for a polar linear rotor.

For symmetric rotors we need to consider the possibility of transitions that 
involve changes in the quantum number K. Because in a symmetric rotor any 
permanent electric dipole moment must lie parallel to the Cn axis, there is no 
component perpendicular to the principal axis. Hence, the electromagnetic 
field cannot couple to transitions that correspond to changes in the component 
of angular momentum around the principal axis, and hence to changes in K.
In a sense, there is no ‘handle’ perpendicular to the principal axis on which an 
electric field can exert a torque. The selection rules for symmetric rotors are 
therefore:

Pure rotational transitions (symmetric rotor):

DJ = ±1 DMJ = 0, ±1 DK = 0 for a polar symmetric rotor.

Spherical rotors do not have permanent dipole moments (by symmetry), so they 
do not show pure rotational transitions.

(c) Wavenumbers of allowed transitions

When the specific selection rules are applied to the expressions of Section 10.3 
for the energy levels of linear and symmetric rotors, we find the following expres-
sions for the wavenumbers of the transitions J + 1 ← J:

âJ = F(J + 1,K,MJ) − F(J,K,MJ) = 2J(J + 1) (10.28)

with J = 0, 1, 2, . . . . The separation of neighbouring lines is

âJ+1 − âJ = 2J(J + 2) − 2J(J + 1) = 2J (10.29)

InterActivity Use the Worksheet entitled Equations 10.28 and 10.29 on this text’s 
website to explore the dependence of the spectral wavenumbers and intensities 

(in the absence of centrifugal distortion) on the rotational constant and temperature.

A pure rotational spectrum therefore consists of a series of lines, which in the 
absence of centrifugal distortion have uniform spacing 2J (Fig. 10.8). Such tran-
sitions typically lie in the microwave region of the electromagnetic spectrum and 
in the far infrared for molecules with a small moment of inertia (such as HCl). 
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Fig. 10.7 The vector basis of the 
selection rule for rotational 
transitions of polar molecules.
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Fig. 10.8 The first few rotational 
transitions of a linear molecule. 
The pale lines indicate the eCect
of centrifugal distortion, which 
leads to a reduction in the 
separation of the energy levels 
at high rotational quantum 
numbers.
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For a diatomic linear rotor that displays centrifugal distortion we would use 
eqn 10.21 to write

âJ = F(J + 1,MJ) − F(J,MJ) ≈ 2J(J + 1) − 4ç(J + 1)3 (10.30)

and now the lines converge as J increases. Note that because

âJ

J + 1
= 2J − 4ç(J + 1)2 (10.31)

J and ç can be determined by plotting âJ/(J + 1) against (J + 1)2, which should 
give a straight line of slope −4ç and intercept 2J at J + 1 = 0 (Fig. 10.9).

InterActivity Use the Worksheet entitled Equation 10.30 on this text’s website 
to explore the dependence of the spectral wavenumbers and intensities on the 

rotational constant, centrifugal distortion constant  and temperature.

10.5 Rotational Raman selection rules

Only molecules with anisotropic electric polarizabilities can show pure rota-
tional Raman lines. We show below that the specific rotational Raman selection 
rules are

Rotational Raman:

DJ = ±2,±1 DK = 0 but K = 0 → 0 is forbidden for DJ = ±1

Note that the restriction on transitions between states with K = 0 rules out DJ = ±1
for linear molecules.

There are several ways of understanding the occurrence of 2 in the selection 
rule for DJ. In the first place, we saw in Section 10.2 that the classical origin of 
the Raman eCect depends on the polarizability of a molecule changing with time 
as a(t) = a + 1

2Da cos wintt, where wint is some ‘internal’ frequency of the molecule. 
For rotation, the polarizability returns to its original value twice per revolution 
(Fig. 10.10), so we should interpret wint as 2wrot. From the point of view of the 
polarizability, the molecule appears to be rotating twice as fast as its mechanical 
motion. As a result, lines at w ± 2wrot are observed in the scattered radiation. For 
symmetric tops the possibility of angular momentum around the figure axis 
complicates the analysis and allows for transitions with DJ = ±1 also.

The more formal procedure for establishing the selection rules is to recognize 
that the anisotropy of the polarizability has components that vary with angle as 
Y2,M(q,j). To see that this is so, we consider a diatomic molecule with polarizabil-
ities a|| and a⊥ and an electric field E applied in the laboratory Z-direction. The 
induced dipole moment is parallel to the Z-axis, so we can write mZ = aZZE. In 
the molecular frame, the components of the dipole moment will be mx, my, and mz,
and from Fig. 10.11 we see that

mZ = mx sin q cos j + my sin q sin j + mz cos q (10.32a)

E x = E sin q cos j E y = E sin q sin j E z = E cos q (10.32b)

Because the molecular component of the induced electric dipole moment is 
related to the molecular component of the electric field by mq = aqqEq it follows 
that

mZ = axxE x sin q cos j + ayyE y sin q sin j + azzE z cos q
 = a⊥E sin2q cos2j + a⊥E sin2q sin2j + a||E cos2q
 = a⊥E sin2q + a||E cos2q (10.33)
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Fig. 10.9 A plot of the 
wavenumber of a rotational 
transition from J to J + 1 against 
the value of (J + 1)2 is a straight 
line: the slope is −4ç and the 
extrapolated intercept at J + 1 = 0 
is 2J.
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Fig. 10.10 Whereas the electric 
dipole moment of a molecule 
requires a rotation through 2p to 
restore it to its initial value, the 
polarizability requires a rotation 
of only p. Thus, the polarizability 
tensor appears to rotate at twice 
the rate of the electric dipole.
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where we have identified a⊥ = axx = ayy and a|| = azz. The mean polarizability is 
a = 1

3(a|| + 2a⊥); therefore, with Y2,0 = (5/16p)1/2(3 cos2q − 1) from Table 3.2 and 
Da = a|| − a⊥, it follows that

mZ = !
@a + 4

3
A
C
p
5

D
F

1/2

DaY2,0(q,j)#$ E (10.34)

Now consider contributions to the electric dipole transition matrix elements 
〈 J′,M′J |mZ | J,MJ〉. The first term in eqn 10.34 does not contribute any oC-diagonal
elements, giving rise to the unshifted Rayleigh line. The second term gives a con-
tribution of the form

〈 J′,M′J |mZ | J,MJ〉 = 4
3
A
C
p
5

D
F

1/2

DaE 〈 J′,M′J |Y2,0 | J,MJ〉 (10.35)

The integral that determines whether or not this matrix element vanishes is

I = �
p

0
�

0

2p

Y*J′M′J(q,j)Y2,0(q,j)YJMJ
(q,j)sinq dq dj (10.36)

By the same argument as in Section 10.4, and as illustrated in the following 
example, the integral is zero unless J′ = J ± 2.
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x
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z q

j

Fig. 10.11 The coordinates 
used to relate the component 
of electric dipole moment in 
the laboratory axes to the 
component in the molecular axes.

Example 10.1 Deducing rotational Raman selection rules

Show that the rotational Raman selection rules for a linear rotor are DJ = ±2.

Method We have to investigate the conditions under which the integral I in 
eqn 10.36 is non-zero. Group theory is the tool: we need to decide the conditions 
under which the integrand has a component that is a basis for the totally symmetric 
irreducible representation of the full rotation group. Some care must be taken to 
take into account the full symmetry of the system.

Answer The irreducible representation spanned by the integrand is G(J′) × G(2) × G( J);
this direct product includes G(0) if J′ = J, J ± 1, J ± 2. However, J′ = J ± 1 is excluded 
by the fact that the spherical harmonics change phase by (−1)J when q is increased 
by p, so the overall change in the integrand under this symmetry operation is a 
change of phase by (−1)J′’+2+J, which is +1 only if J + J′ is an even number, which 
rules out J′ = J ± 1. The contribution J′ = J is also excluded for rotational Raman 
spectra because it does not correspond to a change in energy of the system.

Self-test 10.1 Establish the selection rules on MJ for pure rotational Raman 
transitions.

It follows from the selection rule DJ = ±2 that rotational Raman lines can be 
expected at the following wavenumbers (ignoring centrifugal distortion):

Stokes lines (DJ = +2): âJ = â0 − 4J(J + 3
2) J = 0, 1, 2, . . .

Anti-Stokes lines (DJ = −2): âJ = â0 + 4J(J − 1
2) J = 2, 3, . . .

where â0 is the wavenumber of the incident radiation (Fig. 10.12).

InterActivity Use the Worksheet entitled Figure 10.12 on this text’s website 
to explore the dependence of the rotational Raman spectral wavenumbers and 

intensities (in the absence of centrifugal distortion) on the rotational constant and 
temperature.
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Fig. 10.12 The rotational Raman 
transitions of a linear molecule.
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10.6 Nuclear statistics

The rotational Raman spectra of certain molecules show a peculiar alternation in 
intensity. A linear molecule of C∞v symmetry, such as HCl or OCS, displays the 
intensity distribution that would be expected on the basis of a Boltzmann distri-
bution of populations over the rotational states:

NJ

N
=

2J + 1
q

e−hcF(J)/kT (10.37a)

where NJ is the total population of a rotational energy level J (which consists of 
2J + 1 individual, degenerate states), F(J) is the rotational wavenumber, N is the 
total number of molecules, and q is the rotational partition function

q = ∑
J

 (2J + 1)e−hcF(J)/kT (10.37b)

Although the transition matrix elements depend on J, the dependence is not very 
strong and to a good approximation the intensity distribution in the spectrum 
follows the distribution of populations (Fig. 10.13). The population, and hence 
the intensity, passes through a maximum at (see Problem 10.11)

Jmax ≈
1
2

!
@

A
C

2kT
hcJ

D
F

1/2

− 1#
$ (10.38)

InterActivity Use the Worksheet entitled Equation 10.37 on this text’s website to 
explore the dependence of the Boltzmann populations on the rotational constant 

and temperature.

In contrast to this behaviour, a linear molecule of D∞h symmetry, such as H2 or 
CO2, shows an alternation in intensity. Indeed, in CO2 alternate lines are com-
pletely missing, and there are no transitions from states with J odd. We shall now 
see in fact that certain states of symmetrical molecules are disallowed and hence 
make no contribution to the Raman spectra.

(a) The case of CO2

The key to understanding the absence of certain rotational states is the Pauli 
principle (Section 7.11) and the fact that the rotation of a molecule may inter-
change identical nuclei. Nuclei have spin (denoted by the quantum number I, the 
analogue of s for electrons), which may be integral or half integral depending on 
the specific nuclide. According to the Pauli principle the interchange of the labels 
of identical fermions (fractional-spin particles, such as protons or carbon-13 
nuclei, each with I = 1

2) or bosons (integral-spin particles, such as carbon-12 or 
oxygen-16 nuclei, each with I = 0) must obey the following relation:

Bosons: y(2,1) = +y(1,2)

Femions: y(2,1) = −y(1,2)

The two 16O nuclei in CO2, are bosons, so the total wavefunction of the molecule 
must be unchanged when their labels are interchanged. However, rotation of the 
molecule by p about a perpendicular axis, which results in the interchange of the 
two nuclei, results in a change in phase of the rotational wavefunction by (−1) J

(Fig. 10.14):

YJMJ
(q + p,j) = (−1) JYJMJ

(q,j) (10.39)

Therefore, to be consistent with the Pauli principle, only even values of J are 
allowed. This argument accounts for the absence of alternate lines in the 
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Fig. 10.13 A representation of 
the Boltzmann distribution of 
populations in the rotational 
energy levels of a linear rotor. 
The populations pass through 
a maximum on account of 
the increasing degeneracy of 
the levels.
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Fig. 10.14 A representation of 
the rotational wavefunctions of 
a rotor for J = 0, 1, 2 and MJ = 0; 
these wavefunctions are in fact 
the spherical harmonics 
encountered in Chapter 3. 
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rotational Raman spectrum of CO2 as that molecule can exist only in the rota-
tional states J = 0, 2, 4, . . . .

(b) The case of H2

The discussion of CO2 that we gave above does not apply to molecules with 
nuclei having spin greater than 0; nor does it apply to molecules with incomplete 
shells or in vibrationally excited states. To see what is involved in a slightly more 
general case, consider 1H2, in which the two nuclei are spin-1/2 protons.

The interchange of the labels of two protons (which are fermions) must result 
in a change in sign of the overall wavefunction of the molecule. But ‘overall 
wavefunction’ does not mean simply the rotational component: it means the 
entire wavefunction for all the modes of motion:

y = yEyVyRyN

where E, V, R, and N denote the electronic, vibrational, rotational, and nuclear 
spin degrees of freedom, respectively. When the molecule is rotated by p the 
labels of the nuclei are interchanged and the rotational wavefunction is multi-
plied by (−1)J. However, the rotation also rotates the electronic wavefunction 
and interchanges the spin states of the nuclei as well as their labels, whereas we 
want to interchange only the labels of the nuclei (Fig. 10.15). As shown in the 
figure, the electronic wavefunction can be returned to its original position by 
an inversion (iE) followed by a reflection (sh

E) in a plane perpendicular to the rota-
tion. As we saw in Section 8.4, the outcome of the first operation is ±1 according 
to whether the molecular state is g or u; similarly, the outcome of the second 
operation is ±1 according to whether the state is Σ± (see Section 8.6). For H2,
which has a 1Σ+

g ground state, both operations give a factor of +1. The rotation of 
the molecule also changes the relative displacement coordinate of the atoms into 
the negative of itself. However, we know from the discussion of harmonic oscil-
lator wavefunctions in Section 2.14 that under a change x → −x the vibrational 
wavefunction changes by a factor of (−1)v, where v is the vibrational 
quantum number (recall Fig. 2.27, which shows the parity of the oscillator wave-
functions). For a vibrational ground state, v = 0, so this factor is also +1.

So far, only factors of +1 have occurred in H2 other than the factor of (−1)J

for the rotational wavefunction. However, we now need to consider yN, the 
nuclear spin state, because the rotation has interchanged spins as well as the 
labels of the nuclei. There are four possible spin states for two spin-1

2 nuclei (see 
Section 4.12):

Parallel spins (↑↑): s+(1,2) =

1
4
2
4
3

a(1)a(2)

A
C
1
2

D
F

1/2

{a(1)b(2) + b(1)a(2)}

b(1)b(2)

Antiparallel spins (↑↓): s−(1,2)= A
C
1
2

D
F

1/2

{a(1)b(2) − b(1)a(2)}

If the spin state is a(1)a(2), interchange of the spin states has no eCect, so this 
step introduces a further factor of +1 into the loop for an overall change of (−1) J.
The same is true of the other two ‘parallel’ s+(1,2) states. However, when we 
interchange the spin states in s−(1,2), we change the sign of the spin wavefunction:

s−(2,1) = A
C
1
2

D
F

1/2

{b(1)a(2) − a(1)b(2)} = −s−(1,2)

This step introduces a factor of −1 into the loop, for an overall change of (−1) J+1.

A brief comment
Care must be taken to take the 
vibrational parity into account 
when considering excited 
vibrational states of molecules.

P

A

A

A

A

B

B

B

B

B A

C2

i E

σE
h

pnuc

Fig. 10.15 The sequence of 
transformations involved in 
the examination of the role of 
nuclear statistics in the existence 
of rotational states. The symbol 
pnuc denotes the permutation of 
nuclear spin states.
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The overall wavefunction must be antisymmetric under the relabelling of the 
two nuclei and a factor of −1 must be obtained both directly and by going round 
the loop involving molecular rotation. Therefore,

• if the spins are parallel, then because the phase change round the loop is (−1) J,
it follows that J can have only odd values;

• if the spins are antiparallel, then to obtain an overall factor of −1, J must 
be even.

This argument therefore leads to the following remarkable conclusion. Dihydro-
gen consists of two types of molecule:

• One type, in which the nuclear spins are parallel, is called ‘ortho-hydrogen’
and can exist only in rotational states with odd values of J (J = 1, 3, 5, . . .).

• The other type, in which the nuclear spins are antiparallel, is called ‘para-
hydrogen’ and can exist only in rotational states with even values of J (J = 0, 
2, 4, . . .).

In addition, because there are three ‘parallel’ states and only one ‘antiparallel’ 
state, in a sample at thermal equilibrium at high temperatures we should expect 
ortho-hydrogen to be three times as abundant as para-hydrogen. This in turn 
implies that the Raman lines should show a 3:1 alternation in intensity, with odd 
J transitions dominant.

At very low temperatures, we would expect only J = 0 to be occupied, so the 
thermal equilibrium sample should consist of pure para-hydrogen at very low 
temperatures. However, the conversion of ortho-hydrogen to para-hydrogen is 
very slow because it involves the reorientation of one nuclear spin relative to the 
other, and nuclear magnetic moments are so small that they interact only weakly 
with external perturbations. Therefore, when a sample of hydrogen gas at room 
temperature is cooled, the ortho-hydrogen component settles into its lowest 
rotational state (J = 1) but cannot readily undergo conversion to para-hydrogen.
To bring about the conversion more rapidly, a catalyst may be introduced. The 
gas chemisorbs on the surface of the catalyst as atoms, and the atoms, and their 
nuclear spins, recombine at random; in due course the equilibrium populations 
are attained. Interconversion can also be brought about non-dissociatively by 
bubbling the gas through a solution of a paramagnetic species. The species gives 
rise to a magnetic field that is inhomogeneous on an atomic scale, and this field 
can induce the relative reorientation of nuclear spins (as in singlet–triplet transi-
tions between electronic states, Section 11.9).

A brief comment
Exactly the same conclusions 
apply to ethyne, H–C≡C–H, 
which for the current 
discussion can be regarded as 
an ‘elongated’ version of H2:
it too exists in two forms,
ortho-ethyne and para-ethyne.

Example 10.2 Analysing the nuclear statistics of linear molecules

What rotational states are occupied in the ground state of dioxygen?

Method We first decide whether relabelling interchanges bosons or fermions. Then 
we consider the eCect of the sequence of changes round the loop in Fig. 10.15. The 
same outcome must be obtained.

Answer Oxygen-16 nuclei are spin-0 bosons, so overall the wavefunction must not 
change sign when the nuclei are relabelled. The electronic ground state of O2 (as 
deduced in Section 8.6) is 3Σ−

g, so the electronic wavefunction changes sign under 
the product operation sE

hiE. The molecule is in its vibrational ground state, so the 
vibrational wavefunction contributes a factor of +1. The nuclear spin state is 
necessarily symmetric, as both nuclei have zero spin and the only spin state is | 0, 0〉.
Overall, therefore, going round the loop in Fig. 10.15 results in a phase factor of 
(−1) J+1. For this factor to be even, only odd J states are allowed. ››
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(c) A more general case

Arguments similar to those given above can be applied to molecules with nuclei 
of general spin I, and it is quite easy to derive a general rule for Σ+

g linear mol-
ecules in their vibrational ground states. If both nuclei that are interchanged have 
spin I, there are (2I + 1)2 product functions of the form | I1mI1I2mI2〉 (recall the 
2I + 1 number of mI states). Of these products, 2I + 1 will have mI1 = mI2 and 
hence will be symmetric. Of the remaining states, which number

(2I + 1)2 − (2I + 1) = 2I(2I + 1)

half will be symmetric (and have the form | I1mI1I2mI2〉 + | I2mI2I1mI1〉) and half 
will be antisymmetric (| I1mI1I2mI2〉 − | I2mI2I1mI1〉). Therefore, the total numbers 
of each type are

N+ = (2I + 1) + I(2I + 1) = (I + 1)(2I + 1) N− = I(2I + 1)

The ratio of the numbers is

N+

N−
= I + 1

I
(10.40)

Comment It follows that in the rotational Raman spectrum of O2, only transitions 
between odd J states will occur. This is in contrast to CO2 in which only even J
states contribute.

Self-test 10.2 What rotational states may be occupied by (a) 12C2 and (b) 13C2?
Carbon-12 and carbon-13 nuclei have spin 0 and 1

2, respectively. The electronic 
ground state of C2 is 

1Σ+
g.

[(a) Even J only, (b) as for H2]

A brief illustration

For 1H2, I = 1/2 and the ratio in eqn 10.40 is 3:1, as we have already seen. For 
dideuterium (2H2), for which I = 1, the ratio is 2:1. Moreover, because deuterium 
is a boson, it is the symmetrical states that are associated with even values of J. The 
rotational Raman spectrum of 2H2 will therefore show an alternation of intensities 
with even-J lines having about twice the intensity of their neighbouring odd-J lines.

These arguments can be applied to molecules containing more than two iden-
tical nuclei (such as NH3 and CH4), but the considerations rapidly become very 
complicated. The complications involved in analysing nuclear statistics and 
counting the numbers of available states, which are crucial to a full interpret-
ation of spectra and to the proper implementation of statistical mechanical 
calculations of thermodynamic properties, are often readily overcome by using 
the permutation–inversion operator P*. This operator is the product of the per-
mutation operator P, which permutes the coordinates of identical nuclei in the 
molecule, and the inversion operator E*, which inverts the spatial coordinates 
of all electrons and nuclei through the centre of mass of the molecule. The oper-
ations P, E*, and P*, in conjunction with the identity operation E, form the 
elements of the complete nuclear permutation–inversion (CNPI) group of the 
molecule. Identification and analysis of the CNPI group (or, in practice, usually 
one of its subgroups) provide an elegant procedure for direct determination of 
the allowed molecular energy states and their weights.1

A brief comment
The rotation by p of a mixed 
isotopologue, such as HD (that 
is, 1H2H), does not interchange 
identical particles, so the Pauli 
principle is silent on its 
rotational states, and all 
rotational states are allowed.

1 A detailed discussion can be found in Chapter 8 of P.R. Bunker and P. Jensen, Molecular
symmetry and spectroscopy, NRC Research Press, Ottawa (1998).
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The vibrations of diatomic molecules

Once again, we pursue the strategy of establishing the energy levels of a molecule, 
this time of its vibration, and then derive and apply the selection rules for vibra-
tional and vibrational Raman transitions. However, there are two main elabor-
ations. One is that we shall need to generalize our conclusions from diatomic 
molecules, in which there is only one degree of vibrational freedom (the stretch-
ing of the bond) to polyatomic molecules, in which there are more. We shall 
also need to consider the possibility of rotational transitions accompanying 
vibrational transitions.

10.7 The vibrational energy levels of diatomic molecules

The molecular potential energy of a diatomic molecule increases if the nuclei
are displaced from their equilibrium positions (corresponding to the minimum 
of the potential energy curve at Re). When the displacement x = R − Re is small, 
we can express the potential energy as the first few terms of a Taylor series:

V(x) = V(0) + A
C
dV
dx

D
F

0

x + 1
2

A
C
d2V
dx2

D
F

0

x2 + 1
6

A
C
d3V
dx3

D
F

0

x3 + · · · (10.41)

where the subscript 0 indicates that the derivatives are to be evaluated at x = 0.
For the present purposes we are not interested in the absolute potential energy 

of the molecule, so we can set V(0) = 0. The first derivative is zero at the equilib-
rium separation, because there the molecular potential energy curve goes through 
a minimum.

(a) Harmonic oscillation

Provided that the displacement x is small, the terms in eqn 10.41 that are higher 
than second order may be neglected. The only remaining term is the one pro-
portional to x2, so we may write

V(x) = 1
2kfx

2 kf = A
C
d2V
dx2

D
F

0

(10.42)

and the potential energy close to equilibrium is parabolic (that is, proportional 
to x2). It follows that the hamiltonian for the two atoms of masses m1 and m2 is

H = − H2

2m1

d2

dx2
1

− H2

2m2

d2

dx2
2

+ 1
2kfx

2 (10.43)

We saw in connection with the discussion of the hydrogen atom in Section 3.11 
(and Further information 3.2) that when the potential energy depends only on 
the separation of the particles, the hamiltonian can be expressed as a sum, one 
term referring to the motion of the centre of mass of the system and the other to 
the relative motion. The former is of no concern here as it corresponds to the 
overall translational motion of the molecule. The latter term is

H = − H
2

2m
d2

dx2
+ 1

2kfx
2 (10.44)

where m is the eIective mass:

1
m

= 1
m1

+ 1
m2

(10.45)

A brief comment
For a smoothly varying 
function f(x), the Taylor 
series expansion is

f(x) = f(0) + A
C

df

dx
D
F

0

x

  +
1

2!
A
C

d2f

dx2

D
F

0

x2 + · · ·

 = f(0) + ∑
n

1

n!
A
C

dnf

dxn

D
F

0

xn

with all the derivatives 
evaluated at x = 0.
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A note on good practice

This quantity is termed the ‘reduced mass’ in the hydrogen atom, and most people 
use that name in this connection too. There are, however, advantages in the more 
general term ‘eCective mass’ as will become apparent when we consider poly-
atomic molecules.

The appearance of m in the hamiltonian is physically plausible, because we expect 
the motion to be dominated by the lighter atom. When m1 >> m2, m ≈ m2, the mass 
of the lighter particle. Think of a small particle attached by a spring to a brick 
wall: it is the mass of the particle that determines the vibrational characteristics 
of the system, not the mass of the wall.

A hamiltonian with a parabolic potential energy as in eqn 10.44 is character-
istic of a harmonic oscillator, so we may immediately adopt the solutions found 
for the harmonic oscillator in Section 2.14:

Ev = (v + 1
2)Hw w = A

C
kf

m
D
F

1/2

(10.46)

with v = 0, 1, 2, . . . . These levels lie in a uniform ladder with separation Hw. The 
corresponding wavefunctions are bell-shaped Gaussian functions multiplied by 
a Hermite polynomial (Section 2.14 and Fig. 2.27). All the remarks we made 
about the properties of the solutions of the harmonic oscillator are applicable to 
the vibrations of diatomic molecules provided they make no more than small 
deviations from their equilibrium locations.

(b) Anharmonic oscillation

The truncation of the Taylor expansion of the molecular potential energy after the 
quadratic term in eqn 10.41 is only an approximation, and in real molecules the 
neglected terms are important, particularly for large displacements from equilib-
rium. The typical form of the potential energy is shown in Fig. 10.16, and because 
at high excitations it is less confining than a parabola, the energy levels converge 
instead of staying uniformly separated. It follows that anharmonic vibration,
vibrational behaviour that diCers from that of a harmonic oscillator, is increas-
ingly important as the degree of vibrational excitation of a molecule is increased.

One procedure for coping with anharmonicities is to solve the Schrödinger 
equation with a potential energy term that matches the true potential energy over 
a wider range better than does a parabola. One of the most useful, but still 
approximate, functions is the Morse potential (Fig. 10.16):

V(x) = hcçe{1 − e−ax}2 a = A
C

kf

2hcçe

D
F

1/2

(10.47)

The parameter çe is the depth of the minimum of the curve and x = R − Re, the 
displacement. At small displacements, the Morse and harmonic oscillator poten-
tials coincide, as can be demonstrated by retaining only the first two terms in the 
Taylor series expansion of the exponential in eqn 10.47: e−ax = 1 − ax. Therefore, 
V(x) = hcçea

2x2 which matches the harmonic potential when the expression for 
a is inserted.

The Schrödinger equation can be solved analytically with the Morse potential 
energy (although the techniques required are quite advanced2), and the quantized 
energy levels are

1

0
0 2–2 4

De

Re

D0
R0

V
/h

cD
e~

a(R – Re)

~

~

Fig. 10.16 The vibrational energy 
levels of a molecular oscillator. 
Note the convergence of levels 
as the potential becomes less 
confining. The curve is a plot 
of the Morse potential.

2 See either P.M. Morse, Phys. Rev. 34, 57 (1929) or B.G. Wybourne, Classical groups for 
physicists, John Wiley, New York (1974).
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Ev = (v + 1
2)Hw − (v + 1

2)
2Hwxe (10.48)

with

wxe = a2H
2m

(10.49)

and w given by eqn 10.46. The quantity xe is called the anharmonicity constant.
The additional term in eqn 10.48 subtracts from the harmonic expression and 
becomes more important as v becomes large, resulting in the convergence of 
levels at high excitation. One feature of the Morse potential energy is that the 
number of bound levels is finite, and v = 0, 1, 2, . . . vmax where

vmax < hcçe

Hw/2
− 1

2
(10.50)

(See Problem 10.14.) The ground state of a Morse oscillator has a zero-point 
energy of

E0 = 1
2Hw(1 − 1

2xe) (10.51)

and the expectation value of its internuclear distance is denoted R0 (see Fig. 10.16) 
which diCers slightly from the equilibrium separation Re. The dissociation energy,
hcç0, is related to the depth of the well (see Fig. 10.16) by

ç0 = çe − E0/hc (10.52)

As we have remarked, the Morse oscillator is only an approximation to an actual 
molecular oscillator. The form of its solution suggests that the actual vibrational 
energies of a real molecule could be expressed by a series of the form

Ev = (v + 1
2)Hw − (v + 1

2)
2Hwxe + (v + 1

2)
3Hwye + · · · (10.53)

The spectroscopic constants (w, wxe, wye . . .) are best treated as empirical para-
meters obtained by fitting eqn 10.53 to the experimentally observed spectral 
transitions.

Example 10.3 Determining spectroscopic constants from vibrational 
spectra

An infrared spectrum of gaseous HCl gave the following vibrational wavenumbers 
relative to the ground vibrational state with v = 0: 2886 (v = 1), 5668 (v = 2), 
8347 (v = 3), 10923 (v = 4), 13397 (v = 5). Determine the spectroscopic constants 
w and wxe.

Method The vibrational energies are given by eqn 10.53 and we retain the first 
two terms on the right-hand side. Since the energies are relative to v = 0, we 
subtract the zero-point energy from each term. Plot the relative energies versus 
vibrational quantum number and perform a quadratic fit to obtain spectroscopic 
constants.

Answer Since the zero-point energy is given by 1/2Hw − 1/4Hwxe, the relative energies 
are given by

Ev
rel = (v + 1

2)Hw − (v + 1
2)

2Hwxe − (1
2Hw − 1

4Hwxe)

= (Hw − Hwxe)v − Hwxev
2 ››
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10.8 Vibrational selection rules

The selection rules for the vibrational transition v′ ← v are based on the electric 
dipole transition moment 〈e,v′ |m | e,v〉; at this stage we are interested only in tran-
sitions within a given electronic state e and we are ignoring rotational transitions. 
The integration over the electron coordinates can be carried out as before, 
because we are assuming the validity of the Born–Oppenheimer approximation 
and the separability of electron and nuclear motion. The transition matrix 
element is therefore

mv ′v = 〈v′ |m |v〉

where m is the dipole moment of the molecule when it is in the electronic state e.
We analyse this matrix element to first derive the gross selection rule and then the 
specific selection rules.

(a) The gross selection rule

Because the dipole moment m depends on the bond length R (recall that the elec-
tronic wavefunction depends parametrically on the internuclear separation) we 
can express its variation with displacement of the nuclei from equilibrium as

m = m0 + A
C
dm
dx

D
F

0

x + 1
2

A
C

d2m
dx2

D
F

0

x2 + · · · (10.54)

where m0 is the dipole moment when the displacement is zero. The transition 
matrix element is therefore

〈v′ |m |v〉 = m0〈v′ |v〉 + A
C
dm
dx

D
F

0

〈v′ |x |v〉 + 1
2

A
C

d2m
dx2

D
F

0

〈v′ |x2 |v〉 + · · · (10.55)

= A
C
dm
dx

D
F

0

〈v′ |x |v〉 + 1
2

A
C

d2m
dx2

D
F

0

〈v′ |x2 |v〉 + · · ·

The term proportional to m0 is zero on account of the orthogonality of the states 
when v′ ≠ v. The first conclusion we can draw, therefore, is that the transition 
matrix is non-zero only if the molecular dipole moment varies with displacement, 
for otherwise the derivatives in eqn 10.55 would be zero. The gross selection rule 
for the vibrational transitions of diatomic molecules is therefore:

To show a vibrational spectrum, a diatomic molecule must have a dipole 
moment that varies with extension.

It follows that homonuclear diatomic molecules do not undergo electric-dipole 
vibrational transitions.

A plot of Ev
rel (expressed as a wavenumber) against v is shown in Fig. 10.17; the 

best quadratic fit is

(Ev
rel/hc)/cm−1 = 2936.99v − 51.50v 2

It follows that

Hw − Hwxe = (2936.99 cm−1)hc = 5.834 × 10−20 J

Hwxe = (51.50 cm−1)hc = 1.023 × 10−21 J

and, therefore, w = 5.629 × 1014 s−1 and wxe = 9.700 × 1012 s−1.

Self-test 10.3 Use the vibrational wavenumbers to determine w, wxe, and wye.
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Fig. 10.17 The plot of the 
relative wavenumbers against 
the vibrational quantum 
number for Example 10.3.
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(b) The specifi c selection rule

For small displacements, the electric dipole moment m of a molecule can be 
expected to vary linearly with the extension of the bond. This would be the case 
for a heteronuclear molecule in which the partial charges on the two atoms were 
independent of the internuclear distance. In such cases, the quadratic and higher 
terms in the expansion in eqn 10.55 can be ignored and

mv′v = A
C
dm
dx

D
F

0

〈v′ |x |v〉 (10.56)

The specific selection rule is established by investigating the conditions under 
which the matrix element in this equation is non-zero. The elementary procedure 
is to express the matrix element in terms of the harmonic oscillator wavefunc-
tions, and to use the following property of Hermite polynomials:

2axHv(ax) = Hv+1(ax) + 2vHv−1(ax) (10.57)

Even without going into details of the calculation, it can be seen that x |v〉, which 
is proportional to xHv(ax), can be expected to produce two terms, one propor-
tional to |v + 1〉 and the other to |v − 1〉. That being so, we can anticipate that the 
only non-zero contributions to mv′v will be obtained when v′ = v ± 1, and hence 
conclude that the selection rule for electric dipole vibrational transitions within 
the harmonic approximation is

Vibrational transitions: Dv = ±1

The detailed calculation is left as an exercise (see Problem 10.15). The alternative 
procedure for establishing this selection rule makes use of the annihilation and 
creation operators introduced in Further information 2.2, and is illustrated in the 
following example.

Example 10.4 Deducing the selection rules for a harmonic oscillator

Use the annihilation and creation operators introduced in Further information 2.2 
to establish the selection rules for electric dipole transitions of a harmonic oscil-
lator, and deduce the explicit forms of the electric dipole transition moments.

Method Express the displacement x in terms of annihilation (a) and creation (a+)
operators by using eqns 2.55 and 2.57 of Further information 2.2. The matrix 
elements of these operators are given in eqn 2.64 of the same section.

Answer The displacement x is related to the annihilation and creation operators by

x = AC
H

2mw
DF

1/2

(a + a+)

where we have used the eCective mass m (not the electric dipole moment!) rather 
than the mass m. Because a | v〉 ∝ | v −1 〉 and a+ | v〉 ∝ | v + 1〉 we know immediately 
that mv′v = 0 unless v′ = v ± 1. For the explicit form of the matrix elements we use

a | v〉 = v1/2 | v − 1〉 a+ | v〉 = (v + 1)1/2 | v + 1〉

to write

mv+1,v = AC
dm
dx

DF
0

AC
H

2mw
DF

1/2 

〈v + 1 |a + a+ |v〉 = (v + 1)1/2 AC
dm
dx

DF
0

AC
H

2mw
DF

1/2

mv−1,v = AC
dm
dx

DF
0

AC
H

2mw
DF

1/2 

〈v − 1 |a + a+ |v〉 = v1/2 AC
dm
dx

DF
0

AC
H

2mw
DF

1/2

››
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(c) The eff ect of anharmonicities on allowed transitions

When quadratic and higher-order terms are ignored in the transition matrix 
element in eqn 10.55, it follows from the above considerations that the wave-
numbers of the transitions that can be observed by electric dipole transitions in 
a harmonic oscillator are

âv+1←v = Ev+1 − Ev

hc
= Hw

hc
= w

2pc
= â (10.58)

and that the vibrational spectrum of a heteronuclear diatomic molecule should 
consist of a single line of wavenumber â = w /2pc regardless of the initial vibra-
tional state. However, in practice anharmonicities in the vibrational oscillator 
need to be taken into account, and diCerent transitions occur with slightly diCer-
ent wavenumbers:

âv+1←v = â − 2(v + 1)âxe + · · · (10.59)

A further complication is that it may be necessary to use the quadratic (and higher) 
terms in the expression for the electric dipole transition moment (eqn 10.55). 
There is no guarantee that the electric dipole moment of the molecule is pro-
portional to the displacement from equilibrium, and for large displacements 
the partial charges adjust as the internuclear distance changes. As a result, con-
tributions to the matrix element arising from terms in x2, etc. play a role. These 
electrical anharmonicities permit transitions with Dv = ±2 (for x2 contributions), 
etc. Transitions with Dv = ±2 are the first overtones or second harmonics of the 
vibrational spectrum.

Even without electrical anharmonicity, overtones can occur if the oscillator is 
anharmonic, because then the wavefunctions diCer from those of a harmonic 
oscillator. The selection rules in the presence of this mechanical anharmonicity
then relax and allow Dv = ±2, etc.

10.9 Vibration–rotation spectra of diatomic molecules

The vibrational transition of a diatomic molecule is accompanied by a simultane-
ous rotational transition in which DJ = ±1. The total energy change, and hence 
the frequency of the transition, then depends on the rotational constant, J, of the 
molecule and the initial value of J. We also need to note that the rotational con-
stant depends on the vibrational state of the molecule, because vibrations modify 
the average value of R−2, so we need to attach a label to J, and write it Jv (and, 
similarly, we attach a label to the centrifugal distortion coeAcient).

The energy of a rotating, vibrating molecule is

E(v,J) = (v + 1
2)Hw − (v + 1

2)
2Hwxe + · · ·  (10.60)

 + hcJvJ(J + 1) − hcçvJ2(J + 1)2 + · · · 

Comment This procedure is readily extended to the evaluation of matrix elements 
of higher powers of the displacement, such as those we meet in a moment. Note 
that transition matrix elements are proportional to v1/2 or (v + 1)1/2: this is another 
example of the population of a state not being the sole determinant of the transi-
tion intensity in a spectrum.

Self-test 10.4 Evaluate the value of mv±2,v by taking into account the quadratic 
term in eqn 10.55.
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A term of the form −hcãv(v + 1
2)J(J + 1) is often added to this expression 

to  account for the interaction between vibrational and rotational motion. The 
transitions with Dv = +1 and DJ = −1 give rise to the P-branch of the vibrational 
spectrum. The wavenumbers of the transitions are

âP(v,J) = {E(v + 1,J − 1) − E(v,J)}/hc (10.61)

 = â − 2(v + 1)âxe + · · · − (Jv+1 + Jv)J + (Jv+1 − Jv)J
2 + · · ·

A series of lines is obtained because many initial rotational states are occupied. 
Transitions with Dv = +1 and DJ = 0 give rise to the Q-branch of the vibrational 
spectrum. This branch is allowed only when the molecule possesses angular 
momentum parallel to the internuclear axis, so a diatomic molecule can possess 
a Q-branch only if L ≠ 0 (where L is the total orbital angular momentum of 
the electrons around the internuclear axis, Section 8.4) as in a II electronic state. 
The wavenumbers of this branch, when it is allowed, are

âQ(v,J) = {E(v + 1,J) − E(v,J)}/hc (10.62)

 = â − 2(v + 1)âxe + · · · + (Jv+1 − Jv)J + (Jv+1 − Jv)J
2 + · · ·

The transitions with Dv = +1 and DJ = +1 give rise to the R-branch of the vibra-
tional spectrum. The wavenumbers are

âR(v,J) = {E(v + 1,J + 1) − E(v,J)}/hc (10.63)

 = â − 2(v + 1)âxe + · · · + 2Jv+1 + (3Jv+1 − Jv)J + (Jv+1 − Jv)J
2 + · · ·

When the rotational constants are the same in the upper and lower vibrational 
states (Jv+1 = Jv = J) and we can disregard the eCects of anharmonicity, these 
three expressions simplify to

âp(v,J) = â − 2JJ J = 1, 2, . . . (10.64)

âQ(v,J) = â J = 0, 1, 2, . . .

âR(v,J) = â + 2J(J + 1) J = 0, 1, 2, . . . 

These equations show that the P- and R-branches consist of a series of lines separ-
ated by 2J with an intensity distribution that mirrors the thermal population 
of the rotational states (Fig. 10.18). The Q-branch, if it is present, consists of 
a series of superposed lines at the vibrational wavenumber.

Example 10.5 Determining spectroscopic constants from vibration–rotation 
spectra

The vibration–rotation spectra of gaseous HCl yielded the following transition 
wavenumbers (in cm−1) for the R-branch lines associated with the fundamental 
vibrational transition (v = 1 ← v = 0); the initial rotational quantum number is 
indicated in parentheses: 2906.19 (0); 2925.81 (1); 2944.83 (2); 2963.20 (3); 
2980.93 (4); 2997.97 (5); 3014.32 (6); 3029.99 (7); 3044.97 (8); 3059.25 (9). 
Determine the spectroscopic constants â, ã, J and ç, ignoring the dependence of 
the last three constants on the vibrational quantum number.

Method The R-branch line corresponds to the transition (v = 1, J + 1) ← (v = 0, J). Use 
eqn 10.60, including the vibration–rotation interaction term −hcãv(v + 1

2)J(J + 1) 
but ignoring anharmonicity and the v-dependencies of ã, J, and ç, to find an 
expression for the transition wavenumbers {E(1, J + 1) − E(0, J)}/hc. Plot the transi-
tion wavenumbers to find the spectroscopic constants.

Answer The R-branch transition frequencies associated with the fundamental 
transition are given by the expression ››

v = 1

v = 00

0

1

1

2

2

3

3

4

4

P Q R

Wavenumber, n~

J

J

Fig. 10.18 The formation of 
P- and R-branches in a linear 
vibrating rotor and the location 
of the (usually invisible) 
Q-branch.
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When the rotational constants are markedly diCerent in the two vibrational 
states, the spacing within the P- and R-branches is no longer regular, and one of 
the branches may start to converge. If at high values of J the quantity(Jv+1 − Jv)J

2

becomes large enough, it may dominate the term linear in J and the branch may 
‘degrade’ and pass through a head, a turning point in the spectrum, after which 
successive lines approach the location of the Q-branch instead of moving away 
from it. The eCect is much more pronounced when transitions are between diCer-
ent electronic states. At the same time, the lines in the Q-branch spread out and 
degrade in the same sense that the P- and R-branches degrade.

10.10 Vibrational Raman transitions of diatomic molecules

The gross selection rule for the observation of vibrational Raman spectra of 
diatomic molecules is that

For vibrational Raman spectra, the molecular polarizability must vary with 
internuclear separation.

That is universally the case with diatomic molecules regardless of their polar 
character, and so all diatomic molecules, including homonuclear diatomic mol-
ecules, are vibrationally Raman active.

The origin of the gross selection rule, and the derivation of the particular selec-
tion rules, is discovered by considering once again the electric dipole transition 
moment in much the same way as we did in Section 10.5 but without, at this 
stage, troubling about the orientation dependence of the interaction between the 
electromagnetic field and the molecule:

mv′v = 〈e,v′ |m | e,v〉 = 〈e,v′ |a | e,v〉 · E

Within the Born–Oppenheimer approximation we are free to separate the elec-
tronic and vibrational wavefunctions, and hence to evaluate a(x) = 〈e |a | e〉 for 
a series of selected displacements, x, from equilibrium. Then, as in the treatment 

âR(0,J) = {E(1,J + 1) − E(0,J)}/hc

 = {3
2â + J(J + 1)(J + 2) − ç(J + 1)2(J + 2)2 − 3

2ã(J + 1)(J + 2)}

− {1
2â + JJ(J + 1) − çJ 2(J + 1)2 − 1

2ãJ(J + 1)}

 = â + 2J(J + 1) − ã(J + 1)(J + 3) − 4ç(J + 1)3

 = â + 2(J − ã)(J + 1) − ã(J + 1)2 − 4ç(J + 1)3

A plot of the transition wavenumber against J + 1 is shown in Fig. 10.19; the best 
fit is

âR(0,J)/cm−1 = 2885.91 + 20.576(J + 1) − 0.306(J + 1)2 − 1.85 × 10−3(J + 1)3

We infer that â = 2885.91 cm−1, J = 10.594 cm−1, ã = 0.306 cm−1, and ç = 4.62 ×
10−4 cm−1.

Comment The centrifugal distortion term is very small. If it is not included in 
the fit to the transition wavenumber (based on a quadratic fit in J + 1), we obtain 
â = 2885.75 cm−1, J = 10.694 cm−1, ã = 0.336 cm−1.

Self-test 10.5 Perform the above analysis for DCl given the following R-branch 
transition wavenumbers (in cm−1; initial J values in parentheses): 2101.57 (0); 
2111.91 (1); 2122.01 (2); 2131.87 (3); 2141.49 (4); 2150.87 (5); 2160.00 (6); 
2168.89 (7); 2177.54 (8); 2185.94 (9); 2194.08 (10).
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Fig. 10.19 The plot of R-branch 
transition wavenumber against 
J + 1 for Example 10.5.
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of pure vibrational transitions (Section 10.8), we can expand the polarizability as 
a Taylor series in the displacement:

mv′v = �v′ |a0 + A
C
da
dx

D
F

0

x + · · · |v� · E = A
C
da
dx

D
F

0

 · E 〈v′ |x |v〉 + · · · (10.65)

The matrix element a0〈v′ |v〉 is zero on account of the orthogonality of the vibra-
tional states when v′ ≠ v.

This equation shows explicitly that the electric dipole transition moment is 
zero unless the polarizability varies with the displacement of the nuclei. Moreover, 
because the same matrix element occurs on the right as for vibrational transitions 
(Section 10.8), we can also conclude that the specific selection rule (ignoring 
quadratic and higher-order terms in eqn 10.65) is

Vibrational Raman transitions: Dv = ±1

The selection rule is the same as for vibrational absorption and emission because 
the polarizability, like the electric dipole moment, returns to its initial value once 
during each oscillation (Fig. 10.20), not twice. So, in the classical picture pre-
sented in Section 10.2, wint = wvib. The transitions with Dv = +1 give rise to the 
Stokes lines in the spectrum, and those with Dv = −1 give the anti-Stokes lines. 
Only the Stokes lines are normally observed, because most molecules have v = 0 
initially.

In the gas phase, both the Stokes and the anti-Stokes lines of the vibrational 
Raman spectrum show rotational branch structure. The selection rules for 
diatomic molecules are

Raman vibration–rotation transitions (diatomics): DJ = 0, ±2

so that in addition to the Q-branch, there are O- and S-branches for DJ = −2 and 
DJ = +2, respectively. Note that a Q-branch is observed for all diatomic molecules 
regardless of their orbital angular momentum.

The vibrations of polyatomic molecules

For a non-linear molecule consisting of N atoms, there are 3N − 6 displacements 
corresponding to vibrations of the molecule. This figure is arrived at as follows. 
To specify the locations of N atoms we need to specify 3N coordinates. These 
coordinates can be grouped together in a physically meaningful way. Three of 
them, for instance, can be used to specify the location of the centre of mass of the 
molecule, leaving 3N − 3 coordinates for the location of the atoms relative to 
the centre of mass. The orientation of a non-linear molecule requires the 
specification of three angles (Fig. 10.21), so leaving 3N − 6 coordinates which, 
when varied, neither change the location of the centre of mass nor the orientation 
of the molecule. Displacements along these coordinates therefore correspond to 
vibrations of the molecule. If the molecule is linear, then only two angles are 
needed to specify its orientation (Fig. 10.22), so the number of coordinates that 
correspond to vibrational modes of the molecule is 3N − 5.

j

q

y

Fig. 10.21 Three angles are 
needed to specify the orientation 
of a non-linear molecule. In other 
words, a non-linear molecule 
has three degrees of rotational 
freedom.

a m

Ti
m

e

Fig. 10.20 The electric dipole 
and the polarizability vary with 
time at the same rate as a result 
of a molecular vibration.

A brief illustration

The benzene molecule (C6H6) has 3(12) − 6 = 30 vibrational modes; ethyne (C2H2)
has 3(4) − 5 = 7.
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The first problem we must tackle is the description of vibrations in molecules. 
As we shall see, it is possible to express the numerous vibrations of polyatomic 
species in a manner that brings out clear analogies with the material covered so 
far. We shall also see that group theory is of the greatest usefulness in deciding 
which of these vibrational modes are active spectroscopically.

10.11 Normal modes

In principle, all the atoms participate in the vibrations of a polyatomic molecule. 
Thus, if one bond of a triatomic molecule is vibrationally excited, the energy of 
vibration will rapidly be transferred to the other bond through the motion of the 
central atom. A description of the vibrations of a polyatomic molecule results 
from analysing the variation of potential energy with the location of all the atoms 
in the molecule.

(a) Potential energy

The potential energy of a non-linear polyatomic molecule depends on all the 
displacements of the atoms from their equilibrium positions, and instead of 
eqn 10.41 we should write

V = V(0) + ∑
i

A
C
[V
[xi

D
F

0

xi + 1
2
∑
i,j

A
C
[2V
[xi[xj

D
F

0

xixj + · · · (10.66)

As for diatomic molecules, V(0) may be set equal to 0 and the first derivatives 
are all zero at equilibrium (all xi = 0). Therefore, for small displacements from 
equilibrium,

V = 1
2 ∑

i,j

kijxixj kij = A
C
[2V
[xi[xj

D
F

0

(10.67)

Here, kij is a generalized force constant. When there is only one vibrational dis-
placement, this expression reduces to eqn 10.42. When there is more than one 
vibrational displacement, a displacement of one atom may influence the restor-
ing force experienced by another: this possibility is reflected in the occurrence 
of partial derivatives with respect to two displacements (both xi and xj) in the 
definition of kij. The sum in eqn 10.67 is over all 3N displacements of the N
atoms, so some displacements (those corresponding to translation and rotation 
of the molecule as a whole) will turn out to have zero generalized force constant. 
We need to disentangle these zero-force-constant displacements from the true 
vibrations.

Consider first a set of 3N Cartesian displacement coordinates for the N atoms,
with i = 1, 2, . . . , 3N. As the first step in the simplification of the problem we 
introduce the mass-weighted coordinates, qi, where

qi = mi
1/2xi (10.68)

with mi the mass of the atom being displaced by xi. The potential energy then 
becomes

V = 1
2 ∑

i,j

Kijqiqj Kij = A
C
[2V
[qi[qj

D
F

0

(10.69)

and the kinetic energy of all the atoms is

Ek = 1
2 ∑

i

miÖi
2 = 1

2 ∑
i

Qi
2 (10.70)

where the dot signifies diCerentiation with respect to time. The classical expres-
sion for the total energy is therefore

j

q

Fig. 10.22 Only two angles are 
needed to specify the orientation 
of a linear molecule. In other 
words, a linear molecule has two 
degrees of rotational freedom.
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E = 1
2 ∑

i

Qi
2 + 1

2 ∑
i,j

Kijqiqj (10.71)

(b) Normal coordinates

The diAcult terms in eqn 10.71 are the cross-terms in the potential energy (those 
with i ≠ j). The question therefore arises as to whether it is possible to find linear 
combinations Qi of the mass-weighted coordinates qi such that the total energy 
can be expressed in the form

E = 1
2 ∑

i

Vi
2 + 1

2 ∑
i

liQi
2 (10.72)

in which there are no cross-terms. Some combinations Q will also turn out to 
correspond to translations and rotations, and for them we can expect l = 0. The 
linear combinations that achieve this separation of modes are called normal
coordinates. We can suspect that they do exist, because an alternative picture of 
the two stretching modes of a molecule such as CO2 is as the sum and diCerence
of the two displacements (Fig. 10.23). When the symmetric stretch, the mode in 
which the O atoms move away from or towards the C atom in unison, is excited, 
the central C atom is buCeted simultaneously from both sides and the anti-
symmetric stretch, the mode in which one bond shortens as the other lengthens, 
remains unexcited.

The formal procedure for determining normal coordinates is described in 
Further information 10.2. The important point to note, as shown in the follow-
ing brief illustration, is that the relative masses of the atoms govern both the 
details of the normal coordinates and, through their influence on the eCective
force constants, their vibrational frequencies.

A brief illustration

When the formal procedure in Further information 10.2 is applied to a linear BAB 
triatomic molecule (like CO2) we find the following expressions for the three 
normal coordinates corresponding to displacements parallel to the molecular axis:

Translation: Q1 =
1

m1/2
(mB

1/2q1 + mA
1/2q2 + mB

1/2q3) l1 = 0 (10.73)

Symmetric stretch: Q2 =
1

21/2
(q1 − q3) l2 =

kf

mB

Antisymmetric stretch:

Q3 =
1

(2m)1/2
(mA

1/2q1 − 2mB
1/2q2 + mA

1/2q3) l3 =
kfm

mAmB

where m = mA + 2mB, the total mass of the molecule, and kf is the force constant of 
the two identical A–B bonds. These coordinates, and the two bending modes, are 
illustrated in Fig. 10.24. Note that Q1 has a zero force constant, and motion along 
this coordinate corresponds to the translation of the molecule as a whole; Q2

corresponds to the symmetric stretch and Q3 corresponds to the antisymmetric 
stretch. As the mass of the central atom A is increased relative to the outer two 
atoms, the coordinate Q2 and its force constant remain unchanged. On the other 
hand, the coordinate Q3 approaches (q1 + q3)/2

1/2 in which the central atom makes 
no contribution to the vibration and the force constant changes to kf /mB. The same 
results for Q2, Q3, l2, and l3 would be obtained for two small masses attached by 
springs on opposite sides of a brick.

(a)

(b)

(c)

(d)

(e)

Fig. 10.23  (a) and (b) show two 
of the vibrations of individual 
CO bonds in carbon dioxide; 
(c) and (d) show two linear 
combinations that preserve the 
location of the centre of mass 
of the molecule and that can be 
excited independently of one 
another. (e) Another combination 
of atomic displacements 
corresponds to the translation 
of the molecule as a whole.

(a)

(b)

(c)

(d)

Fig. 10.24 The normal modes 
of a carbon dioxide molecule. 
(a) Symmetric stretch, 
(b) antisymmetric stretch, 
(c) and (d) perpendicular bending 
modes.
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From now on, we shall discard the normal coordinates that correspond to 
translation and rotation of the entire molecule, and consider only the 3N − 6 
(or 3N − 5) vibrational modes. The vibrations that correspond to displacements 
along these normal coordinates are called the normal modes of the molecule.

(c) Vibrational wavefunctions and energies

The classical expression for the energy in eqn 10.72 is a sum of terms and, 
therefore, the hamiltonian operator is also a sum of terms, and in the position 
representation is

H = ∑
i

Hi Hi = −1
2H2 [2

[Qi
2

+ 1
2liQi

2 (10.74)

Note that masses implicitly appear in the hamiltonian through the Qi. Because 
the hamiltonian is a sum of terms, the vibrational wavefunction of the molecule 
is a product of wavefunctions for each normal mode:

y = yv1
(Q1)yv2

(Q2) · · · = ∏
i

yvi
(Qi) (10.75)

There are 3N − 6 factors for a non-linear molecule and 3N − 5 factors for a linear 
molecule. Each factor satisfies a Schrödinger equation of the form

−1
2H2 [2y(Qi)

[Qi
2

+ 1
2liQi

2y(Qi) = Ey(Qi) (10.76)

which is the equation for a harmonic oscillator of unit mass and force constant 
li. It follows that the energy levels of the ith normal mode are

Evi
= (vi + 1

2)Hwi wi = li
1/2 vi = 0,1,2, . . . (10.77)

and that the wavefunctions are

yvi
(Qi) = Nvi

Hvi
(aiQi)e

−ai
2Qi

2/2 ai = A
C
wi

H
D
F

1/2

(10.78)

where Nvi
is a normalization constant (Table 2.2). It follows that the total vibra-

tional energy of the molecule in the harmonic approximation is

E = ∑
i

 (vi + 1
2)Hwi (10.79)

and that the overall vibrational wavefunction is the product of the factors given 
in eqn 10.78. A general vibrational state is |v1v2 . . .〉, with v1, v2, . . . the quantum 
numbers of the modes 1, 2, . . . .

The vibrational ground state | 0102 . . .〉 is of some interest. In the first place, it 
has a zero-point energy

E = 1
2 ∑

i

Hwi (10.80)

A brief illustration

For a medium-to-large molecule consisting of 50 atoms, there are 144 modes of 
vibration, so the total zero-point energy can be substantial. If the wavenumber 
of each mode is 300 cm−1, then the total zero-point energy would be close to 
260 kJ mol−1, or about 2.7 eV.
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The wavefunction of the vibrational ground state is a product of Gaussian func-
tions because H0(aQ) = 1:

Y0 = N ∏
i

 e−ai
2Qi

2/2 = Ne−É2/2 É2 = ∑
i

ai
2Qi

2 (10.81)

where N is the product of all the normalization constants of the modes. The 
important feature of this result is that because the normal coordinates appear 
symmetrically and as their squares,

In the harmonic approximation, the ground-state vibrational wavefunction of 
a molecule is totally symmetric under all symmetry operations of the molecule.

The ground-state vibrational wavefunction therefore spans the completely sym-
metric irreducible representation (A1, for instance) of the molecular point group. 
The great significance of this point will become clear when we consider the group 
theoretical aspects of normal coordinates in Section 10.12.

10.12 Vibrational and Raman selection rules for 
polyatomic molecules

We have presented the selection rules for vibrational and Raman transitions of 
diatomic molecules in Sections 10.8 and 10.10. We discuss here the selection 
rules for polyatomic molecules.

(a) Infrared activity

The selection rules for harmonic oscillators are Dv = ±1; we shall now see that 
each normal mode of vibration obeys this selection rule within the harmonic 
approximation. Moreover, it is easy to establish that electric dipole transitions 
can occur only for normal modes that correspond to a change in the electric 
dipole moment of the molecule. The molecular dipole moment depends on an 
arbitrary displacement as follows:

m = m0 + ∑
i

A
C
[m
[Qi

D
F

0

Qi + · · · (10.82)

This expression is a generalization of eqn 10.54. It follows that the electric dipole 
transition moment for the individual excitation of a single mode i, neglecting the 
higher-order terms for m in eqn 10.82, is

〈00 · · · v′i · · · 0 | m m | 00 · · · vi · · · 0〉 = A
C
[m
[Qi

D
F

0

〈v′i | Qi | vi〉 (10.83)

Consequently, by the same argument as in Section 10.8, v′i = vi ± 1. The funda-
mental transition of a single mode is the transition from vi = 0 to v′i = 1.

In simple cases it is easy to judge whether m varies with displacement along 
the normal coordinate (which in general involves a composite motion of several 
atoms) and therefore whether ([m/[Qi)0 is non-zero. The displacement of the 
atoms in CO2 along the normal coordinate corresponding to the symmetric 
stretch Q2 leaves the electric dipole moment unchanged, so ([m/[Q2)0 = 0 and 
this mode does not couple to the electromagnetic field. On the other hand, 
displacement of the atoms along Q3 does result in a change in dipole moment, so 
([m/[Q3)0 ≠ 0 and the mode does couple to the electromagnetic field. Normal 
modes for which ([m/[Qi)0 ≠ 0 are said to be infrared active as they can contribute 
to a vibrational, infrared, absorption, or emission spectrum. Group theory 
greatly aids the determination of which modes are infrared active, as we shall 
establish shortly.
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(b) Raman activity

The corresponding selection rules for vibrational Raman transitions are based, 
like eqn 10.65, on the expansion of the molecular polarizability a in terms of 
displacements along normal coordinates:

a = a0 + ∑
i

A
C
[a
[Qi

D
F

0

Qi + · · · (10.84)

It follows that the electric dipole transition moment for the individual excitation 
of a single mode, neglecting higher-order terms in eqn 10.84, is

mvi′vi
= A

C
[a
[Qi

D
F

0

· E 〈v′i | Qi | vi〉 (10.85)

This equation is a generalization of eqn 10.65. It follows that a transition is 
Raman active only if the polarizability varies as the atoms are displaced col-
lectively along a normal coordinate (([a/[Qi)0 ≠ 0), and if that is so, then the 
particular selection rule for that mode is Dvi = ±1, as for emission and absorption. 
Normal modes for which ([a/[Qi)0 ≠ 0 are classified as Raman active as they can 
contribute to a vibrational Raman spectrum. It is usually much harder to judge 
whether a mode is Raman active, and group theory becomes almost essential and 
is certainly much more reliable than intuition.

(c) Group theory and molecular vibrations

The detailed form of the normal coordinates does not need to be known in order 
to decide which normal modes are infrared and Raman active. Thus, although 
the detailed form of the normal coordinates depends on the masses of the atoms, 
and diCerent species with the same type of molecular formula (such as AB2 or 
AB3, etc.) have diCerent normal coordinates, the symmetries of the normal co-
ordinates remain the same regardless of the masses of the atoms.

The first step is to establish the symmetry species of the irreducible representa-
tions spanned by the displacement coordinates xi or (because they are propor-
tional) of the mass-weighted coordinates qi. The procedure has already been 
described in Section 5.11 in connection with an arbitrary basis set. Here we need 
to see how to apply the same procedure to the explicit problem of atomic dis-
placements. We shall illustrate the calculation by means of an example.

Example 10.6 Determining the symmetries of normal modes

Determine the symmetry species of the vibrations of H2O.

Method First, identify the point group of the molecule. Then treat the set of mass-
weighted coordinates qi as a basis, and determine the characters of the irreducible 
representations they span by noting how they transform into one another under the 
operations of the molecular point group. For a group with only one-dimensional 
representations the characters of the operations are best found by counting +1
whenever a coordinate is left unchanged, −1 when changed into the negative of 
itself, and 0 if the operation carries it away from its site in the row. That set of 
characters is then used to determine the symmetry species of the irreducible repre-
sentations by using eqn 5.23. Three of the symmetry-adapted linear combinations 
correspond to translations, and their symmetry species (which are the same as 
those spanned by the displacement coordinates of the centre of mass, x, y, and z)
can be subtracted. Three more (or two for linear molecules) correspond to 
rotations and may also be subtracted by reference to the positions occupied by ››
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Once the symmetry species of normal modes have been established, we can do 
a great deal with very little additional calculation. The argument is based on the 
fact that within the harmonic approximation the ground vibrational state wave-
function is totally symmetric under all the operations of the group. This should 
be obvious for one-dimensional bases because each operation multiplies Qi by
either +1 or −1, and so Qi

2 remains unchanged; because the wavefunction with 
vi = 0 is a function of Qi

2, it follows that the wavefunction is totally symmetric 
and spans, for instance, A1. We also need to note that because the Hermite poly-
nomial H1(x) is proportional to x, and hence to the relevant Qi, the symmetry 
species of the first excited vibrational state of an individual mode is the same as 
that of the normal coordinate for the mode.

The last point provides a powerful method for determining what transitions 
are allowed. We consider a fundamental transition in which only one mode is 
undergoing excitation. The electric dipole transition moment between the ground 
state and the first excited state of a normal mode i is 〈1i |m | 0i〉. This matrix 
element is zero unless the direct product of the components of the integrand 
contains the totally symmetric irreducible representation of the molecular point 
group. But we have seen that y0i is a basis for A1. Therefore, y1i and m must span 
the same irreducible representation if their product is to contain A1. We know 
that y1i is a basis for the same irreducible representation as Qi; therefore,

For a fundamental transition to be infrared active, the corresponding normal 
mode must belong to the same symmetry species as one of the components of 
the electric dipole moment.

Rx, Ry, and Rz in the character table. The remaining symmetry species are those 
spanned by the vibrational displacements.

Answer The 3N = 9 mass-weighted coordinates are shown in Fig. 10.25. They span 
a nine-dimensional reducible representation of the group C2v. As an illustration of 
the determination of the characters, consider the eCect of the operation C2:

C2(q1,q2, . . . , q9) = (−q1,−q2,q3,−q7,−q8,q9,−q4,−q5,q6)

 = (q1,q2, . . . , q9)

G
H
H
H
H
H
H
H
H
I

−1
0
0
0
0
0
0
0
0

0
−1
0
0
0
0
0
0
0

0
0
1
0
0
0
0
0
0

0
0
0
0
0
0

−1
0
0

0
0
0
0
0
0
0

−1
0

0
0
0
0
0
0
0
0
1

0
0
0

−1
0
0
0
0
0

0
0
0
0

−1
0
0
0
0

0
0
0
0
0
1
0
0
0

J
K
K
K
K
K
K
K
K
L

It follows that c(C2) = −1. The same result can be obtained much more quickly by 
inspection of Fig. 10.25. Continuation of this procedure gives the characters 9, 
−1, 3, 1 for the four operations of the group, which decompose (eqn 5.23) into 
3A1 + A2 + 2B1 + 3B2. In C2v, translations transform as A1 + B1 + B2 and rotations 
transform as A2 + B1 + B2. Subtraction of these symmetry species leaves 2A1 + B2.

Comment As we see, there are three normal modes (the special case of 3N − 6 with 
N = 3). An example when rotations of the molecule mix coordinates in a more 
complex manner is illustrated in Example 10.7 later in this section.

Self-test 10.6 Determine the symmetry species of the vibrations of a planar AB4

(D4h) molecule.

O

H

H

q1

q2

q3

q4
q5

q6q7 q8

q9

Fig. 10.25 The displacements 
used for the discussion of the 
normal modes of a water 
molecule.
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The components of the electric dipole moment transform as translations, so to 
identify its symmetry species we refer to the character table.

A brief illustration

For H2O (C2v point group), translations span B1(x), B2(y), and A1(z). The three 
normal modes of the water molecule span 2A1 and B2 (Fig. 10.26 and Example 
10.6). Therefore, all three modes are infrared active. We can go on to say that the 
A1 fundamental modes (and the symmetry species of mz) are excited by radiation 
that is z-polarized and the B2 fundamental mode (and the symmetry species of my)
is y-polarized.

Another brief illustration

CO2 belongs to the point group D∞h and has four normal modes of vibration. By 
using the same techniques as in Example 10.6, we can conclude that the normal 
coordinates span Σg

+ + Σu
+ + Πu, the last being doubly degenerate (see Fig. 10.24). 

In D∞h, translations, and hence the components of the dipole moment, span 
Σu

+ + Πu. It follows that the fundamental transitions of Σu
+ and Πu modes are active 

but the Σg
+ mode is inactive. A glance at Fig. 10.24 confirms that this mode is the 

symmetric stretch, and that it results in no change in the electric dipole moment of 
the molecule.

(a)

(b)

(c)

Fig. 10.26 The three normal 
modes of vibration of a water 
molecule.

The same style of argument may be applied to determine which normal modes 
are vibrationally Raman active within the harmonic approximation. Instead of 
the transformation properties of the electric dipole moment, we now have to 
consider the transformations of the polarizability, a. The electric polarizability 
transforms in the same way as the quadratic forms x2, xy, etc. (as will be explained 
when its origin is established in Section 12.1). The symmetry species of the ir-
reducible representations spanned by these forms are also listed in the character 
tables (see Resource section 1), and so exactly the same procedure can be fol-
lowed. Now, though, we use the following rule:

For a fundamental transition to be Raman active, the normal mode must 
belong to the same symmetry species as one of the components of the electric 
polarizability.

In the group C2v, for instance, the components of the polarizability span all the 
symmetry species of the group, so all three normal modes are Raman active. In 
D∞h, the quadratic forms span Σg

+ + Πg + Δg. It follows that only the Σg
+ mode is 

Raman active. We see that in CO2 the fundamental modes are either infrared 
active or Raman active, but not both.

The following exclusion rule is a generalization of the last remark:

In a molecule with a centre of inversion, a normal mode cannot be both infrared 
and Raman active.

A normal mode may be both Raman and infrared inactive. The justification of 
this exclusion rule is that the components of the electric dipole moment (the 
translations) have odd parity under inversion whereas the components of the 
polarizability (the quadratic forms) have even parity. Therefore, because the final 
state in the matrix element 〈f |W | i〉 cannot simultaneously have both odd and 
even parity under inversion, the matrix element cannot be non-zero for both 
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types of transition. The exclusion rule is silent on H2O because the molecule has 
no centre of inversion, and the same modes can be both infrared and Raman 
active, as we have seen.

C2,S4

σd

1
2

3

4

x
y

z

Fig. 10.27 The displacements 
used in the discussion of the 
normal modes of a tetrahedral 
methane molecule.

Example 10.7 Establishing the activities of molecular vibrations

Establish the symmetry species of the vibrations of CH4 and decide which funda-
mental modes are infrared active and which are Raman active.

Method We proceed as in Example 10.6, but meet the complication that some of 
the operations mix the coordinates in a complicated manner. However, all is not 
lost. First, we note that because operations in the same class have the same 
character, we need consider only one operation of each class (E, C3, C2, S4, sd). The 
only tricky operation is C3, which partially rotates one coordinate into another. 
Reference to Section 5.13, though, shows that the character of C3 in the basis 
(x,y,z) is 0, so the net eCect of this rotation on the C and H atoms through which 
the symmetry axis runs is 0 even though individual coordinates are changed in 
a more complex manner. With the characters established, subtract the symmetry 
species of the translations and rotations, and then apply the two rules above to 
determine the activities of the remaining vibrational modes. The character table 
for the point group Td is given in Resource section 1.

Answer There are 15 displacements to consider (Fig. 10.27). Under E, all 15 remain 
unchanged, so c(E) = 15. Under C3, the six displacements on the axial C and H 
atoms contribute 0 to the character overall, as explained above, and all other dis-
placements are removed completely from their locations in the set (q1, q2, . . . , 
q15), so they too make no contribution to the character, giving c(C3) = 0. Under C2,
only the displacements on the central C atom contribute: two displacements become 
the negative of themselves, and the third remains the same; hence c(C2) = −1.
Under S4, the z-displacement on the central atom is reversed, and all others move; 
so c(S4) = −1. Under sd, the x- and z-displacements on C, H(3), and H(4) are 
unchanged, but their y-displacements change sign; all other displacements are 
moved. Therefore c(sd) = 3 + 3 − 3 = 3. The characters (15, 0, −1, −1, 3) span A1 +
E + T1 + 3T2. Translations span T2 and rotations span T1. When these symmetry 
species are subtracted, we are left with A1 + E + 2T2 for the vibrations. Infrared 
active vibrations have T2 symmetry (the species of translations), and Raman active 
vibrations have A1 + E + T2 symmetry (the species of quadratic forms).

Comment Note that the T2 modes are both infrared and Raman active (the mol-
ecule has no centre of symmetry) and that the T1 modes are inactive in both. The 
modes are illustrated in Fig. 10.28 and the physical basis of these conclusions 
should be apparent.

Self-test 10.7 Repeat the analysis for SF6, which belongs to the point group Oh.

10.13 Further eff ects on vibrational and rotational spectra

Several other factors can aCect the appearance of infrared and microwave spectra 
of polyatomic molecules. They include anharmonicity, vibrational–rotational 
interactions, and the inversion mode of pyramidal molecules.

(a) The eff ects of anharmonicity

We need to distinguish between the eCects of electrical and mechanical anharmon-
icity. We consider the former first.

n1(A1)

n2(E)

n3(T2)

Fig. 10.28 Three representative 
normal modes of a tetrahedral 
molecule.
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Symmetry arguments do not yet appear to have ruled out the appearance of 
transitions for which Dv > 1. For example, in H2O, because the Hermite poly-
nomial H2(aQ) is symmetrical under all operations of C2v, the v = 2 states of all the 
normal modes are symmetric, and as the z-component of the dipole moment has 
symmetry species A1, it looks as though the transition 2 ← 0 is allowed, because 
A1 × A1 × A1 = A1. It must not be forgotten, however, that group theory asserts 
when an integral must be zero, but says nothing about the values of integrals that 
are not necessarily zero. It is often found that there are other reasons why such 
integrals are in fact either zero or very small. This is the case with overtones, for 
when the z-component of the electric dipole moment has the form

mz = m0z + ∑
i

A
C
[mz

[Qi

D
F

0

Qi (10.86)

the electric dipole transition moment of the first overtone of mode i is

〈2i |mz | 0i〉 = A
C
[mz

[Qi

D
F

0

〈2i |Qi | 0i〉

This matrix element vanishes if the wavefunctions are those of a harmonic oscil-
lator. However, the overtone becomes weakly allowed for a harmonic oscillator 
if there is electrical anharmonicity, because then eqn 10.86 is replaced by

mz = m0z + ∑
i

A
C
[mz

[Qi

D
F

0

Qi + 1
2 ∑

i,j

A
C

[2mz

[Qi[Qj

D
F

0

QiQj + · · · (10.87)

and terms of the form 〈2i |Qi
2 | 0i〉 are not necessarily zero. Group theory tells us 

nothing about the stage at which the Taylor series should terminate, but takes 
a global view of the symmetry. We need physical information beyond symmetry to 
decide whether an individual term, even though it has the appropriate symmetry, 
can actually contribute.

Equation 10.87 contains cross-terms proportional to QiQj with i ≠ j. These 
terms can result in combination bands in which more than one mode is excited 
simultaneously.

A brief illustration

Consider the excitation of an H2O molecule with y-polarized radiation. The 
ground vibrational state is A1. The y-component of the electric dipole moment 
transforms as B2 in C2v; therefore, the vibrationally excited state must also be of 
B2 symmetry. Such a symmetry can be achieved either by the single excitation of 
the B2 normal mode or by the simultaneous excitation of the B2 and A1 modes 
because their overall symmetry is B2 × A1 = B2. To determine whether the transition 
can actually occur, we need to consider the following electric dipole transition 
moment:

〈1a1b |my | 0a0b〉 = AC
[my

[Qa

DF
0

〈1a |Qa | 0a〉 〈1b | 0b〉 + AC
[my

[Qb

DF
0

〈1b |Qb | 0b〉 〈1a | 0a〉

 + AC
[2my

[Qa[Qb

DF
0

〈1a |Qa | 0a〉 〈1b |Qb | 0b〉 + · · ·

(There are two equal contributions of the form QaQb and QbQa.) The first two 
terms are zero on account of the orthogonality of the vibrational states. However, 
the third is not necessarily zero, so the combination band can occur.
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Combination bands are also observed as a result of mechanical anharmonicity. 
In a polyatomic molecule, the potential energy varies with displacement as

V = 1
2!

∑
i,j

A
C
[2V
[qi[qj

D
F

0

qiqj + 1
3!

∑
i,j,k

A
C

[3V
[qi[qj[qk

D
F

0

qiqjqk + · · · (10.88)

The presence of the cubic terms removes the independence of the normal modes 
because the transformation that separates the hamiltonian with its quadratic 
terms does not simultaneously separate the remaining terms in the expansion.

Group theory simplifies the description of the mixing of normal modes by 
noting that the potential energy, regardless of whether it is harmonic or anharmonic, 
must be totally symmetric under every symmetry operation of the molecular 
point group. Therefore, each term in eqn 10.88 must be a basis for the totally 
symmetric irreducible representation of the group. It follows that the anhar-
monic contribution to the potential mixes states of the same overall symmetry
because only then may its matrix elements be non-zero.

As an example of the interaction caused by anharmonicity, consider the case in 
which an overtone of mode a coincides in energy with the fundamental of mode 
b, as depicted in Fig. 10.29. We need to investigate whether the anharmonic con-
tribution to the potential, Vanh, has matrix elements of the form 〈2a0b |Vanh | 0a1b〉:
if it does, then mixing may occur and it will be possible to excite the molecule 
from its ground vibrational state to a final state in which mode a is doubly 
excited and mode b is not excited, or in which mode b is singly excited and mode 
a is not excited. Suppose that mode b has symmetry A1; the overtone of mode a
will necessarily be A1 also, because its wavefunctions depend only on Q2

a

(recall the form of the Hermite polynomials, Table 2.1). Therefore, 〈2a0b |Vanh | 0a1b〉
may be non-zero because every term in the integrand is A1. Whether it is actually 
non-zero depends on the evaluation of the matrix element, which will be of 
the form

〈2a0b |Vanh | 0a1b〉 = 1
2

A
C

[3V
[Qa

2[Qb

D
F

0

〈2a |Qa
2 | 0a〉 〈0b |Qb | 1b〉 (10.89)

(There are three equivalent contributions to the sum, so the factor 1
3! = 1

6

becomes 1
2.)

The matrix elements of Q in eqn 10.89 are non-zero (recall Example 10.4), 
and the modes will mix provided the third derivative of V is non-zero. This type 
of mode mixing, in which the interaction is between a fundamental and a com-
bination band or overtone, is called a Fermi resonance; it becomes of particular 
importance when the wavenumber 2âa is approximately equal to âb. Fermi reson-
ance can be viewed as the vibrational analogue of configuration interaction 
(Section 8.5).

The consequence of the interactions that we have just described is that the 
energy levels change as a result of their mixing under the influence of a perturb-
ation (Vanh). Furthermore, the transitions take on diCerent intensities because 
wavefunctions mix and so acquire characteristics of one another. This is most 
striking in the case of an allowed fundamental and a forbidden combination 
band, for the latter may acquire intensity by virtue of the component of the 
allowed fundamental that the anharmonicity mixes into it (Fig. 10.30).

We have noted that the presence of the anharmonic terms in eqn 10.88 for the 
potential energy removes the independence of the normal modes. In fact, it has 
been observed experimentally in some systems that at high vibrational excitation 
the local mode description is far more appropriate than the normal mode picture. 
For example, the hydrogen-stretching vibrational overtones observed for H2O

A brief comment
The hamiltonian, of which the 
potential energy is part, always 
has the full symmetry of the 
point group: the energy cannot 
depend on how the molecule is 
orientated in field-free space.

0a 0b

1b

1a

2a

E
n

er
g

y

Fig. 10.29 A Fermi resonance 
between an overtone of B2 and 
the A1 fundamental.

0a 0b 0c

1c

1b

2b

3b

1a
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Fig. 10.30 The combination 
band (b,c) borrows intensity 
from the allowed (a)
fundamental.
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and C6H6 occur at the wavenumbers expected for the diatomic O–H and C–H 
overtones, respectively. The vibrational excitation appears to be concentrated 
within a single bond, corresponding to the excitation of a local mode, rather than 
excitation of an entire normal mode. The local mode description appears to arise 
from the anharmonicity associated with the O–H or C–H stretching motion, 
which causes highly excited vibrational levels to become close in energy (recall 
the Morse oscillator levels of Fig. 10.16). This nearly degenerate system of energy 
levels responds to the perturbations due to molecular collisions in such a way 
that steers the excitation energy into a local mode of the molecule, rather like the 
behaviour of a classical particle emerging from the properties of a wavepacket. 
This behaviour of vibrational overtones is of significance because of the role high 
vibrational excitation can have in chemical reactivity.

(b) Coriolis forces

Another type of interaction that can aCect the appearance of vibrational spectra 
is the Coriolis force, the interaction between vibrational and rotational modes 
of the molecule. In classical physics, the Coriolis force is a force that appears to 
be necessary to an observer in a rotating system in order to account for the 
motion of particles from their point of view. In particular, it is the tangential 
component of the force; the radial component is the centrifugal force discussed 
earlier. We can appreciate the source of the tangential eCective force by consider-
ing the paths taken by balls rolled outwards from the centre of a rotating disk 
(Fig. 10.31). An external observer sees the ball roll in a straight line towards the 
edge. An observer stationed at the centre of the disc, and rotating with it, mis-
interprets this straight line as an arc, and therefore concludes that there must be 
a tangential force in operation. A standard illustration of the Coriolis force is the 
fact that, because the Earth rotates from west to east, a projectile fired towards 
the equator from the north pole seems to drift to the west.

Consider now the rotation of a mass on a spring (Fig. 10.32). As the mass 
moves out radially, the rotating observer perceives it as moving in an arc, and 
concludes that a Coriolis force has retarded its motion. As the particle moves in 
towards the centre, it appears to accelerate in the direction of travel. Therefore, 
if it is vibrating, the rotation of the particle is periodically accelerated and 
decelerated.

Now consider how the Coriolis force aCects a rotating linear AB2 molecule 
when its antisymmetric vibrational mode has been excited (Fig. 10.33). When 
one of the bonds stretches, it experiences a retarding Coriolis force; at the same 
time, the bond that is shortening experiences an accelerating Coriolis force. As 
a result, the molecule tends to bend. As the bonds next contract and lengthen, 
respectively, the Coriolis force acts in the opposite way, and the molecule is forced 
to bend in the opposite direction. The eCect of the rotation on the antisymmetric 
stretch, therefore, is to induce one of the bending modes.

Quantum mechanically, we would say that the rotation provides a perturb-
ation that mixes the antisymmetric stretch with one of the components of the 
doubly-degenerate pair of bending modes. As a result, these two levels move 
apart in energy, and the bending mode in the plane of rotation is no longer degener-
ate with the bending mode perpendicular to the plane. Transitions to these two 
levels no longer fall at the same energy and so the lines are doubled by the rota-
tion. This eCect is called l-type doubling. The origin of this name is that when 
a linear molecule is not rotating, the two bending modes are degenerate, and we 
can take any linear combination of them. Two such combinations correspond to 
rotations of the bent molecule around the previous internuclear axis, in opposite 
directions. These rotations correspond to an angular momentum of the molecule 

(a)

(b)

Fig. 10.31 An external observer 
sees (a) motion in a straight line, 
but an observer in the rotating 
frame sees (b) apparently curving 
motion and concludes that 
a force must be present.

Fig. 10.32 Coriolis forces on 
a rotating, oscillating mass: 
the direction of the force (which 
accelerates or decelerates the 
particle) is colour-coded to 
the direction of travel of 
the oscillator.
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about its axis (Fig. 10.34), and are described by the quantum number l. The 
Coriolis interaction removes the degeneracy of the bending modes, and so upsets 
this description. ‘Doubling’ is a general term signifying the eCect on the appear-
ance of the spectrum of the removal of degeneracy.

(c) Inversion doubling

Consider a pyramidal (C3v) AB3 molecule. If we were to plot its potential energy 
as it is flattened and the pyramid inverted, then we would expect a curve like 
that shown in Fig. 10.35. Either the barrier is high and the inversion very diAcult
(as for a well-made umbrella), or the barrier is low and the inversion is easy. In 
the first case, the molecule vibrates around its AB3 equilibrium conformation, 
and does not undergo inversion except perhaps at high excitations. The wave-
functions of these vibrations we denote yL. If the molecule were to invert, then 
its vibrations would be those of the species B3A, which we denote yR. The two 
ladders of vibrational energy levels for the two wells match, and so for a given 
quantum number yL and yR are degenerate. When the barrier is infinite (in 
practice, very high), as far as AB3 is concerned the wavefunctions yR represent 
states of an inaccessible other world and it is completely oblivious of them. The 
interesting case, however, is when the barrier is so low that AB3 can invert and 
become B3A.

For simplicity, suppose that there is only one level on the left and one on the 
right (Fig. 10.36). The wavefunction of the (almost) harmonic oscillator on 
the left seeps through the barrier and has non-zero amplitude where yR is also 
non-zero. The two levels therefore perturb one another and, being degenerate, 
aCect each other strongly. The two wavefunctions mix to form the combinations 
yL ± yR and their energies move apart. Where initially there were two degenerate 
states, there are now two non-degenerate states that are delocalized over both 
wells. This removal of degeneracy is called inversion doubling.

(a)

(b)

Fig. 10.33 Normal mode 
coupling in a rotating molecule: 
(a) and (b) show diCerent stages 
of the antisymmetric stretch.

(a)

(b)

(c)

Fig. 10.34 (a,b) Two orthogonal bending 
modes of a linear triatomic molecule and 
(c) a linear combination with definite 
angular momentum about an axis.
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Fig. 10.35 The molecular 
potential energy curve for 
a molecule that undergoes 
inversion.
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In a more realistic case, there are several levels in each well, but the matching 
pairs of degenerate states interact with one another most strongly and we can 
think of the inversion doubling as involving each pair separately (at least to a first 
approximation). This doubling results in the levels shown in Fig. 10.37. The 
diCerence in energy depends on the energies of the states relative to the height of 
the barrier, and penetration from one well to the other is greatest at high energies, 
as we saw in Section 2.8. The magnitude of the splitting depends on the state and 
the identity of the molecule: for the lowest energy states of NH3 it corresponds 
to 0.79 cm−1 or 24 GHz; the latter figure is known as the inversion frequency.
The origin of this name can be traced back to the discussion of time-dependent 
behaviour in a two-level system (Section 6.7). We saw there that if initially the 
system is in one state, then it periodically visits another degenerate state with 
a frequency determined by the strength of the perturbation that couples them 
(Fig. 6.12). In the present case, an NH3 molecule in its ground vibrational state 
could be pictured as oscillating between the two inversion-related wells at a 
frequency of 24 GHz.

The combinations yL ± yR are respectively even and odd under the inversion 
of the molecule, and so electric dipole transitions can take place between them. 
This transition in NH3 is strongly allowed, and is the most intense microwave 
transition known for any molecule; it is the basis of ‘maser action’, the early 
forerunner of lasers. The ammonia maser operates at 0.79 cm−1 (wavelength 
13 mm, frequency 24 GHz), in the microwave region of the spectrum.
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Fig. 10.37 The eCect of inversion 
doubling. The dotted lines are the 
energy levels of the independent-
well oscillators; the full lines are 
the levels in which inversion 
through the barrier has removed 
the degeneracy.
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Fig. 10.36 (a) To a first 
approximation, the molecule 
oscillates like a harmonic 
oscillator in either of the two 
wells: the wavefunctions shown 
correspond to the ground state of 
each oscillation. (b) When 
inversion is allowed, the 
wavefunctions of the molecule 
can be modelled as linear 
combinations of the two 
independent-well oscillators.

Further information

10.1  Centrifugal distortion

Consider a diatomic molecule of reduced mass m (eqn 10.10) 
and bond length R. If it is rotating at an angular velocity w,
it will experience a centrifugal force of magnitude mRw2 that 
tends to stretch the bond. A bond acts like a spring, and to a 
good approximation the restoring force obeys Hooke’s law, 
that it is proportional to the displacement from equilibrium, 
Re. We write the magnitude of this restoring force kf(R − Re)

where kf is the force constant. At equilibrium the centrifugal 
and restoring forces are in balance, and from the condition

mRw2 = kf(R − Re) (10.90)

we can deduce that

R =
kfRe

kf − mw2
= A

C
1

1 − mw2/kf

D
F Re ≈ A

C1 +
mw2

kf

D
F Re (10.91)
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This approximation holds for mw2/kf << 1, which 
corresponds to small displacements; that is, | R − Re | << Re.
The classical hamiltonian for the molecule is

H =
J2

2mR2
+ 1

2kf(R − Re)
2 (10.92)

where the first term is the rotational kinetic energy and the 
second is the potential energy arising from the stretching 
of the bond (recall that F = −dV/dR). It follows from the 
introduction of eqn 10.90 into this equation and the use 
of J = mR2w that

H =
J2

2mR2
+

J4

2kfm2R6
 (10.93)

Now we confine attention to small displacements and use 
eqn 10.91 in the form

1

R2
=

1

Re
2

A
C1 −

mw2

kf

D
F

2

≈
1

Re
2

A
C1 −

2mw2

kf

D
F

which, with J = mR2w and R ≈ Re, is equivalent to

1

R2
=

1

Re
2

A
C1 −

2J2

kfmR4

D
F ≈

1

Re
2

−
2J2

kfmRe
6
 (10.94)

With this expression substituted into the first term of 
eqn 10.93 and R6 in the second term approximated by Re

6,
we obtain

H =
J2

2mRe
2

−
J4

2m2Re
6

+
J4

2kfm2Re
6

=
J2

2mRe
2

−
J4

2kfm2Re
6
 (10.95)

We can now interpret the J2 and J4 terms as operators and 
immediately write down the eigenvalues:

E(J,MJ) =
J(J + 1)H2

2mRe
2

−
J2(J + 1)2H4

2kfm2Re
6

 (10.96)

It follows that the wavenumbers of the rotational terms 
have the form given in eqns 10.21 and 10.22.

10.2  Normal modes: an example

Consider a linear triatomic molecule BAB in which the 
mass of A is mA and the mass B is mB. For simplicity, we 
shall confine attention to displacement along the axis of the 
molecule, and the displacement of the atoms B, A, and B 
will be written x1, x2, and x3, respectively (x is xi). Because 
the relative displacements of the bonded pairs of atoms 
are x1 − x2 and x3 − x2, and the force constants of the two 
bonds are the same, the potential energy is

V = 1
2kf(x1 − x2)

2 + 1
2kf(x3 − x2)

2 (10.97)

The force constant matrix (with matrix elements specified 
in eqn 10.67) is

k =
A
B
C

kf

−kf

0

−kf

2kf

−kf

0
−kf

kf

D
E
F

We shall work with the mass-weighted coordinates qi:

qi = mi
1/2xi (10.98)

The force constant matrix then turns into K, where

Kij = A
C

[2V

[qi[qj

D
F = A

C
1

mimj

D
F

1/2

kij

Therefore,

K =
A
B
C

kf/mB

−kf/(mAmB)
1/2

0

−kf/(mAmB)
1/2

2kf/mA

−kf/(mAmB)
1/2

0
−kf/(mAmB)

1/2

kf/mB

D
E
F

 (10.99)

We seek a linear combination of the coordinates that 
diagonalizes this matrix. According to the procedures set 
out in Mathematical background 4, we need to solve the 
secular equations

| K − l1 | =
A
B
C

kf/mB − l
−kf/(mAmB)

1/2

0

−kf/(mAmB)
1/2

2kf/mA − l
−kf/(mAmB)

1/2

0
−kf/(mAmB)

1/2

kf/mB − l

D
E
F

 = 0

The roots of this cubic equation for l are

l1 = 0 l2 =
kf

mB

l3 =
kf

m
 (10.100)

with the eCective mass

m =
mAmB

mA + 2mB

 (10.101)

Note that the eCective force constants li depend on the 
masses of the atoms. The mode with zero force constant 
(no restoring force) corresponds to the translation of the 
entire molecule parallel to the axis.

The eigenvectors Ql of K are the combinations

Ql = ∑
i

cilqi (10.102)

and are found by solving the set of simultaneous equations

∑
j

 (Kij − lldjl)cjl = 0 (10.103)

with l = 1, 2, 3 in turn. As the simplest example, consider 
the mode Q1, which corresponds to l1 = 0. The equations 
for ci1 reduce to

∑
j

Kijcj1 = 0

or, specifically,

K11c11 + K12c12 + K13c31 = 0

K21c11 + K22c21 + K23c31 = 0

K31c11 + K32c21 + K33c31 = 0

The coeAcients are given in eqn 10.99, so

c11 = A
C
mB

mA

D
F

1/2

c21 c31 = A
C
mB

mA

D
F

1/2

c21 (10.104)

We also require

c2
11 + c2

21 + c2
31 = 1 (10.105)

It follows that

c11 = c31 = A
C
mB

m
D
F

1/2

c21 = A
C
mA

m
D
F

1/2

 (10.106)
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where m = mA + 2mB, the total mass of the molecule. Therefore,

Q1 =
1

m1/2
(mB

1/2q1 + mA
1/2q2 + mB

1/2q3) (10.107)

 =
1

m1/2
(mBx1 + mAx2 + mBx3)

The modes corresponding to l2 and l3 are found in a similar 
way:

Q2 = A
C
1

2
D
F

1/2

(q1 − q3) (10.108)

Q3 = A
C

1

2m
D
F

1/2

(mA
1/2q1 − 2mB

1/2q2 + mA
1/2q3) (10.109)

The mode Q2 is a symmetrical mode (the B atoms move in 
opposite directions) and involves no motion of the central 
atom. The mode Q3 involves the motion of the outer pair 
of atoms against the central atom, and is the antisymmetric 
mode.

It may be verified that the kinetic energy can be expressed 
in the form 1

2 ∑i Vi
2, so both the kinetic and potential energy 

contributions are diagonal, as required.

Exercises

*10.1 Evaluate the ratio of the rates of stimulated and 
spontaneous emission at 298K and a transition  wavelength 
of (a) 0.10 nm (X-ray); (b) 10 nm (UV); (c) 600 nm (visible).

*10.2 Complete the steps leading from eqn 10.7 to eqn 10.8.

*10.3 Show that the moment of inertia of a diatomic molecule 
formed from atoms of masses mA and mB and bond length R
is given by I = mR2, where m = mAmB/(mA + mB).

*10.4 Calculate the moments of inertia of (a) 1H2,
R = 75.09 pm, (b) 2H2, R = 75.09 pm, (c) 1H35Cl,
R = 127.5 pm. [m(1H) = 1.0078mu, m(2H) = 2.0141mu,
m(35Cl) = 34.9688mu.]

*10.5 Express the moment of inertia of an octahedral AB6

molecule in terms of its bond lengths and the masses of 
the B atoms.

*10.6 Show that the moment of inertia I′ about an axis 
parallel to an axis that passes through the centre of mass 
of a molecule and at a distance R from it is related to the 
moment of inertia I about the latter axis by I′ = I + mR2,
where m is the total mass of the body.

*10.7 An ammonia molecule has rotational constants of 
I = 6.344 and J = 0.977 cm−1. Give complete specifications 
(of J, K, and MJ) for all the J = 0, 1, 2, 3 states and evaluate 
their rotational wavenumbers F.

*10.8 Which of the following molecules may show a pure 
rotational microwave absorption spectrum? (a) H2,
(b) CH4, (c) N2O, (d) H2O2, (e) CH2Cl2.

*10.9 The microwave spectrum of 1H127I consists of a series 
of lines separated by 12.8 cm−1. Compute its bond length. 
[m(127I) = 126.9045mu.]

*10.10 Determine the separation of the series of lines in the 
microwave spectrum of 2H127I. Use data as well as the bond 
length computed in Exercise 10.9.

*10.11 Determine the wavenumbers of the lines in the 
rotational Raman spectrum of HCl (J = 10.4400 cm−1)
relative to the Rayleigh for the three Stokes and three 
anti-Stokes lines lying closest to the Rayleigh line.

*10.12 Repeat Exercise 10.11 including the eCects of 
centrifugal distortion; ç = 0.0004 cm−1.

*10.13 In general, a diatomic molecule does not possess 
a zero-point rotational energy. However, in the case of 
molecular hydrogen, there is an eCective zero-point 
rotational energy. Explain why.

*10.14 Calculate the eCective vibrational masses of (a) 1H2,
(b) 1H19F, (c) 1H35Cl, (d) 1H81Br, (e) 1H127I. The wavenumbers 
of the vibrations of these molecules are (a) 4400.39 cm−1,
(b) 4138.32 cm−1, (c) 2990.95 cm−1, (d) 2648.98 cm−1,
(e) 2308.09 cm−1; calculate the force constants of the bonds. 
[m(19F) = 18.9984mu, m(81Br) = 80.9163mu; more data are 
available in Exercises 10.4 and 10.9.]

*10.15 Predict the vibrational wavenumbers of (a) 2H1H,
(b) 2H19F, (c) 2H35Cl, (d) 2H81Br, (e) 2H127I. Assume that 
the force constants computed in the previous exercise are 
unchanged upon deuteration.

*10.16 Which of the following molecules may show an 
infrared absorption spectrum? (a) HCl, (b) O2, (c) CO2,
(d) H2O, (e) N2.

*10.17 Compute the photon wavenumber for the P-branch 
line of an HF molecule initially in the vibrational–rotational 
state (v = 0, J = 2). (The vibrational wavenumber is 
4138.3 cm−1; the rotational constant is 20.9 cm−1.)

*10.18 Explain why a homonuclear diatomic molecule is 
infrared inactive but is vibrationally Raman active.

*10.19 How many normal modes of vibration are there for 
(a) H2O2, (b) C6H6, (c) HC≡CC≡CH, (d) CO2?

*10.20 The three normal mode wavenumbers of a H2O
molecule are 1595, 3652, and 3756 cm−1. Determine the 
ground-state vibrational energy of the molecule within 
the harmonic oscillator approximation.

*10.21 The symmetry species of the normal modes of 
NH3 are 2A1 + 2E. Which modes are (a) infrared active, 
(b) Raman active?

*10.22 An infrared spectrum of H2O shows lines 
corresponding to overtones and combination bands 
from transitions from its ground vibrational state. Predict 
the spectral wavenumbers of the three lowest-frequency 
overtones and three lowest-frequency combination bands. 
Use data in Exercise 10.20.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Problems

*10.1 What is the moment of inertia of (a) a solid disc of 
mass m, radius R, about its axis, (b) a solid sphere of mass 
m, radius R, about its centre?

10.2 Find expressions for the moments of inertia of an AB3

molecule that is (a) planar, (b) trigonal pyramidal.

10.3 Show that for a planar lamina (a two-dimensional 
sheet) in the xy-plane, the moments of inertia parallel and 
perpendicular to the plane satisfy

Ixx + Iyy = Izz

*10.4 Show that the rotational energy levels of a square 
planar AB4 molecule may be expressed solely in terms of 
the rotational constant J.

10.5 At very high values of the angular momentum J, the 
rotational wavenumbers of a linear rotor can go through 
a maximum due to the presence of centrifugal distortion. 
Find the value of J for HCl (J = 10.4400 cm−1 and ç =
0.0004 cm−1) where F is a maximum. Hint: You will need 
to find a root of a cubic equation.

10.6 Show that if a time-dependent electric field E0 coswt
can induce a non-linear response, then the scattered light 
may contain a frequency-doubled (2w) component. 
Hint. Write m(t) = aE + 1

2bE 2, and consider an argument 
like that relating to eqn 10.8.

*10.7 The wavenumbers of the transitions J + 1 ← J given 
in eqn 10.30 reach a maximum at a particular value of J
and then decrease. Find an expression for this value of J in 
terms of the ratio J/ç; evaluate for HCl using data in 
Problem 10.5.

10.8 The J + 1 ← J rotational transitions of 16O12C32S and 
16O12C34S occur at the following frequencies (n/GHz):

J 1 2 3 4

16O12C32S 24.32592 36.48882 48.65164 60.81408
16O12C34S 23.73223 47.46240

Find (a) the rotational constants, (b) the moments of inertia, 
and (c) the CS and CO bond lengths. Hint. Begin by 
finding expressions for the moment of inertia I through
I = mAR2

A + mBR
2
B + mCR2

C, where RX is the distance of atom 
X from the centre of mass. The easiest procedure is to 
use the result established in Exercise 10.6, which leads 
to I = (mAmC /m)(RAB + RBC)2 + (mB/m)(mAR2

AB + mCR2
BC).

The lengths RAB and RBC may be found only if two values 
of I are known. Assume the bond lengths are the same in 
isotopomeric molecules.

10.9 In PCl3 the bond length is 204.3 pm and the ClPCl 
angle is 100.1°. Predict the form of (a) its microwave 

spectrum, (b) its rotational Raman spectrum, including 
the general structure of the line intensities. Ignore the 
eCects of nuclear spin statistics. Hint. Establish that 
I⊥ = mBR

2(1 − cos q) + (mAmB/m)R2(1 + 2 cos q) for AB3, with 
m = mA + 3mB, and I|| = 2mBR

2(1 − cos q). Suppose that the 
intensities are governed predominantly by the Boltzmann 
distribution.

*10.10 The square of the electric transition dipole moment 
depends on J as | mJ+1,J |2 = m2(J + 1)/(2J + 1). Predict the form 
of the 1H35Cl spectrum at 300K (a) without taking account 
of this dependence, (b) taking this dependence into account. 
Estimate the values of J in each case corresponding to the 
most intense transition. Hint. Only relative intensities 
are important. Find the relative populations from the 
Boltzmann factor and the degeneracies. For (a) examine 
(2J + 1)e−hcJJ(J+1)/kT; for (b) examine (J + 1)/(2J + 1) times 
this factor. Relevant data can be found in Exercise 10.4.

10.11 Confirm that Jmax, the value of J corresponding to the 
maximum in the rotational Boltzmann distribution, is given 
by eqn 10.38.

10.12 The ethyne molecule (HC≡CH) consists of two 
fermions (1H) and two bosons (12C). What are the 
implications for the statistical weights of the levels 
of various J? What are the implications of replacing 
(a) one 12C by 13C, (b) both 12C by 13C. (The 13C nucleus 
is a fermion, I = 1

2.)

*10.13 An infrared spectrum of gaseous DCl revealed 
lines at the following wavenumbers for the lowest four 
transitions from the v = 0 state: 2091, 4128, 6111, 8043. 
Determine the spectroscopic constants w and wxe.

10.14 Confirm that a Morse oscillator has a finite number 
of bound states, and determine the value of vmax for the 
highest bound state.

10.15 One way of establishing the harmonic oscillator 
selection rules is described in Example 10.4. Another way 
is to use the recursion relation for the Hermite polynomials, 
eqn 10.57. Calculate the transition moment for transitions 
commencing in the state with quantum number v. Hint.
The integral 2yv′xyvdx can be evaluated very simply by using 
the orthonormality of the harmonic oscillator functions that 
arise from using the recursion relation.

*10.16 The rotational constant of 1H35Cl is 10.4400 cm−1 in 
the ground vibrational state and 10.1366 cm−1 in the state 
v = 1. Plot the wavenumbers of the P-, Q-, and R-branches 
against J as a representation of the structure of the 
1–0 transition. Take } = 2990.95 cm−1 and neglect 
anharmonicity. (The Q-branch is not observed.)

10.17 The Q-branch line of the fundamental transition 
of a diatomic molecule lies at 3142.3 cm−1. The first line 
in the P-branch (that is, the P-branch line closest to the 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Q-branch) is displaced in magnitude by 21.2 cm−1 from 
the Q-branch. 

(a) Neglecting the eCects of anharmonicity and centrifugal 
distortion, compute n and J. Assume that the rotational 
constant is independent of the vibrational level. 
(b) Predict the wavenumber of the next P-branch line. 
(c) Predict the wavenumber of the R-branch line closest to 
the Q-branch. 
(d) If centrifugal distortion is considered, will the first P 
branch line be found at a higher, lower, or the same 
wavenumber as in part (a)?

10.18 A diatomic molecule is found to have the following 
vibrational and rotational spectroscopic constants (all 
in cm−1): â = 1525.25, âxe = 21.74, Je = 8.295, ãe = 0.186, 
ç = 0.325; the rotational constant depends on vibrational 
level as Jv = Je − (v + 1

2)ãe. If the diatomic molecule is 
initially in the state (v = 0, J = 1), compute the wavenumbers 
of the R- and P-branch lines associated with the 
fundamental vibrational transition.

*10.19 A diatomic molecule for which â = 4401.2 cm−1

and J = 121.3 cm−1 is initially in the state (v = 1, J = 2). 
In a Raman experiment utilizing 15 873.0 cm−1 incident 
radiation, determine the wavenumber of the scattered 
radiation for (a) the Q-branch Stokes line, (b) the O-branch 
Stokes line, (c) the Q-branch anti-Stokes line. How will the 
wavenumber computed in part (a) change if the eCects of 
anharmonicity are included?

10.20 The eCect of vibrational excitation on the rotational 
constant can be modelled as follows. First, interpret J =
H/4pcmR2 as the expectation value (H/4pcm)〈1/R2〉. Model 
the vibrational wavefunction by a rectangular probability 

amplitude, a constant from Re − 1
2dR to Re + 1

2dR, and zero 
elsewhere. Evaluate 〈1/R2〉, and explore the approximation 
dR2 << 4R2

e. The magnitude of dR2 can be estimated 
from 〈(R − Re)

2〉 calculated from harmonic oscillator 
wavefunctions, and expressed in terms of v. Hence arrive 
at J in terms of v. Compare the latter expression to that 
of Jv in Problem 10.18 and deduce an expression for ãe.

10.21 The three fundamental vibrations of CO2 are 
observed at 1340 cm−1, 667 cm−1, and 2349 cm−1, the 
second being the bending mode. Determine the force 
constant of the CO stretching mode. Hint. Compute kf

for each stretching mode and take the mean value.

*10.22 Show that the vibrations of any non-linear AB2

molecule span 2A1 + B2 in C2v. Which vibrations are 
(a) infrared, (b) Raman active?

10.23 Establish the symmetries of the vibrations of the 
ethene molecule, and classify their activities.

10.24 Determine all of the symmetry species spanned by 
the normal modes of chlorofluoromethane.

*10.25 Consider a two-dimensional harmonic oscillator 
with displacements in the x- and y-directions, the force 
constants being the same for each direction (the two 
bending modes of CO2 is an example). Show that the 
state resulting from the excitation of the oscillator to its 
first excited state can be regarded as possessing one unit 
of angular momentum about the z-axis. Hint. Show 
that y(x)y(y) ∝ eij.

10.26 Identify the conditions for the existence and locations 
of heads in the P- and R-branches of a diatomic molecule.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Some of the most versatile mathematical functions are 
the trigonometric functions sine and cosine. As a result, 
it is often very helpful to express a general function as 
a linear combination of these functions and then to 
carry out manipulations on the resulting series. Because 
sines and cosines have the form of waves, the linear 
combinations often have a straightforward physical 
interpretation. Throughout this discussion, the func-
tion f(t) is real.

MB5.1 Fourier series

A Fourier series is a linear combination of sines and 
cosines that replicates a periodic function:

f(t) = 1
2a0 +

∞

∑
n=1

!
@an cos 

2npt
T

+ bn sin 
2npt

T
#
$ (MB5.1a)

A periodic function is one that repeats periodically, 
such that f(t + T) = f(t) where T is the period. A similar 
approach may be applied to functions that are periodic 
in space with repeat length L:

f(x) = 1
2a0 +

∞

∑
n=1

!
@an cos 

2npx
L

+ bn sin 
2npx

L
#
$ (MB5.1b)

Although it is perhaps not surprising that sines and 
cosines can be used to replicate continuous functions, 
it turns out that—with certain limitations—they can 
also be used to replicate discontinuous functions. The 
coeAcients in eqn MB5.1a are found by making use 
of the orthogonality of the sine and cosine functions

�
T/2

−T/2

 sin 
2mpt

T
 cos 

2mpt
T

 dt = 0 (MB5.2a)

and the integrals

�
T/2

−T/2

 sin 
2mpt

T
 sin 

2npt
T

 dt (MB5.2b)

= �
T/2

−T/2

 cos 
2mpt

T
 cos 

2npt
T

 dt = 1
2Tdmn

where dmn = 1 if m = n and 0 if m ≠ n. Thus, multiplica-
tion of both sides of eqn MB5.1a by cos(2pkt/T) and 
integration from −1/2T to 1/2T gives an expression for 
the coeAcient ak, and multiplication by sin(2pkt/T)
and integration likewise gives an expression for bk:

ak = 2
T �

T/2

−T/2

f(t) cos 
2kpt

T
 dt k = 0,1,2, . . . (MB5.3a)

bk = 2
T �

T/2

−T/2

f(t) sin 
2kpt

T
 dt k = 1,2, . . .  (MB5.3b)

A brief illustration

Figure MB5.1 shows a graph of a square wave of 
amplitude A that is periodic between −1/2T and 1/2T.
The mathematical form of the wave is

f(t) = !
@

−A
+A

− 1
2T ≤ t < 0

0 ≤ t < 12T

The coeAcients a are all zero because f(t) is antisym-
metric (f(−t) = −f(t)) whereas all the cosine functions 
are symmetric (cos(−t) = cos(t)) and so cosine waves 
make no contribution to the sum. The coeAcients b
are obtained from

bk =
2

T �
T/2

−T/2

f(t) sin 
2kpt

T
 dt

=
2

T �
0

−T/2

 (−A) sin 
2kpt

T
 dt +

2

T �
T/2

0

A sin 
2kpt

T
 dt

 =
2A

kp
 {1 − (−1)k}

The final expression has been formulated to acknow-
ledge that the two integrals cancel when k is even but 
add together when k is odd. Therefore,

f(t) =
2A

p

N

∑
k=1

1 − (−1)k

k
 sin 

2kpt

T

=
4A

p

N

∑
n=1

1

2n − 1
 sin 

2(2n − 1)pt

T

with N → ∞. The sum over n is the same as the sum 
over k; in the latter, terms with k even are all zero. This 
function is plotted in Fig. MB5.1 for two values of N
to show how the series becomes more faithful to the 
original function as N increases.

Self-test MB5.1 Repeat the analysis for a saw-tooth 
wave, f(t) = At in the range −1/2T ≤ t < 1/2T and f(t + T)
= f(t) elsewhere.

Use graphing software to depict the result.

 [ f(t) = (AT/p)
∞

∑
n=1

{(−1)n+1/n} sin(2npt/T), Fig. MB5.2]
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MB5.2 Fourier transforms

The Fourier series in eqn MB5.1a can be expressed in 
a more succinct manner if we allow the coeAcients
to be complex numbers and make use of de Moivre’s 
relation

e2inpt/T = cos 
2npt

T
+ i sin 

2npt
T

(MB5.4)

for then we may write

f(t) =
∞

∑
n=−∞

cne
2inpt/T  cn = 1

T�
T/2

−T/2

f(t)e−2inpt/T dt (MB5.5)

This complex formalism is well suited to the extension 
of this discussion to functions with periods that become 
infinite. If a period is infinite, we are eCectively dealing 

with a non-periodic function, such as the decaying 
exponential function e−t/t.

We write dn = 1/T and consider the limit as T → ∞
and therefore dn → 0: that is, eqn MB5.5 becomes

f(t) = lim
T→∞

∞

∑
n=−∞

1
2
3

1
T�

T/2

−T/2

f(t′)e−2inpt′/T dt′
5
6
7 e2inpt/T (MB5.6)

 = lim
dn→0

∞

∑
n=−∞

1
2
3dn�

1/2dn

−1/2dn

f(t′)e−2pindnt′ dt′
5
6
7 e2pindnt

 = lim
dn→0

∞

∑
n=−∞

1
2
3�

∞

−∞

f(t′)e−2pindn(t′−t) dt′
5
6
7 dn

In the last line we have anticipated that the limits of the 
integral will become infinite. At this point we should 
recognize that a formal definition of an integral is the 
sum of the value of a function at a series of infinitely 
spaced points multiplied by the separation of each 
point (Fig. MB5.3):

�
b

a

F(n)dn = lim
dn→0

∞

∑
n=−∞

F(ndn)dn (MB5.7)

Exactly this form appears on the right-hand side of 
eqn MB5.6, so we can write that equation as

f(t) = �
∞

−∞

G(n)e2pint dn   (MB5.8)

where G(n) = �
∞

−∞

f(t)e−2pint dt

(At this stage we can drop the prime on t.) We call the 
function G(n) the Fourier transform of f(t); the original 
function f(t) is the inverse Fourier transform of G(n).
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Fig MB5.1 A square wave and two successive approximations 
by Fourier series (N = 5 and N = 100). The inset shows 
a magnification of the N = 100 approximation.
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Fig MB5.2 A saw-tooth function and its representation 
as a Fourier series with two successive approximations 
(N = 5 and N = 10).
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Fig MB5.3 The formal definition of an integral as the sum of 
the value of a function at a series of infinitely spaced points 
multiplied by the separation of each point.
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Fig MB5.4 (a) The symmetrical exponential function f(t) = e−a|t|

and (b) its Fourier transform for two values of the decay 
constant a. Note how the function with the more rapid 
decay has a Fourier transform richer in short-wavelength 
(high n) components.

The physical interpretation of eqn MB5.8 is that f(t)
is expressed as a superposition of harmonic (sine and 
cosine) functions of frequency n, and that the weight 
of each constituent function is given by the Fourier 
transform at the corresponding value of n. This 
interpretation is consistent with the calculation in the 
illustration. As we see from Fig. MB5.4, when the 
exponential function falls away rapidly with time, 
the Fourier transform is extended to high values of n,
corresponding to a significant contribution from 
high-frequency waves. When the exponential function 
decays only slowly, the most significant contributions 
to the superposition come from low-frequency com-
ponents, which is reflected in the Fourier transform, 
with its predominance of low n contributions in this 
case. In general, a slowly varying function has a Fourier 
transform with significant contributions from low 
frequency components. The same considerations apply 
to Fourier transforms of spatially varying functions.

MB5.3 The convolution theorem

A final point concerning the properties of Fourier 
transforms is the convolution theorem, which states 
that if a function is the ‘convolution’ of two other func-
tions, that is if

F(t) = �
∞

−∞

f1(t′)f2(t − t′)dt′ (MB5.9a)

then the Fourier transform of F(t) is the product of the 
Fourier transforms of its component functions:

F(n) = G1(n)G2(n) (MB5.9b)

A brief illustration

The Fourier transform of the symmetrical exponential 
function f(t) = e−a|t| is

G(n) = �
∞ 

−∞

 e−a|t|−2pintdt

 = �
0

−∞ 
eat−2pintdt + �

0

∞

 e−at−2pintdt

 =
1

a − 2pin
+

1

a + 2pin
=

2a

a2 + 4p2n2

The original function and its Fourier transform are 
drawn in Fig. MB5.4.

Self-test MB5.2 Evaluate the Fourier transform of the 
Gaussian function e−at2.
 [G(n) = (p /a)1/2e−p2n2/a]

A brief illustration

If F(t) is the convolution of two Gaussian functions,

F(t) = �
∞ 

−∞

 e−at′2e−b(t−t′)2 dt′

then from Self-test MB5.2 we can immediately write 
its transform as

F(n) = AC
p
a

DF
1/2

 e−p2n2/a AC
p
b

DF
1/2

 e−p2n2/b =
p

(ab)1/2
 e−p2n2(1/a+1/b)
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Molecular electronic 
transitions

The complexity of the electronic spectra of molecules, which occur in the visible and 
ultraviolet regions of the electromagnetic spectrum, arises in part from the stimulation 
of simultaneous vibrational and rotational transitions. An electronic transition changes 
the distribution of the electrons, and the nuclei respond to the new force fi eld by break-
ing into vibration. In turn, the stimulation of vibration results in rotational transitions, 
just as ice skaters change the speed of their rotation by pulling in or throwing out their 
arms. We shall pick our way through this forest of complication by concentrating initially 
on diatomic molecules, and then seeing how the concepts generalize to polyatomic 
molecules.

Computational chemistry has a considerable role to play in the prediction and inter-
pretation of electronic absorption spectra. As well as the direct methods of computation 
of energy diff erences between states and their interpretation in terms of transition 
frequencies, modern approaches include the use of time-dependent density functional 
theory (TD-DFT) and of Green’s function techniques (see Further information 14.1 for 
information about these functions). In the former, an oscillating perturbation is applied to 
a molecule and the calculated response is interpreted in terms of its energy separations 
(see the discussion of frequency-dependent polarizabilities, Section 12.4, for the phys-
ical background to this remark). Both techniques are beyond the scope of this text.

The states of diatomic molecules

There are several sources of angular momentum in a diatomic molecule, and to 
make headway it is necessary to understand how they couple together. The 
coupling of angular momenta enables us to construct term symbols that specify 
the symmetry of the wavefunction of the state, and then to use those term symbols 
to express the selection rules.

11.1 The Hund coupling cases

If initially we disregard nuclear spin, then there are three sources of angular 
momentum in a diatomic molecule: the spin of the electrons (S), their orbital 
angular momenta (L), and the rotation of the nuclear framework (R). There are 
interactions that couple these momenta together to varying extents with the 
resultant being the total angular momentum J. For example, the electric field 
arising from the nuclear charge couples the orbital angular momentum of the 
electrons to the internuclear axis, in the sense that only that component of L is 
well defined and is denoted by the quantum number L and having the value LH.
In highly excited rotational states, however, the nuclear framework may be mov-
ing so fast that electrons may be unable to follow the nuclear motions precisely, 
and the orbital angular momentum is decoupled from the internuclear axis. 

11
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This decoupling is a breakdown of the Born–Oppenheimer approximation (Sec-
tion 8.1). When the spin–orbit interaction (Section 7.4) is strong, the spin angular 
momentum of the electrons S is coupled to the orbital angular momentum; if 
the latter is coupled to the internuclear axis, then indirectly the spin is coupled to 
the axis too, and we speak of the component of electron spin (denoted by Σ and 
having the value ΣH) on the axis. On the other hand, if the spin–orbit coupling 
is weak, then the dominant coupling may be between the spin and the magnetic 
moment arising from the rotation of the molecule as a whole.

If there are contributions from nuclear spin (I), then the overall total angular 
momentum is denoted F. The nuclear spin may couple to the magnetic field 
arising from any of the other angular momenta, or it may couple to any of their 
resultants: this coupling gives rise to nuclear hyperfine eIects. The nuclear 
hyperfine structure of electronic spectra is typically very small and we shall not 
consider it further. Consequently, we shall ignore the role of I and refer to J as the 
‘total angular momentum’.

The spectroscopist F. Hund attempted to impose order on the discussion of all 
these possibilities by focusing attention on four basic types of coupling:

Case (a) (Fig. 11.1). This case is appropriate when the orbital angular momen-
tum is coupled strongly to the internuclear axis. The total angular momentum 
of the molecule J has magnitude {J(J + 1)}1/2H. It has a component of magni-
tude RH perpendicular to the internuclear axis, which arises from the rotation 
of the nuclear framework. It also has a component WH parallel to the inter-
nuclear axis arising from the electronic angular momentum around the axis; 
this component is related to the components of orbital and spin angular 
momenta by

W = L + Σ (11.1)

As remarked above, the electron orbital angular momentum is pinned to the 
axis by the Coulombic field of the nuclei, and the spin angular momentum 
is brought into line with the orbital angular momentum by the spin–orbit 
coupling.

Case (b) (Fig. 11.2). The spin–orbit coupling is so weak that the spin is not 
coupled to the orbital angular momentum, but the latter is still coupled to the 
internuclear axis. The rotation of the nuclear framework R couples to LHk
(k being a unit vector parallel to the internuclear axis) to form the resultant 
angular momentum denoted N. Then, the coupling of S and N gives J. Although 
L is a good quantum number, that is no longer true of W.

Case (c) (Fig. 11.3). The spin–orbit coupling is so strong that the electron spin 
and orbital angular momenta couple to give a resultant E. This angular 
momentum has a component WH on the internuclear axis, so W is again a good 
quantum number whereas L and Σ are not.

Case (d) (Fig. 11.4). The coupling between the electrons and the molecular 
axis is so weak that the electrons do not follow the molecular rotation strongly. 
Now the axial symmetry of the molecule is barely noticed by the electrons, 
and so the orbital angular momentum, L, is well defined. It couples to the 
angular momentum R to give the resultant N. Then the electron spin S couples 
to that resultant, so forming the overall angular momentum J.

Hund’s case (d) is appropriate to the Rydberg levels of diatomic molecules, in 
which an electron has been excited from the valence-shell orbitals of the atoms 
into orbitals of higher principal quantum number. For instance, an electron in H2

J

L

S

R

L

N

Fig. 11.2 A vector diagram for 
Hund’s case (b).

J

R

S

L

W

S
L

Fig. 11.1 The orbital and spin 
angular momenta and their 
projections in Hund’s case (a).

E

W

S

L

Fig. 11.3 A vector diagram for 
Hund’s case (c), in which the 
spin–orbit coupling is very 
strong.
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may be excited from the 1sg-orbital into a molecular orbital formed from H2s-
orbitals. Rydberg orbitals are very diCuse, and the electron is so far from the 
nuclei of the molecule that it experiences a potential similar to that of a single 
point charge. As a result, the shape of the molecule is not transmitted to the 
excited electron and the rotation of the molecule is barely noticed.

We shall confine most of our attention to Hund’s case (a). In particular, the 
validity of this coupling scheme means that we can describe the electronic state 
of a molecule by giving the term symbol constructed on the basis of the point 
group C∞v or D∞h, as already explained in Section 8.6.

L S

(a)

(b)

Fig. 11.5 The arrows show the 
components of magnetic moment 
that survive after precession: 
(a) a state of high |W |
corresponds to high energy and 
(b) a state of low |W | corresponds 
to low energy.

R

J N

S

L

Fig. 11.4 A vector diagram for 
Hund’s case (d).

Σ+

Π±
Π

Π

Fig. 11.6 The interaction 
between states that results in 
L-doubling as a result of the 
rotation of the molecule.

A brief illustration

For the 2Π ground state of NO, for which L = ±1 and Σ = ±1/2, W can take the values 
± 3

2 and ± 1
2. For example, for a complete specification of the ground term, we need 

to report the value of W, and then decide which term, the one with W = ± 3
2 or W =

± 1
2, lies lower in energy. If the rules described for atoms in Section 7.20 are 

applicable, we can predict that the two states with W = ± 1
2 lie lower because the 

spin and orbital angular momenta, and hence the associated magnetic moments, 
are opposed (Fig. 11.5). This prediction turns out to be true, and the two levels 
with |W | = 1

2 lie about 121 cm−1 lower than the two levels with |W | = 3
2.

11.2 Decoupling and L-doubling

Hund’s cases represent limiting schemes in the sense that no molecule can be 
described perfectly by one of the cases. In principle, any scheme could be used 
to characterize any molecule. The ‘correct’ scheme is the one for which the 
hamiltonian of the molecule, with all the interactions included, has the smallest 
oC-diagonal elements. No molecule has a hamiltonian matrix that is exactly 
diagonal in any one of these schemes, and so if we use one scheme, we can expect 
it to be contaminated by at least a small admixture of the features of the other 
schemes. The tendency of one coupling scheme to be contaminated by another is 
called the decoupling of the angular momenta. Decoupling often increases as J
increases because the electrons become increasingly incapable of following the 
motion of the nuclear framework: this is the phenomenon of electron slip.

As an illustration of electron slip, consider a 1Π term of a diatomic molecule 
in case (a), such as an excited state of C2 (1sg

21su
21pu

32sg
1 1Πu). In the stationary 

molecule, the two states L = ±1 are degenerate because they diCer only in the 
sense of rotation of the electrons about the internuclear axis. The degeneracy 
is lost, however, when the molecule rotates and the energy levels ‘double’ 
(Fig. 11.6). A qualitative interpretation is suggested in Fig. 11.7. This eCect is 
called L-doubling. It can be regarded as the outcome of the contamination of 
case (a) by case (d). As can be seen from Fig. 11.6, one linear combination of the 
two orbital angular momentum states mixes with a nearby 1Σ+ term, but the 
other linear combination of the L = ±1 states remains.

The quantitative treatment of L-doubling depends on setting up the appropri-
ate perturbation hamiltonian and then using perturbation theory; we shall see 
that the first-order correction to the energy is zero, so second-order perturbation 
theory (Section 6.2) will be used. The hamiltonian for the rotation of the nuclear 
framework is expressed in terms of the moment of inertia I of the molecule and 
the angular momentum of the nuclear framework, R. This angular momentum 
has no z-component in the molecular frame (where z is the internuclear axis), and 
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for singlet states (S = 0) is related to the overall angular momentum by Rx = Jx − Lx

and Ry = Jy − Ly (Fig. 11.8). It follows that the rotational hamiltonian is

H = 1
2I

 (R2
x + R2

y) = 1
2I

 {(Jx − Lx)
2 + (Jy − Ly)

2} (11.2)

 = 1
2I

 {J2 − J2
z + (L2

x + L2
y) − 2(JxLx + JyLy)}

The term proportional to L2
x + L2

y is independent of the rotational state of the 
molecule and can be ignored for the present purposes. The term proportional 
to JxLx + JyLy can be expressed in terms of raising and lowering operators 
(Section 4.3):

JxLx + JyLy = 1
2 (J+L− + J−L+)

and is plainly oC-diagonal in L on account of the shift operators.
These oC-diagonal terms, which result in the Σ state removing the degeneracy 

of the L = ±1 states, can be regarded as the perturbation terms in the rotational 
hamiltonian and we write

H(0) = 1
2I

 (J2 − J2
z) H(1) = − 1

2I
 (J+L− + J−L+) (11.3)

The eigenvalues of H(0) for a singlet molecular term with quantum numbers J and 
L are

E(J,L) = hcJ{J(J + 1) − L2} (11.4)

and, at this stage, the states ± |L | are degenerate.
We now allow for the perturbation. The first-order correction to the energy 

of the state | J,L〉 is given by 〈 J,L |H(1) | J,L〉, which vanishes because H(1) is oC-
diagonal in L. The second-order contribution to the energy is calculated by using 
eqn 6.30, and is (Problem 11.2)

E(2)(J,L) = |〈 J,L | J+L− + J−L+ | J′,L′〉 | 2

(2I)2{E(J,L) − E(J′,L′)}
= (hcJ)2 | 〈 J,L | J+L− + J−L+ | J′,L′〉 | 2

E(J,L) − E(J′,L′)
(11.5)

(a)

(b)

Fig. 11.7 A pictorial interpretation of the eCects
of molecular rotation and electron ‘slip’. In (a), 
the nuclei slip in the node of the orbital, whereas 
in (b) they slip into a region of high electron 
density. The latter corresponds to the partial 
admixture of Σ character into the electronic 
wavefunction, as indicated in Fig. 11.6.
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Fig. 11.8 The components of angular 
momentum that are used to express the 
hamiltonian for a rotating molecule.

A brief comment
There is a subtlety here. In the 
rotating molecular frame, J+ is 
a lowering operator and J− is 
a raising operator. This 
reversal of the normal roles 
follows from the fact that 
although we know the 
commutation relations of 
angular momentum in 
a laboratory frame, we need to 
transform them into a rotating 
frame before we can draw any 
conclusions from them. When 
this transformation is carried 
out (Problem 11.14), it turns 
out that [ Jx,Jy] = −−i™Jz. This 
change of sign compared to the 
fixed frame interchanges the 
roles of the shift operators.
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This expression can be used to evaluate the correction to the energies of the Π
states (or, more precisely, the two linear combinations of the L = ±1 states), and 
it turns out that the diCerence in energy of the two combinations is

ΔE(2) = 2(hcJ)2L(L + 1)J(J + 1)
E(Π) − E(Σg

+)
(11.6)

We see that it is indeed the Σg
+ term that is mixed.

11.3 Selection and correlation rules

The selection rules for electronic transitions have already been introduced in 
various parts of the text, and may be summarized (and slightly elaborated) as 
follows:

g → u but not g → g, u → u

Σ+ → Σ+, Σ− → Σ− but not Σ+ → Σ−, Σ− → Σ+

DL = 0,±1 DW = 0,±1

DS = 0, DΣ = 0 for weak spin–orbit coupling

DJ = 0, ±1 but not J = 0 → J = 0, and for W = 0 → W = 0, DJ ≠ 0

All these rules are established by detailed consideration of the symmetry proper-
ties of the electric dipole transition moment.

A diCerent type of selection rule is involved when we are interested in the 
atomic states that can emerge from a diatomic molecule, perhaps after excitation 
to a diCerent electronic state from the ground state, when it dissociates. The 
Wigner–Witmer rules are based on the conservation of angular momentum, 
which implies that the angular momenta associated with the atoms must be able 
to sum to give the angular momenta associated with the original molecule. That 
is, angular momentum is not generated in the dissociation. We shall consider 
only Hund’s cases (a) and (b).

The spin multiplicities of the atoms are readily established by considering the 
values of S1 and S2 that can combine to give the value of S characteristic of 
the molecule. To do so, we consider the reverse problem, the formation of the 
molecule, and apply the Clebsch–Gordan series (Section 4.10):

S = S1 + S2, S1 + S2 − 1, . . . |S1 − S2 |

A brief illustration

A diatomic molecule with S = 1 is allowed to (but not necessarily will) dissociate 
into atoms with (S1,S2) = (1,0), (0,1), (1/2 ,1/2), (1/2,3/2), (1,1), and so on, as all these 
individual values can result in a combined state with S = 1. Put another way, a 
diatomic molecule with S = 1 cannot dissociate into two singlet state atoms (0,0) 
because such individual states cannot account for a state with S = 1.

Some of the combinations implied by this analysis are given in Resource
section 3.

A similar analysis accounts for the values of the orbital angular momenta of 
the atoms into which the diatomic dissociates, but the outcome depends on 
whether the molecule is homonuclear (when g,u parity needs to be taken into 
account) or heteronuclear (when parity is irrelevant). Once again, it is convenient 
to consider the reverse of dissociation and to consider the states that may arise 
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when atoms with orbital angular momenta L1 and L2 combine. The orientation 
of each L with respect to the internuclear axis gives rise to states with

l1 = L1, L1 − 1, . . . −L1 l2 = L2, L2 − 1, . . . −L2

These individual ls result in a series of values of L = l1 + l2:

L = L1 + L2, L1 + L2 − 1, . . . −(L1 + L2)

 L1 + L2 − 1, . . . −(L1 + L2 − 1)

 . . .

 L1 − L2, L1 − L2 − 1, . . . , −(L1 − L2)

Once again, we need to inspect these series to see which values of (L1,L2) can give 
rise to (and therefore emerge from) the known value of L.

A brief illustration

A D (|L| = 2) term can arise from the individual values (l1,l2) = (+2,0), (+1,+1), and 
their negatives. A l = +2 projection can arise from L = 2, 3, . . . , a l = 0 projection 
can arise from L = 0,1, . . . , and a l = +1 projection can arise from L = 1,2, . . . . 
Therefore, feasible (but not necessarily realizable) (L1,L2) combinations include 
(2,0), (2,1), . . . and (1,1), (2,1), . . . corresponding to (D,S), (D,P), . . . and (P,P), 
(D,P), . . . dissociation products.

A brief illustration

The atomic terms into which a 1Dg state of O2 may dissociate are found by identify-
ing the terms in the tables in Resource section 3 that can give rise to this molecular 
term. We identify 1P + 1P, 2P + 2P, 3P + 3P, and 1D + 1D, among others. 
We see from Fig. 8.19 that a ground-state O atom is 3P, so the 3P + 3P dissociation 
is plausible.

Some of the combinations implied by this analysis are given in the Resource
section 3, where we have also attached the reflection symmetry designation +/−
to the Σ terms.

The analysis is more complicated for homonuclear species, where parity must 
be considered too, and Table 3 in Resource section 3 summarizes the outcome.

Vibronic transitions

Whenever an electronic transition occurs in a molecule the nuclei are subjected 
to a change in Coulombic force as a result of the redistribution of electronic 
charge. In other words, the molecular potential energy surface, which governs 
nuclear motion, changes as the electronic state changes during the transition. As 
a result, the nuclei respond by breaking into vibration and the absorption spec-
trum shows a structure characteristic of the vibrational energy levels of the mol-
ecule. Simultaneous electronic and vibrational transitions are known as vibronic
transitions. We begin this section by seeing to what extent the vibrational struc-
ture can be predicted and explained.
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11.4 The Franck–Condon principle

The analysis of vibronic transitions is based on the Franck–Condon principle:

Because nuclear masses are so much larger than the mass of an electron, an 
electronic transition occurs within a stationary nuclear framework.

That is, the nuclear locations and state of motion remain unchanged during 
the actual transition, but readjust once the electrons have adopted their final 
distribution.

The qualitative implications of the principle are illustrated in Fig. 11.9, which 
shows two molecular potential energy curves for two electronic states of a 
diatomic molecule. The upper curve is typically displaced to the right relative to 
the lower curve because excitation of electrons generally introduces more antibo-
nding character into the molecular orbitals and the equilibrium bond length 
increases. The force constants of the two states also diCer, for the same reason. 
We shall confine our attention to the fundamental progression, the transitions 
starting in the ground vibrational state of the lower electronic state. Classically, 
the transition occurs when the internuclear separation is equal to the equilibrium 
bond length Re of the lower electronic state, when the nuclei are stationary, and 
that internuclear separation and state of motion are preserved during the transi-
tion. As a result, the transition terminates where a vertical line cuts through the 
upper molecular potential energy curve. At the point of intersection, the excited 
molecule is at a turning point of a vibration, so the nuclei are stationary, as they 
were initially, and the internuclear separation is the same as it was initially. A 
transition that preserves nuclear locations is called vertical. Once the electronic 
transition is complete, however, the molecule begins to vibrate at an energy cor-
responding to the intersection and with an amplitude of motion corresponding 
to the turning points at that energy.

The quantum mechanical description of the process echoes the classical 
description (Fig. 11.10). To make the step we re-express the principle as follows:

Nuclei preserve their dynamical state during an electronic transition.

‘Dynamical state’ is an umbrella term for locations and momenta. To make the 
transition to quantum mechanics, we note that the wavefunction of the nuclei 
contains all their dynamical information. Therefore, we can transform the last 
statement into:

The nuclear wavefunction remains unchanged during an electronic transi-
tion.

Qualitatively, the transition occurs from the ground vibrational state of the 
lower electronic state to the vibrational state that it most resembles in the 
upper electronic state. In that way, the vibrational wavefunction undergoes least 
change, which corresponds to the preservation of the dynamical state of the 
nuclei as required by the Franck–Condon principle. The vibrational state with 
a wavefunction that most resembles the original bell-shaped (Gaussian) function 
of the vibrational ground state is one with a peak immediately above the 
ground state, that is a wavefunction with large amplitude at Re. As can be seen 
from the illustration, this wavefunction corresponds to an energy level that 
lies in much the same position as in the vertical transition of the classical 
description.

The justification of the quantum mechanical description is based on the evalu-
ation of the electric dipole transition moment between the ground vibronic state 
| ev〉 and the upper vibronic state | e′v′〉. In a molecule, the electric dipole moment 
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Fig. 11.9 The classical basis of 
the Franck–Condon principle in 
which the molecule makes a 
vertical transition that terminates 
at the turning point of the excited 
state. The nuclei neither change 
their locations nor accelerate 
while the transition is in 
progress.

X

A

Ré
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Fig. 11.10 The quantum 
mechanical version of the 
Franck–Condon principle. The 
molecule makes a transition from 
the ground vibrational state to 
the state with a vibrational 
wavefunction that most strongly 
resembles the initial vibrational 
wavefunction.



operator depends on the locations and charges of the electrons, ri and −e, and the 
locations and charges of the nuclei, which we denote RI and ZIe, respectively:

m = −e∑
i

ri + e∑
I

ZIRI = me + mN (11.7)

Within the Born–Oppenheimer approximation, the vibronic state | ev〉 is described 
by the wavefunction Ye(r;R)Yv(R), where r and R denote, respectively, the elec-
tronic and nuclear coordinates collectively. Note that the electronic wave-
function depends parametrically on the nuclear coordinates (that is, there is a 
diCerent electronic wavefunction for each nuclear arrangement). The transition 
moment is therefore

〈e′v′ |m | ev〉 = �Y*e′(r;R)Y*v′(R)(me + mN)Ye(r;R)Yv(R)dte dtN

 = �Y*v′(R)
1
2
3�Y*e′(r;R)meYe(r;R)dte

5
6
7Yv(R)dtN

  + �Y*v′(R)mN

1
2
3�Y*e′(r;R)Ye(r;R)dte

5
6
7Yv(R)dtN

The integral over the electron coordinates in the final term is zero because the 
electronic states are orthogonal to one another for each selected value of R. The 
integral over the electron coordinates in the remaining integral is the electric 
dipole moment for the transition when the nuclei have coordinates R. To a 
reasonable first approximation, this transition moment is independent of the 
locations of the nuclei so long as they are not displaced by a large amount from 
equilibrium, and so the integral may be approximated by a constant me′e. (In more 
rigorous treatments, this transition moment must be considered to be function of 
R.) Therefore, the overall electric dipole transition moment is

〈e′v′ |m | ev〉 = me′e�Y*v′(R)Yv(R)dtN = me′eS(v′,v) (11.8a)

where

S(v′,v) = �Y*v′(R)Yv(R)dtN (11.8b)

is the overlap integral between the two vibrational states in their respective elec-
tronic states. The electric dipole transition moment is therefore largest between 
vibrational states that have the greatest overlap. This is the quantitative version 
of the previous qualitative discussion, where we looked for the upper vibrational 
state that had a local bell-shaped region above the Gaussian function of the 
ground vibrational state of the lower electronic state.

Significant values of the overlap integral S(v′,v) are generally found for a pro-
gression of vibrational states v′ rather than for a single value of v′, so transitions 
occur with varying probabilities to all of them. Thus, a progression of transi-
tions, a series of vibrational transitions, is observed in the electronic spectrum. 
The relative intensities of the lines are proportional to the square of the electric 
dipole transition moments and hence to the Franck–Condon factors, |S(v′,v) |2.

Example 11.1 Calculating Franck–Condon factors

Consider a case in which two electronic states have the same force constant but 
in which the equilibrium bond lengths diCer by DR. Find an expression for the 
relative intensity of the 0–0 transition as a function of DR. ››
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11.5 The rotational structure of vibronic transitions

Superimposed on the vibronic transitions are rotational transitions that occur 
according to the selection rules set out in Section 10.4. The DJ = −1, 0, and +1 tran-
sitions give rise, respectively, to the P-, Q-, and R-branches of the spectrum, and 
their appearance (for gas-phase species) is similar to the structure of vibration–
rotation spectra discussed in Section 10.9. There is, however, one important 
exception. Because the rotational constants of the upper and lower electronic 
states are likely to be so diCerent from one another (because the equilibrium 
bond lengths are so diCerent in the two states), head formation is likely to occur. 
It is commonly found, for instance, that the spectrum has the appearance shown 
in Fig. 11.12, with the R-branch showing a head at high frequencies.

The presence of L-doubling aCects the spectrum in a subtle way. In a 1Π←1Σ
transition, the P- and R-branches arise from the transition between the ground 
term and one of the components of the Π term whereas the Q-branch arises from 
a transition to the other component of the Π term. A consequence is that the 
Q-branch is slightly shifted relative to the other two branches to an extent that is 
proportional to J(J + 1). The upper states of the Q-branch have slightly diCerent

Method We need to evaluate the Franck–Condon factor |S(0,0) | 2. To do so we 
calculate the overlap integral S(0,0) using harmonic oscillator wavefunctions 
(Table 2.1), one centred on x = 0 and the other on x = DR. We shall need the 
following integral:

�
+∞

−∞

 e−ax2

 dx = A
C
p
a

D
F

1/2

Answer The wavefunctions for the two states are

Y0 = A
C
a
p1/2

D
F

1/2

 e−a2x2/2 Y0′ = A
C
a
p1/2

D
F

1/2

 e−a2(x−ΔR)2/2

where a = (mkf /H2)1/4 and the wavefunctions are normalized in the sense

�
+∞

−∞

|Y0 | 2 dx = 1

It then follows that

S(0,0) = A
C
a
p1/2

D
F �

+∞

−∞

 e−a2x2/2−a2(x−ΔR)2/2 dx = A
C
a
p1/2

D
F �

+∞

−∞

 e−a2x2/2−a2x2/2+a2xΔR−a2ΔR2/2 dx

 = A
C
a
p1/2

D
F  e−a2ΔR2/4�

+∞

−∞

 e−a2x2+a2xΔR−a2ΔR2/4 dx = A
C
a
p1/2

D
F  e−a2(DR/2)2�

+∞

−∞

 e−a2(x−ΔR/2)2

 dx

 = e−a2(DR/2)2

The Franck–Condon factor for the transition is therefore

|S(0,0) |2 = e−a2(DR)2/2

This function is plotted in Fig. 11.11, and the strong dependence on DR should be 
noticed.

Self-test 11.1 Show that the sum of all Franck–Condon factors for transitions 
from a given state v is equal to 1. GI∑

v′
|S(v′,v) | 2 = 1JL
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Fig. 11.11 The variation of the 
Franck–Condon factor with 
displacement of the minimum of 
the upper electronic state. Note 
that the factor is a maximum (1) 
when the two curves lie exactly 
over one another.
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Fig. 11.12 The formation of 
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transition, showing the 
formation of a head in the 
R-branch.
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B values from the upper states of the P- and R-branches and the magnitude of the 
diCerence gives the magnitude of the L-doubling.

Further complications arise when one state is perturbed by another, and 
perturbations can be very eCective in shifting the energy levels. A particular 
phenomenon that tends to obscure regions of the spectrum is predissociation, in 
which the vibrational structure is blurred in one region of the spectrum, but 
resumes at higher frequencies before the true dissociation and its associated 
structureless absorption begin. The mechanism of predissociation is illustrated in 
Fig. 11.13. As shown there, the upper electronic state A is perturbed by a dis-
sociative state C, and a molecule excited to a vibrational state close to the inter-
section of the two electronic states may take on dissociative character, and fly apart. 
This probability of dissociation reduces the lifetime of molecules in energy levels 
close to the intersection, and due to the lifetime-broadening eCect (Section 6.11), 
spectral linewidths are often significantly increased. The coupling of the discrete 
states to the continuum also results in small shifts in the energies of the states.

The electronic spectra of polyatomic molecules

We have seen the complexity of electronic spectra of diatomics, and can therefore 
imagine the complexity that sets in when we examine polyatomic molecules. 
However, there is often a simplification. Many polyatomic molecules are studied 
in solution, and as a result of the collisions that occur between solvent and solute 
species, the rotational structure of the bands is blurred. In weakly interacting 
solvents, such as hydrocarbons, the vibrational structure of bands may still be 
present, but in interacting solvents even that may be lost. Therefore, mainly we 
shall be concerned with spectra in which most of the details of the vibrational 
and rotational structure have disappeared. Another simplification, especially 
useful in considerations of the spectra of organic molecules, is that often the 
absorption in a particular region of the spectrum may be ascribed to a transition 
involving a particular group of atoms in the molecule. Such a group, which is 
called a chromophore, may occur in a number of diCerent types of molecule, 
and gives rise to an absorption band at about the same wavenumber. Thus, an 
introductory discussion of the spectra of molecules may be based on their chro-
mophores and the perturbations caused by other groups in the molecules.

11.6 Symmetry considerations

For small molecules, electronic transitions are discussed in terms of the entire 
molecule rather than identifiable chromophores. Therefore, the selection rules 
for the transitions must be expressed in terms of the point group of the whole 
molecule rather than a localized group of atoms. This is in fact a simple task, 
because if the irreducible representations spanned by the electric dipole moment 
operator are known (as they are, by quick reference to the character table), then 
the selection rules can be formulated by using the results of Section 5.16.
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Fig. 11.13 The processes of 
dissociation (in the B ← X 
transition) and predissociation 
(in the A ← X transition).
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Fig. 11.14 Three of the molecular 
orbitals of a C2v species.

A brief illustration

The point group of the NO2 molecule is C2v and its ground-state configuration 
is . . . b2

2a2
2a1

1
2A1. The three highest energy orbitals are illustrated in Fig. 11.14. 

In C2v, the electric dipole moment operator spans B1(x) + B2(y) + A1(z). It follows 
that transitions may be stimulated from the ground state to excited states of ››
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11.7 Chromophores

The spectra of larger molecules may often be discussed in terms of their chro-
mophores. Among the most common chromophores are the carbonyl and nitro 
groups and the carbon–carbon double bond. The transitions responsible for their 
absorptions are typically classified as p*← n (‘n-to-pi star’) and p*← p (‘pi-to-pi 
star’), where n represents a non-bonding orbital (Fig. 11.15). An p*← n transi-
tion of the carbonyl group, which occurs near 290 nm, involves the transfer of 
some electron density from the O atom to the C atom, because the n orbital is 
largely confined to the O atom whereas the antibonding p*-orbital spreads over 
both atoms. This migration of charge also helps to explain the shift to higher 
absorption frequencies that occurs when the chromophore is immersed in a polar 
or hydrogen-bonding solvent. In such an environment, the ground state of the 
molecule favours a particular arrangement of solvent molecules. However, 
the electronic transition occurs too rapidly for the complete reorientation of the 
solvent molecules to adjust to the new electron distribution, and so whereas 
the ground state is stabilized, the upper state is stabilized to a lesser extent. 
Consequently, the energy separation of the two states is larger than in a non-
polar solvent.

There is, however, one diAculty: the p*← n transition is forbidden. To see that 
this is the case, we note that the non-bonding orbital, which is mainly confined 
to the O atom, is to a good approximation O2py; so, if yp* = c′c(C2px) + cc(O2px),
as illustrated in Fig. 11.15a, we have (for real c)

〈p*|m | n〉 ≈ c〈O2px |m | O2py〉 (11.9)

This matrix element is zero for each component mq, as may easily be verified, and 
so the transition is forbidden. However, as is always the case with forbidden 
transitions, their ‘forbidden’ character is a result of adopting a simplified hamil-
tonian, and the presence of additional terms in the hamiltonian may relax the 
constraints on the transitions. In this case, intensity may be acquired by the tran-
sition because the non-bonding orbital is not strictly localized and is not purely 
O2py. Another source of intensity is the coupling of the electronic and vibra-
tional modes of the molecule as discussed in detail in the following section.

The p*← p transition in ethene is allowed and the transition dipole moment is 
directed along the internuclear axis (Fig. 11.15b). The transition reduces the 
strength of the carbon–carbon bond because a bonding electron is transferred 
from a bonding orbital into an antibonding orbital. This reduction in strength 
may be so great that the bonded groups twist about the bond direction in order 

n

π*

π*

π

(a)

(b)

Fig. 11.15 The orbitals involved 
in (a) the p* ← n transition of 
a carbonyl group and (b) the 
p* ← p transition of a carbon–
carbon double bond.

symmetry species B1, B2, and A1 by irradiation with x-, y-, and z-polarized light, 
respectively. Because excitation involves a considerable reorganization of the dis-
tribution of the electrons, each electronic transition is accompanied by extensive 
vibrational structure. For example, the transition . . . b2

2a2
2b1

2
2B1 ← . . . b2

2a2
2a1

1
2A1

excites the electron that can be regarded as responsible for holding the molecule in 
its angular shape in the ground state.

A note on good practice

As illustrated by this example, it is conventional to write the upper term first and 
the lower second; then the direction of the arrow indicates emission (A→X) or 
absorption (A←X). The ground state is usually labelled X (unless its full symmetry 
designation is given), and the excited states of the same spin multiplicity are 
labelled A, B, C, . . . .
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to minimize the antibonding eCect. Thus, in ethene, the CH2 groups are perpen-
dicular in the s2p1p*1 excited state.

The benzene molecule, C6H6, provides an interesting but complex example of 
transitions that involve the p-electrons of a molecule. There are three major 
bands, all in the UV:

• At 185 nm; symmetry-allowed, reasonably intense.

• At 200 nm; symmetry-forbidden, weak.

• At 260 nm; symmetry-forbidden, weak.

The ground state of the D6h molecule is 1A1g. The electric dipole moment oper-
ator spans A2u(z) + E1u(x,y) in the group D6h, where the z-axis lies perpendicular 
to the molecular plane. Therefore, the allowed transitions are expected to be 
1E1u ← 1A1g and 1A2u ← 1A1g. The strong transition at 185 nm has been identified 
as the former, with the 1E1u upper term arising from the configuration a2

2ue
3
1ge

1
2u.

This assignment has been confirmed by checking the polarization of the transi-
tion moment in a crystalline sample. The configuration a2

2ue
3
1ge

1
2u (see Fig. 8.30) 

also gives rise to the terms B1u and B2u and the band at 200 nm is 1B1u ← 1A1g

whereas the band at 260 nm has been ascribed to the transition 1B2u ← 1A1g.
However, there is a problem that we need to address, for these two transitions 
are forbidden, yet somehow they manage to obtain intensity. The configuration 
a2

2ue
3
1ge

1
2u can also give rise to triplet terms, but the intercombination transitions,

the transitions between terms of diCerent multiplicity, are weak in a molecule 
built from light atoms in which the spin–orbit coupling is small.

11.8 Vibronically allowed transitions

The forbidden transitions in the carbonyl chromophore and in benzene acquire 
intensity by coupling to the vibrations of the molecule. They are therefore 
classified as vibronic transitions.

The potential energy of an electron in a molecule depends on the locations 
of the nuclei. Therefore, the electronic hamiltonian also depends on nuclear 
coordinates and may be expressed in terms of a Taylor expansion with respect to 
displacement along the normal coordinates:

H = H(0) + ∑
i

A
C
[H
[Qi

D
F

0

Qi + · · · (11.10)

The eigenfunctions of H(0) are denoted ye and their energies are Ee. The presence 
of the additional terms in the hamiltonian mixes these eigenstates together, and 
to first-order in the perturbation a particular electronic eigenfunction ye′ becomes 
(see eqn 6.27)

y = ye′ + ∑
e≠e′

ceye ce =
�e ∑

i

 ([H/[Qi)0 e′�Qi

Ee′ − Ee
(11.11)

where the matrix element in the expression for ce is an integral over electronic 
coordinates and, within the Born–Oppenheimer approximation, depends para-
metrically on the nuclear coordinate Qi. Suppose now that only the upper state 
of the transition is perturbed; then the electric dipole transition moment for 
e′ ← e″ is

me′,e″ = 〈e′ |m | e″〉 + ∑
e≠e′

c*e 〈e |m | e″〉

If the transition between the unperturbed levels e′ and e″ is forbidden, the first 
matrix element is zero, and we are left with
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me′,e″ = ∑
e≠e′

c*e 〈e |m | e″〉 (11.12)

When transitions between e″ and e are allowed, and the perturbation can mix the 
states e′ and e, then the transition e′ ← e″ can ‘borrow’ intensity from the allowed 
transitions.

The next step is to identify which states can be mixed. The hamiltonian trans-
forms as A1 (or the equivalent totally symmetric irreducible representation); 
therefore, so too must each term in its expansion. In particular, the second term 
in eqn 11.10 must transform as A1. However, one factor in that term is the nor-
mal coordinate Qi, which transforms as G(i); therefore, the term ([H/[Qi)0 must 
also transform as G(i) if its product with Qi is to be totally symmetric. This partial 
derivative term is that part of the hamiltonian acting as the perturbation and 
mixing the electronic states, so we can conclude that the matrix element in 
eqn 11.11 is non-zero only if G(e) × G(i) × G(e′) contains the totally symmetric irre-
ducible representation (such as A1).

One final important point can be made before we give an example. The pres-
ence of the factor Qi in the perturbation implies that when the perturbation acts, 
it leaves its footprint on both the electronic and the vibrational states. Therefore, 
a more complete form of eqn 11.11 for the first-order perturbation to a parti-
cular vibrational electronic eigenfunction ye′v′ is

y = ye′v′ + ∑
e,v≠e′,v′

cevyev cev =
∑

i

〈e | ([H/[Qi)0 | e′〉〈v |Qi |v′〉

Ee′v′ − Eev
(11.13)

and the more complete version of eqn 11.12 is

me′v′,e″v″ = ∑
e,v≠e′,v′

c*ev 〈ev |m | e″v″〉 (11.14)

The implication of this more complete formulation is that, in a vibronically 
allowed transition, a vibrational excitation accompanies the electronic transi-
tion. The interpretation of the borrowing of intensity can now be expressed in a 
new light: we need to apply symmetry selection rules to entire vibronic states, not 
simply to electronic states.

A brief illustration

Consider the forbidden B2u ← A1g band in benzene. Suppose an E2g vibration can be 
excited at the same time as an electronic transition. Then, because the overall sym-
metry of the upper vibronic state is E2g × B2u = E1u and the transition E1u ← A1g is 
electric-dipole allowed, the vibronic transition is allowed even though the pure 
electronic B2u ← A1g transition is forbidden. In other words, the B2u ← A1g transition 
acquires intensity through its coupling to the E2g vibrations of the molecule.

Example 11.2 Analysing intensity borrowing in vibronic systems

Account for the intensity of the p*← n transition in the carbonyl group in terms of 
a vibronic process, as observed, for instance, in (CH3)2CO.

Method First, identify the local point-group symmetry of the chromophore and the 
symmetry species of the electronic states involved in the transition. Then decide 
what transitions are in fact allowed by considering the symmetry species of the ››
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The intensities of d–d transitions in d-metal octahedral complexes also arise 
from vibronic eCects. It is easy to see that some such mechanism is necessary, 
because an octahedral complex, such as [Cr(CN)6]

3−, has a centre of inversion, 
and g ← g transitions are forbidden by the Laporte selection rule (Section 7.2). 
However, if there is a coupling of the electronic transition to a vibrational mode 
that destroys the centre of inversion, then the transition may acquire intensity. 
One way of interpreting this acquisition of intensity is to imagine that the loss of 
inversion symmetry permits the mixing of d- and p-orbitals, which are g and u 
respectively, and p ← d transitions are allowed.

11.9 Singlet–triplet transitions

Intercombination bands, which include transitions between singlet and triplet 
terms, are observed when the spin–orbit coupling is significant, such as when a 
heavy atom is present in the molecule. In this section, we shall see how the spin–
orbit coupling term in a molecular hamiltonian can act as a perturbation that 
mixes states of diCerent multiplicity.

The spin–orbit interaction (Section 7.4) is

Hso = ∑
i

xili · si (11.15)

where the sum is over all the electrons in the molecule. For two electrons, this 
operator takes the form

Hso = x1l1 · s1 + x2l2 · s2

 = 1
2(x1l1 + x2l2) · (s1 + s2) + 1

2(x1l1 − x2l2) · (s1 − s2) (11.16)

The x-, y-, and z-components of the operator s1 + s2 commute with S2, the total 
spin operator, and so that term in Hso cannot mix states of diCerent multiplicity. 
However, the x-, y-, and z-components of the operator s1 − s2 do not commute 
with S2, and so this term in the spin–orbit operator is the one that is responsible 
for singlet–triplet mixing:

〈1,MS |Hso | 0,0〉 = 1
2 〈1,MS | (x1l1 − x2l2) · (s1 − s2) | 0,0〉 (11.17)

components of the electric-dipole moment operator. Proceed to identify the sym-
metry species of the vibration that, when mixed with the upper state, leads to 
an allowed transition.

Answer We shall treat the CO group as locally C2v and for simplicity regard the 
non-bonding orbital as O2py (Fig. 11.16) and the p*-orbital as built from 2px-
orbitals. The p*← n transition is n1p*1 A2 ← n2 A1 in the coordinate system shown 
in the figure (we have used B1 × B2 = A2 to work out the symmetry species of the 
upper state). Because the electric-dipole moment operator transforms as B1(x) +
B2(y) + A1(z), the only purely electronic transitions from the A1 ground state are to 
B1(x) + B2(y) + A1(z), which does not include A2. However, if this electronic state 
couples with a vibration of B1 symmetry, then its overall symmetry is B1 × A2 = B2,
which is an accessible state for y-polarized radiation. Similarly, if it couples with 
a vibration of B2 symmetry, then the overall symmetry is B2 × A2 = B1, which is 
accessible with x-polarized radiation. The vibrations mentioned are illustrated in 
Fig. 11.17.

Comment It should not be forgotten that there are other reasons why a transition 
acquires intensity, including the departure from the assumed local point group 
symmetry as a result of the presence of substituents.

B1

B2

Fig. 11.17 The vibrations of the 
molecular framework involved 
in the vibronic transitions of 
a carbonyl group.

n

π*

x

y

z

Fig. 11.16 The shift in electron 
distribution associated with an 
p*← n transition in the carbonyl 
group.
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For the z-component of the spin–orbit coupling, the spin operator is s1z − s2z and 
its eCect is

(s1z − s2z) | 0,0〉 = (s1z − s2z)
1
2

 {a(1)b(2) − b(1)a(2)}

 = H
1
2

 {a(1)b(2) + b(1)a(2)} = H | 1,0〉

Consequently, the remaining orbital operator part of the spin–orbit coupling 
hamiltonian is

〈1,0 |Hso | 0,0〉 = 1
2 H(x1l1z − x2l2z) (11.18)

(The bra and ket on the left simply integrate out the spin operators, leaving an 
orbital operator.) This operator has components that transform as rotations 
about the z-axis. The x- and y-components transform analogously. Because the 
transformation properties of rotations are listed in the character tables (such as 
those in Resource section 1), it is a simple task to decide which terms the spin–
orbit coupling can mix together.

B1

B2

A2

A1

x x

y

y

z z

zz

Fig. 11.18 The allowed 
transitions and their 
polarizations for electric dipole 
transitions in a C2v species.

Example 11.3 Analysing state mixing by spin–orbit coupling

Show that spin–orbit coupling in a C2v molecule can provide intensity to a 
3B2 ← 1A1 transition.

Method Decide which states can be mixed into the ground and excited states by 
noting how rotations transform in the group. Then decide whether any transitions 
between the contributing states of the same multiplicity are electric-dipole 
allowed.

Answer In C2v, rotations transform as B2(Rx) + B1(Ry) + A2(Rz). Therefore, the spin–
orbit coupling can mix 3B2,

3B1, and 3A2 terms into the 1A1 ground state. It can also 
mix 1A1,

1A2, and 1B1 terms into the 3B2 excited state. The electric-dipole moment 
operator transforms as B1(x) + B2(y) + A1(z), and so the transitions shown in 
Fig. 11.18 are allowed. Thus, the 3B2 ← 1A1 transition acquires intensity from these 
allowed components.

Self-test 11.2 Identify a mechanism for the 3B1u ← 1A1g transition in benzene.
[Spin–orbit coupling mixes 3B1u with 1B2u and 1E2u, then vibronic 

coupling makes these states accessible from 1A1g.]

The fates of excited states

Electronically excited states discard or utilize their excess energy in a number of 
ways including dissipation as heat and the rather more interesting processes 
of fluorescence and phosphorescence. Chemical reactions also often ensue after 
an initial electronic transition, and interesting phenomena are often observed. 
We shall look briefly at each of these processes.

11.10 Non-radiative decay

The most common mode is thermal decay, in which the energy is dissipated as 
thermal motion in the surroundings. The mechanism of this relaxation to equi-
librium is a sequence of radiationless transitions, in which energy is transferred 
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from the excited species to the molecules in its immediate vicinity. The initial 
transfer of energy is typically into the vibrational modes of the surrounding 
medium, and the eAciency of the transfer, because it involves the perturbation 
and mixing of the states of the two systems, depends on how closely the energy 
separations of the excited molecules match those of the surroundings. As a result, 
the lifetime of an excited state may be aCected quite considerably by varying 
the solvent. Water has rather high vibrational wavenumbers (1595, 3652, and 
3756 cm−1 for its three normal modes), and its higher harmonics coincide with a 
range of typical electronic excitation energies; hence, lifetimes are often short in 
water. A solvent such as selenium oxochloride, SeOCl2, on the other hand, for 
which the wavenumber of the highest fundamental is only 995 cm−1, acts as only 
a poor receptor for electronic energy transfer.
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ΔE
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Fig. 11.19 The model used for 
the discussion of non-radiative 
energy transfer into a system 
with a high density of states.

Example 11.4 Modelling non-radiative energy transfer

Consider the following mode of a non-radiative transition. Let the initial state be 
| i〉, and let there be a uniform ladder of states |v〉 of spacing e that acts as a thermal 
reservoir (Fig. 11.19). Take the matrix elements of the perturbation that mixes the 
states of the two systems to be real and equal to a for all values of v. Calculate the 
probability using first-order perturbation theory that the system has undergone 
energy transfer from the initial state of energy Ei to the thermal reservoir.

Method First-order perturbation theory (Section 6.2) tells us that the probability 
amplitude for finding the system in the state |v〉 of the reservoir is a/(Ei − Ev) (see 
eqn 6.26). The probability is the square of this amplitude, and the total probability 
is the sum over all v. Set Ev = Ef + ve with v = 0, ±1, ±2, . . . (see Fig. 11.19). We 
shall write DE = Ei − Ef.

Answer It follows from eqn 6.26 that the total probability is

P = ∑
v

a2

(Ei − Ev)
2

= ∑
n

a2

(Ei − Ef − ve)2

 = ∑
v

a2

e2{(Ei − Ef)/e − v}2
= AC

a

e
DF

2

∑
v

1

{(ΔE/e) − v}2

 = AC
ap
e

DF
2

cosec2 AC
pΔE

e
DF

(For the sum, see M. Abramowitz and I.A. Stegun, Handbook of mathematical 
functions, Dover, New York (1965), eqn 4.3.92, or use mathematical software.) 
The variation of P with the parameters is illustrated in Fig. 11.20.

InterActivity Using the Worksheet entitled Example 11.4 on the website of 
this text, explore the dependence of the probability P on energy and its variation 

with a and e.

Comment The model is a greatly simplified version of the Bixon–Jortner theory of 
radiationless transitions; see M. Bixon and J. Jortner, J. Chem. Phys., 3284, 50
(1969). The quantity r = 1/e is the density of states in the reservoir, so an alterna-
tive version of the result is

P = (apr)2 cosec2(prDE)

If Ei lies halfway between the v = 0 and v = 1 levels, then DE = 1
2 e, and P = (apr)2.

Although P appears to be infinite for DE = 0, that is an artefact of first-order 
perturbation theory.
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11.11 Radiative decay

Decay by a radiative process in which the excess energy is discarded as a photon 
may also occur. There are two main types of process, fluorescence and phospho-
rescence. The distinction between the two processes was originally made on the 
basis of the lifetime of the radiation: in fluorescence, the radiation ceased as soon 
as the exciting radiation was removed, but in phosphorescence it continues for at 
least a short time. The distinction is now made on the basis of their mechanisms. 
In fluorescence, the radiation is generated in the course of transitions between 
states of the same spin multiplicity. In phosphorescence, the radiation is gener-
ated in a sequence of steps that involve changes in spin multiplicity.

(a) Fluorescence

The steps that give rise to fluorescence are shown in Fig. 11.21. The initial absorp-
tion is 1A ← 1X (here, A is not a symmetry designation, just a label; X is the 
ground state). The transitions are governed by the Franck–Condon principle 
(Section 11.4), and so in general a range of vibrationally excited states of the 
upper electronic state is populated. Intermolecular collisions result in vibrational 
de-excitation, but the solvent may be such that the excess electronic excitation 
energy cannot easily be discarded on account of the mismatch of energy separa-
tions. The molecules persist in the lowest vibrational states of the excited singlet, 
and if their lifetime is long enough, spontaneous emission may occur as the mol-
ecule generates a photon. The photon emission also occurs in accord with the 
Franck–Condon principle, and the emission spectrum will show vibrational 
structure characteristic of the electronic ground state. The fluorescence spectrum 
will also be shifted to longer wavelengths than the absorption spectrum, because 
some of the initial excitation energy has been discarded into the surroundings 
during vibrational de-excitation. It follows that fluorescence spectra can be used 
to gather valuable information about the shape of the ground-state molecular 
potential energy surface, and from the variation of the overall intensity with 
solvent, to investigate the mechanism of energy transfer between species.

(b) Phosphorescence

The transitions leading to phosphorescence are illustrated in Fig. 11.22. The first 
step, as in fluorescence, is the absorption 1A ← 1X. Thermal degradation within 
the state 1A then occurs, and if it is not too fast, the spin–orbit coupling in the 
molecule might succeed in causing an intersystem crossing, a radiationless transi-
tion involving a change of multiplicity, into a nearby triplet state (perhaps arising 
from the same configuration as the excited singlet state), which we shall denote 
3A. The crossing occurs in accord with the Franck–Condon principle, at the inter-
section of the molecular potential energy surfaces for the two electronic states, 
which is where the vibrational wavefunctions of the two electronic states match 
one another best. (In classical terms, at the intersection the oscillators share the 
same turning point.) This intersystem crossing will occur most rapidly if spin–
orbit coupling is large, and so it is favoured by the presence of heavy atoms in the 
molecule.

If intersystem crossing takes place, thermal degradation will continue, but 
now the molecule is lowered down the stack of vibrational states of the triplet 3A
and becomes trapped in the vibrational ground state. There is now little that 
the molecule can do. It cannot return to the ground state because singlet–triplet 
transitions are forbidden. It cannot return to 1A because it has insuAcient energy. 
However, it is not quite true that the molecule can do nothing because the fact 
that intersystem crossing has occurred implies that the spin–orbit coupling is 
strong enough to mix states of diCerent multiplicity, and hence the forbidden 
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3A→1X transition is in fact weakly allowed. It follows that the system can slowly 
radiate its excess energy as the spin–orbit coupling enables this transition, and 
the photons produced are the radiation we call phosphorescence.

Excited states and chemical reactions

The final fate of energetically excited molecules that we shall consider is their 
chemical reaction, when they change their identity. A knowledge of the way in 
which electron distributions are reorganized in the course of reactions is essential 
for understanding these processes, and we shall see in this section how the inter-
play of ideas stemming from molecular orbital theory, electron transition pro-
cesses, and group theory account for a range of organic reactions.

11.12 The conservation of orbital symmetry
We shall consider a pericyclic reaction, which is a concerted process (that is, a 
reaction in which bond breaking and bond formation occur simultaneously) that 
takes place by the reorganization of electron pairs within a closed chain of inter-
acting atomic orbitals. We shall concentrate on two types of pericyclic reactions. 
In an electrocyclic reaction, ring closure or opening occurs in a single molecule. 
In a cycloaddition reaction, two or more molecules condense to form a ring and 
form new s-bonds at the expense of old p-bonds. An example of an electrocyclic 
reaction is the ring-opening of cyclobutene (1) to form butadiene (2), and vice 
versa. An example of a cycloaddition reaction is the Diels–Alder reaction, which 
includes the reaction of ethene and butadiene to form cyclohexene (3). Each of 
these types of reaction has interesting features that can be explained very readily 
on the basis that orbital symmetry is conserved (in a sense we shall explain) as it 
takes place.

11.13 Electrocyclic reactions
Consider the electrocyclic reaction butadiene → cyclobutene. The four but-
adiene p-orbitals were derived in Section 8.8 and are drawn again on the left in 
Fig. 11.23. As a result of the formation of a ring, a p-bond turns into a s-bond,
and the orbital scheme for cyclobutene is shown on the right in the figure. Next, we 
note that the two molecules have symmetry elements in common. For instance, 
both have a C2 axis, and both have mirror planes (Fig. 11.24). Therefore, it 
should be possible to keep track of the molecular orbitals as they change from 
one molecule to the other by keeping an eye on their behaviour with respect to 
the common symmetry elements. In other words, we should be able to set up 
a correlation diagram showing how the orbitals of butadiene change into the 
orbitals of cyclobutene. When that has been done, we should be in a position to 
describe the orbitals of the transition state, the state through which the molecule 
must pass as it changes from reactants to products.

There is, however, a crucial complication; but it is this complication that makes 
pericyclic reactions so interesting. We see from Fig. 11.25 that there are two 
pathways for the reaction. In one, the conrotatory path, the CH2 groups rotate in 
the same sense as one another. In the disrotatory path they rotate in opposite 
senses. Neither transition state (for each path) possesses the full common sym-
metry of the reactants and products. The conrotatory path preserves the C2 axis 
throughout the reaction with the mirror planes present only at the beginning and 
end. The disrotatory path preserves one of the mirror planes but the C2 axis and 
the other plane are present only at the beginning and end. It follows that, to 
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Fig. 11.23 A schematic 
representation of the molecular 
orbitals of (a) butadiene and 
(b) cyclobutene.
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construct the correlation diagram, we must examine the evolution of the orbitals 
in these two diCerent reduced point groups.

We deal first with the conrotatory path, the path that preserves C2. The 
four orbitals 1p, . . . ,4p of butadiene have characters −1,1,−1,1 under C2 (see 
Fig. 11.23). In the application of group theory to organic reaction mechanisms it 
is conventional to be less formal with the notation, and orbitals are classified 
as S (for symmetric, character +1) or A (for antisymmetric, character −1). We 
shall use this notation from now on. The classification of the molecular orbitals 
of butadiene in this way is shown in the middle of the correlation diagram in 
Fig. 11.26 and the classification of the cyclobutene orbitals is shown on the left. 
Because the C2 symmetry element is common to the reactant, the transition state, 
and the product, the symmetry labels S and A are applicable throughout the 
course of the reaction: they are ‘good quantum numbers’. It follows that the S
orbitals of the reactants correlate with the S orbitals of the products, and likewise 
for the A orbitals. The ambiguity about which S orbital correlates with which 
S orbital, and which A orbital correlates with which A orbital, is resolved by 
the non-crossing rule (Section 6.1), which forbids the crossing of states of the 
same symmetry. It follows that the correlation diagram for the conrotatory elec-
trocyclic reaction is as shown on the left in Fig. 11.26.

A similar argument may be applied to the disrotatory path and the preserva-
tion of the single mirror plane. The orbital classification of butadiene is shown in 
the middle of Fig. 11.26, and the classification for cyclobutene is shown on the 
right. Once again, we can use the non-crossing rule to construct the correlation 
diagram shown in the right half of the illustration.

It should now be clear that there is a substantial diCerence between the two 
pathways. Suppose that there is insuAcient energy available for the electrons 
to be excited out of the ground state of the reactant molecule. That is the case in 
a thermal reaction pathway, when the reaction is induced by heating. In a con-
rotatory process, the ground configuration 1p22p2 of butadiene goes smoothly 
over into the ground configuration 1s21p2 of cyclobutene and the energy demands 
of the reaction are minimal. On the other hand, in a disrotatory path, one of the 
electron pairs ends up in a high energy orbital, and the product is the excited con-
figuration 1s22p2. There is insuAcient energy available for this process to occur, 
and so we can conclude that in the thermal cyclization of butadiene, only the 
conrotatory path is taken. Likewise, in the thermal ring-opening reaction of 
cyclobutene, similar arguments lead to the conclusion that the conrotatory path 
will be taken because it has low energy demands; the disrotatory path evolves 
into the excited state 1p23p2. It should also be noticed that the HOMO dominates 
the conclusions, for it correlates strongly upwards in energy in the thermally 
forbidden reaction. This is a general feature, and accounts for the importance of 
the frontier orbitals, the HOMO and LUMO, in reaction mechanisms.

There are two experimentally verifiable predictions that come from the above 
discussion. In the first place, we expect the activation energy for ring opening to 
be quite small because it can occur without the promotion of electrons to excited 
states. The experimental value is in fact only about 80 kJ mol−1. It can be ascribed 
largely to changes in the s-framework of the molecule and changes in orbital 
composition, which are eCects ignored in the correlation scheme. Second, the 
conrotatory path has specific stereochemical implications. Take, for example, 
the analogous six p-electron reaction shown in Fig. 11.27. Substituents rarely 
perturb the symmetry of a molecule suAciently to upset orbital correlation 
arguments, and so they may be treated as labels. An analysis of the relevant 
correlation diagram shows that the thermally feasible reaction takes place along 
the disrotatory path, and gives stereochemically distinct products from the ther-
mally forbidden conrotatory path. This diCerence is confirmed experimentally. 
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Fig. 11.25 The conrotatory and 
disrotatory ring closures of 
butadiene. The small spheres 
serve merely to identify protons; 
they do not necessarily 
correspond to substituents.
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Fig. 11.26 The correlation 
diagram for (a) the conrotatory 
and (b) disrotatory butadiene–
cyclobutene interconversion.

A brief comment
The Woodward–HoImann
rules are based on correlation 
diagrams relating initial and 
final states of a changing 
system. We encountered 
another version of correlations 
of this kind in the Wigner–
Witmer rules for molecular 
dissociation at the beginning 
of this chapter (Section 11.3).
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The alternation conrotatory, disrotatory, . . . for the thermally feasible reaction 
as the number of electrons in the p-system changes along the series 4, 6, . . . is a 
general prediction for electrocyclic reactions, and is one of the Woodward–
HoImann rules devised by R. HoCmann and R.B. Woodward.

11.14 Cycloaddition reactions
The same kind of argument can be used to explain the stereochemical conse-
quences of cycloaddition reactions. We shall investigate the contrast between the 
negligibly slow thermal dimerization of ethene to cyclobutane and the much 
faster Diels–Alder addition of ethene to butadiene. We shall see that the diCer-
ence can be expressed in terms of symmetry arguments. In other words, chemical 
reactions, like spectroscopic transitions, obey selection rules.

Consider the face-to-face approach of two ethene molecules. In the arrange-
ment shown in Fig. 11.28, the two mirror planes are preserved throughout the 
reaction: they occur in the initial encounter and in the transition state. They can 
therefore be used for the symmetry analysis of the orbitals. The bonding and 
antibonding orbitals of the ethene molecule are A or S with respect to each of the 
two mirror planes, and their joint classification is shown on the left in Fig. 11.29. 
The designation SA, for example, signifies a joint molecular orbital that is S with 
respect to s and A with respect to s ′. The s-bonds they form may also be classified 
as A or S with respect to each plane, and their order of energies can be assessed 
by judging the importance of their nodes. This assessment can often be done 
intuitively, and by supposing that there is very little interaction between diCerent
s-bonds across a cyclobutane ring. The correlation diagram is then constructed 
by connecting orbitals of the same symmetry but by avoiding crossings. It is quite 
clear that the HOMO of the reactants rises steeply in energy and the dimerization 
leads to a cyclobutane molecule in an excited state if the populations migrate 
adiabatically (that is, along the connecting lines, without making transitions 
between them). Therefore, we conclude that the ethene–ethene cycloaddition 
reaction (and the reverse cycloreversion reaction) with face-to-face geometry is 
thermally forbidden. This conclusion is in accord with observation.

Now we apply the same argument to the ethene–butadiene reaction, which is 
the prototype of the wide class of Diels–Alder reactions. We continue to consider 
the face-to-face approach of the molecules, which preserves the mirror plane 
shown in Fig. 11.30 throughout the course of the reaction. The orbitals of the 
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Fig. 11.29 The correlation 
diagram for the dimerization of 
ethene to cyclobutane. The (SA,
SS) pair is degenerate when the 
ethene molecules are far apart; 
the same is true of the (AA, AS)
pair. The symmetry classification 
refers to the elements ss ′
illustrated in the preceding 
diagram.
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Fig. 11.27 The stereochemical 
consequences of diCerent reaction 
paths.
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Fig. 11.28 The common symmetry 
elements of (a) an ethene dimer and 
(b) cyclobutane.
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Fig. 11.30 The common 
symmetry elements of 
(a) an ethene and butadiene pair 
and (b) cyclohexene.
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cluster of molecules are depicted on the left in Fig. 11.31, and are classified with 
respect to the preserved mirror plane. The left side of the diagram is simply the 
superposition of the butadiene (1p, 3p, 4p, 6p) and ethene (2p, 5p) energy levels 
with the disregarded s-framework indicated throughout. In the course of the 
reaction, two new s-bonds are formed at the expense of two p-bonds and one 
p-bond is relocated. The orbitals and energy levels of the product, cyclohexene, 
are shown on the right of the figure, and have been classified with respect to the 
same mirror plane.

At this point we can construct the correlation diagram by using the non-
crossing rule, and then trace the evolution of the bonding electron pairs of the 
reactants as they change adiabatically into products. The obvious feature is that 
the ground-state configuration of the reactants correlates with the ground-state 
configuration of the products. The activation energy for the reaction can there-
fore be expected to be suAciently low for it to be thermally feasible. This is in 
accord with the readiness with which Diels–Alder reactions are known to take 
place: they are thermally allowed reactions. Another Woodward–HoCmann rule 
is exemplified by the two reactions we have described: a 4 + 2 p-electron cyclo-
addition reaction is thermally allowed, whereas a 2 + 2 p-electron reaction is 
thermally forbidden in the same face-to-face geometry.

11.15 Photochemically induced electrocyclic reactions

Reactions are thermally allowed when there is a transfer of electron pairs 
from bonding orbitals in the ground state of the reactant molecules to bond-
ing orbitals in the products. A reaction that is thermally forbidden may become 
photochemically allowed when electrons are excited into higher energy orbitals. 
Excitation permits reaction not only because more energy is available to 
overcome activation barriers but also because the consequences of orbital sym-
metry are diCerent. In other words, because the initially occupied orbitals are 
diCerent, the same selection rules permit the exploration of diCerent reaction 
channels.

We shall illustrate this feature by considering once again the ring closure of 
butadiene. This time, though, we shall consider a photochemical mechanism in 
which the absorption of a photon has led to the excitation of a single electron 
(Fig. 11.32). The disrotatory adiabatic correlation of the excited butadiene 
configuration leads to an excited cyclobutene configuration of similar energy to 
the starting point whereas the conrotatory path involves a significant increase in 
energy. Hence, in contrast to the thermal electrocyclic reaction, the disrotatory 
path is open to the photochemically induced reaction and the conrotatory path is 
closed. The reversal of the thermal prediction is another general feature of electro-
cyclic reactions, and is another one of the Woodward–HoCmann rules. The 
photochemical ring closure of butadiene is known, and it does in fact proceed by 
the predicted disrotatory path. Nevertheless, there are complications (as in most 
photochemical processes), for the cyclobutene is produced in its electronic ground 
state, not the excited state the correlation diagram suggests. We need to resolve 
this discrepancy.

A problem with the correlation diagrams presented so far is that they focus 
attention on the individual orbitals. We should in fact be considering the overall 
states of molecules, and apply our arguments to them. To illustrate what is 
involved, we consider the first few excited states of butadiene and cyclobutene. 
Their symmetry species are obtained in the normal way, by taking the direct 
product of the symmetry species of the individual, occupied orbitals, all doubly 
occupied orbitals being totally symmetric. Because the disrotatory path preserves 

A

A

A

A

A

A

S

S

S

S

S

S

1π

1π

1σ

2σ

3σ

4σ

2π

2π

3π

4π

5π

6π

Fig. 11.31 The correlation 
diagram for the cycloaddition 
of ethene to butadiene to form 
cyclohexene.



 11.15 PHOTOCHEMICALLY INDUCED ELECTROCYCLIC REACTIONS | 403

the single mirror plane, the relevant state classification is in terms of S and A with 
respect to the plane. To work out the direct products, we use

S × S = S S × A = A A × A = S (11. 19)

which follow from the characters +1 and −1 for S and A, respectively.
The ground states are S (they are closed-shell species). The first excited 

configuration of butadiene is 1p22p13p1, which has symmetry species A × S = A.
Because the two outermost electrons occupy diCerent orbitals this configuration 
can give rise to both singlet and triplet terms, with the triplet lower in energy 
than the singlet. The next higher energy configuration is 1p23p2, which is S over-
all and necessarily a singlet. The cyclobutene states are set out in the diagram 
in Fig. 11.33. The correlation diagram in Fig. 11.26 can be used to simplify 
the construction of the state correlations; because butadiene(1p,2p) correlates 
with cyclobutene(1s, 2p), it follows that butadiene(1p22p2, 1S) correlates with 
cyclobutene(1s22p2, 1S). This connection lets us draw the lines in Fig. 11.33. 
Now we see an important point: overall states of the same symmetry have incor-
rectly crossed. Such crossing is forbidden by the non-crossing rule, so the light 
lines in the illustration should be replaced by the heavy lines.

Now consider the disrotatory ring closure in terms of the overall states of the 
molecule. If the butadiene molecule is in its ground state and we are considering 
a thermal reaction, then although in principle the ground state of cyclobutene 
can be reached without electronic excitation, the reaction involves a considerable 
activation energy and is therefore forbidden. This conclusion modifies the earlier 
discussion, where we decided that it is because the disrotatory path leads to an 
excited state of the product that it is forbidden. We now see that the forbidden 
nature of the reaction stems from the activation barrier, and that that barrier 
exists for two reasons: the rise in energy is a consequence of orbital correlation 
(so that remains an important part of the argument), and the existence of the 
peak is a consequence of the non-crossing of states of the same overall 
symmetry.

If the butadiene molecule is initially in a triplet excited state, then disrotatory 
motion moves it to the point P1 on the correlation diagram in Fig. 11.33. There is 
suAcient spin–orbit coupling to induce intersystem crossing, and so it switches 
to the lower 1S curve. It cannot go forward to cyclobutene because that would 
require a further injection of energy to overcome the barrier at P4. Therefore, 
the molecule loses its energy non-radiatively and converts back to ground-state 
butadiene. This behaviour is actually observed. Now suppose that absorption 
results in the population of the first singlet excited state of butadiene. Then 
the simple conclusion would be that it can pass over into the first excited 
singlet state of cyclobutene, as we concluded from the individual orbital ana-
lysis. The crossing at P2, however, plays a significant role because there may be 
a strong enough perturbation present (such as rapid nuclear motion and the 
failure of the Born–Oppenheimer approximation) to induce an internal conver-
sion between curves at P2. In other words, the 1A state can convert into the 1S
state when its geometry corresponds to the point P2. As the reaction proceeds, 
the state of the molecule moves on to P3 where it is suAciently close to the 
lower curve for nuclear motion to induce a second internal conversion to the 
lower 1S curve. This curve-jumping is an example of a non-adiabatic process
(see the brief comment of Section 8.1). The second internal conversion results in 
the molecule at point P4. Now it needs no activation energy to go on to ground-
state cyclobutene (or back to ground-state butadiene). Hence, ground-state 
cyclobutene appears in the products of singlet excited butadiene, exactly as 
observed.
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Fig. 11.33 The state correlation 
diagram for the cycloaddition of 
ethene to butadiene.
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A brief comment
The interaction of two states 
of the same overall symmetry 
is another example of the 
configuration interaction 
introduced in Section 8.5.
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11.16 Photochemically induced cycloaddition reactions

The same kind of analysis accounts for the characteristics of photochemically 
induced cycloaddition reactions. The strategy is to use the orbital correlation 
diagrams to construct first approximations to the state correlation diagrams for 
the lowest few configurations. Then we allow for interaction between states of 
the same symmetry so that crossings are eliminated from the diagrams. Finally, 
we recognize that all the intersections and the non-crossings are leaky on account 
of the presence of ignored perturbations, such as spin–orbit coupling (which 
mixes states of diCerent multiplicity) and the breakdown of the Born–
Oppenheimer approximation (which gives rise to interaction between states of 
the same multiplicity).

To see the strategy in action, consider the dimerization of ethene once again. 
The orbital correlation diagram lets us construct the state correlation diagram 
shown in Fig. 11.34. The ground states of the ethene pair and the cyclobutane are 
each of SS symmetry with respect to the two preserved mirror planes, and the 
forbidden character of the thermal reaction can be ascribed to the existence of 
the high activation barrier. On the other hand, the first excited configuration 
(1p22p13p1) correlates, with little change of energy, with the first excited state 
(1s22s13s1) of cyclobutane. A simple analysis would lead us to expect the 
dimerization to be photochemically allowed (which it is) and the products to be 
excited (which they are not).

To explain the last point we need to consider the conversions that can occur at 
intersections of the lines in the state correlation diagram. The intersection at P1

permits one internal conversion, and the close approach of the two interacting 
curves near P2 allows a second conversion to the lower curve to take place. With 
that accomplished, the molecule can slide down to either reactant or product, 
each being produced in its ground state, as observed.

The face-to-face dimerization of ethene is thermally forbidden but photochem-
ically allowed. This reversal of cycloaddition behaviour is a general feature of 
such reactions, and is yet another one of the Woodward–HoCmann rules. The 
Diels–Alder ethene–butadiene cycloaddition is thermally allowed. We can see 
that it is photochemically forbidden by reference to the state correlation diagram 
(Fig. 11.35), which has been constructed by using the orbital correlation diagram 
in Fig. 11.31. The most obvious feature is the absence of any energy barrier in 
the correlation of the two ground-state configurations: the reaction is therefore 
predicted to be thermally allowed. The first excited configuration (1p22p23p14p1)
correlates with a highly excited configuration (1s22s21p12p1) of the addition 
product, and so on simple grounds we do not expect it to occur. To some extent 
interaction between configurations alleviates the energy requirements because 
there is a crossing with a configuration (1s22s11p23s1) of the same symmetry, 
and so the adiabatic evolution of the first excited state ends up in the first excited 
state of the cyclohexene. Nevertheless, this still leaves a barrier, and so the photo-
chemical process remains forbidden, as observed.

The consequences of orbital correlation diagrams, and of their more sophis-
ticated interpretation in terms of state correlations, have led to a much deeper 
understanding of some aspects of organic chemistry. Indeed, orbital correlation 
is a prime example of how much theory can contribute to experimental chemistry.
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Fig. 11.35 The state correlation 
diagram for the cycloaddition of 
ethene to butadiene.

1π23π2 SS
1σ23σ2 SS

1σ22σ2 SS1π22π2 SS

1π22π13π1 AA

1σ22σ13σ1 AAP1

P2

Fig. 11.34 The state correlation 
diagram for the dimerization 
of ethene.
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Exercises

Problems

*11.1 For all four Hund’s cases, (i) discuss which of the 
quantum numbers are ‘good’ quantum numbers and 
(ii) determine the degeneracy of a rotational energy level.

*11.2 What case (a) terms can arise in a diatomic molecule 
in which a single electron occupies a molecular orbital 
constructed from face-to-face overlap of dxy orbitals?

*11.3 Which of the following transitions are electric-dipole 
allowed: (a) 2Π → 2Π, (b) 1Σ → 1Σ, (c) Σ → Δ, (d) Σ+ → Σ−,
(e) Σ+ → Σ+, (f) 1Σg

+→ 1Σu
+, (g) 3Σg

− → 3Σu
+?

*11.4 Without referring to the Resource section, identify the 
multiplicities of the atoms that may form when a diatomic 
molecule with S = 3/2 dissociates.

*11.1 Consider the Rydberg state of H2
+ that arises from the 

overlap of two H2s-orbitals as resembling a single 2s-orbital 
of He+ centred on the mid-point of the bond. What is (a) the 
mean radius of the orbital and (b) the radius of the 90 per 
cent boundary surface? For comparison, the bond length 
of the ground state of the molecule–ion is 106 pm.

11.2 Confirm that eqn 11.5 follows from eqn 11.4.

11.3 The Franck–Condon principle and the Born–
Oppenheimer approximation have an important 
qualitative feature in common. What feature do they 
share that to a large extent justifies their usefulness?

*11.4 Consider a case in which two electronic states have 
the same force constant but in which the equilibrium bond 
lengths diCer by DR. Find an expression for the relative 
intensity of the 0–1 transition (v = 1 is the upper vibrational 
state) as a function of DR. Hint: Follow Example 11.1; use 
mathematical software to evaluate the integral numerically.

11.5 Continue Problem 11.4 by finding an expression for 
the Franck–Condon factors S2

v0 for v = 0, 1, 2 as a function 
of DR. What value of DR is needed for the transition 
intensity to v = 1 to dominate the other two?

11.6 Show that in the carbonyl group the p* ← p transition 
is allowed, its transition dipole moment lying along the 
bond. Hint. Consider the carbonyl group to be of C2v

symmetry with the C=O bond along the z-axis.

*11.7 Assess the polarization of the 1A2 ← 1A1 transition in 
H2CO and of the 1B2u ← 1Ag transition in CH2=CH2. Hint.
Use C2v and D2h respectively; consider the role of vibrational 
coupling.

*11.5 Without referring to the Resource section, identify 
the orbital terms symbols of the atoms that may form 
when a heteronuclear diatomic molecule in a F state 
dissociates.

*11.6 What atomic terms can be expected when the 4Πu

state of O2
+ dissociates?

*11.7 Show that the transition 1A2 ← 1A1 is electric-dipole 
forbidden in H2O but may become allowed as a vibronic 
transition involving one of the molecule’s vibrational 
modes.

*11.8 Which states of benzene may be mixed with 3B1u

and 3B2u by spin–orbit coupling?

11.8 In a diamagnetic octahedral complex of Co3+, two 
transitions can be assigned to 1T1g ← 1A1g and 1T2g ← 1A1g.
Are these transitions forbidden? If they are forbidden, what 
symmetries of vibrations would provide intensity? Can the 
intensities be ascribed to the admixture of configurations 
involving p-orbitals?

11.9 Deduce the eCect of the operator Hso in eqn 11.16 
on a two-electron singlet state. Hint. Proceed as in 
the discussion following eqn 11.16 but include s+

and s−.

*11.10 At time t = 0 a molecule is known to be in a singlet 
state. The energy separation of the singlet and triplet states 
is hJ. Deduce an expression for the time dependence of the 
probability that the system is in any of the three states of 
the triplet at some later time as a result of the spin–orbit 
interaction. Suppose that the sample consists of a large 
number of molecules that are excited photochemically to 
a singlet state over a range of time 0 ≤ t0 ≤ T with equal 
probability. What is the probability that any molecule is 
in a triplet state at some time later than T? Hint. The basic 
equation to use is eqn 6.63. For the second part, average 
this equation over a uniform distribution of starting times in 
the range 0 ≤ t0 ≤ T (that is, multiply by dt/T and integrate 
between the appropriate limits).

11.11 In an aromatic molecule of D2h symmetry the 
lowest triplet term was identified as 3B1u. What is the 
polarization of its phosphorescence? Hint. Decide which 
singlet terms can mix with 3B1u and assess the polarization 
of the light involved in the return of that state to the 1Ag

ground state.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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11.12 The broadening of a spectral line due to 
predissociation can be quantitatively characterized by 
Fermi’s golden rule. According to first-order perturbation 
theory, the spectral width (in hartrees) is given by 2p |Vfi |2

where Vfi is the coupling matrix element between the bound 
and dissociative states involved in the predissociation. What 
magnitude of Vfi gives rise to a predissociative lifetime of 
(i) 1.0 ms, (ii) 5.0 ns?

*11.13 The Bixon–Jortner approach to radiationless 
transitions was sketched in a very simplified form in 
Example 11.4. The following is a slightly more elaborate 
version. Let y, an eigenstate of the system hamiltonian H(sys)

with eigenvalue E, be the state populated initially, and let jn,
an eigenstate of the bath hamiltonian H(bath) with eigenvalue 
En, be a state of the bath. Let Y = ay + Σnbnjn be an 

eigenstate of the true hamiltonian H with energy E. Let 
〈y |jn〉 = 0 and H′ = H − H(sys) − H(bath) have constant matrix 
elements 〈jn |H′ |y〉 = V for all n. Show that HY = EY leads 
to Va + (En − E)bn = 0 and (E − E)a + VΣnbn = 0. Hence find 
an expression relating a and bn. Letting E − En = (g − n)e
and using Σn

∞
=−∞1/(g − n) = −p cot pg and r = 1/e, show that 

E − E − prV2 cot pg = 0, an equation for E. Go on to show 
on the basis that a2 + Σnbn

2 = 1, that a2 = V2/{(E − E)2 + V2

+ (pV2r)2} Hint. See M. Bixon and J. Jortner, J. Chem. 
Phys., 3284, 50 (1969).

11.14 In the brief comment following eqn 11.2 we remarked 
that J+ and J− are lowering and raising operators in a 
rotating frame. Confirm this remark. Hint: An argument 
will be found in W.H. Flygare, Molecular structure and 
dynamics, Prentice-Hall (1978), p.200.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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12The electric properties 
of molecules

This chapter explores the properties of molecules exposed to an electric fi eld. The 
source of the fi eld may be external or, when considering intermolecular forces, another 
molecule. The fi eld may be either constant in time or oscillatory. Knowledge of the 
infl uence of an electric fi eld will enable us to discuss a variety of related molecular prop-
erties, which includes

• the relative permittivity (dielectric constant) of a bulk sample

• the refractive index

• optical activity

• intermolecular properties.

Throughout the chapter we draw on the material on perturbation theory developed 
in Chapter 6.

The response to electric fi elds

A molecule exposed to an electric field E may acquire an electric dipole moment 
m. The perturbation caused by the electric field is given by

H(1) = −m · E mm = ∑
i

Qiri (12.1)

where the molecule is comprised of particles i of charge Qi at the location ri. We 
shall suppose that the field is uniform over the molecule, and so avoid having to 
deal with its interaction with higher multipoles (the quadruple moment, for 
instance, interacts with the electric field gradient). To keep the notation simple, 
we suppose that the electric field is applied in the z-direction, and write E = Ek,
where k is a unit vector in the z-direction. Then

H(1) = −mzE (12.2)

This chapter explores the consequences of this simple perturbation. In particular, 
we shall establish an expression for the polarizability, a, a measure of the ability 
of the molecule to respond to an electric field and acquire an electric dipole 
moment, and explore its consequences and applications.

12.1 Molecular response parameters

In Chapter 6, we used time-independent perturbation theory to provide expres-
sions for the energy in powers of the perturbation. Our first task in this chapter 
is to adapt those expressions to give expressions for properties other than the 
energy. One approach is to set up an operator for the property of interest and then 
to evaluate its expectation value (eqn 1.28) by using the perturbed wavefunctions. 
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An alternative approach, the one adopted here, is to find a way of deriving a 
molecular property from the perturbation expression for the energy.

The key to the extraction of the polarizability from the perturbation expres-
sion for the energy is the Hellmann–Feynman theorem (eqn 6.48):

dE
dP

= �[H[P � (12.3)

In the present case, the parameter P is the electric field strength E, so we need 
to use

dE
dE

= �[H[E � (12.4)

The partial derivative of the hamiltonian (H = H(0) + H(1)) is simply

[H
[E

= [H(0)

[E
+ [H(1)

[E
= [H(1)

[E
= [
[E

(−mzE) = −mz (12.5)

because the electric field is not present in the zero-order hamiltonian, H(0). It 
follows that the variation of the energy with the electric field strength is given by

dE
dE

= −〈mz〉 (12.6)

The energy, E, of the molecule in the presence of the electric field can be devel-
oped in terms of a Taylor expansion (Section 10.7) relative to its energy E(0) in 
the absence of the field:

E = E(0) + A
C
dE
dE

D
F

0

E + 1
2!

A
C
d2E
dE2

D
F

0

E2 + 1
3!

A
C
d3E
dE3

D
F

0

E3 + · · · (12.7)

where the subscript 0 indicates that the derivative is evaluated at E = 0. It then 
follows from eqns 12.6 and 12.7 that

〈mz〉 = − A
C
dE
dE

D
F

0

− A
C
d2E
dE2

D
F

0

E − 1
2

A
C
d3E
dE3

D
F

0

E2 − · · · (12.8)

The expectation value of the electric dipole moment in the presence of the electric 
field is the sum of a permanent dipole moment and the contribution induced by 
the field, so we can also write

〈mz〉 = m0z + azzE + 1
2bzzzE

2 + · · · (12.9)

In this expression, azz is the polarizability in the z-direction and bzzz is the first 
hyperpolarizability in the z-direction. There are higher-order hyperpolarizabil-
ities too, but we shall not consider them.

The polarizability is properly regarded as a matrix (or, more loosely, as a 
second-rank ‘tensor’). When a field is applied along the z-axis, a dipole may be 
induced with components mx, my, and mz (Fig. 12.1), where mq = aqzE, q = x,y,z. The 
three components axz, ayz, and azz of the matrix a therefore relate the magnitude 
of each induced component to the strength of the field in the z-direction. Normally, 
the diagonal element (azz) dominates the other two, because the induced moment 
is usually almost parallel to the applied field. There are in general three directions 
relative to the molecule that, when the field is applied along them in turn, give 
rise to strictly parallel induced dipole moments. These directions are called the
principal axes of the polarizability. For similar reasons b is written with three 
subscripts: bqzz is its contribution to the q-component of the electric dipole when 

x

y

z
E

m

mx

my

mz

Fig. 12.1 An applied field induces 
a dipole moment that might not 
be parallel to the field. The 
oC-diagonal components of the 
polarizability tensor determine 
the non-parallel components of 
the induced dipole moment.
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the electric field is applied along the z-axis. A field with both x- and y-components
would lead to components of the dipole moment equal to bqxyExEy, etc.

By comparing eqns 12.8 and 12.9 we can make the following identifications:

m0z = − A
C
dE
dE

D
F

0

(12.10a)

azz = − A
C
d2E
dE2

D
F

0

(12.10b)

bzzz = − A
C
d3E
dE3

D
F

0

(12.10c)

and so on. These expressions are the links we need between the properties we 
want to calculate and the energy of the system, which we can calculate by using 
perturbation theory. With these relations established, we can write eqn 12.7 in 
terms of molecular properties:

E = E(0) − m0zE − 1
2azzE

2 − 1
6bzzzE

3 + · · · (12.11)

12.2 The static electric polarizability

When the electric field is constant (has zero frequency), the polarizability is 
referred to as the static electric polarizability. To implement eqn 12.10b we need 
the perturbation expression for the energy, which in Sections 6.2b and 6.2d was 
found to be as follows for the state | 0〉:

E0 = E0
(0) + 〈0 |H(1) | 0〉 + 〈0 |H(2) | 0〉 + ∑

n≠0

〈0 |H(1) |n〉 〈n |H(1) | 0〉
E0

(0) − En
(0)

+ · · · (12.12)

There is no second-order hamiltonian in the present problem, so the third term 
on the right makes no contribution. Substitution of H(1) = −mzE gives

E0 = E0
(0) − 〈0 |mz | 0〉E + !

@∑n≠0

〈0 |mz |n〉〈n |mz | 0〉
E0

(0) − En
(0)

#
$E2 + · · · (12.13)

At this point we can use eqn 12.10a to write

m0z = − A
C
dE0

dE
D
F

0

= 〈0 |mz | 0〉 (12.14)

because only the second term on the right of eqn 12.13 survives after taking 
the first derivative with respect to E and then setting E = 0. This relation tells us 
nothing new: it states that the permanent electric dipole moment of the molecule 
is the expectation value of the dipole moment operator in the unperturbed state 
of the system.

(a) The mean polarizability and polarizability volume

The second derivative of the expression for E0 in eqn 12.13 gives the following 
result after setting E = 0 and using eqn 12.10b:

azz = −2∑
n≠0

〈0 |mz |n〉〈n |mz | 0〉
E0

(0) − En
(0)

(12.15)

This equation is an explicit expression for the static polarizability of the molecule 
in terms of integrals over its (unperturbed) wavefunctions. It is clear from eqn 
12.15 that because mz transforms as z, azz transforms as z2; in general, aqq′ trans-
forms as qq′. We made use of this transformation property in the discussion of 
selection rules for Raman spectroscopy (Section 10.12).
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To make progress, we write DEn0 = En
(0) − E0

(0), which is a positive quantity when 
the subscript 0 denotes the ground state of the molecule. We shall also write the 
matrix elements 〈m |mz |n〉 as mz,mn; then eqn 12.15 becomes

azz = 2∑
n≠0

mz,0nmz,n0

DEn0

(12.16)

Similar expressions for the polarizability when the field is applied along the 
x- and y-axes can be written down by analogy. The mean polarizability, a, is the 
property observed when a molecule is rotating in a fluid and presents all orienta-
tions to the applied field:

a = 1
3(axx + ayy + azz) = 2

3∑
n≠0

|mn0 |2

DEn0

(12.17)

where

|mn0 |2 = m0n · mn0 = mx,0nmx,n0 + my,0nmy,n0 + mz,0nmz,n0 (12.18)

The units of the polarizability, with the dipole moment operators expressed 
in coulomb metre (C m) and the energy diCerences in joule (J), are expressed 
in (coulomb metre)2 per joule (C2 m2 J−1). These units are disagreeably cum-
bersome, and it is common to introduce the polarizability volume, a′, which is 
defined as

a′ = a
4pe0

(12.19)

where e0 is the vacuum permittivity (e0 = 8.854 × 10−12 J−1 C2 m−1). The polariz-
ability volume has the dimensions of volume and its units are metre cubed (m3);
as we shall see, its magnitude is approximately equal to the volume of the mol-
ecule. The use of the polarizability volume also simplifies some expressions and 
we shall use it when it is convenient to do so.

Example 12.1 Calculating the static polarizability of a harmonic oscillator

Calculate the static polarizability axx of a one-dimensional system of two charges,
+e and −e, bound together to form a harmonic oscillator by a spring of force 
constant kf. The electric field is applied parallel to the x-axis (the inter-charge direc-
tion) and the state of the system is labelled by the vibrational quantum number v.

Method Use eqn 12.16 with z replaced by x. Let the midpoint between the charges 
be the origin for the system, the equilibrium distance between the charges be R and 
the extension from equilibrium be x. The dipole moment operator for the system is 
m = e(R + x). When evaluating the sum in eqn 12.16 (with 0 replaced by v) we use 
the fact that the only non-zero matrix elements of x are between |v〉 and |v ± 1〉 (see 
Example 10.4 and Table 2.2), so there are only two terms in the sum. Consequently, 
the sum may be written down and evaluated term by term. For the energies, use 
Ev

(0) = (v + 1
2)Hw0, with w0 = (kf /m)1/2 and m is the eCective mass of the oscillator.

Answer The matrix elements we require are given in Table 2.2 and are

〈v + 1 |mx |v〉 = e〈v + 1 |x |v〉 = e(v + 1)1/2 AC
H

2mw0

DF
1/2

〈v − 1 |mx |v〉 = e〈v − 1 |x |v〉 = ev1/2 AC
H

2mw0

DF
1/2

In each case, the matrix elements of eR are zero due to the orthogonality of |v〉 and 
|v ± 1〉. The polarizability parallel to x is therefore ››
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(b) The polarizability and molecular properties

To use the expressions we have derived, it is in principle necessary to know the 
wavefunctions and energies of all the excited states of the (unperturbed) mol-
ecule, for only then can the sum in eqn 12.17 be evaluated. Usually this formidable 
task is impossible, and it is necessary to resort to an approximate procedure. 
Such additional approximations should not be scorned: they can provide valuable 
pointers to the variation of molecular properties with a variety of parameters, 
such as molecular size, and can provide links between observables. The numer-
ical values they suggest, however, must be viewed with great caution.

One way forward is to invoke the closure approximation (Section 6.3). If the 
excitation energies are replaced by a mean value DE, we obtain

a ≈ 2
3DE

∑
n≠0

m0n · mn0 = 2
3DE

!
@∑n

m0n · mn0 − m00 · m00
#
$ = 2(〈m2〉 − 〈m〉2)

3DE

On writing Dm = {〈m2〉 − 〈m〉2}1/2, we obtain

a ≈ 2(Dm)2

3DE
(12.20)

We shall refer to Dm as the fluctuation in the electric dipole moment: it is the 
root mean square deviation of the dipole moment from its mean value. Even a 
non-polar molecule with a zero permanent electric dipole moment (〈m〉 = 0) has 
a non-zero dipole fluctuation. To some extent, we can guardedly think of the 
fluctuation as arising from an actual classical fluctuation of the electron density 
in the molecule about its average value. As we see from eqn 12.20, the static 
polarizability of a molecule is proportional to the square of the magnitude of 
these fluctuations. This result is consistent with the view that the molecule can be 
easily distorted by an applied electric field if its electrons are not under the tight 
control of the nuclei. Indeed, there is a much deeper result lurking beneath this 
physically plausible remark, for the fluctuation–dissipation theorem establishes 
a proportionality between the response of a system and the square of the magni-
tude of the fluctuations that occur in the unperturbed system.

If we continue with this line of argument, we can expect the polarizability to 
increase with the radius of the molecule and the number of electrons it contains, 
because in each case we can expect the nuclei to have less control over their 
electrons. Thus, because for a one-electron atom the electric-dipole moment 
operator is m = −er where r is the electron location, and the unperturbed species 
is non-polar, we can conclude from eqn 12.20 that

a ≈ 2e2〈r2〉
3DE

(12.21)

axx = 2∑
v′≠v

| 〈v |mx |v′〉 |2

(v′ − v)Hw0

=
2

Hw0

{| 〈v |mx |v + 1〉 |2 − | 〈v |mx |v − 1〉 |2}

 =
e2

mw0
2
 {(v + 1) − v} =

e2

kf

Comment The polarizability is independent of the state of the oscillator and of its 
mass. The mass independence arises from the fact that the static polarizability is 
a response to a zero-frequency electric field and does not depend on the inertial 
properties of the oscillator (the rate at which it responds to a changing force). For 
comparison, see later (Example 12.3), where the dynamic problem is treated. This 
calculation models the distortion contribution to the polarizability of a molecule, 
the contribution to the polarizability of a distortion of the molecular geometry. 
The static polarizability is inversely proportional to the force constant of the bond: 
stiC bonds (kf large) are hard to distort.
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where 〈r2〉 is the mean square radius of the electron’s orbital. This expression 
confirms that the polarizability increases as the radius increases. This conclusion 
is consistent with a progressive loss of control by the nucleus over its electron as 
the orbital expands.

We can develop this expression by a series of steps to confirm the remark made 
earlier that the polarizability volume is approximately the same as the molecular 
volume. First, we write 〈r2〉 ≈ R2

a, where Ra is the radius of the molecule, then a ≈
2/3(e2R2

a/DE). The mean excitation energy is of the same order of magnitude as the 
ionization energy, I, of the molecule, so this expression can be written a ≈ e2R2

a/I.
This approximation is so questionable that we have also discarded the factor 
of 2

3. Next, we go on to approximate I by the (negative of the) potential energy of 
an electron at a distant Ra from the nucleus, I ≈ e2/4pe0Ra, then

a = e2R2
a

e2/4pe0Ra

≈ 4pe0R
3
a (12.22)

Therefore, the polarizability volume (eqn 12.19) is a′ ≈ R3
a, which is approxi-

mately the volume of the molecule.

(c) Polarizabilities and molecular spectroscopy

We can develop another line of argument using similar types of approximations 
to give a relation between polarizabilities and spectroscopy. First, we note that the 
polarizability depends on the sum of squares of transition dipole moments. But 
we have already met such squares in the context of the intensities of spectroscopic 
transitions; specifically, a measure of absorption intensity is the oscillator strength 
(Further information 12.1, eqn 12.108) which for the transition n ← 0 is

fn0 = A
C
4pme

3e2H
D
F nn0 |mn0 |2 (12.23)

It follows that the mean polarizability (eqn 12.17) can be written as

a = H2e2

me
∑
n≠0

fn0

DE2
n0

(12.24)

This simple expression provides a link between spectroscopy and the prediction 
of polarizabilities, because the oscillator strengths of the transitions of a molecule 
can be determined from band intensities and their energies can be determined 
from their locations on a frequency scale. Equation 12.24 indicates that large con-
tributions to the polarizability come from low-energy, high-intensity transitions; 
high-energy or weak (including forbidden) transitions make little contribution 
(Fig. 12.2). An implication of this conclusion is that if a molecule has intense, 
low-frequency transitions in its absorption spectrum, then it can be expected to 
be highly polarizable. Hence, intensely coloured molecules should be highly 
polarizable. In contrast, molecules that absorb only weakly or at high frequen-
cies (such as the colourless hydrocarbons, which absorb only in the ultraviolet 
and then only weakly) are expected to be only weakly polarizable.

The exact expression in eqn 12.24 can be developed by making the approxi-
mation that all excitation energies are equal and replacing DE2

n0 by DE2. Then

a ≈ H2e2

meDE2 ∑
n≠0

fn0 (12.25)

The sum over oscillator strengths is a standard result known as the Kuhn–Thomas
sum rule which is proved in Further information 12.2:

∑
n≠0

fn0 = Ne (12.26)

(a)

(b)

(c)
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Fig. 12.2 (a) A strong absorption 
at low energy gives a large 
contribution to the polarizability 
of a molecule. (b) A weak 
absorption at low energy and 
(c) a strong absorption at high 
energy each give small 
contributions to the 
polarizability.
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where Ne is the number of electrons in the molecule; in practice, interpreting Ne

as the number of valence electrons, Nv, tends to give better results for the sum of 
measured oscillator strengths. Therefore,

a ≈ H2e2Nv

meDE2
(12.27)

This expression shows that the polarizability increases as the number of (valence) 
electrons increases and as the mean excitation energy decreases. The two eCects
generally reinforce one another, so we can expect molecules composed of heavy 
atoms to be strongly polarizable.

(d) Polarizabilities and dispersion interaction

There are many contributions to the forces between molecules. In this section 
we consider the dispersion interaction (also called the London interaction), the 
attraction due to correlated fluctuations in electron density on neighbouring 
molecules. The dispersion interaction is present for all molecules and is dominant 
for non-polar species. It is a contribution to the van der Waals interaction, the 
general term for intermolecular interactions and, more specifically, those that vary 
with separation as 1/R6. The strength of the dispersion interaction is closely related 
to the polarizability of molecules, so we shall be able to draw on the material of 
the previous section to assess its relation to various molecular parameters.

As we have indicated, the dispersion interaction arises from the coupling of 
instantaneous fluctuations in the charge distribution on two neighbouring 
molecules. Thus, there may be a fluctuation in the electron distribution on one 
molecule which gives rise to an instantaneous dipole. That dipole may induce 
a dipole in the neighbouring molecule, and provided the orientations of the two 
are appropriate, there will be an attractive interaction between them. Because we 
have already seen that the polarizability is related to the charge fluctuation in 
a molecule, we can expect the dispersion interaction to be related to the polariz-
abilities of the two molecules. That is the relation we establish here.

We shall use perturbation theory to calculate the lowering in energy when two 
closed-shell atoms are brought to a separation R. The perturbation hamiltonian 
is the interaction of two electric dipole operators based on the two atoms. It 
follows from classical electrostatics1 that such an interaction for the orientation 
shown in Fig. 12.3 is

H(1) = 1
4pe0R3

!
@mA · mB − 3(mA · R)(R · mB)

R2
#
$ (12.28)

It is simplest to select as the z-axis the axis that joins the centres of the two atoms; 
then with the axes arranged as in Fig. 12.3 the perturbation is

H(1) = 1
4pe0R3

{mAxmBx + mAymBy − 2mAzmBz} (12.29)

The total hamiltonian of the system is

H = H(0) + H(1) H(0) = HA + HB (12.30)

where HA and HB are the hamiltonians of molecules A and B, respectively, in the 
absence of intermolecular interactions. The unperturbed states of the pair of 
atoms are |nAnB〉, with

H(0) |nAnB〉 = (E(0)
nA

+ E(0)
nB

) |nAnB〉 (12.31)

x

y

z
R

mA

mB

Fig. 12.3 The coordinate system 
used for setting up the dipole–
dipole interaction hamiltonian 
for the discussion of dispersion 
forces.1 See Section 4.2 of J.D. Jackson, Classical electrodynamics, John Wiley, New York (1999).
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We write E(0)
nAnB

= E(0)
nA

+ E(0)
nB

 and consider interactions between the atoms in their 
ground states, | 0A0B〉.

It is quite easy to show that the first-order correction to the energy is zero:

E(1) = 〈0A0B |H(1) | 0A0B〉 ∝ 〈0A0B |mAxmBx + · · · | 0A0B〉 (12.32)

 = 〈0A |mAx | 0A〉〈0B |mBx | 0B〉 + · · · = 0

because every matrix element is the ground-state expectation value of the electric 
dipole moment operator, which is zero for a non-polar species.

Because the first-order terms are zero, we have to consider the second-order 
contribution. Physically, this means that we must allow for the distortion of the 
wavefunction of each atom as a result of the presence of the second atom. That 
corresponds, in the classical picture, to the correlation of the fluctuating instan-
taneous dipole moments when one dipole drives the other into existence. The 
second-order contribution to the energy is (recall eqn 6.30)

E(2) = ∑
nA,nB≠0

〈0A0B |H(1) |nAnB〉〈nAnB |H(1) | 0A0B〉
E(0)

0A0B
− E(0)

nAnB

(12.33)

As before, we express the denominator in terms of excitation energies, and this 
time write

E(0)
nAnB

− E(0)
0A0B

= E(0)
nA

+ E(0)
nB

− {E(0)
0A

+ E(0)
0B

} (12.34)

 = {E(0)
nA

− E(0)
0A

} + {E(0)
nB

− E(0)
0B

}

 = DEnA0A
+ DEnB0B

The perturbation hamiltonian, H(1), is a sum of three terms (see eqn 12.29), 
so the second-order energy expression, which is proportional to H(1)2, has 
nine terms. Happily, though, most of them vanish. Thus, consider one of the 
cross-terms, 〈0A0B |mAxmBx |nAnB〉〈nAnB |mAymBy | 0A0B〉. This term includes the factor 
〈0A |mAx |nA〉〈nA |mAy | 0A〉. We make use of the fact that we are free to choose an 
alternative coordinate system on A with the y-axis pointing in the opposite 
direction but with the x-axis unchanged (Fig. 12.4). This product of matrix 
elements then changes sign. However, a contribution to the energy cannot depend 
on the choice of axes, so the contribution must be zero. The same argument 
applies to all the cross-terms in eqn 12.33, so only the three terms of the form 
〈0A0B |mAqmBq |nAnB〉 〈nAnB |mAqmBq | 0A0B〉 survive. For atoms, these three terms 
are all the same (by spherical symmetry of each atom). Moreover, by spherical 
symmetry,

〈0A |mAx |nA〉〈nA |mAx | 0A〉 = 〈0A |mAy |nA〉 〈nA |mAy | 0A〉 (12.35)

 = 〈0A |mAz |nA〉〈nA |mAz | 0A〉

from which it follows that any one of the three surviving terms is one-third the 
sum of the three, and hence

〈0A |mAx |nA〉〈nA |mAx | 0A〉 = 1
3〈0A |mA |nA〉 · 〈nA |mA | 0A〉 (12.36)

and likewise for the other two components for A and for all three components 
for B. Therefore, the entire expression reduces to

E(2) = −2
3
A
C

1
4pe0R3

D
F

2

∑
nA,nB≠0

(mA,0AnA
 · mA,nA0A

)(mB,0BnB
 · mB,nB0B

)
DEnA0A

+ DEnB0B

(12.37)

This expression confirms that there is a non-zero interaction energy that is 
attractive (E(2) < 0) and inversely proportional to the sixth-power of the separa-
tion (E(2) ∝ 1/R6).

x

y

z
R

mA

mB

Fig. 12.4 Reversal of the 
direction of the y-axis must 
leave the calculated interaction 
energy unchanged.
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Example 12.2 Calculating the energy of the dispersion interaction between 
oscillators

Calculate the energy of the dispersion interaction between two electrons oscillat-
ing harmonically and isotropically in three dimensions about centres separated by 
a distance R, and express the answer in terms of their polarizabilities.

Method We base the answer on eqn 12.37. For the matrix elements, we use the 
values in Example 12.1, but we need to distinguish the frequencies, force con-
stants, and masses by subscripts A and B for the two ‘atoms’ (an ‘atom’ is an 
electron and its centre). Let the states of atoms A and B be labelled by vA and vB,
respectively. The selection rules result in the restriction of the sum in eqn 12.37 to 
only four terms, so it may be evaluated explicitly. For the relation to the polariz-
abilities, use the results obtained in Example 12.1.

Answer The sum we require has the following four non-zero terms:

E(2) = − 2
3
AC

1

4pe0R3

DF
2 !
@

| 〈vA |mA |vA + 1〉 |2| 〈vB |mB |vB + 1〉 |2

H(wA + wB)

 +
| 〈vA |mA |vA + 1〉 |2| 〈vB |mB |vB − 1〉 |2

H(wA − wB)
+

| 〈vA |mA |vA − 1〉 |2| 〈vB |mB |vB + 1〉 |2

H(−wA + wB)

 +
| 〈vA |mA |vA − 1〉 |2| 〈vB |mB |vB − 1〉 |2

H(−wA − wB)
#
$

Then, with the matrix elements from Example 12.1,

E(2) = − 2
3
AC

1

4pe0R3

DF
2 AC

3He2

2mAwA

DF AC
3He2

2mBwB

DF
 × !

@
(vA + 1)(vB + 1)

H(wA + wB)
+

(vA + 1)vB

H(wA − wB)
−

vA(vB + 1)

H(wA − wB)
−

vAvB

H(wA + wB)
#
$

We have used the relation

| 〈v |m |v + 1〉 |2 = | 〈v |mx |v + 1〉 |2 + | 〈v |my |v + 1〉 |2 + | 〈v |mz |v + 1〉 |2

= 3AC
He2

2mw0

DF (v + 1)

and its analogues. It then follows that

E(2) = − 3
2
AC

1

4pe0R3

DF
2 AC

He4

mAmBwAwB

DF !
@
(1 + 2vB)wA − (1 + 2vA)wB

w2
A − w2

B

#
$

At this stage we can replace m by kf /w2 for each oscillator, and use the results from 
Example 12.1 and eqn 12.19 that a′ = e2/4pe0kf, to obtain

E(2) = − 3
2
AC
a′Aa′B
R6

DF HwAwB
!
@

(1 + 2vB)wA − (1 + 2vA)wB

w2
A − w2

B

#
$

When the two oscillators are in their ground states (vA = vB = 0), this expression 
simplifies to

E(2) = − 3
2
AC
a′Aa′B
R6

DF AC
HwAwB

wA + wB

DF
Comment Keep this exact result in mind and compare it with the approximate 
London formula that we derive below: the two expressions have identical struc-
tures. In this case only a very limited number of transitions are allowed, and the 
closure approximation on which the London formula is based is exact.
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We can obtain an approximate, revealing, and useful form of eqn 12.37 by 
making use of the closure approximation. (Other interesting forms can be 
obtained by using the oscillator strengths.) To do so, we replace DEnA0A

 by its 
mean value DEA, and likewise for B, and obtain

E(2) ≈ −2
3
A
C

1
4pe0R3

D
F

2 A
C

1
DEA + DEB

D
F ∑

nA,nB≠0

(mA,0AnA
 · mA,nA0A

)(mB,0BnB
 · mB,nB0B

) (12.38)

 ≈ − A
C

1
24p2e0

2R6

D
F

A
C

1
DEA + DEB

D
F 〈m2

A〉 〈m2
B〉

where 〈m2
A〉 = 〈0A |m2

A | 0A〉, and similarly for B. The terms 〈mA〉2 and 〈mB〉2 are both 
zero for non-polar species. This expression can be taken further by using the rela-
tion between the mean square dipole moment and the polarizability (eqn 12.20), 
which for non-polar species simplifies to 〈m2

A〉 ≈ 3
2aADEA, and likewise for B. On 

substitution of this term, we obtain

E(2) ≈ − A
C

3
32p2e0

2

D
F

A
C
DEADEB

DEA + DEB

D
F
aAaB

R6
= −3

2
A
C
DEADEB

DEA + DEB

D
F
a′Aa′B
R6

(12.39)

A general indication of the magnitudes of the mean excitation energy is the 
ionization energy of each atom, and if we write DEA ≈ IA, and likewise for B, we 
arrive at the London formula:

E(2) ≈ −3
2

A
C

IAIB

IA + IB

D
F
a′Aa′B
R6

(12.40)

The London formula, although only approximate, reveals the essential charac-
ter of the energy of the dispersion interaction and may be used to make rough 
estimates of its magnitude. We see, for instance, that the interaction is greatest 
between atoms of high polarizability. We have already seen how the polarizabil-
ity is related to the structures of atoms, and the remarks made in Sections 12.2b 
and 12.2c may be extended to the interactions between atoms and molecules. 
Thus, we expect intensely coloured, large, many-electron species to have strong 
dispersion interactions. One consequence of this dependence of dispersion inter-
actions on polarizability is the high volatility of low molar mass hydrocarbons, 
which have low polarizabilities.

(e) Retardation eff ects

At this point it is appropriate to reveal that the starting point of Section 12.2d, 
the hamiltonian in eqn 12.28, is only an approximation. The true description of 
the interaction between two atoms should be expressed in terms of their joint 
interaction with the electromagnetic field. Thus, when a fluctuation in electron 
density occurs on atom A, it generates a photon that travels through the vacuum 
at the speed of light. It stimulates a fluctuation on atom B, and that fluctuation in 
turn generates a photon that travels back to A. The interaction therefore takes 
place by an exchange of photons between the two atoms. Figure 12.5 shows 
an example of a Feynman diagram (Section 6.8, Fig. 6.15) that contributes to the 
dispersion interaction.

It takes a time R/c for the photon from A to arrive at B, and the response takes 
the same time to return to A. The fluctuations on the atoms occur at a frequency 
of approximately DE/h and therefore on a time-scale of about h/DE, where DE is 
a typical excitation energy. If the time it takes for the round trip, 2R/c, is longer 
than the fluctuation time, the dipole on A will have migrated to a new orienta-
tion. As a result of this retardation, or finite travel time for signals, the dispersion 
interaction is weakened. Only when the atoms are so close that 2R/c << h/DE will 

nB

nA

00

00A

B

Time

Fig. 12.5 One of the Feynman 
diagrams that contribute to 
the dispersion interaction. 
The interaction is mediated by 
photons that are generated 
by transition dipoles on each 
molecule.
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the correlation of the dipoles be perfect and the interaction have the full strength 
represented by eqn 12.37. When 2R/c >> h/DE (typically, when R exceeds about 
10 nm), the weakening eCect of retardation is so great that the 1/R6 form of the 
interaction changes to a more rapidly decaying 1/R7 form. Specifically, at such 
distances

E(2) ≈ − A
C

23Hc
4p

D
F
a′Aa′B
R7

(12.41)

The formula is much more complicated when 2R/c ≈ h/DE because the con-
ventional 1/R6 expression is then in the middle of turning into a 1/R7 expression. 
Retardation eCects are important for colloids and macromolecules.

Bulk electrical properties

Now that we have an expression for the polarizability of an individual molecule, 
we can move on to a discussion of some of the properties of bulk substances. 
These properties include

• the relative permittivity

• the refractive index

• a property related to the refractive index, namely the optical activity.

12.3 The relative permittivity and the electric susceptibility

The Coulomb potential due to a charge Q at a distance r in a vacuum is

j(r) = Q
4pe0r

(12.42)

where e0 is the vacuum permittivity. In a dielectric medium, a non-conducting 
bulk substance, the same charge gives rise to a potential

j(r) = Q
4per

(12.43)

where e is the permittivity of the medium. The dimensionless ratio

er = e
e0

(12.44)

is called the relative permittivity of the medium (formerly, and still commonly, 
the ‘dielectric constant’); it has a value greater than 1. The relative permittivity of 
a substance is measured by forming the ratio of the capacitances of a capacitor 
with and without the dielectric between the plates.

Consider an electric field between two plates each of area A and each one with 
a charge density of magnitude s, so the total charge on one plate is sA and on the 
other is –sA. A result from electrostatics is that the electric field strength between 
the plates is s/e0 if the intervening medium is a vacuum but

E = s
e

(12.45)

if it is a dielectric medium. There is another way of representing this reduction 
of the electric field: we could think of it instead as arising from the presence of 
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an opposing surface charge on the medium itself (Fig. 12.6). This induced surface 
charge density is called the polarization, P, of magnitude P, of the medium. From 
this point of view, the electric field between the plates would be written

E = s − P
e0

(12.46)

Because eqns 12.45 and 12.46 are two diCerent ways of expressing the same 
electric field, we can equate them to find an expression for P:

P = A
C
e − e0

e
D
F s = A

C
e − e0

e
D
F eE = (er − 1)e0E (12.47)

The electric susceptibility, ce, of a medium is defined through

P = cee0E (12.48)

so it follows (by comparing the last two equations) that the electric susceptibility 
is related to the relative permittivity by

ce = er − 1 (12.49)

The next stage in the argument involves relating the polarization of the medium 
to the polarizability of its molecules. To do so, we need to know that as well as 
being the induced surface charge density, P is also the dipole-moment density of
the medium, the dipole moment divided by the volume of the sample. To see this 
connection, refer again to Fig. 12.6, which shows that the sample can be regarded 
as having charges PA and – PA separated by a distance l, and hence a dipole 
moment PAl. However, as the volume of the sample is Al, the dipole moment 
divided by the volume is PAl /Al = P.

Because the polarization is the dipole-moment density, we can relate it to 
molecular properties, because the dipole-moment density is the mean dipole 
moment of a molecule in the medium, 〈m〉, multiplied by the number density of 
molecules, N = N/V. We first continue with the case of a medium composed 
of non-polar molecules. Then we move on to a polar medium and explore the 
contributions of the permanent dipole moments of the molecules to the relative 
permittivity.

(a) Non-polar molecules

If the molecules are non-polar, then 〈m〉 is the induced dipole moment. At this 
point, though, we cannot simply write 〈m〉 = aE because the molecule experiences 
the local electric field, E*, (of magnitude E*) not the applied field E. The local 
electric field is the total field arising from the applied field and the electric dipoles 
that that field stimulates in the medium (Fig. 12.7). It follows that

P = aN E* (12.50)

The Lorentz local field is an approximate relation between E* and the applied 
field E which is based on the assumption that the medium is a continuous and 
uniform dielectric:2

E* = E + P
3e0

(12.51)

This expression can be used in eqn 12.50 to give

P = A
C

3aN
3e0 − aN

D
F e0E (12.52)

l

Area, A

Charge
density, –s

Charge
density, s

+
– Charge

density, –P

Charge
density, P

Fig. 12.6 The relation between 
the polarization of a medium and 
the mean dipole-moment density.

+
+

+
+

–

– –
–

–+

Fig. 12.7 The polarization of the 
surroundings by the polarized 
molecule contributes to the total 
electric field experienced by the 
molecule. 2 For a derivation of this expression, see Section 4.5 of J.D. Jackson, loc. cit.



Comparison of this equation with eqn 12.48 lets us identify the electric suscepti-
bility as

ce = aN /e0

1 − aN /3e0

(12.53)

It immediately follows from eqn 12.49 that the relative permittivity is related to 
the polarizability of the molecules by

er = 1 + 2aN /3e0

1 − aN /3e0

(12.54)

(b) Polar molecules

We now develop equations that are applicable for molecules that have perman-
ent dipole moments in addition to any induced dipole moments. Although the 
molecules may be tumbling in their fluid environment, the orientating eCect of 
the external field favours particular orientations and as a result the net dipole 
moment density arising from the permanent dipoles will diCer from zero. The 
magnitude of the eCect can be calculated from the Boltzmann distribution, 
because the most favoured orientations are the ones with lowest energy. The 
energy of a dipole in a local electric field E* directed along the z-axis is

E(q) = −m0zE* = −m0E* cos q (12.55)

where q is the angle the dipole moment of magnitude m0 makes to the direction of 
the local field. At a temperature T, the proportion of N molecules in the orienta-
tion range q to q + dq is given by the Boltzmann distribution as

dN(q)
N

= e−E(q)/kT sinq dq

�
p

0

 e−E(q)/kT sinq dq

= em0E*cosq/kT sinq dq

�
p

0

 em0E*cosq/kT sinq dq

The denominator can be evaluated quite readily if we write x = m0E*/kT and note 
that sin q dq = −d cos q:

�
p

0

em0E*cosq/kT sinq dq = �
1

−1

excosq d cos q = ex − e−x

x

Then

dN(q)
N

= xexcosq sinq dq
ex − e−x

(12.56)

The dipole-moment density is the average of m0 cos q weighted by the Boltzmann 
factor and divided by the volume, V, of the sample:

P =
Nxm0�

p

0

 cos q excosq sinq dq

V(ex − e−x)
= m0N L(x) (12.57)

where the function L(x) is the Langevin function (Exercise 12.7):

L(x) = ex + e−x

ex − e−x
− 1

x
(12.58)

This function is plotted in Fig. 12.8.
When m0E* << kT, which corresponds to x << 1, and is the case at all normal 

temperatures and field strengths,

A brief comment
The volume element in 
spherical polar coordinates 
is r2 sin qdqdj dr, so the 
proportion of molecules with 
an orientation between q and 
q ++ dq is proportional to 
sinq dq.
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Fig. 12.8 The Langevin function 
and the linear approximation 
when x << 1.
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L(x) ≈ 1
3

x = m0E*
3kT

(12.59)

as illustrated in the following Justification.

Justification 12.1 The Langevin function

We use the expansions ez = 1 + z + z2/2! + z3/3! + · · · and (1 + z2)−1 = 1 − z2 + · · · 
(to these orders) as follows:

L(x) =
(1 + x + 1

2 x2 + 1
6 x3 + · · ·) + (1 − x + 1

2 x2 − 1
6 x3 + · · ·)

(1 + x + 1
2 x2 + 1

6 x3 + · · ·) − (1 − x + 1
2 x2 − 1

6 x3 + · · ·)
−

1

x

 =
2 + x2 + · · ·

2x + 1
3 x3 + · · ·

−
1

x
=

1 + 1
2 x2 + · · ·

x(1 + 1
6 x2 + · · ·)

−
1

x

 =
(1 + 1

2 x2 + · · ·)(1 − 1
6 x2 + · · ·)

x
−

1

x
=

(1 + 1
2 x2 − 1

6 x2 + · · ·)

x
−

1

x

 =
1

x
+

x

3
+ · · · −

1

x
=

x

3
+ · · ·

When establishing limits, always ensure that all terms of a given magnitude are 
included.

It follows from eqns 12.57 and 12.59 that the permanent dipole moments of 
the molecules contribute

P ≈ m0
2N E*
3kT

(12.60)

The total polarization of a medium composed of polarizable polar molecules is 
therefore (see eqn 12.50 for the contribution from the induced dipole moment)

P = A
Ca + m0

2

3kT
D
F N E* (12.61)

The development that led to eqns 12.53 and 12.54 can now be repeated, but 
the simplest (and equivalent) procedure is simply to add in the additional terms 
representing the contribution of the polar molecules. In this way we obtain

ce = (a + m0
2/3kT)N /e0

1 − (a + m0
2/3kT)N /3e0

(12.62a)

er = 1 + 2(a + m0
2/3kT)N /3e0

1 − (a + m0
2/3kT)N /3e0

(12.62b)

We obtain a practical form of these expressions by replacing the number density, 
N = N/V, by the mass density, r = m/V:

N = N
V

= NA(m/M)
V

= NAr
M

In this expression m is the mass of the sample, M is the molar mass of the 
molecules, and NA is Avogadro’s constant. Then, converting at the same time to 
polarizability volume (eqn 12.19), we find (Exercise 12.8)

er = 1 + 2C
1 − C

C = 4prNA

3M
A
Ca′ + m0

2

12pe0kT
D
F (12.63)
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We are now in a position to discuss the dependence of the permittivity of a 
medium on the characteristics of the molecules of which it is composed in the 
same way as before, because we know how they determine the polarizability. 
Thus, we expect a medium to have a high relative permittivity

• if a is large

• if their permanent dipole moment is large (for polar molecules).

Hence, media composed of molecules in which the electrons are relatively mobile 
(atoms with large numbers of electrons with low-lying energy levels) can be 
expected to have high relative permittivities.

12.4 Refractive index

The refractive index, nr, is the ratio of the speed of light in a vacuum, c, to its 
speed in a medium, cmed:

nr = c
cmed

(12.64)

The refractive index can be expressed in terms of the relative permittivity by 
using Maxwell’s equations (which describe the propagation of electromagnetic 
radiation, Further information 12.3):

nr = er
1/2 (12.65)

Because we have an expression for the relative permittivity in terms of the molecu-
lar polarizability (eqns 12.54 and 12.63 for non-polar and polar molecules, 
respectively), we should now be in a position to calculate nr and relate it to 
molecular properties. There is one simplification we can make, and one unavoid-
able complication.

The simplification is that the permanent electric dipole moment of a molecule 
is too sluggish to respond to the high-frequency alternation in the direction of the 
electric field in a light ray. A molecule needs about 1 ps (10−12 s) to tumble into 
a significantly new orientation, but for visible light the electric vector changes 
direction on a timescale of 1 fs (10−15 s). It follows that we can ignore the con-
tribution of the permanent electric dipole moment to the relative permittivity, 
and use eqn 12.54 for both polar and non-polar molecules. In addition, we shall 
suppose that the refractive index does not diCer much from 1, in which case

nr = !
@
1 + 2aN /3e0

1 − aN /3e0

#
$

1/2

≈ 1 + aN
2e0

(12.66)

On replacing the number density by NAr/M and converting to the polarizability 
volume, we obtain

nr ≈ 1 + A
C

2prNA

M
D
F a′ (12.67)

This expression shows that the refractive index increases linearly with the polar-
izability volume and linearly with the density of the medium. (More precisely, the 
refractive index increases not with the mass density but with the number density, 
because NAr/M = N .)

The complication is rather deeper and will take more work to resolve. The 
refractive index is a property relating the response of the sample to an oscillating
electric field. Therefore, we cannot use eqn 12.17 directly, because it was derived 
by using time-independent perturbation theory. We need to calculate the dynamic

A brief comment
We have used the expansions 
(1 − x)−1 ≈ 1 + x + · · · and 
(1 + x)1/2 ≈ 1 + 1

2 x + · · · 
truncated at the linear term 
(which is valid if x << 1).



422 | 12 THE ELECTRIC PROPERTIES OF MOLECULES

polarizability, a(w), the polarizability of a molecule exposed to an electric field 
oscillating at a frequency w, and to do so we have to use time-dependent pertur-
bation theory (Chapter 6). From the dynamic polarizability, we can obtain the 
dynamic polarizability volume a′(w) (given by a(w)/4pe0) and then substitute into 
eqn 12.67 for a′.

(a) The dynamic polarizability

To calculate the dynamic polarizability, we use the alternative approach to the 
calculation of molecular properties mentioned at the beginning of Section 12.1 
and calculate the expectation value of the electric dipole moment operator using 
the first-order perturbed wavefunctions. The calculation runs as follows.

The perturbation due to a field that lies in the z-direction and is oscillating at 
a frequency w is

H(1)(t) = −2mzE cos wt (12.68)

The factor of 2 is included by convention and with an eye on future convenience. 
The expectation value of the z-component of the electric dipole moment is

〈mz〉 = �Y*(t)mzY(t)dt (12.69)

where the time-dependent wavefunction is given by eqn 6.66 as

Y(t) = y0
(0)e−iE0

(0)t/h + ∑
n≠0

an(t)yn
(0)e−iEn

(0)t/h (12.70)

and to first order, a0(t) = 1. It is notationally convenient to replace the wavefunc-
tions yn

(0) by the states |n〉, and we do so in the following. Because we are looking 
for the field-induced contribution to the electric dipole moment, we need to 
evaluate 〈mz〉 to first-order in E, which means that we must evaluate

〈mz〉 = 〈0 |mz | 0〉 + ∑
n≠0

 {〈0 |mz |n〉an(t)e
−iwn0t + 〈n |mz | 0〉a*n(t)e

iwn0t}

 = m0z + ∑
n≠0

 {mz,0nan(t)e
−iwn0t + mz,n0a*n(t)e

iwn0t}

where Hwn0 = En
(0) − E0

(0). Because we are working only to first-order in the pertur-
bation, quadratic terms such as ana*m have been ignored.

One problem with this approach, as in all time-dependent perturbation cal-
culations, is that when the perturbation is applied, it may result in the generation 
of transient oscillations of the electron density, which confuses the analysis. 
Therefore, we ensure that all transients have died away by switching on the oscil-
lating field long ago and allowing it to rise to full strength very slowly. We adopted 
the same procedure in Section 6.8, where we switched on a static perturbation; 
here we modify eqn 12.68 to

H(1)(t) = −2mzE(1 − e−t/t)coswt = −mzE(1 − e−t/t)(eiwt + e−iwt) (12.71)

where t is the time-constant for switching on the perturbation. The early moments 
of this perturbation are illustrated in Fig. 12.9. Because we are interested in times 
that are very long compared with the switching time t, we can set t >> t when we 
evaluate eqn 6.71 for the coeAcients an(t). We can also suppose that the pertur-
bation is switched on very slowly in the sense that |t(w ± wn0) | >> 1. Then we 
obtain

an(t) = 1
iH�

t

0

H (1)
n0(t)eiwn0t dt = mz,n0E

H
!
@

ei(w+wn0)t

w + wn0

− e−i(w−wn0)t

w − wn0

#
$ (12.72)
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Fig. 12.9 The early stages of 
an exponentially switched 
oscillating perturbation.
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It then follows, after some straightforward algebra (Exercise 12.9), that

〈mz〉 = m0z + !
@
2
H ∑

n≠0

wn0 | mz,n0 |2

w2
n0 − w2

#
$ × 2E cos wt (12.73)

At this point we can compare this expression with

〈mz〉 = m0z + azz(w) × 2E cos wt + · · ·

(see eqn 12.9) and so derive an expression for the dynamic polarizability:

azz(w) = 2
H ∑

n≠0

wn0 | mz,n0 |2

w2
n0 − w2

(12.74)

The mean dynamic polarizability, a(w), is the average of axx(w), ayy(w), and
azz(w):

a(w) = 2
3H∑

n≠0

wn0 | mn0 |2

w2
n0 − w2

(12.75)

where |mn0 |2 = m0n · mn0. Notice how this expression reduces to the static polariz-
ability (eqn 12.17) when w → 0. Furthermore, when the incident radiation has 
such a high frequency that w2 >> w2

n0, we find

a(w) ≈ 2
3H∑

n≠0

wn0 | mn0 |2

(−w2)
= − e2

mew2 ∑
n≠0

fn0 = − e
2Ne

mew2
(12.76)

where we have used the Kuhn–Thomas sum rule (Further information 12.2) for 
the last equality. According to this expression for the polarizability of a free elec-
tron gas, the polarizability goes to zero as w → ∞ because the electrons cannot 
contribute to the induced moment if the field changes direction too quickly for 
them to follow. At high frequencies the polarizability is negative, which implies 
that the induced dipole moment is in the opposite direction to the instantaneous 
electric field. This behaviour is an echo of the classical behaviour of a forced oscil-
lator, which shifts in phase by 180o in advance of the driving force when the latter’s 
frequency exceeds the natural frequency of the driven oscillator (Fig. 12.10).

0

0
–π/2

π/2

–π/4

π/4

w/w0

1 2 3

P
h

as
e,

j

Increasing
damping

Fig. 12.10 The variation of 
the phase of a driven, damped 
harmonic oscillator as the driving 
frequency passes through 
resonance at the natural 
frequency of the oscillator. 
Note the change in phase by p.

Example 12.3 Calculating the dynamic polarizability of a harmonic oscillator

Calculate the dynamic polarizability of the oscillator used in Example 12.1 when 
it is exposed to a field of frequency w applied along the x-axis of the oscillator.

Method We need to use eqn 12.74 with z replaced by x. All the matrix elements are 
the same as in Example 12.1, and there are still only two terms in the sum. As in 
that example, we develop the equation for a general state of the oscillator; so the 
label 0 becomes v and n becomes v′. The frequency diCerences are wv′v = (v′ − v)w0,
with w0 = (kf /m)1/2 (kf being the force constant and m the eCective mass of the 
oscillator).

Answer Substitution of the matrix elements into eqn 12.74 gives

axx(w) =
2

H
∑
v′≠v

wv′v | mx,v′v |2

w2
v′v − w2

=
2

H
!
@
w0 | mx,v+1,v |2

w2
0 − w2

−
w0 | mx,v−1,v |2

w2
0 − w2

#
$

 =
2

H
AC

w0

w2
0 − w2

DF {| mx,v+1,v |2 − | mx,v−1,v |2}

 =
e2

m(w2
0 − w2)

=
e2

kf − mw2 ››
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(b) The molar refractivity

To complete the calculation of the refractive index, all we need do is substitute 
eqn 12.75 into eqn 12.67, which is now

nr ≈ 1 + A
C
2prNA

M
D
F a′(w)

where a′(w) is the dynamic polarizability volume, and obtain

nr = 1 + rNA

3He0M
∑
n≠0

wn0 | mn0 |2

w2
n0 − w2

(12.77)

We have assumed above (see eqn 12.66) that the refractive index does not diCer
much from 1. When that assumption cannot be made, we should use

nr
2(w) = 1 + 2a(w)N /3e0

1 − a(w)N /3e0

(12.78)

This expression is a version of the Lorenz–Lorentz formula:

nr
2 − 1

nr
2 + 2

= N a(w)
3e0

(12.79)

as can be verified by substituting the expression for nr
2 in eqn 12.78 into 

the left-hand side of eqn 12.79 (Exercise 12.10). In practical applications, the 
Lorenz–Lorentz formula is normally expressed in a diCerent manner by intro-
ducing the molar refractivity, Rm:

Rm = 4
3pNAa′(w) (12.80)

The Lorenz–Lorentz formula then becomes

nr
2 − 1

nr
2 + 1

= Rm

Vm

(12.81)

The advantage of concentrating on the molar refractivity is that it eliminates 
the molar mass and mass density dependence of the refractive index itself (that 
becomes carried by Vm) and focuses attention on the molecular property, the 
dynamic polarizability volume, a′(w). This property is more likely to be additive 
than the refractive index, in the sense that the refractivity of a molecule may be 
expressed, approximately at least, as the sum of the refractivities of its com-
ponent atoms or groups. To some extent, this additivity is confirmed, and tables 
of molecular refractivities have been compiled. The molar refractivity of the mol-
ecule as a whole is approximately the sum of its component refractivities, and the 
refractive index is then obtained by the appropriate manipulation of eqn 12.81.

(c) The refractive index and dispersion

Now consider the dispersion characteristics of the refractive index. We shall 
suppose that the density is always small enough for eqn 12.77 to be applicable as 
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Fig. 12.11 The frequency 
dependence of the polarizability 
of a harmonic oscillator close to 
resonance; note that the natural 
frequency is w0 = (kf /m)1/2.

Comment This calculation is exact and reduces to the static polarizability calcu-
lated in Example 12.1 when w = 0. The dynamic polarizability depends on the 
mass of the oscillator because the inertial mass determines how rapidly it responds 
to the changing direction of the applied field. If the eCective mass of the oscillator 
is infinite, then the dynamic polarizability is zero at all frequencies greater than 
zero, but it still has a static polarizability. The polarizability is very small for finite-
mass oscillators when w >> w0. The frequency dependence is shown in Fig. 12.11.
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this simplifies the discussion. Suppose that w is so close to one of the electronic 
transition frequencies of the molecule that its contribution dominates the 
frequency dependence as a whole (because the terms in the sum in eqn 12.77 are 
proportional to 1/(w2

n0 − w2)).
In this case

nr ≈ 1 + Awn0

w2
n0 − w2

A = rNA | mn0 |2

3He0M
(12.82)

The frequency dependence of this expression is sketched in Fig. 12.12. We see 
that provided w2 < w2

n0, the refractive index is greater than 1 and increases as w
increases. This behaviour is a reflection of the eCective degeneracy brought 
about by an oscillating perturbation, as described in Section 6.8, in which the 
overall diCerence in energy of the molecule and the field is close to zero. The 
increase of refractive index with frequency means that blue light is refracted 
more than red light. As a result, white light is ‘dispersed’ into its constituent 
colours when it passes through a prism. The term dispersion is borrowed from 
this behaviour and generalized to mean the frequency dependence of any pro-
perty. The underlying cause of dispersion is the eCective-degeneracy eCect
(Section 6.8). At resonance, when w = wn0, eqn 12.82 appears to indicate an 
infinite refractive index. However, perturbation theory breaks down at this point 
and close to it, and the dispersion curve will be more like that shown as the pale 
blue line in Fig. 12.12.

It should be observed that nr < 1 when w > wn0. This conclusion appears to 
suggest that the radiation propagates at greater than the speed of light. However, 
a detailed analysis shows that it is the phase of the wave that propagates faster 
than c, and information cannot be propagated by phase alone. Hence, a refrac-
tive index nr < 1 is not in conflict with special relativity. The origin of this very 
speedy propagation of phase of the radiation is related to the phase shift of the 
induced dipole moment when w > wn0, which was described above. In the present 
case, the incident radiation drives an induced dipole in a molecule, and that 
dipole has an advanced phase if w > wn0; that dipole generates a phase-advanced 
wave, and stimulates its neighbours. As a result, the phase of the incident wave 
propagates rapidly through the medium.

Optical activity

Optical activity is the rotation of the angle of polarization of plane-polarized 
electromagnetic radiation as it passes through a medium. This behaviour can be 
traced to the circular birefringence of the medium, its possession of diCerent
refractive indices for left- and right-circularly polarized radiation. Circular bire-
fringence is a special case of the property of optical birefringence, the possession 
of diCerent refractive indices for radiation with diCerent polarizations. We shall 
see that the diCerence in refractive indices arises from the variation of the electric 
and magnetic fields of the radiation over the extent of the molecule; magnetic 
properties of molecules are treated in Chapter 13.

12.5 Circular birefringence and optical rotation

First, we establish the relation between the angle of rotation of the plane of 
polarization and the circular birefringence of the medium. Then we relate the 
circular birefringence to molecular properties by using perturbation theory.
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Fig. 12.12 The refractive index 
of a molecule close to a transition 
frequency.
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Figure 12.13 shows how a plane-polarized ray can be expressed as the super-
position of two counter-rotating components E + (left-circularly polarized light) 
and E − (right-circularly polarized light). The components in terms of the time (t)
and the location along the propagation direction (z) are

E ± = Ei cos j± ± Ej sin j± (12.83)

with i and j unit vectors perpendicular to the propagation direction and

j± = wt − 2pz
l±

l± = v±

n
= c

n±n
(12.84)

The relation between the wavelength and frequency in eqn 12.84 allows for 
the possibility that light of diCerent senses of circular polarization propagates 
through the medium with diCerent speeds, and so has diCerent refractive indices 
n+ and n−. Because w = 2pn, we can write (Exercise 12.11)

j± = j ; wzDn
2c

1
2
3
j = wt − nwz/c
n = 1

2(n+ + n−)
Dn = n+ − n−

(12.85)

When the medium is not circularly birefringent, Dn = 0; then

E ± = E i cos j ± E j sin j

and the superposition of the two components gives a ray with electric vector

E = E + + E − = 2E i cos j (12.86)

This field oscillates in the plane defined by the direction of propagation and 
the unit vector i. When the ray enters a circularly birefringent medium, one of the 
components propagates faster than the other and their phases diverge from one 
another. The superposition is now

E = E + + E − = E{(cosj+ + cos j−)i + (sin j+ − sin j−)j } (12.87)

 = 2E !
@icos A

C
zwDn

2c
D
F − j sin A

C
zwDn

2c
D
F

#
$cosj

This ray is still plane-polarized, but its plane of polarization is rotated by

Dq = zwDn
2c

(12.88)

from the original direction (Fig. 12.14). The sample is dextrorotatory, Dq > 0, 
if n+ > n−, and laevorotatory, Dq < 0, if n+ < n−.

The fundamental reason why the refractive indices are diCerent for left- and 
right-circularly polarized radiation lies in the spatial variation of the electro-
magnetic field over the extent of the molecule. Because enantiomeric (mirror-image) 
pairs of chiral molecules sample the electric fields slightly diCerently, they have 
diCerent polarizabilities and hence diCerent refractive indices. To picture this 
diCerence, we can think of the molecule as a helix: a helical molecule of a given 
handedness responds diCerently to left- and right-circularly polarized radiation 
passing over it, for one type of radiation follows the helix but the other does not. 
To establish this diCerence quantitatively, we use the following argument:

1. In addition to the contribution to the total electric polarization that is pro-
portional to the electric field there is a contribution to P from the spatial 
variation of the electric field ([E /[x).

2. According to Maxwell’s equations (Further information 12.3), the spatial 
variation of the electric field, [E /[x, is proportional to the time variation of 
the magnetic field ([E /[x ∝ [B /[t).

A brief comment
We have used the trigonometric 
identities cos(A + B) =
cosA cos B − sin A sin B and 
sin(A + B) = sin A cos B +
cosA sin B.

E+

E

E –

Fig. 12.13 The resolution of 
a plane-polarized wave into 
two counter-rotating circularly 
polarized components.
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3. It follows that when the spatial variation of the electric field is taken into 
account, the total polarization of the medium should be written (compare 
to eqn 12.50)

P = N aE − N bB
.

(12.89)

 where b is a molecular characteristic (not the hyperpolarizability).

We confirm later that the polarization does indeed have a term proportional to 
the rate of change of the magnetic field.

We can see that we are on the right track. In the first place, the magnetic com-
ponent of an electromagnetic field is perpendicular to the electric component. 
Therefore, whereas the term aE corresponds to the induction of an electric dipole 
moment in the same plane as the electric vector, the term bB

.
 corresponds to the 

induction of an electric moment in a plane parallel to B and hence perpendicular 
to E. The resultant of these two dipole moments lies in a plane that is rotated 
from the direction of E, with the result that the plane of polarization of the 
propagating ray is rotated. This conclusion is confirmed by solving the Maxwell 
equations for a medium with a polarization given by eqn 12.89 (see Further
information 12.3): the calculation shows that in the presence of the b term the 
refractive indices of the medium are

n± = 1 + Na
2e0

± Nwb
2ce0

(12.90)

It follows that the diCerence in refractive indices is

Dn = Nwb
ce0

(12.91)

and therefore, from eqn 12.88, that the angle of rotation after the radiation has 
passed through a length l of the medium is

Dq = N lw2b
2c2e0

= 1
2N lm0w2b (12.92)

In the second equality we have used e0m0 = 1/c2, where m0 is the vacuum 
permeability.

12.6 Magnetically induced polarization

The calculation of the angle of rotation now reduces to the calculation of b. That 
is, we must calculate the polarization of a medium in response to the changing 
magnetic component of the electromagnetic field. The strategy involves adapting 
the calculation of nr, which was based on the perturbation H(1) = −m · E(t), to the 
case in which

H(1)(t) = −m · E(t) − m · B(t) (12.93)

where m is the magnetic dipole moment operator for the molecule. For all cases 
of interest to us, m = gel (Section 7.3), where ge is the magnetogyric ratio of the 
electron and l is the orbital angular momentum operator. The precise form of 
the perturbation depends on which component of circular polarization we are 
considering, so we write

H ±
(1)(t) = −m · E ±(t) − m · B ±(t) (12.94)

with

E ±(t) = E(i cos wt ± j sin wt) B ±(t) = B(±i sin wt − j cos wt) (12.95)

E+
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E+
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E–

Δq

(a)

(b)

Fig. 12.14 (a) If the two 
circularly polarized components 
travel at the same speed through 
a medium, then their resultant 
remains plane-polarized in the 
original direction. (b) However, 
if one component is faster than 
the other, then the resultant 
rotates away from the plane of 
polarization of the incident ray.

A brief comment
In this formulation, we 
are ignoring the fact that 
the eIective electric field 
experienced by the molecules 
diIers from the applied 
field, for that introduces 
a considerable complication: in 
other words, we are dealing 
with the optical activity of 
an isolated molecule.
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The magnetic field vector is in step with the electric vector, but perpendicular to 
it and the propagation direction k, as may be verified by noting that E ± · B ± = 0 
and E ± × B ± ∝ k (because i × j = k).

The adiabatically switched hamiltonian is obtained by inserting the expres-
sions for the fields into eqn 12.94 and including a factor 1 − e−t/t to represent the 
switching:

H ±
(1)(t) = −1

2E(1 − e−t/t){(eiwt + e−iwt)mx ; i(eiwt − e−iwt)my} (12.96)

 −1
2B(1 − e−t/t){−(eiwt + e−iwt)my ; i(eiwt − e−iwt)mx}

From now on, we proceed just like in Section 12.4. The coeAcients in the per-
turbed wavefunctions are

an
±(t) = 1

iH�
t

0

H (1)
±,n0(t)e

iwn0t dt

and the induced electric dipole moment is the expectation value of the operator 
using these perturbed wavefunctions. The result of the calculation is

〈m±〉 = m0 + ∑
n≠0

 {m0nan
±(t)e−iwn0t + mn0an

±*(t)eiwn0t}

 = 2
H

re∑
n≠0

!
@m0n(Emx,n0 − Bmy,n0)

AC
wn0 coswt − iw sinwt

w2
n0 − w2

DF#
$

  ; im0n(Emy,n0 − Bmx,n0)
AC
iwn0 sinwt − wcoswt

w2
n0 − w2

DF
where re signifies the real part of the following expression. In the second line, we 
have supposed that the unperturbed molecule is non-polar and have set m0 = 0. 
All the unperturbed wavefunctions may be taken as real; therefore all the matrix 
elements mn0 are real (m is a real operator) whereas all the mn0 matrix elements are 
imaginary (because l is an imaginary operator). The real part of the last expres-
sion is therefore

〈m±〉 = 2
H

re∑
n≠0

AC
Ewn0

w2
n0 − w2

DF m0n(mx,n0 cos wt ± my,n0 sin wt) (12.97)

  − 2
H

im∑
n≠0

AC
Bw

w2
n0 − w2

DF m0n(my,n0 sin wt ± mx,n0 cos wt)

 = 2
H

re∑
n≠0

AC
Ewn0

w2
n0 − w2

DF m0nmn0 · (i cos wt ± j sin wt)

  − 2
H

im∑
n≠0

AC
Bw

w2
n0 − w2

DF m0nmn0 · (j sin wt ± i cos wt)

 = 2
H

re∑
n≠0

AC
wn0

w2
n0 − w2

DF m0nmn0 · E
±(t) − 2

H
im∑

n≠0

AC
1

w2
n0 − w2

DF m0nmn0 · Ú ±(t)

where im signifies the imaginary part of the following expression. When this 
expression is compared with eqn 12.89 (after multiplication by N ), we obtain

b = 2
H

im∑
n≠0

m0nmn0

w2
n0 − w2

(12.98)

We can now readily pick out the bxx, byy, and bzz components of b, and hence 
arrive at an expression for the rotational average in solution:

b = 2
3H

im∑
n≠0

m0n · mn0

w2
n0 − w2

(12.99)
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We are now at the end of the calculation, because we have seen how to express 
the angle of optical rotation in terms of b (eqn 12.92). By combining that equa-
tion with eqn 12.99 we obtain the Rosenfeld equation:

Dq = N lm0

3H ∑
n≠0

w2Rn0

w2
n0 − w2

(12.100)

where Rn0 is the rotational strength of the n ← 0 transition:

Rn0 = im m0n · mn0 (12.101)

12.7 Rotational strength

To discuss the optical activities of molecules, we need to investigate the proper-
ties of their rotational strengths.

(a) Symmetry properties

The rotational strength of a transition is zero if the molecule possesses an axis of 
improper rotation (Sn, Section 5.1). The symmetry argument is based on the fact 
that the electric dipole operator transforms as translations whereas the magnetic 
moment operator transforms as rotations. In groups that have an Sn symmetry 
element, no component of translation and rotation belongs to the same sym-
metry species, so the product of matrix elements in the definition of rotational 
strength does not transform as the totally symmetric irreducible representation 
of the group, and hence must be zero. The special cases of improper rotations 
are S1, which is equivalent to a mirror plane, and S2, which is equivalent to an 
inversion. Under a reflection, mq and mq have diCerent symmetries (Fig. 12.15), 
so the rotational strength changes sign. Similarly, under inversion, translations 
change sign but rotations do not; so in this case too, the rotational strength 
changes sign. Because the rotational strength cannot change sign under a sym-
metry transformation of a molecule, it must be equal to zero for molecules with 
a mirror plane or a centre of inversion.

The second property of the rotational strength that stems from symmetry is 
that an enantiomeric pair of chiral molecules have equal and opposite rotational 
strengths. As a result, they will rotate light of a given frequency in equal but 
opposite directions. When a reflection operation is applied to the rotational 
strength, it changes sign (as we have seen). However, the same reflection converts 
one enantiomer into the other.

(b) Optical rotatory dispersion

Another property of the rotational strength stems from the following sum rule:

∑
n

Rn0 = im ∑
n

m0n · mn0 = ∑
n

〈0 |m |n〉 · 〈n |m | 0〉 = 〈0 |m · m | 0〉 = 0 (12.102)

The last equality stems from the vector relation

m · m ∝ r · l ∝ r · (r × p) = (r × r) · p = 0

This sum rule has the important consequence that the angle of optical rotation 
tends to zero at both high and low frequencies.

• At very high frequencies (w2 >> w2
n0), the rotation angle is

Dq ≈ N lm0

3H ∑
n≠0

w2Rn0

−w2
= −N lm0

3H ∑
n≠0

Rn0 = 0

A brief comment
We have used the property of 
a vector triple product that 
a · b ×× c == a ×× b · c and the fact 
that the vector product of 
a vector with itself is identically 
zero: a ×× a == 0.

(a)

(b)

Fig. 12.15 (a) Under reflection, 
an electric dipole moment 
changes sign but (b) a magnetic 
dipole moment (which can be 
treated as a rotation) does not.
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 Although the sum omits n = 0, the omitted term R00 = 0 because it is the 
imaginary part of the scalar product of two expectation values (m00 and m00)
which are real (a property of Hermitian operators, Section 1.8).

• At the other extreme of frequency, when w2 << w2
n0, we have

Dq ≈ N lm0

3H ∑
n≠0

w2Rn0

w2
n0

= 0

 on account of the vanishing of the w2 factor in the numerator as w → 0.

The variation of the angle of rotation with frequency is called optical rotatory 
dispersion (ORD). A typical ORD curve is shown in Fig. 12.16. The rotation is 
close to zero at frequencies far from absorption bands, but may become quite 
large close to an absorption where w2

n0 − w2 approaches zero. The rotation does 
not actually rise to infinity as eqn 12.100 suggests because perturbation theory 
fails in this region and special techniques have to be used instead. When the 
incident frequency is close to an absorption frequency (for the k ← 0 transition, 
for instance), that transition’s contribution to the optical rotation dominates and 
the angle of rotation is given by

Dq ≈ N lm0w2Rk0

3H(w2
k0 − w2)

(12.103)

The area under the dispersion curve in this region can then be used to estimate 
the value of Rk0 in much the same way as the area under an absorption curve is 
used to determine the oscillator strength (see Further information 12.1).

(c) Estimation of rotational strengths

Much work has been put into the estimation of rotational strengths of molecular 
transitions and the transitions of chromophores in chiral environments. The 
carbonyl group has received a lot of attention, and we shall consider it briefly to 
illustrate the basic ideas and diAculties. We saw in Section 11.7 that the transi-
tion in the region of 290 nm in carbonyl compounds can be ascribed to the p* ← n
transition of the carbonyl chromophore. The non-bonding orbital n is almost 
pure O2py and the p*-orbital is built from 2px-orbitals on the C and O atoms. 
The transition is electric-dipole forbidden in a pure C2v environment, but it is 
magnetic-dipole allowed because the rotation of O2px into O2py can be brought 
about by the operator mz ∝ lz, which transforms as a rotation about the z-axis
(Section 5.18). The motion of the electron density during the transition can be 
thought of as describing a circle around the z-axis. Because it is electric-dipole 
forbidden, the transition has no rotational strength because m0k · mk0 = 0. However, 
we should take into account the possibility that the local environment of the 
carbonyl group may distort its orbitals. If the environment causes the migration 
of electrons to follow a helical path (Fig. 12.17), then it can acquire a rotational 
strength.

One way to achieve a helical transition is for the p*-orbital to possess some 
dyz-character. The p*-orbital is then formed between a C2px-orbital and a mix-
ture of O2px- and O3dyz-orbitals:

y(p*) = c1c(C2px) + c2c(O2px) + c3c(O3dyz)

Now the transition has some electric-dipole character parallel to the z-axis as 
well as some magnetic dipole character around that axis:

〈p* |mz | n〉 = c*3〈O3dyz |mz | O2py〉 〈p* |mz | n〉 = c*1〈O2px |mz | O2py〉 (12.104)
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Fig. 12.16 Optical rotatory 
dispersion in the vicinity of 
two absorption bands.

(a)

(b)

Fig. 12.17 (a) The rotational 
character of a p*← n transition 
and (b) its helical character when 
the chromophore is perturbed by 
the adjacent groups in a chiral 
molecule.
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and both matrix elements may be non-zero. The rotational strength is now 
proportional to c*1c*3, and so the helically distorted carbonyl group is optically 
active. Note too that the presence of the d-orbital component removes the plane 
of symmetry of the group, so the group becomes chiral and potentially optically 
active.

Example 12.4 Estimating rotational strengths

Suppose that there is a single centre to which an electron is confined, and that in 
the ground state it occupies a pure 2py-orbital but in the upper state the orbital 
is a mixture of the form | 1〉 = | 2px〉 cos z + | 3dyz〉 sin z, where z is a parameter (we 
encountered this parametrization of normalized two-component superpositions 
in Section 6.1) and the orbitals are Slater orbitals (Section 7.14). Evaluate the 
rotational strength of the transition as a function of z.

Method The expression for the rotational strength is given in eqn 12.101. In this 
model, only the z-components contribute. For the matrix elements of mz = gelz
we use lz ∝ [/[j and recognize that px ∝ cos j and py ∝ sin j. For the matrix 
elements of mz = −ez, write z = r cos q and use the form of the STOs specified in 
Section 7.14.

Answer For the matrix elements of lz we use

lzy2py
=

H
i

[
[j

f(r) sin q sin j = −iHf(r) sin q cos j = −iHy2px

or lz | 2py〉 = −iH | 2px〉. From this relation and denoting | 2py〉 as | 0〉, it follows that

〈1 |mz | 0〉 = ge{〈2px | lz | 2py〉 cos z + 〈3dyz | lz | 2py〉 sin z}
 = ge(−iH)〈2px | 2px〉 cos z = imB cos z

where we have introduced the Bohr magneton through mB = −geH. For the electric 
transition dipole we need the explicit form of the orbitals, and use

y2py
= AC

3

4p
DF

1/2

 sin q sin j AC
25z5

p

4!
DF

1/2

re−zpr zp =
Z*p

npa0

y3dyz
= 1

2
AC

15

4p
DF

1/2

 sin 2q sin j AC
27z7

d

6!
DF

1/2

r2e−zdr zd =
Z*d

nda0

The matrix element evaluates to

〈0 |mz | 1〉 = −e〈2py | r cos q | 3dyz〉 sin z = −ea0
!
@
26(6z5

pz7
d)

1/2

(zp + zd)
7

#
$ sin z

Therefore, from eqn 12.101 with 2 sin z cos z = sin 2z, we find

R10 = −ea0mB
!
@

25(6z5
pz7

d)
1/2

(zp + zd)
7

#
$ sin 2z

Comment The rotational constant is greatest when z = p/4 or 5p/4. For an O atom, 
zp = 2.25/a0 and zd = 0.33/a0, and then

R10 = (1.30 × 10−54 C2 m3 s−1) × sin 2z

The principal diAculty with this kind of calculation is the estimation of 
the extent of distortion induced in a chromophore by the asymmetry of its 
environment.
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Further information

12.1  Oscillator strength

In this section, we establish the relation between the 
integrated absorption coeAcient (A) of a band and the 
transition dipole moment (mfi). To do so, consider a plane 
of area A at x with radiation incident from the left. All 
the energy (as photons) within a distance cDt, and hence 
in a volume AcDt, will pass through the plane in an interval 
Dt. If the energy density of the field is U, then the total 
electromagnetic energy passing through the plane in that 
time interval is UAcDt. The energy flux, J, is the energy 
passing through a given area in a given interval divided by 
the area and the length of the interval, and so J = UAcDt/
(ADt) = cU. The energy density in the frequency range n to 
n + dn is dU = rR(n)dn, where rR(n) is the energy density of 
radiation states (Section 6.10), and so the energy flux in 
the same range is dJ = crR(n)dn. We write dJ = I(n)dn,
where I is the intensity of the radiation; hence I = crR.

Now consider the absorption that occurs within a slab 
of thickness dl. Let the number density of molecules able to 
absorb light of frequency in the range n to n + dn be n(n)dn,
so the total number density of absorbers is N = 2n(n)dn.
The rate at which any one molecule absorbs a photon is 
W = BrR(n), and as each photon has an energy hn, the rate 
of change of energy density is

dU

dt
= −hnWn(n) = −n(n)hnBrR(n)dn (12.105)

The energy entering the slab at x from the left during the 
interval dt is J(x)Adt, and the energy leaving the slab on the 
right at x + dl is J(x + dl)Adt. By the conservation of energy, 
the diCerence is the rate of change of energy in the slab:

d(UAdl)

dt
= J(x + dl)A − J(x)A

and therefore

dU

dt
=

J(x + dl) − J(x)

dl
=

dJ

dl

This conservation expression is valid for each frequency 
component, and by using eqn 12.105 and noting that

dJ

dl
=

dI

dl
dn

we obtain

dI = −n(n)hnBrRdl = − 
n(n)hn

c
BIdl

The reduction in intensity when a beam passes through 
a solution of length dl when the absorbers A are at a molar 
concentration [A] is

dI = −e(n)[A]Idl

where e is the molar absorption coeAcient. Comparison of 
the two expressions leads to

e(n)

n
=

hn(n)B

c[A]

Multiplication of both sides by dn and integration over all 
the frequencies of the band leads to BhN /c[A] on the right; 
but N = [A]NA, where NA is Avogadro’s constant. Hence,

� e(n)

n
dn =

BhNA

c

For typical absorption bands, the frequency is virtually 
constant over the range for which e(n) is non-zero, and so 
we set n ≈ nfi on the left and recognize A = 2e(n)dn, the 
integrated absorption coeAcient. It then follows that

A = A
C
hnfi

c
D
F NAB (12.106)

We showed in Further information 6.1 that for electric 
dipole transitions B = |mfi |2/6e0H2; therefore

A =
pnfiNA |mfi |2

3e0Hc
 (12.107)

which is a direct link between a measurable quantity A and 
a calculated quantity mfi.

It is useful to introduce the dimensionless oscillator
strength, f, of a transition:

f = A
C
4pmenfi

3e2H
D
F |mfi |2 (12.108)

The relation between this quantity and the integrated 
absorption coeAcient is obtained by combining the last 
two equations, and is

f = A
C
4mece0

NAe2

D
F A (12.109)

The practical form of this expression is

f = 6.257 × 10−19 × A /(m2 mol−1 s−1)

For a one-dimensional harmonic oscillator, f = 1
3. For 

an electron bound so that it oscillates harmonically in three 
dimensions (which was an early model of a hydrogen atom), 
f = 1. The observed oscillator strength is therefore the 
ratio of the intensity of the transition to the intensity of 
a harmonically oscillating electron (in three dimensions). 
In practice, f ≈ 1 for allowed electric dipole transitions 
and f << 1 for forbidden transitions.

12.2  Sum rules

In this section, we establish the Kuhn–Thomas sum rule:

∑
n≠0

fn0 = Ne (12.110)

where fn0 is the oscillator strength (Further information 12.1)
for the transition n ← 0, and Ne is the number of electrons 
in the molecule.

The first step is to derive the velocity–dipole relation:

pmn = −i A
C
mewmn

e
D
F mmn (12.111)
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where Hwmn is the transition energy and mmn its transition 
dipole moment. To derive this result, we consider the 
x-component with mx = −ex:

px,mn = imewmnxmn (12.112)

The proof hinges on the evaluation of the commutator of 
the hamiltonian and the position operator:

〈m | [H,x] |n〉 = 〈m |Hx |n〉 − 〈m |xH |n〉
= (Em − En)〈m |x |n〉 = Hwmnxmn

The commutator may also be written as follows:

[H,x] = −
H2

2me

GI
d2

dx2
,xJL + [V(x),x]

 = −
H2

2me

A
C

d2

dx2
x − x

d2

dx2

D
F

= −
H2

2me

A
C2

d

dx
+ x

d2

dx2
− x

d2

dx2

D
F

 = −
H2

me

d

dx
=

H

ime

px

It follows that

〈m | [H,x] |n〉 =
H

ime

px,mn (12.113)

and eqn 12.112 follows immediately.
At this point, we develop fn0 in terms of the linear 

momentum by using the velocity–dipole relation and 
wn0 = 2pnn0:

fn0 =
4pmenn0 |mn0 |2

3e2H
=

mewn0

3e2H
(m0n · mn0 + m0n · mn0)

 =
me

3e2H
A
C

ie

me

D
F (m0n · pn0 − p0n · mn0)

The sum over n (excluding n = 0 since p00 = 0) produces 
an expectation value of a commutator:

∑
n≠0

fn0 = − 
i

3H
〈0 | r · p − p · r | 0〉

For each component of the scalar product the commutator 
is iH, so the outcome is

∑
n≠0

fn0 = − 
i

3H
(3iH)〈0 | 0〉 = 1

This result is for a single electron. If the system consists 
of Ne electrons, each one gives the same contribution, 
so overall we obtain eqn 12.110, as was to be proved.

12.3  The Maxwell equations

The Maxwell equations describe the properties of the 
electromagnetic field. They are expressed in terms of the 
following six quantities (with their SI units in parentheses):

E electric field strength (V m−1)
D electric displacement (C m−2)
r charge density (C m−3)
H magnetic field strength (A m−1)
B magnetic induction (T)
J current density (A m−2)

The electric displacement and the magnetic induction are 
related to the electric and magnetic field strengths by the 
polarization, P, and the magnetization, M , respectively:

D = e0E + P B = m0H + m0 M (12.114)

(a)  The general form of the equations

The Maxwell equations are

(i) ∇ · D = r (12.115)

(ii) ∇ · B = 0

(iii) ∇ × E = − 
[B

[t

(iv) ∇ × H = J +
[D

[t

The fields B and E may be expressed in terms of two 
potentials, a scalar potential j and a vector potential A.
Because the divergence of a curl is identically zero, it follows 
that the second Maxwell equation (∇ · B = 0) is satisfied by 
writing

B = ∇ × A (12.116)

It then follows from the third Maxwell equation that

∇ × A
CE +

[A
[t

D
F = 0

and hence

E = − 
[A
[t

+ f

where f is a vector function with zero curl. Because the curl 
of a gradient of a scalar function is identically zero, we may 
write f = −∇j, and so obtain

E = − 
[A
[t

− ∇j (12.117)

When the vector potential is independent of time,

E = −∇j (12.118)

(b)   The equations for fields in a vacuum

The Maxwell equations take on special importance in 
a vacuum, for which P = 0, M = 0, r = 0, and J = 0. Under 
these conditions, D = e0E and B = m0H , and the equations 
become

(v) ∇ · E = 0 (12.119)

(vi) ∇ · H = 0

(vii) ∇ × E = −m0

[H

[t

(viii) ∇ × HH = e0

[E

[t

On taking the curl of the third of these equations we obtain

∇ × (∇ × E) = −m0

[∇ × H

[t

Then, because ∇ × (∇ × E) = ∇(∇ · E) − ∇2E,

∇(∇ · E) − ∇2E + m0

[∇ × H

[t
= 0
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A brief comment
We have used the general relation ∇ ×× (∇ ×× F) = ∇∇(∇ · F) − ∇∇2F.

The first term in this expression is zero by eqn 12.119(v), 
and by eqn 12.119(viii) the third term is

m0

[∇ × H

[t
= m0e0

[2E

[t2

Therefore, in free space the electric field satisfies the 
equation

∇2E − e0m0Ò = 0 (12.120)

where Ò = [2E /[t2; eqn 12.120 is the equation of a wave 
propagating with velocity c = 1/(e0m0)

1/2.

(c)  The propagation of fields in a polarizable medium

For electromagnetic radiation propagating in a medium we 
need to allow for the polarization. Suppose (see eqn 12.89) 
that

P = N aE − N bÚ (12.121)

where Ú = [B/[t. In optically inactive media, the second term 
on the right is absent. From eqns 12.114, 12.115, and 
12.121, and setting B ≈ m0H ,

∇ × B ≈ m0Û = e0m0Ù + m0N aÙ − m0N bÓ

When the curl is taken of both sides, and the relation 
∇ × (∇ × B) = ∇(∇ · B) − ∇2B = −∇2B (where the second 
equality follows from eqn 12.115) is used, it follows that

∇2B = e0m0
A
C1 +

aN

e0

D
F Ó + m0bN ∇ × Ó (12.122)

Suppose for the moment that b = 0, then by comparison of 
this expression with eqn 12.120 we see that in a medium 
the magnetic field propagates at a speed v, with

v =
1

{e0m0(1 + (aN /e0))}
1/2

and hence the refractive index is

nr =
c

v
= A

C1 +
aN

e0

D
F

1/2

≈ 1 +
aN

2e0

as in eqn 12.66.

(d)  Propagation in chiral media

When b is non-zero, we can expect birefringence (n+ ≠ n−).
A circularly polarized electric field with propagation 
direction z has the form (see eqn 12.83)

E ± = Ei cos j± ± Ej sin j± (12.123)

where the amplitude E is assumed here to be time-
independent, i and j are unit vectors perpendicular to 
the propagation direction, and

j± = wt − k±z (12.124)

The wavevector of magnitude k± depends on the sense 
of polarization because k = 2p/l and l depends on the 
refractive index through l = v/n = c/nrn, and 
from Maxwell’s equation ∇ × E ± = −Ú ±, it follows that

B ± =
Ek±

w
{j cos j± ; i sin j±}

has the correct polarization characteristics. Then, from the 
three relations

∇ × B ± = ±k±B ±

∇2B ± = −k2
±B ±

Ó ± = −w2B ±

eqn 12.122 becomes

k2
± = e0m0w2 A

C1 +
aN

e0

D
F ± m0bN w2k± (12.125)

Because e0m0 = 1/c2 and k± = 2pnn± /c = wn± /c (from the 
remark above), it follows that

n±
2 = 1 +

aN

e0

±
wbN n±

ce0

 (12.126)

This is a quadratic equation for n±. The solution to first 
order in b is

n± ≈ 1 +
aN

2e0

±
wbN

2ce0

 (12.127)

which is the expression used in the text (eqn 12.90) and 
accounts for the birefringence of the medium.

Exercises

*12.1 The polarizability volume of tetrachloromethane is 
1.05 × 10−29 m3. Calculate (a) the magnitude of the dipole 
moment induced by an electric field of strength 10 kV m−1,
(b) the change in molar energy.

*12.2 Estimate the polarizibility and polarizability volume 
of the hydrogen atom using eqn 12.27 and setting DE equal 
to the ionization energy. What is the percentage diCerence
between your answer and the experimental value of a′zz

(6.6 × 10−31 m3)?

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*12.3 The oscillator strength of a transition at about 
160 nm in ethene is about 0.3. Estimate the mean 
polarizability volume of the molecule considering 
only this transition. (The experimental value is 
4.22 × 10−30 m3.)

*12.4 Use the London formula to estimate the dispersion 
interaction energy between two hydrogen atoms separated 
by 10.0 nm. Use the experimental value of the polarizability 
given in Exercise 12.2.

*12.5 Estimate the dispersion interaction energy of two 
hydrogen atoms separated by 10.0 nm when retardation 
eCects are included. Use the experimental value of the 
polarizability given in Exercise 12.2.

*12.6 Compute the relative permittivity of 
tetrachloromethane given its polarizability volume 
(Exercise 12.1) and density (1594 kg m−3).

*12.7 Show the steps from eqn 12.56 to 12.57; the Langevin 
function is defined in eqn 12.58.

*12.8 Show the steps from eqn 12.62 to 12.63.

*12.9 Show the steps from eqn 12.72 to 12.73.

*12.10 Verify the Lorenz–Lorentz formula by substituting 
the expression for nr

2 in eqn 12.78 into the left-hand side of 
eqn 12.79.

*12.11 Show the steps from eqn 12.84 to 12.85.

Problems

*12.1 Model an atom by an electron in a one-dimensional 
box of length L. (Assume there to be an ‘invisible’ positive 
charge at the centre of the box which provides the positive 
end of the dipole but does not aCect the wavefunctions.) 
Calculate the static polarizability of the system parallel to 
its length. Hint. Use eqn 12.15; the wavefunctions are given 
in eqn 2.31. The procedure and results of Problems 6.7 and 
6.8 can be used.

12.2 Repeat the calculation in Problem 12.1, but use the 
closure approximation. What value of DE will reproduce 
the result in Problem 12.1? Is this value of DE smaller than, 
equal to, or greater than the values of DE of Problems 6.14 
and 6.15?

12.3 Evaluate the polarizability azz and polarizability 
volume of a hydrogen atom; for simplicity, confine the 
perturbation sum to the 2p-orbitals. Use the following 
results for matrix elements:

〈n′,l + 1,ml |z |nlml〉 = !
@

(l + 1)2 − ml
2

(2l + 3)(2l + 1)
#
$

1/2

〈n′,l + 1 | r |nl 〉

〈np | r | 1s〉 = !
@

28n7(n − 1)2n−5

(n + 1)2n+5

#
$

1/2

a0

*12.4 Repeat Problem 12.3 but include the contributions 
of all p-orbitals.

12.5 Devise a variational calculation of the polarizability 
of the hydrogen atom. Hint. A simple procedure would 
be to take as an unnormalized trial function the linear 
combination y1s + ay2pz

 (the basis could be enlarged in 
a more sophisticated treatment) with a the variation 
parameter. The hamiltonian is H = H0 + ezE. Find the 
optimum value of a and identify azz. Use the integrals 
given in Problem 12.3. (The experimental value of a′zz

is 6.6 × 10−31 m3.)

12.6 Establish a perturbation theory expression for 
the components of the first hyperpolarizability bzzz of 
a non-polar molecule. Hint. Refer to eqn 12.10. You will 
need to use the following expression for the third-order 
correction to the energy, which can be derived following 
the discussion in Chapter 6:

E(3) = ∑
m,n≠0

H (1)
0mH (1)

mnH (1)
n0

(E(0)
m − E(0)

0 )(E(0)
n − E(0)

0 )
− H (1)

00 ∑
n≠0

H (1)
0n H (1)

n0

(E(0)
n − E(0)

0 )2

*12.7 Derive the expression for the third-order correction 
to the energy given in Problem 12.6. Hint. Follow the 
procedure set out in Section 6.2.

12.8 Show group theoretically that in a tetrahedral molecule 
(a) the mean hyperpolarizability is zero, (b) the only 
non-zero components are bxyz and the permutations of its 
indices. Hint. The mean is defined as 3

5(bxxz + byyz + bzzz);
and so (b) implies (a). For (b) consider the symmetry 
characteristics of E = −(1/3!)Σa,b,cbabcEaEbEc the 
generalization of eqn 12.11.

12.9 Evaluate the first hyperpolarizability bxxx of a one-
dimensional system of two charges +e and −e bound 
together by a spring of force constant kf, the electric field 
being applied parallel to the x-axis. Hint. Use Problem 12.6 
and the matrix elements set out in Example 10.4; the result 
can be obtained by inspection.

*12.10 Prove the sum rule

Σfxmfxfmwfn = (H/2me)dmn + 1
2wmn(x

2)mn.

Hint. Consider the matrix elements of the commutator 
[H,x2].

12.11 Use the closure expressions to estimate the 
contribution to the polarizability of a carbon atom of 
one of its 2p-electrons when the field is applied (a) parallel, 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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(b) perpendicular to the axis. Assess the contributions of 
the ls-electrons and the 2s-electrons, and estimate the total 
mean polarizability by adding all the contributions. Hint.
Use Slater atomic orbitals and eqn 12.21 (for the mean 
value). The 2s,2p energy separation is equivalent to about 
7.5 × 104 cm−1; the first ionization energy corresponds to 
11.264 eV. The energies of the 1s-electrons can be estimated 
by regarding them as hydrogenic.

12.12 Deduce an expression for the refractive index of a 
gas of free electrons. Hint. Take the limit of the equation 
preceding eqn 12.77 when w2

fi >> w2
n0 and refer to eqn 12.76. 

This calculation leads to the Thomson formula for the 
refractive index.

*12.13 A region of interstellar space contained a diCuse
gas of hydrogen atoms at a number density of 1 × 105 m−3.
What is the refractive index for visible (590 nm) light in 
the region? Hint. Use eqn 12.77 and information in the 
solution of Problem 12.4.

12.14 Consider two particles, each in a one-dimensional 
box, with the centres of the boxes separated by a distance R.
Each system may be regarded as a model of an atom in the 
same sense as in Problem 12.1. Calculate the dispersion 
energy when the boxes are (a) in line, (b) broadside on. 
Hint. Base the calculation on eqn 12.33, noting that the 
dipole moment operators have only one component in 
a one-dimensional system. Much of the calculational work 
has been done in Problem 12.1.

12.15 Investigate the usefulness of the closure 
approximation in the calculation of the dispersion 
energy of the system described in Problem 12.14. 
What values of DEA and DEB should be used?

*12.16 Devise a variational calculation of the dispersion 
interaction between two hydrogen atoms. Start by using 
the trial functions suggested in Problem 12.5, but note 
that the dipolar hamiltonian also introduces distortions 
perpendicular to the line of centres of the atoms; ignore 
this distortion. The hamiltonian to use in the evaluation 
of the Rayleigh ratio is HA + HB + H(1), where H(1) is 
given in eqn 12.28.

12.17 Evaluate the rotational strength of a transition of 
an electron from a 2px-orbital to a 2pz,3dxy-hybrid orbital. 
Assume the orbitals are on a carbon atom. Estimate the 
optical rotation angle for 590 nm light. Hint. Follow 
Example 12.4, with changes of detail. For carbon, take 
zp = 1.57/a0 and zd = 0.33/a0 and use lk0 = 200 nm.

12.18 An electron is bound to a nucleus and undergoes 
harmonic vibrations in three dimensions, the frequencies 
being wx, wy, and wz. It is subjected to a perturbation of 
the form H(1) = Axyz. Calculate the rotational strength 
and the optical rotation angle to first-order in the 
parameter A. Hint. Base the answer on eqn 12.101, 
evaluating the matrix elements using the first-order 
perturbed wavefunctions, eqn 6.27. Hint: Use eqn 4.3 
for the angular momentum operators and the matrix 
elements provided in Problem 1.23.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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13The magnetic properties 
of molecules

The diff erence between electric and magnetic perturbations is that whereas the former 
stretch a molecule, the latter twist it (as will be demonstrated explicitly in due course). 
The eff ect of a twisting perturbation is to induce electronic currents that circulate 
through the framework of the molecule. These currents give rise to their own magnetic 
fi elds. One eff ect is to modify the magnetic fl ux density in the material (Fig. 13.1). If the 
fl ux density is increased beyond that due to the applied fi eld alone, then the substance 
is classifi ed as ‘paramagnetic’. If the fl ux density is reduced, then the substance is clas-
sifi ed as ‘diamagnetic’. The latter is the much more common property.

If there are unpaired electrons present in the molecule, then those spins may interact 
with the local currents induced by the applied fi eld, and give rise to the g-value of elec-
tron spin resonance (ESR; or electron paramagnetic resonance, EPR). Similarly, magnetic 
nuclei can also interact with the induced electronic currents, and this interaction is 
responsible for the chemical shift of nuclear magnetic resonance (NMR). A nuclear spin can 
itself give rise to electronic currents in a molecule, and the interaction of this nucleus-
induced current with another magnetic nucleus is responsible for the fi ne structure in 
NMR spectra. We shall review the basis of these resonance techniques later in the chapter.

The description of magnetic fi elds

We assume that the description of the magnetic field is largely unfamiliar and 
introduce some of the concepts involved. One of these concepts, the ‘vector 
potential’, is of the greatest importance for this chapter, because it is at the root 
of the formulation of the perturbation hamiltonians we need.

13.1 Basic concepts

The electric properties discussed in Chapter 12 have analogues in magnetism. In 
particular, a molecule may possess a permanent magnetic dipole moment, m0.
Typically this permanent moment arises from the presence of unpaired electron 
spins and the associated magnetic moments. The following should be recalled 
from Chapter 7:

• A spin angular momentum s has associated with it a spin magnetic moment 
geges, where ge = 2.0023 and ge = −e/2me (a negative quantity). As magnetic 
properties are also commonly discussed in terms of the Bohr magneton, 
mB = eH/2me (Section 7.3, a positive quantity), if the z-component of spin is 
sz = msH, then the z-component of the spin magnetic moment is −gemBms.

• If (rarely) a molecule has non-zero orbital angular momentum, then it too 
may contribute to the permanent magnetic moment. The magnetic moment 
associated with an orbital angular momentum l is gel, so the contribution to 
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the z-component when the z-component of the orbital angular momentum is 
lz = mlH is simply −mBml.

A molecule may also acquire an induced magnetic moment in the presence of 
an applied magnetic field. We need to know that there are two measures of the 
magnetic field in a region. The magnetic field strength is denoted H and is typic-
ally reported in amperes per metre (A m−1). The magnetic induction is denoted 
B and is usually expressed in tesla (1 T = 1 V s m−2). In a vacuum the two are 
related by

B = m0H (13.1a)

where m0 is the vacuum permeability, which by definition has the exact value 
m0 = 4p × 10−7 N A−2 (for other units, see inside the front cover). The magnetic 
induction will be at the centre of our attention in this chapter; it is sometimes 
interpreted as the density of the ‘lines of force’ in a medium. In a medium the 
magnetic induction becomes

B = mH (13.1b)

As for the electrical permittivity and the relation e = ere0 (Section 12.3), the per-
meability m of the medium is commonly expressed as a multiple of the vacuum 
permeability m = mrm0, where mr is the dimensionless relative permeability.

(a)

(b)

(c)

Fig. 13.1 A representation of 
the flux density in (a) a vacuum, 
(b) a paramagnetic material, and 
(c) a diamagnetic material.

A brief illustration

If the magnitude of the magnetic field strength is H = 1.0 kA m−1, the magnitude of 
the magnetic induction (in a vacuum) is

B = (4p × 10−7 N A−2) × (1.0 × 103 A m−1) = 1.3 × 10−3 N A−1 m−1 = 1.3 mT

For the final equality (the point of this brief illustration), we have used 1 N = 1 J m−1

and 1 J = 1 A V s.

The magnetic induction (the ‘density of lines of force’) in a medium can be 
interpreted as the sum of the induction due to the applied field (m0H ) and the 
induced magnetization, M, of the medium:

B = m0(H + M ) (13.2)

In a paramagnetic material M > 0 and the magnetic induction is greater than in a 
vacuum; in a diamagnetic material M < 0 and the magnetic induction is less than 
in a vacuum. These features underlie the illustration in Fig. 13.1. There is no 
guarantee that M and H  are parallel, so B might point in a diCerent direction from 
H ; we ignore that complication in the following. Note that eqns 13.2, 13.1b, and 
m = mrm0 imply that

M = B /m0 − H = (mr − 1)H (13.3a)

Because the magnetic susceptibility of a medium, c, is defined (analogously to the 
electric susceptibility, eqn 12.49) as c = mr − 1, we can write this relation as

M = cH (13.3b)

For a vacuum, c = 0; for a paramagnetic material c > 0; for a diamagnetic material 
c < 0. By combining eqn 13.3a, 13.1b, the definition of c, and the relation m =
mrm0, the magnetization can be expressed in terms of the magnetic induction as

M = (mr − 1)H = A
C
mr − 1
m

D
F B = 1

m0

A
C

c
1 + c

D
F B ≈ (c/m0)B (13.3c)
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The approximation is valid providing |c | << 1, which is almost always the case 
for molecular systems.

13.2 Paramagnetism

Just as the electric polarization can be interpreted as the electric-dipole moment 
density (Section 12.3), so the magnetization of a medium is its magnetic-dipole 
density. Therefore, we can write

M = N 〈m〉 (13.4)

where N  is the number density of molecules and 〈m〉 is the mean molecular mag-
netic dipole. There are two contributions to the latter. One is a contribution from 
the permanent magnetic dipole moments m0 of the molecules. Their contribution 
depends on the orientating eCect of the applied field as expressed through the 
Boltzmann distribution. For a field in the z-direction, the energy of interaction 
of a magnetic dipole is −mzB. It follows from exactly the same argument as we 
presented in Section 12.3 that the Boltzmann-weighted average of mz in a sample 
at a temperature T is

〈mz〉 = m0L(x) x = m0B
kT

(13.5)

where L(x) is the Langevin function (eqn 12.58); recall that L(x) ≈ x/3 when x << 1. 
The magnetic induction B is playing the role here of the total eCective electric 
field E* in the electrical case. The magnetization of the sample is therefore

M = m0N L(x) ≈ N m0
2B

3kT
(13.6)

where we have assumed that m0B << kT (which is almost always true), which 
implies x <<  1. Then, by comparing this expression with eqn 13.3c it follows that 
the permanent moment contributes

c = m0m0
2N

3kT
(13.7)

to the magnetic susceptibility. This contribution is positive, so the permanent 
moments contribute to the paramagnetic susceptibility. The spin magnetic moment, 
the contribution to the permanent moment due to the total spin angular momen-
tum S, is given by gegeS or −gemBS/H. Therefore, the magnitude of the spin magnetic 
moment is obtained from the properties of the operator corresponding to the 
square of the angular momentum (Chapter 4) and is given by gemB{S(S + 1)}1/2.

A brief comment
The names ‘diamagnetic’ and 
‘paramagnetic’ come from 
the behaviour of a long, thin 
cylinder of the material that 
if supported in the field of a 
magnet, tends to lie across (dia
means across in Greek) the field 
so as to minimize its energy. 
A paramagnetic substance 
would tend to lie parallel to 
the field (para means beside 
or along in Greek).

A brief illustration

For a mass density of 3.0 g cm−3 and a molar mass of 100 g mol−1, the number 
density is

N =
rNA

M
=

3.0 × 106 g m−3

100 g mol−1
× (6.022 × 1023 mol−1) = 1.8 × 1028 m−3

The magnetic susceptibility at 298 K due to electron spins (with ge = 2 and  S = s = 1/2,
so m0 = 2mB{s(s + 1)}1/2 = 31/2mB) is

c =
(4p × 10−7 T2 J−1 m3) × 3 × (9.274 × 10−24 J T−1)2 × (1.8 × 1028 m−3)

3 × (1.381 × 10−23 J K−1) × (298 K)
= 4.7 × 10−4

Note that the final answer is consistent with the assumption that c << 1 (as required 
in the derivation of eqn 13.7); all the units cancel.
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There are a number of advantages obtained by expressing the susceptibility as 
the molar magnetic susceptibility, cm:

cm = cVm (13.8)

where Vm is the molar volume of the sample. If we note that

N Vm = NVm

V
= nNAVm

nVm

= NA (13.9)

where NA is Avogadro’s constant and n is the amount of substance, then we see 
that the molar susceptibility is simply

cm = m0m0
2NA

3kT
(13.10)

independent of the number density. (It is helpful to note that to go from c to cm,
we replace N  in the former by NA.) This independence is the reason for introdu-
cing the molar susceptibility. Equation 13.10 has the form of the Curie law for 
the molar magnetic susceptibility of paramagnetic substances:

cm = C
T

C = m0m0
2NA

3k
(13.11)

A brief illustration

For s = 1/2, a calculation very similar to that in the preceding brief illustration,
but without needing information about the number density, gives C ≈ 4.7 ×
10−6 m3 K mol−1, so at 298 K, cm ≈ 1.6 × 10−8 m3 mol−1 (or 16 mm3 mol−1).

The spin-only formula is applicable when the orbital angular momentum of 
the electrons makes no contribution to the permanent magnetic moment and 
magnetic susceptibility: we say that the orbital angular momentum is quenched.
This is the case when the electrons are described by real wavefunctions: if the 
wavefunctions are real, then by hermiticity, for any component lq of orbital angu-
lar momentum the expectation value of lq for any real state y0 is

〈0 | lq | 0〉 = 〈0 | lq | 0〉* = −〈0 | lq | 0〉 (13.12)

because l*q = −lq. This relation implies that the expectation value of lq is zero. 
Because the wavefunctions of electrons in orbitally non-degenerate states may 
be chosen to be real (Section 2.4), it follows that orbitally non-degenerate 
systems have quenched orbital angular momentum and display spin-only 
paramagnetism.

13.3 The vector potential

Our initial task is to formulate the perturbation hamiltonian. It turns out that 
we cannot simply argue by analogy with the electric susceptibility where we 
used H(1) = −m · E and use a perturbation of the form −m · B. To find the actual 
hamiltonian, we need to dig deeper into the description of the electromagnetic 
field. Throughout this section we draw on the properties of scalar and vector 
fields and their derivatives as set out in Mathematical background 6 following 
this chapter. We shall make frequent use of the two vector fields introduced and 
illustrated there:

C(x,y) = −yi + xj D(x,y) = xi + yj (13.13)
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As we saw in Mathematical background 6, C has a curl but no divergence; D has 
a divergence but no curl.

An electric field E can be expressed as the gradient of a potential j. The 
Schrödinger equation for a charged particle in an electric field (such as the 
electron in a hydrogen atom) is expressed in terms of the potential j (and 
the corresponding potential energy V = −ej) that describes the electric field (for a 
hydrogenic atom it is the Coulomb potential, j = Ze/4pe0r). Indeed, in the theory 
of electromagnetism, a ‘potential’ is perhaps so called because it is potentially 
capable of telling us the magnitude and direction of the electric field, as long as 
we know how to derive that information from it, that is, to evaluate some kind 
of derivative.

(a) The formulation of the vector potential

We need to identify a potential that describes a magnetic field if we are to for-
mulate the Schrödinger equation for a particle in a magnetic field, and then see 
how to derive the field and the appropriate interaction energy from it. To do so, 
we introduce the vector potential, A, the vector function from which the mag-
netic field is derived. The vector potential corresponding to a magnetic induction 
B is defined such that

B = ∇ × A (13.14)

Note that we obtain the magnetic induction, not the magnetic field strength, in 
this way.

A brief illustration

Suppose that we are given the vector potential

A = 1
2 BC = 1

2 B(−yi + xj)

then the induction to which it corresponds is

B = 1
2 B∇ × C = Bk

In other words, the vector potential 1/2BC describes a uniform magnetic field of 
induction B pointing in the direction k (Fig. 13.2).

The generalization of the example in the last brief illustration to a uniform 
magnetic induction B in an arbitrary direction is

A = 1
2 B × r (13.15a)

Thus, from the relations set out in Mathematical background 6,

∇ × (B × r) = B(∇ · r) − r(∇ · B) + (r · ∇)B − (B ·∇)r = 2B

(We have used ∇ · r = 3, [B /[x = 0, etc., and Bx([/[x)x = Bx, etc.) Therefore, we can 
always set up the vector potential for a uniform field B by forming 1

2 B × r. That 
is, from the way of expressing a vector product as a determinant (eqn MB3.4e), 
in terms of the components of B and r:

A = 1
2

i
Bx

x

j
By

y

k
Bz

z
(13.15b)

i

j
k

B

A

Fig. 13.2 The relation between 
the vector potential and the 
magnetic field to which it 
corresponds. A uniform magnetic 
field is described by a vector 
potential like the one illustrated 
that extends throughout 
the region of non-zero field. 
A non-uniform field has a vector 
potential that is like this one 
over an infinitesimal region.
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Not all magnetic fields are uniform, and when they vary with position the vector 
potential takes on a more complicated form. Locally, however, a vector potential 
can always be imagined as resembling those we have already seen, but the direc-
tion of swirl and the closeness of the contour lines change from place to place. We 
shall see an example in Section 13.6.

(b) Gauge invariance

The relation between the derivative of a function and the function is not unique: 
because the derivative is a measure of the slope of the function, we can add an 
arbitrary constant to the function without changing the latter’s slope (Fig. 13.4). 
Similarly, the choice of vector potential corresponding to a given field is not 
unique: we can add any constant to A without changing the resulting B. However, 
because the relation between A and B is a curl, not simply a derivative, there is a 
richer possibility: because ∇ × ∇f ≡ 0 for any scalar function f, we can add a vector 
function of the form ∇f, that is

A → A + l∇f (13.16)

where l is a constant, and leave the field unchanged:

B = ∇ × (A + l∇f ) = ∇ × A (13.17)

This insensitivity to the addition of ∇f is called gauge invariance. The vector 
function D is a special case of ∇f because it may be written as the gradient of the 
scalar function 1/2(x2 + y2):

1
2 ∇(x2 + y2) = xi + yj = D (13.18)

Therefore, all vector potentials of the form

A = 1
2 BC + lD (13.19)

correspond to the same uniform induction B regardless of the value of the con-
stant l (Fig. 13.5). Later we shall make use of the fact that it is always possible to 
select a gauge (that is, choose the gradient of a scalar function to add to a given 
vector potential) that ensures that the vector potential has zero divergence. In the 

B

A

k = (0,0,1)

j = (0,1,0)

i = (1,0,0)

(1,1,1)/31/2

(a)

(b)

Fig. 13.3  (a) The unit vectors 
used to describe the field in 
Example 13.1. (b) The vector 
potential for the field is like the 
function C but it swirls around 
the direction of the field, the 
direction of the vector (1,1,1).

f(
x)

x

Fig. 13.4 A constant can be 
added to a function without 
changing the latter’s slope. The 
generalization of this feature is 
a gauge transformation of A,
a modification of A that leaves B
unchanged.

Example 13.1 Setting up a vector potential

Construct a vector potential for a uniform magnetic field that points in the direc-
tion shown in Fig. 13.3a.

Method The key to setting up the vector potential is eqn 13.15: all we need do is 
to form the vector of magnitude B orientated towards the corner of a unit cube. 
So, we begin by constructing a unit vector in the direction required, and then use 
eqn 13.15.

Answer The unit vector in the direction shown in the illustration is (1
3)

1/2 × (1,1,1). 
Therefore, the magnetic induction is (B /31/2)(1,1,1) and the vector potential is

A =
B

2(31/2)

i
1
x

j
1
y

k
1
z

=
B

2(31/2)
 {(z − y)i + (x − z)j + (y − x)k}

Comment The vector potential is a function like C, but now swirling about the 
(1,1,1) direction (as in Fig. 13.3b).

Self-test 13.1 Confirm that the vector function 12 B × r has zero divergence.
[∇ · A = 0]



 13.4 THE PERTURBATION HAMILTONIAN | 443

present case, C has zero divergence already, so we do not need to make any gauge 
transformation to it. A gauge that corresponds to zero divergence of a vector 
potential is called the Coulomb gauge.

For completeness (and in preparation for a discussion later in the chapter) we 
need to note that a gauge transformation must also leave the electric field E
invariant. Because the Maxwell equations (Further information 12.3, eqn 12.115) 
imply that E = −[A/[t − ∇j, when A is changed to A + l∇f, for E to remain 
unchanged the scalar potential must change as follows:

j → j − l [f
[t

(13.20)

For the gauge transformation in eqn 13.19, f = 1/2(x2 + y2) is independent of time, 
so in this case j remains unchanged.

Magnetic perturbations

The point of introducing the vector potential was to enable us to set up the per-
turbation hamiltonian for molecules exposed to magnetic fields. With the form 
of the perturbation established, we shall be able to develop expressions for the 
magnetic susceptibility and related properties.

13.4 The perturbation hamiltonian

We show in Further information 13.1 that there is a simple rule for constructing 
the hamiltonian of a system in the presence of a magnetic field from its hamil-
tonian in the absence of the field:

Wherever p occurs in the hamiltonian, it should be replaced by p + eA, where 
A is the vector potential for the field.

This prescription is valid in classical and quantum mechanics: in the latter we 
have to be careful to take into account the possible non-commutation of 
operators.

To see the rule in action, consider a hamiltonian for an electron with a poten-
tial energy V (which may vary with position):

H(0) = p2

2me

+ V (13.21)

In the presence of a magnetic field described by a vector potential A, the term
p2 = p · p is replaced by

(p + eA) · (p + eA) = p2 + e(p · A + A · p) + e2A2 (13.22)

Some care is needed with the term p · A because in the position representation 
the linear momentum is a diCerential operator and it operates on the function A
and the unwritten wavefunction on which the hamiltonian operates. When that 
wavefunction is included, we have

p · Ay = A
C
H
i
D
F ∇ ·Ay = A

C
H
i
D
F  {(∇ ·A)y + A · (∇y)}

However, if we adopt the Coulomb gauge, then the term (∇ · A) is zero, and

p · Ay = A
C
H
i
D
F A · (∇y) = A · py

(a)

(b)

Fig. 13.5 The change from (a) C
to (b) C + lD corresponds to a 
gauge transformation. The vector 
function C + lD (with non-zero 
divergence and curl) corresponds 
to the same magnetic field as C.
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In this gauge, the vector potential and the linear momentum commute, and 
eqn 13.22 can be written

(p + eA) · (p + eA) = p2 + 2eA · p + e2A2 (13.23)

It follows that the hamiltonian in the presence of the field is

H = p2

2me

+ V + e
me

A · p + A
C

e2

2me

D
F A2 (13.24)

This hamiltonian diCers from the original hamiltonian by the presence of two 
terms, one of which is first order in the magnetic induction (the term in A, which 
is proportional to B), and the other of which is second order (the term in A2). We 
shall therefore write

H = H(0) + H(1) + H(2)

1
4
2
4
3

H(1) = e
me

A · p

H(2) = e2

2me

A2

(13.25)

The first-order term can be written in a more familiar form by considering a 
uniform magnetic field and replacing the vector potential by eqn 13.15:

H(1) = e
2me

B × r · p = e
2me

BB · r × p = e
2me

BB · l (13.26)

For the second equality we have used the vector identity a × b · c = a · b × c,
and in the final step we have recognized the orbital angular momentum operator 
l = r × p. Finally, because the magnetogyric ratio is defined as ge = −e/2me, we 
can conclude that

H(1) = −geB · l = −B · m (13.27)

where m = gel. It should be noted that spin does not appear in this expression: for 
spin to appear naturally, we would need to work from the (relativistic) Dirac 
equation.

The second-order perturbation hamiltonian can also be expressed very simply 
when the field is uniform. Suppose it lies in the z-direction; then we can use the 
vector potential A = 1

2 B(−yi + xj) and obtain

A2 = 1
4 B 2(−yi + xj) · (−yi + xj) = 1

4 B 2(x2 + y2) (13.28)

Therefore, for such a field,

H(2) = A
C
e2B 2

8me

D
F  (x2 + y2) (13.29a)

For a uniform field in a general direction, it follows from eqn 13.15 that

H(2) = A
C

e2

8me

D
F  {B 2r2 − (BB · r)2} (13.29b)

13.5 The magnetic susceptibility

Because the total hamiltonian has both first- and second-order contributions, we 
must use the full expression given in Section 6.2 to calculate properties to second 
order in the field:

E(2) = 〈0 |H(2) | 0〉 + ∑
n≠0

〈0 |H(1) |n〉 〈n |H(1) | 0〉
E0

(0) − En
(0)

(13.30)

A brief comment
We have also used the vector 
relation (a × b) · (a × b) =
a2b2 − (a · b)2.



The first-order contribution 〈0 |H(1) | 0〉 is zero for a species in a non-degenerate 
state using an argument similar to that given at the end of Section 13.2. For 
a uniform field in the z-direction, this expression becomes

E(2) = A
C

e2

8me

D
F 〈0 |x2 + y2 | 0〉 B 2 + A

C
eB

2me

D
F

2

∑
n≠0

〈0 | lz |n〉 〈n | lz | 0〉
E0

(0) − En
(0)

(13.31)
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where lz;n0 = 〈n | lz | 0〉 and DEn0 = En
(0) − E0

(0). It should be noted that the first term is 
positive, and increases the energy of the molecule as the field is increased; the 
second term is negative, and decreases the energy. The physical reason for this 
behaviour will become clearer once we have explored the nature of the electron 
currents stirred up by the field, where we shall see that the energy-raising term 
corresponds to currents that oppose the applied field whereas the energy-
lowering term does the opposite. More broadly, in Chapter 6 we saw that the 
second-order term always lowers the energy of the ground state, because the per-
turbation causes the terms it mixes together to move apart, and the only way for 
the ground state to move away from upper states is down in energy.

(a) Expressions for the susceptibility

We now construct the relation between the energy in the presence of a field and 
molecular properties. We could have used the same approach as in Chapter 12, 
but it is instructive to see that there is an alternative.

The energy of a magnetic dipole in a region of magnetic induction is −mzB, but 
we cannot simply write E(2) = −〈mz〉B because 〈mz〉 changes as the field is increased 
from zero as the field induces a magnetic moment (the analogue of polarization in 
Chapter 12) by aligning electron spins or inducing electron currents in the mole-
cule. This variation is expressed in terms of the magnetizability, x (xi), through

〈mz〉 = xzzB + · · · (13.32)

where the unwritten terms are of higher order in the field strength. Provided 
we can ignore higher-order terms, we can compare eqn 13.3c (in terms of the 
z-component: Mz ≈ (c/m0)B ) with Mz = N 〈mz〉 = N xzzB and infer that the magnetic 
susceptibility in the z-direction and the magnetizability in the same direction are 
related by

czz ≈ m0N xzz (13.33)

Our remaining task is to relate the magnetizability to the expression for the 
energy, and then to use eqn 13.33 to obtain the magnetic susceptibility. To do so, 
we note that because an infinitesimal change in induction, dB, results in an 
infinitesimal change in energy dE(2) = −〈mz〉dB, the total change in energy when 
the induction is increased from 0 to its final value B is

E(2) = −�
B

0

〈mz〉dB = −�
B

0

((xzzzzB + · · ·)d · · ·)dB = = −1
2 xzzzzB

2 + · · · (13.34)

All we need now do is to compare this result with eqn 13.31, which gives

xzz = − A
C

e2

4me

D
F 〈x2 + y2〉 + A

C
e2

2me
2

D
F ∑

n≠0

lz;0nlz;n0

DEn0

(13.35)

The magnetizability might be diCerent for diCerent relative orientations of the 
molecule to the applied field. The mean magnetizability, x, of a freely rotating 
molecule is
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x = 1
3 (xxx + xyy + xzz) (13.36)

To evaluate this mean from the expression in eqn 13.35 we use

〈(x2 + y2) + (y2 + z2) + (z2 + x2)〉 = 2〈x2 + y2 + z2〉 = 2〈r2〉
lx;0nlx;n0 + ly;0nly;n0 + lz;0nlz;n0 = l0n · ln0 = | l0n |2

It then follows that

x = − A
C

e2

6me

D
F 〈r2〉 + A

C
e2

6me
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F ∑

n≠0

| l0n |2

DEn0

(13.37)

We can now use eqn 13.33 in the form c ≈ m0N x and the corresponding expres-
sion cm ≈ m0NAx to write

c ≈ m0N x = − A
C
e2m0N
6me

D
F 〈r2〉 + A

C
e2m0N
6me
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(13.38a)

cm ≈ − A
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e2m0NA

6me

D
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C
e2m0NA

6me
2

D
F ∑

n≠0

| l0n |2

DEn0

(13.38b)

(b) Contributions to the susceptibility

The expression for the molar magnetic susceptibility apparently (we shall say 
why ‘apparently’ shortly) falls into two contributions, one positive and the 
other negative. Because we associate c < 0 with diamagnetism and c > 0 with 
paramagnetism, we express the total molar susceptibility as the sum of a negative
diamagnetic molar susceptibility, cd

m, and a positive paramagnetic molar sus-
ceptibility, cp

m:

cm = cd
m + cp

m

1
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cd
m = − A
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6me

D
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e2m0NA
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F ∑

n≠0

| l0n |2

DEn0

(13.39)

It should be emphasized that this paramagnetic contribution to the susceptibility 
has nothing to do with electron spin and, unlike spin paramagnetism, is in-
dependent of the temperature. Hence, it is known as temperature-independent 
paramagnetism (TIP). The diamagnetic contribution is often called the Langevin
term.

Example 13.2 Calculating the magnetic susceptibility

Consider a model system in which one electron occupies a 2px-orbital and where 
the 2py-orbital lies at an energy DE above it (Fig. 13.6). Calculate the molar mag-
netic susceptibility in the z-direction.

Method Use eqn 13.35 with the expression for xzz rather than the mean magnetiz-
ability, eqn 13.37. For the expectation value 〈x2 + y2〉, use Slater-type orbitals as 
specified in Example 12.4, but replace the term sin q sin j in the expression for 
y(2py) in that example with sin q cos j for y(2px). There is only one non-zero term 
in the sum for the paramagnetic contribution, and the matrix elements of lz may 
be evaluated as in Example 12.4. Then use the expression cm ≈ m0NAx to compute 
cm from xzz.

Answer It follows from lz = (H/i)[/[j that lz cos j = iH sin j and therefore that 
lzpx = iHpy. Therefore,

x y

z

px

py

px

py

ΔE

Fig. 13.6 The model system 
used for a number of illustrative 
calculations in this chapter: the 
degeneracy of the p-orbitals is 
removed (for instance, by the 
presence of neighbouring atoms). ››



The observed susceptibility of a sample depends on the competition between the 
diamagnetic and paramagnetic contributions. In free atoms, the paramagnetic 
contribution is zero because we are free to choose the z-direction as the axis of 
quantization of the z-component of magnetization; as a result, | 0〉 and |n〉 are 
eigenstates of lz, and hence all oC-diagonal elements of lz are zero. The total 
molar susceptibility of a sample of atoms is therefore

cm = − A
C
e2m0NA

6me

D
F 〈r2〉 (13.40)

provided that there are no unpaired spins.

A brief illustration

A useful relation for susceptibility calculations is

e2m0NA

6me

=
(1.602 × 10−19 C)2 × (4p × 10−7 J s2 C−2 m−1) × (6.022 × 1023 mol−1)

6 × (9.109 × 10−31 kg)

 = 3.55 × 109 m mol−1

For a typical atom with 〈r2〉 ≈ R2, where R is the radius of the atom, and R ≈
0.15 nm,

cm = −(3.55 × 109 m mol−1) × (1.5 × 10−10 m)2 = −8.0 × 10−11 m3 mol−1

If an unpaired spin is present on each atom, the spin-only molar susceptibility at 
298 K is 1.6 × 10−8 m3 mol−1 (Section 13.2), which overwhelms the diamagnetic 
contribution. In the absence of spin all atoms have a non-zero but small net dia-
magnetic susceptibility.

In the case of molecules, the axis of quantization of the orbital angular momen-
tum is no longer necessarily the direction of the applied field (unless the two 
happen to align). Now the susceptibility is the sum of diamagnetic and paramag-
netic (TIP) terms. In most molecules the former dominates, and most molecules 
without unpaired electron spins are diamagnetic, with molar susceptibilities 
proportional to 〈r2〉. Only when there are low-lying excited electronic states may 
the orbital paramagnetic term dominate the Langevin term and the molecule 
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where the Slater orbital exponent zp = Z*p/npa0. It follows from eqn 13.38b that

cm = − 
3e2m0NAa2

0n
2
p

2meZp*
2

+
e2m0NAH2

2m2
eDE

Comment The model is orbitally paramagnetic if DE < Z*p
2H2/3n2

pmea
2
0.
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be weakly paramagnetic. If the closure approximation (Section 6.3) is used in 
eqn 13.38b, we obtain

cm ≈ − A
C
e2m0NA

6me

D
F 〈r2〉 + A

C
e2m0NA

6me
2DE

D
F l(l + 1)H2 (13.41)

 ≈ − A
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e2m0NA

6me

D
F !

@〈r2〉 − l(l + 1)H2

meDE
#
$

where DE is the mean excitation energy, and we have used the fact that 〈0 | lq | 0〉
= 0. The paramagnetic term dominates the diamagnetic when

DE < l(l + 1)H2

meR
2

(13.42)

where R2 = 〈r2〉. With l ≈ 1 and R ≈ 0.3 nm the right-hand side evaluates to about 
2 eV (16 000 cm−1), which corresponds to very low-lying energy levels.

(c) The role of the gauge

One of the pitfalls in the interpretation of magnetic susceptibilities in terms of 
diamagnetic and paramagnetic (TIP) contributions is that the division of the total 
susceptibility into two contributions depends on the gauge of the vector poten-
tial. It is even possible to choose a gauge that eliminates the sum over excited 
states completely! The only physically meaningful quantity is the total magnetic 
susceptibility, which remains constant as the gauge is changed. It follows that, 
because the gauge of the vector potential is arbitrary, so is the division of the 
susceptibility into two components. The choice of gauge, which is eCectively
the choice of origin of a coordinate system, is less arbitrary in atoms, where the 
nucleus is the natural centre. However, there is no such natural centre in mol-
ecules, and so the discussion of the individual contributions must be treated with 
great caution. The criterion in eqn 13.42 remains useful, however, because if 
the susceptibility is positive in the gauge corresponding to eqn 13.41, it will be 
positive in any other gauge. Therefore, eqn 13.42 is a valid and useful criterion 
(that is, low-lying energy levels) for deciding when a spinless molecule is likely to 
be paramagnetic and is not confined to calculations based on a particular choice 
of gauge.

There is a much deeper issue. A change of gauge leaves physical observables 
invariant but changes the phase of the wavefunction. We have seen that the gauge 
transformations A → A + l∇f and j → j − l[f/[t leave the electric and magnetic 
fields unchanged. When this transformation is applied to the time-dependent 
Schrödinger equation for an electron in an electromagnetic field described by the 
potentials A and j, then, as we show in the following Justification, the equation 
remains invariant if Y is changed to Ye−ielf/H.

A brief comment
Classical mechanics cannot 
account for the magnetic 
susceptibilities of molecules. 
This is the content of a 
theorem courteously referred 
to by van Vleck as ‘Miss 
van Leeuwen’s theorem’, 
which demonstrates that the 
diamagnetic and paramagnetic 
contributions cancel in 
a classical mechanical 
calculation. This is a late 
but interesting illustration 
of the inadequacy of classical 
physics.

Justification 13.1 The gauge invariance of the Schrödinger equation

The Schrödinger equation for an electron in an electromagnetic field described by 
the potentials A and j is

!
@−

H2

2me

 (p + eA)2 − ej#
$Y = iH

[Y
[t

 (13.43)

Under the gauge transformation A → A + l∇f and j → j − l[f/[t and the replace-
ment of Y by Ye−ielf/H the equation becomes ››
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The argument presented here can be inverted to suggest that an electro-
magnetic field is a consequence of the invariance of the Schrödinger equation 
under a gauge transformation. Thus, suppose there is no electromagnetic field 
present, we discard A and j from eqn 13.43. Now suppose we shift the phase of 
the wavefunction by lf/H (the e is deliberately not written) so that the wavefunc-
tion Y is changed to Y′ = Yeilf/H. Then, to preserve the form of the equation, it 
must be written

!
@− H2

2me

 (p + l∇f )2 − l [f
[t

#
$Y′ = iH

[Y′
[t

(13.44)

This is the Schrödinger equation for an electron in an electromagnetic field 
(eqn 13.43) if we identify l with −e, the charge of the electron, ∇f with −A, and 
[f/[t with −j. This kind of argument, in which forces are traced to invariance 
properties of dynamical equations, is at the heart of modern approaches to 
theories of fundamental particles and the forces that influence them.

13.6 The current density

We can obtain more insight into the nature of the two contributions to the mag-
netic susceptibility by investigating the electronic currents that are induced by the 
applied field. Here we shall build the discussion on the concept of the current
density, j, which is essentially the flux density introduced in Section 2.5 for the 
flow of particles in scattering processes (eqn 2.11), but multiplied by the electric 
charge:
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 e−ielf/HY

The terms in l[f/[t cancel and the expression simplifies to
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Now note that

(p + eA + el∇f )Ye−ielf/H = AC
H
i

∇ + eA + el∇fDF Ye−ielf/H

 = e−ielf/H AC
H
i

∇ + eA + el∇fDF Y − elY(∇f )e−ielf/H

 = e−ielf/H(p + eA)Y

and therefore

(p + eA + el∇f )2Ye−ielf/H = (p + eA + el∇f )e−ielf/H(p + eA)Y
 = e−ielf/H(p + eA)2Y

At this stage the transformed Schrödinger equation has become

e−ielf/H !
@−

H2

2me

 (p + eA)2 − ej#
$Y = iHe−ielf/H [Y

[t

We can now cancel the phase factors on each side, and regain the original 
Schrödinger equation, eqn 13.43.
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j0 = − A
C

e
2me

D
F  (y*py + yp*y*) (13.45)

(The subscript 0 signifies zero magnetic field.) To recapitulate the justification in 
Section 2.5: the velocity of an electron is related to its linear momentum by v =
p/me, and the current is −e times this velocity, or −ep/me. The current density is 
obtained by weighting this expression by the probability density of the electron 
at each point in space, which results in terms of the form −ey*py/me; the addi-
tion of the complex conjugate ensures that the current density is real. The precise 
definition in eqn 13.45 ensures that (as demonstrated for flux in Problem 2.30) 
the current density obeys a ‘continuity equation’ characteristic of an incom-
pressible fluid (that is, it obeys an equation for a fluid in which the change in 
abundance in a region is equal to the net flow into or out of the region).

In the presence of a magnetic field, the linear momentum p is replaced 
wherever it occurs by p + eA, where A is the (real) vector potential corresponding 
to the field. Then the appropriate expression for the current density, with 
(p + eA)* = −p + eA, is

j = − A
C

e
2me

D
F  (y*py − ypy*) − A

C
e2

me

D
F Ay*y (13.46)

We shall analyse this expression for various cases.

(a) Real wavefunctions

Consider first the current density in a molecule in which the single electron of 
interest is described by a real wavefunction and there is no magnetic field present. 
In this case eqn 13.46 becomes

j0 = − A
C

e
2me

D
F  (ypy − ypy) = 0 (13.47)

There is zero current density at every point in the molecule. It will be recalled that 
we have already seen that a molecule in an orbitally non-degenerate state is 
described by a real wavefunction (or, at least, by a wavefunction that may be 
chosen to be real), and that its electrons have zero orbital angular momentum. 
This zero-current-density result is another way of visualizing that lack of motion.

(b) Orbitally degenerate states, zero fi eld

Now consider an electron in an orbitally degenerate state, but still with no 
applied magnetic field. In this case, the wavefunction is not necessarily real. For 
example, suppose the electron occupies a p-orbital in a linear molecule; then if it 
has a well-defined component of orbital angular momentum about the z-axis,
its wavefunction has the form f(r,z)eilj in the cylindrical coordinates shown in 
Fig. 13.7, with f a real function and l = ±1. For the state with l = −1, the current 
density is

j0 = i A
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eH
2me

D
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The gradient of j is evaluated most easily by noting that j = arctan (y/x), for then
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(13.49)
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Fig. 13.7 The cylindrical 
coordinates used to discuss the 
current density in a molecule.
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where C is the swirling vector function of eqn 13.13. It follows that the current 
density has the form

j0 = A
C
eH
me

D
F

A
C

f 2

x2 + y2

D
F C(x,y) (13.50)

This current density resembles C, but it varies in a more complicated way with 
distance from the origin (Fig. 13.8). The flow lines of the current density are 
obvious from the illustration, and they are closest together in the region of great-
est density of the orbital (after allowing for the x2 + y2 term in the denominator). 
The flow lines are clockwise seen from below (from a point z < 0), opposite in 
sense to the orbital angular momentum: the diCerence reflects the negative charge 
of the electron, so charge and mass flow in opposite directions.

(c) Orbitally non-degenerate states, non-zero fi eld

Finally, we consider an orbitally non-degenerate molecule in a uniform magnetic 
field. Because the vector potential is non-zero and the wavefunctions are dis-
torted by the applied field (and, as we shall see, are no longer real), the current 
density is in general non-zero. We shall carry out the perturbation to first-order 
in the magnetic induction B.

In the presence of a field, the wavefunctions are distorted from y0 to y0 + y(1),
where

y(1) = ∑
n≠0

cnyn
(0) cn = − Hn

(1)
0

DEn0

(13.51)

as we deduced in Section 6.2 (see eqn 6.27). The coeAcients cn are now propor-
tional to the oC-diagonal matrix elements of lz, which are imaginary, and so the 
overall wavefunction is now complex, which is what we need for a non-zero cur-
rent density. (This acquisition of an imaginary component to the wavefunction is 
another example of how the character of the perturbation is impressed on the 
system.) To calculate the first-order correction to the current density, we need the 
distortion of the wavefunction only to first-order in the perturbation, and so for 
this calculation we do not need to trouble about the role of H(2). Similarly, because 
the vector potential is already first-order in B, in the expression Ay*y we can 
replace the wavefunctions by y0. It follows that to first-order,
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2me
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0 (13.52a)

In the final line, we have used the fact that y0 is real (y0* = y0) and have retained 
only first-order terms. Because the yn

(0) are also real (but the coeAcients cn are 
not), this expression becomes
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2me
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0 (13.52b)

The natural apparent division of the last equation is into a diamagnetic current 
density, jd, which depends only on the ground-state wavefunction, and a para-
magnetic current density, jp, which depends on the admixture of excited states:

j = jd + jp
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(13.53)
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Fig. 13.8 The current density in 
the xy-plane for a system like 
that shown in Fig. 13.6 but for 
degenerate orbitals.
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However, we stress again that, while this might seem a natural division of the 
current density, it is only natural for the gauge of the vector potential that 
we happen to have chosen. A gauge transformation of the kind specified in 
eqn 13.19 will result in a change in the diamagnetic current density by the addi-
tion of a term proportional to l(∇f )y2

0, and so this contribution to the current 
density can be varied almost at will. Only the overall current density has a real 
physical significance, and any division of it into contributions, while convenient, 
is arbitrary.

13.7 The diamagnetic current density

When the applied field lies in the z-direction, the vector potential in the Coulomb 
gauge is given by A = 1

2BC, so

jd = − A
C

e2B
2me

D
F y2

0C(x,y) (13.54a)

Although this current density has the characteristic swirling form of C, it is 
swirling in the opposite direction (note the negative sign in this expression) and 
its shape is modified by the presence of the factor y2

0. If, for example, the ground-
state wavefunction is a hydrogen 1s-orbital, the explicit form of this current 
density is

jd = − A
C

e2B
2pmea0

3

D
F  (−yi + xj)e−2r/a0 (13.54b)

This current density is sketched in Fig. 13.9. The magnitude of the current dens-
ity is proportional to B, and its magnitude is greatest in the equatorial plane of 
the atom and at a radius of 1/2a0. On this circle even a field as small as 0.1 mT 
produces a current density of 80 MA m−2. This enormous current density is 
brought into perspective when expressed on an atomic scale, for it corresponds 
to about 0.5 electrons pm−2 ms−1.

When the magnetic field is applied perpendicular to the axis of a p-orbital, the 
shapes of the contours are more complicated. For a hydrogenic 2px-orbital of 
the form y0 = Nr sin q cos je−r/2a0, the diamagnetic current density is

jd = − A
C

e2B
2pmea0

3

D
F  (−yi + xj)N2r2 sin2q cos2j e−r/a0 (13.54c)

The orientation of the current density at each point is still determined by the 
factor (−yi + xj), but the details are much more complicated (Fig. 13.10).

In summary, the central feature of the diamagnetic current density is that it 
is a circulating distortion confined to the zone occupied by the orbital, and 
it vanishes where the orbital amplitude vanishes (at its nodes).

13.8 The paramagnetic current density

We can discover the principal features of the paramagnetic current density by 
focusing on a simple model system consisting of two p-orbitals with their 
degeneracy removed by a ligand field (as in Fig. 13.6). The magnetic field is 
applied along the z-axis, and we shall need the following matrix elements (see 
Example 13.2):

〈py | lz | px〉 = iH 〈px | lz | py〉 = −iH (13.55)

The coeAcient in the perturbation expression for the admixture of the 2py-
orbital into the 2px-orbital is therefore

C
u

rr
en

t 
d

en
si

ty
, j

Radius, r

B

Fig. 13.9 The current density in 
the xy-plane for a ground-state 
hydrogen atom in a magnetic 
field.

Node

Fig. 13.10 The diamagnetic 
current density in the xy-plane
for an electron in a hydrogenic 
2px orbital with a magnetic field 
applied in the z-direction.
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c(py) = gelz;n0B
DE

= −i
mBB
DE

(13.56)

where, as usual, ge is the (negative) magnetogyric ratio of the electron and mB is 
the (positive) Bohr magneton. The paramagnetic current density therefore con-
sists of a single term:

jp = −i A
C

eH
2me

D
F  {c(py) − c(py)*}(py∇px − px∇py) (13.57)

 = − A
C
eHmBB
meDE

D
F  (py∇px − px∇py)

The remaining work is to evaluate the gradients:

py∇px − px∇py = f sin q sin j∇f sin q cos j − f sin q cos j∇f sin q sin j (13.58)

 = f 2 sin2q(sinj∇ cos j − cos j∇ sin j)

 = f 2 sin2q(−sin2j∇j − cos2j∇j) = −f 2 sin2q∇j

Therefore, because we have already evaluated ∇j (eqn 13.49), the current dens-
ity is

jp = A
C
eHmBB
meDE

D
F

A
C
f 2 sin2q
x2 + y2

D
F C(x,y) (13.59a)

and the ubiquitous swirling vector function C is back on stage again. This expres-
sion is the same as that for the current density in the degenerate case, eqn 13.50, 
apart from the presence of the factor mBB /DE and sin2q. Therefore, for the 
xy-plane we can write

jp = A
C
mBB
DE

D
F j0 (13.59b)

We can now construct a picture of the induced paramagnetic current density. 
Its form is exactly the same as the current density that exists when the orbitals are 
degenerate and the electron is in a state of well-defined orbital angular momen-
tum, the only diCerence being the magnitude of the current density. The factor 
mBB /DE represents the degree to which the perturbation (of strength mBB) can 
successfully overcome the energy separation (DE), which tends to lock the 
electron in its original location.

A brief illustration 

For B ≈ 1 T,

mBB

DE
=

mBB

hcDâ
=

(9.274 × 10−24 J T−1) × (1 T)

(6.626 × 10−34 J s) × (2.998 × 1010 cm s−1)Dâ
=

0.47

Dâ/cm−1

(The 7 is written as a subscript to indicate that the precision of the data does not 
justify it as a significant figure in this instance.) Thus, for a splitting of 10 000 cm−1,
the ratio is 5 × 10−5 and the paramagnetic current density is very much smaller 
than the diamagnetic current density.

It should be noted that the diamagnetic and paramagnetic current densities are 
in opposite directions around the direction of the applied field. This diCerence
accounts for the opposite signs of the corresponding susceptibilities. The dia-
magnetic current acts as a source of magnetic field that opposes the applied field 
and so reduces the induction within the sample. The paramagnetic current gener-
ates a magnetic field that augments the applied field.
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Magnetic resonance parameters

Much interest in the magnetic properties of molecules centres on the parameters 
encountered in nuclear magnetic resonance (NMR) and electron paramagnetic 
resonance (EPR). The basic principles of magnetic resonance are assumed to be 
known.1 In brief: resonant absorption of electromagnetic radiation occurs when 
the energy separations of electron or nuclear spin states coincide with the energy 
of the photons of the electromagnetic field. Local shielding eCects mean that the 
local field in diCerent regions of a molecule diCers from the applied field (these 
diCerences are measured by the chemical shift of NMR or, in EPR, the g-value).
Interactions between magnetic nuclei further modify the local field and give 
rise to the spin–spin splitting of NMR and the fine structure of NMR spectra. 
Interactions between magnetic nuclei and the unpaired electron give rise to the 
hyperfine structure of EPR spectra. In this section we indicate how these para-
meters, which include shielding constants, g-values, spin–spin coupling constants, 
and hyperfine coupling constants, are related to a variety of molecular character-
istics and, to some extent, can be rationalized in terms of the currents induced in 
the electronic distributions of molecules. All these parameters can be calculated, 
more or less successfully, by extensions of the computational techniques described 
in Chapter 9, but we shall not go into the technical details.

13.9 Shielding constants

DiCerent groups of nuclei in a molecule have resonance frequencies that reflect 
the fact that they experience diCerent local magnetic fields, B loc. To a good approx-
imation, the diCerence between the local and applied fields is proportional to the 
applied field, so we can write

Bloc = B − sB (13.60)

where s is called the shielding constant. Our task in this section is to see how the 
currents induced by the applied field modify the local field and hence give rise to 
the chemical shift. The strategy is to set up the perturbation hamiltonian that 
describes a system in which there are two sources of magnetic field (the applied 
field and the field arising from the magnetic nucleus of interest), then to calculate 
the energy of the system in the presence of both fields, and finally to express the 
energy in terms of a local field.

(a) The nuclear fi eld

Consider a molecule containing a single magnetic nucleus (and any number of 
other non-magnetic nuclei). The uniform, applied magnetic field is described by 
the vector potential Aex = 1

2 B × r (where the subscript ‘ex’ denotes an externally 
applied field). The magnetic field arising from the nucleus is described by a vector 
potential Anuc. Our first task is to determine the latter’s form.

The classical expression for the magnetic field generated by a magnetic 
dipole is2

B = − A
C
m0

4pr3

D
F !

@m − 3r(r · m)
r2

#
$ (13.61)

This field is not uniform (Fig. 13.11). We can therefore expect the corresponding 
vector potential to be more complicated than those we have considered so far. 

1 For a review, see our Quanta, matter, and change, Oxford University Press (2009).
2 See Further reading for references.

Fig. 13.11 The magnetic field 
arising from a point magnetic 
dipole.



Nevertheless, it is not much more complicated, and we confirm in Further
information 13.2 that

Anuc = A
C
m0

4pr3

D
F m × r (13.62a)

The magnetic moment of a nucleus is related to its spin angular momentum I by 
m = gNI, where gN is the magnetogyric ratio of the magnetic nucleus (an empirical 
quantity related to the internal structure of the nucleus). Therefore, the vector 
potential for a nuclear dipole field is

Anuc = A
C
gNm0

4pr3

D
F I × r (13.62b)

The divergence of this vector potential is zero (see Exercise 13.16).

(b) The hamiltonian

The hamiltonian for the molecule in a magnetic field is constructed in the usual 
way by replacing p wherever it occurs by p + eA, where now A = Aex + Anuc

because the electrons are exposed to both sources of magnetic field. It proves 
sensible to proceed in two stages, first to consider the molecule with no applied 
field, and then to switch on the field. Therefore, we begin by replacing p by 
p + eAnuc. The hamiltonian becomes (by analogy with eqn 13.25)

H = H(0) + H(1) + H(2)

1
4
2
4
3

H(1) = e
2me

 (p·Anuc + Anuc ·p)

H(2) = e2

2me

A2
nuc

(13.63)

We shall disregard the contributions to the energy that are quadratic in the nuclear 
magnetic moment, and therefore ignore H(2). Moreover, because the vector 
potential has zero divergence, p·Anuc = Anuc ·p; so the first-order hamiltonian is

H(1) = e
me

Anuc ·p (13.64)

(c) The fi rst-order correction to the energy

Now we calculate the first-order correction to the energy:

E(1) = 〈0 |H(1) | 0〉 = A
C

e
me

D
F �y*Anuc ·py dt (13.65a)

As we show in the following justification, an alternative way of expressing this 
relation is

E(1) = −�Anuc · j0 dt (13.65b)

where j0 is the current density in eqn 13.45 in the absence of an applied field.

Justification 13.2 The energy in terms of the current density

We begin by expressing the integral in eqn 13.65a as the sum of two identical terms:

�y*Anuc ·py dt = 1
2�y*Anuc ·py dt + 1

2�y*Anuc ·py dt

 = 1
2�Anuc ·y*py dt + 1

2�Anuc ·y*py dt
››
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When the external field is applied, the prescription to replace p by p + eAex

results in the conversion of j0 into j, the current density in the presence of the 
applied field. Then

E(1) = −�Anuc · j dt (13.66)

This result shows very clearly how shifts in the energy of a magnetic nucleus arise 
from the coupling of its magnetic dipole (which occurs in the vector potential) 
with the currents that may exist in the electronic distribution (which may have 
been induced by an applied magnetic field).

Insertion of the explicit form for the nuclear vector potential (given in eqn 13.62) 
and use of the vector identity (a × b) · c = a · (b × c) turns eqn 13.66 into

E(1) = − A
C
m0gN

4p
D
F � (I × r ) · j

r3
dt = − A

C
m0gN

4p
D
F I · � r × j

r3
dt (13.67)

Because the energy of a magnetic dipole in a magnetic field of induction B is 
−m · B, we can interpret this energy as the interaction of a nuclear dipole gNI with 
a local contribution to the magnetic field given by

B loc = A
C
m0

4p
D
F � r × j

r3
dt (13.68)

i

i

k

r

q

b

–L /2 0

L /2
z

Fig. 13.12 The coordinates 
used in the calculation in 
Example 13.3 in which a beam 
of electrons travels from the 
left to the right.

Because p is Hermitian, we can write

�Anuc ·y*py dt = � (p*·Anucy*)y dt

Next, because p is a diCerential operator and d(fg)/dx = (df/dx)g + f(dg/dx),

� (p*·Anucy*)y dt = � (p*·Anuc)y*y dt + �Anuc · (p*y*)y dt

Finally, because ∇ ·A = 0, the first term on the right is zero. Overall, therefore,

�Anuc ·y*py dt = �Anuc · (p*y*)y dt

It follows that the first-order correction to the energy is

E(1) = AC
e

2me

DF �Anuc · (y*py + yp*y*)dt

However, we can now recognize the current density (eqn 13.45), and so we can 
write this expression as in eqn 13.65b.

Example 13.3 Evaluating a coupling energy

A beam of electrons of number density N travels in the z-direction with linear 
momentum kH at a perpendicular distance b from a neutron (Fig. 13.12). Calculate 
the energy of interaction between the neutron magnetic moment and the electron 
beam.

Method This is a one-dimensional problem, so dt = dz. The flux density of a par-
ticle beam was calculated in Section 2.5, and it may readily be converted into a 
current density by multiplication by −e. For normalization, suppose that the beam 
lies in the range − 1

2L < z < 1
2L, and let L → ∞ at the end of the calculation. ››



(d) Contributions to the shielding constant

The eCect of the external magnetic field is to induce a current density in the elec-
tron distribution that is given by

j = − A
C

e
2me

D
F  (y*py − ypy*) − A

C
e2

me

D
F Aexy*y (13.69)

where the wavefunctions are those in the presence of the external field. If we 
identify the contribution to the local field with −sB, as in eqn 13.60, and identify 
a term proportional to the applied field B, then we shall be able to identify an 
expression for the shielding constant s.

To make progress with this programme, we decompose the current density 
into diamagnetic and paramagnetic contributions (this division is arbitrary, on 
account of the arbitrary character of the gauge, as explained earlier), and make 
a corresponding (arbitrary) division of the shielding constant:

s = sd + sp

1
4
2
4
3

sdB = − m0

4p� r × jd

r3
dt

spB = − m0

4p� r × jp

r3
dt

(13.70)

We have seen that the two components of current density travel in opposite direc-
tions, and so the two components of the shielding constant will have opposite 
signs.

The number density of electrons is related to their actual number by N = Ne/L.
Note from Fig. 13.12 that only the x-component of r × k is non-zero.

Answer The flux density is NekH | A |2/me; for the normalization in a region of length 
L, |A |2 = 1/L. The current density is therefore

jz = − 
eNekH
meL

= − 
N ekH

me

Then, by making use of the relation k × r = −ir sin q (see Fig. 13.12), we find

E(1) = − AC
N ekHgNm0

4pme

DF Ix� sinq
r2

 dz

To evaluate the integral we write sin q = b/r and r = (b2 + z2)1/2, which implies that

E(1) = − AC
N ekHgNm0

4pme

DF Ixb�
L/2

−L/2

 (b2 + z2)−3/2 dz = − AC
N ekHgNm0

4pme

DF
Ixb

b2

L

(b2 + 1−4 L2)1/2

(To evaluate the integral we have used a standard form.) Finally, we take the limit 
L → ∞; the last factor becomes 2 and the final result is

E(1) = − AC
N ekHgNm0

2pmeb
DF Ix

Comment If the energy of interaction is written as E(1) = −gNI · B, then we can inter-
pret the interaction as arising between the magnetic moment of the neutron and 
a field of induction B in the x-direction, where

B =
N ekHm0

2pmeb

A neutron has been used in setting up the calculation to avoid the eCects of charge 
on the path of the electron beam.
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13.10 The diamagnetic contribution to shielding

The diamagnetic contribution to the current density is given by eqn 13.53. For 
a field applied in the z-direction,

r × jd = − A
C

e2

me

D
F r × Aexy2

0 = − A
C

e2B
2me

D
F r × Cy2

0 (13.71)

 = − A
C

e2B
2me

D
F y2

0

i
x
−y

j
y
x

k
z
0

 = − A
C

e2B
2me

D
F y2

0 {−xzi − yzj + (x2 + y2)k}

The local field therefore has components in all three directions. We are interested 
only in the component along the z-direction (the coeAcient of k), and so

sd
zzB = A

C
e2m0B
8pme

D
F � A

C
x2 + y2

r3

D
F y2

0 dt (13.72)

It follows that we can identify the shielding constant in the z-direction as

sd
zz = A

C
e2m0

8pme

D
F � A

C
x2 + y2

r3

D
F y2

0 dt (13.73)

The mean shielding constant for a freely rotating molecule is s = 1
3 (sxx + syy + szz),

and because (x2 + y2) + (y2 + z2) + (z2 + x2) = 2r2, we arrive at the Lamb formula:

sd = A
C

e2m0

12pme

D
F �1

r� (13.74)

The magnitude of the diamagnetic contribution to the shielding therefore depends 
on the average distance of the electrons from the nucleus in question, which is 
an easy quantity to estimate for atoms. For the ground state of the hydrogen 
atom, for instance, 〈1/r〉 = 1/a0, and insertion of the numerical values gives 
sd = 1.8 × 10−5.

A brief comment
Great care should be taken 
with the application of these 
formulae because they apply 
to a single choice of gauge in 
which the r that appears in 
the vector potential for the 
external field originates from 
the same location as the r for 
the vector potential of the 
nuclear field.

Example 13.4 Calculating a shielding constant

In a model of a benzene molecule, an electron is confined to a two-dimensional 
disc-like region of radius R with an approximately uniform probability distri-
bution. A magnetic dipole lies vertically above the centre of the disc at a height h
(Fig. 13.13). Calculate the diamagnetic contribution to the shielding constant 
when the field is applied perpendicular to the disc.

Method For a field in the z-direction, we use eqn 13.73 with x2 + y2 = a2 and r2 =
h2 + a2. The probability density is uniform, so y2

0 = 1/pR2.

Answer Substitution of these relations into eqn 13.73 gives

sd
zz = AC

e2m0

8pme

DF AC
1

pR2

DF �
0

2p

 dj�
R

0

!
@

a2

(a2 + h2)3/2

#
$ a da

 = AC
e2m0

8pme

DF AC
1

pR2

DF  (2p)!
@

R2 + 2h2

(R2 + h2)1/2
− 2h#

$
 = AC

e2m0

4pmeR
2

DF !
@

R2 + 2h2

(R2 + h2)1/2
− 2h#

$
The behaviour of this function as h increases is shown in Fig. 13.14. ››
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Fig. 13.13 The model used in the 
calculation in Example 13.4: the 
tinted disc represents the region 
of uniform electron density.
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Fig. 13.14 The diamagnetic 
shielding constant for the 
system illustrated in the 
preceding diagram and its 
variation with height above 
the plane of the disc.



13.11 The paramagnetic contribution to shielding

The paramagnetic contribution to the shielding constant arises from the inter-
action of the nucleus with the field generated by the paramagnetic currents like 
those illustrated in Fig. 13.8, and therefore it depends on the ability of the applied 
field to mix excited states into the ground state. It follows from the earlier 
discussion that in free atoms and atomic ions there will be no paramagnetic 
contribution because the orbital angular momentum operator lz is diagonal in 
the eigenstates of the atom. In molecules, however, there can be a paramagnetic 
contribution (except parallel to the axis of linear molecules), and in many cases 
it is dominant.

The strategy for a model calculation involves substituting an expression for the 
paramagnetic current density into eqn 13.70 for the shielding constant, and then 
extracting the term that is both linear in the applied field and parallel to it. The 
coeAcient of B is then identified as −sp

zz. As we show in the following Justification,
this procedure leads to

sp = − A
C

e2m0

12pme
2

D
F ∑

n≠0

l0n · (r
−3l)n0

DEn0

(13.75)

InteActivity Use the Worksheet entitled Example 13.4 on the website of this text 
to explore the dependence of the diamagnetic contribution to the shielding constant 

on the ratio h/R.

Comment When h = 0 and the nucleus lies in the centre of the disc, the shielding 
constant is

sd
zz =

e2m0

4pmeR

Substitution of numerical values gives sd
zz = 2.8 × 10−6/(R/nm), so a disc the radius 

of an atom (about 0.1 nm) gives a shielding constant of about 3 × 10−5; for 
benzene, R ≈ 0.13 nm, sd

zz ≈ 2 × 10−5. Note that the shielding constant decreases as 
R increases because the currents induced by the applied field are increasingly far 
from the nucleus.

A brief comment
You might worry about the 
possible lack of commutation 
of r −3 and lq, and hence the 
ambiguity in the meaning 
of lq/r3: is it lqr

−3 or r −3lq?
However, we have seen that lq

is a generator of infinitesimal 
rotations about the q-axis,
and as r is invariant under 
rotations, it follows that 
lq commutes with r and 
consequently with any function 
of r. If you do not believe that 
argument, evaluate [lq,r]
explicitly.
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Justification 13.3 The paramagnetic contribution to the shielding constant

We use the first-order perturbation expression derived in eqn 13.53 and obtain

−spB = AC
em0

8pme

DF ∑
n≠0

 (cn − c*n)� r × (yn
(0)py0 − y0pyn

(0))

r3
 dt

Because r × p = l, a simpler version of this expression is

−spB = AC
em0

8pme

DF ∑
n≠0

 (cn − c*n)
!
@�n

l

r3
 0� − �0

l

r3
n�#

$
We now use the fact that the orbital angular momentum operator is Hermitian and 
imaginary and that its oC-diagonal elements between real states are imaginary. Then

�0
l

r3
n� = �n

l

r3
 0�*

= −�n
l

r3
 0�

and so

spB = − AC
em0

4pme

DF ∑
n≠0

 (cn − c*n)�n
l

r3
 0�
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The sign of sp is negative, which reflects an increase in flux density at the nucleus 
(Bloc > B). A simple interpretation of the form of the expression is that the factor 
gelzB /DE represents the extent to which a current is induced by the applied field, 
and the other factor, lz/r

3, represents the transmission of the current magnetically 
to a dipole at a distance r away. If we apply the closure approximation, with l · l
replaced by l(l + 1)H2 and l ≈ 1, a very approximate form of eqn 13.75 is

sp ≈ − e2m0H2

6pme
2DE �1

r3� ≈ − e2m0H2

6pme
2R3DE

(13.76)

where we have replaced 〈1/r3〉 by 1/R3. It follows that

sp

sd
≈ 2H2

meR
2DE

(13.77)

With DE equivalent to about 30 000 cm−1 and R ≈ 0.5 nm, this ratio works out 
to be about 16. This result suggests that paramagnetic contributions to shielding 
are of greater importance than diamagnetic contributions when low-lying excited 
states are available. The physical reason for the importance of the paramagnetic 
contribution in NMR is that the 1/r3 term magnifies the eCects of currents when 
they lie close to the nucleus, but there is no such magnification eCect for an exter-
nal observer measuring magnetic susceptibility.

13.12 The g-value

The g-value in EPR plays a similar role to the shielding constant in NMR, for it 
takes into account the presence of local fields induced by the applied field. The 
perturbation hamiltonian is changed from its ‘vacuum’ value of −geges · B to

H(1) = −gges · B (13.78)

(a) The spin hamiltonian

Although we could proceed in much the same way as for the shielding constant, 
it is instructive to take a diCerent route to find the relation between g and molecu-
lar parameters, and to introduce the concept of a spin hamiltonian, a concept 
widely used in EPR. The rationale behind introducing the spin hamiltonian is 
that whereas the true hamiltonian for an electron involves a lot of diCerent oper-
ators, it may be possible to express it as an eFective hamiltonian in which the 

Now we introduce the mixing coeAcients cn = −H (1)
n0 /DEn0, where H (1) is the per-

turbation due to the applied field. Because the field lies in the z-direction, we have
H (1)

n0 = −gelzB, so

cn − c*n = AC
geB

DEn0

DF (lz;n0 − l*z;n0) = − AC
2geB

DEn0

DF lz;n0

We have used hermiticity to write lz;n0 = l*z;0n and then the imaginary character of lz

to write l*z;0n = −lz;0n. Finally, we tie everything together. We require the z-component
of the local field, so we can write

sp
zz = AC

egem0

2pme

DF ∑
n≠0

lz;0n(r
−3lz)n0

DEn0

Then, with ge = −e/2me, this expression becomes

sp
zz = − AC

e2m0

4pme
2

DF ∑
n≠0

lz;0n(r
−3lz)n0

DEn0

and the mean value for a freely tumbling molecule is that given in eqn 13.75.



eCects of all the operators other than the spin have been collected into a few 
parameters. For example, the true hamiltonian for a radical in a magnetic field 
includes the following terms:

H(1) = −geges · B + ll · s − gel · B (13.79)

representing the eCect of the applied field on the spin and orbital angular 
momenta (the first and third terms) and the spin–orbit coupling (the second 
term). The spin hamiltonian absorbs the eCects of the second and third terms 
into the single parameter g, and eqn 13.78 is an example of a spin hamiltonian.

(b) Formulating the g-value

To see how this works in practice, suppose that the eigenstates of the un-
perturbed hamiltonian H(0) are denoted |n〉, with n = 0 the ground state. The 
first-order correction to the energy is the expectation value of H(1) within the 
orbitally non-degenerate (real) ground state with the field parallel to z:

E(1) = −gege〈0 | sz | 0〉B + l〈0 | l · s | 0〉 − ge〈0 | lz | 0〉B = −gegemsHB (13.80)

The second and third terms are zero because the expectation value of lq is zero for 
real states. The same expression can be obtained for the first-order correction to 
the energy by introducing a Hamiltonian

H1
(spin) = −gegeszB (13.81)

and operating on the spin states alone. The spin hamiltonian is starting to emerge.
Now consider the energy correction to second-order in the perturbation. The 

starting point is the perturbation expression

E(2) = ∑
n≠0

〈0 |H (1) |n〉〈n |H (1) | 0〉
E0

(0) − En
(0)

(13.82)

When the three-term perturbation hamiltonian (eqn 13.79) is inserted, there will 
be nine terms. However, we are looking for a contribution that can be expressed 
like eqn 13.78, and therefore are interested only in terms that are bilinear in the 
spin and applied field (that is, of the form s . . . B). Only the cross-terms between 
the spin–orbit coupling and the orbital interaction with the applied field have the 
right form, and so we can confine attention to the following expression:

E(2) = −lgeB∑
n≠0

〈0 | lz |n〉〈n | l · s | 0〉 + 〈0 | l · s |n〉〈n | lz | 0〉
E0

(0) − En
(0)

(13.83)

(In a more precise calculation, the spin–orbit coupling parameter x(r), which is 
related to z and therefore to l, would still be inside the integrals that appear in 
the numerator.) Furthermore, in this simple introduction, we are interested only 
in an eCective hamiltonian containing the operator sz for the spin, because we 
are assuming that the local field is parallel to the applied field (in advanced work 
that assumption is not made). Therefore, with DEn0 = En

(0) − E0
(0), this expression 

simplifies to

E(2) = lgeB∑
n≠0

lz;0nlz;n0msH + msHlz;0nlz;n0

DEn0

 = 2lgeBmsH∑
n≠0

lz;0nlz;n0

DEn0

(13.84)

Exactly the same contribution to the energy is obtained if we use the following 
operator on the spin states:

H (spin) = 2lgeB
A
C∑

n≠0

lz;0nlz;n0

DEn0

D
F sz (13.85)

This is the second-order contribution to the spin hamiltonian.

A brief comment
We are simplifying the 
treatment of the spin–orbit 
interaction, which should be 
written as in eqn 7.14 with a 
strength that depends on r,
by replacing the true operator 
with a parameter l that 
expresses the strength of the 
interaction; in the notation 
of Section 7.4 (see eqn 7.15), 
l == hcz/H2.
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It follows from the preceding discussion that the total spin hamiltonian is the 
eCective operator

H (spin) = H1
(spin) + H 2

(spin) + · · · = −gegeBsz + 2gelB A
C∑

n≠0

lz;0nlz;n0

DEn0

D
F sz + · · · (13.86)

= −gzzgeBsz

with

gzz = ge − 2l A
C∑

n≠0

lz;0nlz;n0

DEn0

D
F (13.87a)

The quantity of interest for rapidly tumbling species in fluid solution is the mean 
value g = 1

3 (gxx + gyy + gzz), which is

g = ge + dg dg = −2
3l

A
C∑

n≠0

l0n · ln0

DEn0

D
F (13.87b)

B

l
s

l

Induced
orbital
magnetic
moment

Fig. 13.15 Two steps are 
involved in the deviation of 
the electron g-factor from its 
free-spin value: the applied 
magnetic field induces orbital 
angular momentum in the 
electron, and that orbital angular 
momentum is transmitted to the 
spin by the spin-orbit coupling 
(denoted l here).

Example 13.5 Estimating a g-value

Consider the model system illustrated in Fig. 13.6, in which a single unpaired 
electron occupies a px-orbital and there is an unoccupied py-orbital an energy 
DE above it. Calculate the g-value when the magnetic field is applied in the 
z-direction.

Method We use eqn 13.87a. The matrix elements required have already been evalu-
ated (in Example 13.2): they are 〈py | lz | px〉 = iH and its Hermitian conjugate.

Answer Substitution of the matrix elements into eqn 13.87a gives

gzz = ge − 2l 〈px | lz | py〉〈py | lz | px〉
DE

= ge −
2lH2

DE

Comment When the field is applied along the x-axis, the oC-diagonal matrix 
elements of lx are zero, and the g-value has its free-spin value.

Self-test 13.2 Calculate the shift when an electron occupies a dxy-orbital with an 
empty dx2−y2-orbital at an energy DE above it. What diCerence would there be if 
there were also p-orbitals at a similar energy above the ground-state orbital?

The extent of the deviation of the g-value from the free-spin value increases with 
increasing spin–orbit coupling constant and with decreasing excitation energy. 
The factor B/DE (in eqn 13.85) represents the ease with which the applied field can 
mix in excited states and therefore provide a pathway for the electron to circulate 
through the molecule and acquire orbital angular momentum (Fig. 13.15). This 
orbital angular momentum is then transmitted to the spin as an eCective magnetic 
field through the agency of spin–orbit coupling (the term l in eqn 13.85). As the 
excitation energy decreases, the currents can be stirred up more eCectively by 
a given magnetic field, and as the spin–orbit coupling increases, a given current 
is experienced by the spin as a stronger magnetic field.

13.13 Spin–spin coupling

There are three types of spin–spin coupling in molecules:

1. Electron–electron coupling, which gives rise to the fine structure of triplet-
state EPR spectra.
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2. Electron–nucleus coupling, which gives rise to the hyperfine structure of 
EPR and (much less importantly) of electronic spectra.

3. Nucleus–nucleus coupling, which gives rise to the fine structure of NMR 
spectra.

We shall deal briefly with the first of these topics, and then introduce electron–
nucleus coupling, largely as a foundation for the principal topic of this section, 
which is spin–spin coupling in NMR.

One mechanism for the interaction between electron spins is the direct 
dipole–dipole interaction of their magnetic moments. The hamiltonian for the 
interaction has the form −m· B with B given in eqn 13.61 which we repeat here 
with m replaced by m2 = geges2:

B = − A
C
m0

4pr3

D
F !

@m −
3r(r ·m)

r2

#
$ = − A

C
m0gege

4pr3

D
F !

@s2 −
3r(r · s2)

r2

#
$

The interaction with m1 = geges1 is therefore

H = −m1 · B = A
C
m0g2

eg2
e

4pr3

D
F !

@s1 · s2 −
3(s1 · r)(r · s2)

r2

#
$

If the electron spins are aligned along the z-direction, the only contribution to 
s1 · s2 is s1zs2z and each s · r term simplifies to szz = szr cos q. Therefore

H = A
C
m0g2

eg2
e

4pr3

D
F  (1 − 3 cos2q) s1zs2z (13.88)

where r is the separation of the electrons. The energy of their interaction is 
therefore

E = A
C
m0g

2
em2

B

4p
D
F �1 − 3 cos2q

r3 �ms1ms2 (13.89)

In a rapidly tumbling molecule in fluid solution, only the average value of this 
expression would be observed. However, the average value of (1 – 3 cos2q)/r3 over 
a sphere of radius r is zero, and so there is no net dipole–dipole interaction energy 
in a rapidly tumbling molecule. The interaction energy does not average to zero 
in a solid, and so investigating the energy of interaction by solid-state triplet EPR 
is a way of exploring the distribution of two electrons.

Another mechanism of interaction between electron spins has the same direc-
tional dependence as the dipolar interaction. Each of the two electrons interacts 
with its own orbital angular momentum through a spin–orbit coupling term of 
the form zisi · li. When these perturbations are used in second-order perturbation 
theory, they give rise to a second-order contribution that can be modelled by a 
term in the spin hamiltonian that is bilinear in the two spin operators (s1 . . . s2).
This term turns out to have the form s1 · s2 − 3(s1 · r)(s2 · r)/r2, exactly as for 
the direct magnetic dipole interaction (but not with the latter’s simple 1/r3

dependence). It can be thought of as expressing the energy of interaction of two 
electron spins that are communicating via their orbital angular momenta: a spin 
stirs up its own orbital angular momentum, which is experienced by the other 
electron, which in turn transmits its induced orbital angular momentum to 
its spin via its own spin–orbit coupling (Fig. 13.16). The direct dipole–dipole 
mechanism dominates this indirect route in most inorganic species.

13.14 Hyperfi ne interactions

The term ‘hyperfine interaction’ denotes any interaction between electrons and 
nuclei other than the Coulombic interaction between their point electric charges. 

l l

l l

Hdip-dip
(1)

Fig. 13.16 One contribution to 
electron spin–spin coupling in 
triplet molecules arises from 
the spin–orbit coupling, which 
converts spin angular momentum 
into orbital angular momentum, 
and the coupling of these two 
orbital moments by a dipole–
dipole interaction.
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The interaction may be electric or magnetic. The former includes the interaction 
between an electric quadrupole moment of the nucleus and the electric field 
gradient arising from anisotropies in the electron distribution in the molecule. 
The latter includes the magnetic interactions, such as that between the magnetic 
dipole moments of the nucleus and the surrounding electrons. We shall concen-
trate on these magnetic interactions.

(a) Dipolar coupling

There are two types of magnetic interaction between electron and nuclear 
spins. One is a direct dipolar interaction between the two magnetic moments 
(Fig. 13.17). The hamiltonian describing this interaction has the form that by 
now should be familiar:

Hhf = A
C
m0gegegN

4pr3

D
F !

@s · I −
3(s · r)(r · I)

r2

#
$ (13.90a)

where r is the electron–nucleus separation. When the electron and nuclear spins 
are so strongly aligned by an external field that only their z-components are of 
interest, this expression simplifies to

Hhf = A
C
m0gegegN

4pr3

D
F (1 − 3 cos2q)szIz (13.90b)

The first-order contribution to the energy is the expectation value of this 
hamiltonian for the ground-state wavefunction:

Ehf = A
C
m0gegegN

4p
D
F �1 − 3 cos2q

r3 �msmI (13.91)

If the orbital occupied by the electron is an s-orbital, the angular integration can 
be performed immediately:

�
p

0

(1 − 3 cos2q)sinq dq = �
1

−1

(1 − 3x2)dx = x − x3 |1−1 = 0

We can conclude that an electron in an s-orbital has no net magnetic interaction 
with its nucleus. However, if the electron occupies some other type of orbital, 
then its interaction is non-zero.

s

l

r

(a)

(b)

r
sz

lz

q

Fig. 13.17 (a) The general 
relative orientation of two spin 
angular momenta (and their 
associated magnetic moments) 
used in the formulation of the 
dipolar interaction hamiltonian 
and (b) the simplified version 
when the two angular momenta 
are parallel.

A brief illustration

If the electron occupies a pz-orbital, then its wavefunction has the form y =
(3/4p)

1
2f(r) cos q. In this case,

�1 − 3 cos2q
r3 � = AC

3

4p
DF �

0

2p

 dj�
0

p

(1 − 3 cos2q)cos2q sin q dq �
0

∞ AC
1

r3

DF f(r)2r2 dr

 = AC
3

4p
DF × 2p × AC −

8

15
DF × � 1

r3� = − 
4

5�
1

r3�
where

� 1

r3� = �
0

∞ AC
1

r3

DF f 2r2 dr = �
0

∞
f 2

r
 dr

The radial integral, the expectation value of 1/r3, can be evaluated by substituting 
the appropriate expressions for the atomic orbitals (see, for example, Table 3.4 for 
hydrogenic orbitals or Table 7.3 for STOs).



Although the dipolar interaction is non-zero for a specific orientation of the 
field with respect to the orbital, when the molecule is tumbling we have to take 
an orientational average to obtain the mean interaction energy. This mean is 
zero. So, for rapidly tumbling radicals in solution, there is no net dipolar hyperfine 
interaction energy.

(b) The Fermi contact interaction

The second hyperfine interaction mechanism we should consider is the Fermi 
contact interaction. It is only an approximation that the magnetic field arising 
from a nucleus is that of a point magnetic dipole. In reality, the nucleus has 
a finite extent, and it can be treated as a point dipole only when the point of 
observation is far away. This approximation is valid for all orbitals other than 
s-orbitals, because electrons in orbitals with l ≠ 0 are never found at the nucleus 
itself. However, an electron in an s-orbital can be found at the nucleus, and con-
sequently the point dipole approximation is invalid. That there is a non-zero 
average magnetic field in this case is illustrated in Fig. 13.18. A quantitative dem-
onstration that there is a non-zero field is developed in Further information 13.2, 
which takes the vector potential in eqn 13.62a and shows that it implies that the 
hamiltonian contains the term

Hhf = −2
3gegegNm0d(rN)s · I (13.92)

where d(rN) is the d-function (Section 2.1). It follows that when we evaluate the 
first-order correction to the energy, we find

E(1) = −2
3gegegNm0

A
C�y*d(rN)y dtDF {0 | s · I | 0}  (13.93)

 = −2
3gegegNm0 |y(0) |2{0 | s · I | 0}

where |y(0) |2 is the probability density for finding the electron at the nucleus and 
the bracket {0 | . . . | 0} refers only to the spin state. The same first-order energy is 
obtained by adding to the spin hamiltonian a term

H(spin) = −2
3gegegNm0 |y(0) |2s · I (13.94a)

For a 1s-orbital of hydrogen, | y(0) |2 = 1/pa3
0. If the external field is also so strong 

that only the z-components of the spins are important (which is the case if the 
oC-diagonal matrix elements of the term in eqn 13.94a are much smaller than the 
energy separations of the spin states in a strong externally applied field), this term 
becomes

H(spin) = − A
C

2
3pa3

0

D
F gegegNm0Izsz (13.94b)

The eigenvalues of this eCective operator (in the sense that it operates only on the 
spin states of the system) are

E(1) = − A
C

2
3pa3

0

D
F gegegNm0H2msmI (13.95)

z

Nucleus

Fig. 13.18 The origin of the 
Fermi contact interaction is the 
deviation of the magnetic field 
pattern from the form it takes on 
the assumption that the moment 
can be treated as a point. Note 
that within the spherical region, 
loosely denoting the extent of the 
nucleus, all the lines of force run 
in the same direction and the 
angular average is non-zero.

A brief illustration

Insertion of the numerical values for coupling to a proton

E(1)/h = − AC
2

3p
DF ×

2.0023 × (−8.7941 × 1010 C kg−1) × (2.6752 × 108 C kg−1)

(5.292 × 10−11 m)3 × (6.626 × 10−34 J s)

× (4p × 10−7 J s2 C−2 m−1) × (1.0546 × 10−34 J s)2msmI = (1.423 × 109 s−1)msmI

or (1423 MHz)msmI.
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(c) The total interaction

At this point we have arrived at the stage where we can express the total spin 
hamiltonian as

H(spin) = −ggeBsz + (A/H2)Izsz + (C/H2)Izsz (13.96)

where g is given by eqn 13.87b and

A = A
C
m0gegegNH2

4p
D
F �1 − 3 cos2q

r3 � (13.97a)

C = −2
3m0gegegNH2 |y(0) |2 (13.97b)

The first-order energies are therefore

E(1) = gmBBms + (A + C)msmI (13.98)

The anisotropic term (A) averages to zero if the molecule is tumbling rapidly in 
solution.

Table 13.1 Nuclear spin properties

Nuclide Natural 
abundance,
per cent

Spin, I Magnetic
moment,
m/mN*

g-value gN/(107 T−1 s−1)

1n® 1
2 −1.9130 −3.8260 −18.324

1H 99.9844 1
2 2.792 85 5.5857 26.752

2H 0.0156 1 0.857 45 0.857 45 4.1067
3H® 1

2 2.9788 5.9576 28.533
13C 1.108 1

2 0.7023 1.4046 6.7272
14N 99.635 1 0.403 56 0.403 56 1.9328
17O 0.037 5

2 −1.893 −0.757 20 −3.627
19F 100 1

2 2.628 35 5.2567 25.177
31P 100 1

2 1.1317 2.2634 10.840
33S 0.74 3

2 0.6434 0.4289 2.054
35Cl 75.4 3

2 0.8218 0.5479 2.624
37Cl 24.6 3

2
0.6841 0.4561 2.184

*mN is the nuclear magneton; mN = eH/2mp; its value is given inside the front cover.
®Radioactive.

Example 13.6 Estimating the magnitude of the anisotropic hyperfine coupling

Use STOs to estimate the magnitude of the dipolar hyperfine interaction between 
a 14N nucleus and an electron in an N2pz-orbital when the spins are (a) parallel, 
(b) perpendicular to the orbital’s axis.

Method The STOs are specified in Section 7.14 and Table 7.3; according to that 
table, Z* = 3.8340. Nuclear data are given in Table 13.1. We need to evaluate 
eqn 13.97a with gN = 1.9328 × 107 T−1 s−1. The only tricky point is to ensure that 
the angle q is defined appropriately. When the field lies parallel to the orbital’s axis, 
the q in 1 − 3 cos2q is the same as the q in pz ∝ cos q. When the field lies ››
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13.15 Nuclear spin–spin coupling

There are several interactions in molecules that can contribute to the coupling of 
nuclear spins. One mechanism is the direct magnetic dipole–dipole interaction of 
the kind discussed for electrons. This interaction is important for solid samples, 
but in mobile liquids it averages to zero as a result of the rapid tumbling of the 
molecules. The mechanisms of importance in fluid samples are those stemming 
from indirect coupling mediated by the electrons. We shall concentrate on these 
mechanisms in this section. Note, however, that there are several other interac-
tions that contribute to the overall interaction, including the interaction of the 
nuclear moments with the electronic orbital angular momentum.

One indirect mechanism is illustrated in Fig. 13.19. The first step is a hyperfine 
interaction between one nucleus and an electron. This interaction has the eCect
of favouring one orientation of the electron spin rather than the other. The other 
electron in the bond must have the opposite spin (by the Pauli principle), and 
is most likely to be found near the other nucleus (because it tends to keep well 
away from its partner in the bond to minimize electron–electron repulsion). 

1 2

1 2

Fermi FermiPauli

Fig. 13.19 The chain of 
interactions responsible for 
nuclear spin–spin coupling.

perpendicular to the axis, we can let the form of the interaction remain the same, 
but we need to interpret the orbital as a px-orbital instead, in which case we use px

∝ sin q cos j.

Answer (a) The STO to use for spins parallel to the axis is

y = A
C

Z*5

32pa0
5

D
F

1/2

r cos q e−Z*r/2a0

The expectation value in eqn 13.97a is therefore

�1 − 3 cos2q
r3 � = AC

Z*5

32pa0
5

DF �
0

2p

 dj�
0

p

(1 − 3 cos2q)cos2q sin q dq �
0

∞ AC
1

r3

DF r2e−Z*r/a0r2 dr

 = AC
Z*5

32pa0
5

DF × 2p × AC
−8

15
DF ×

a0
2

Z*2
= − Z*3

30a0
3

(b) For spins perpendicular to the axis we use

y = A
C

Z*5

32pa0
5

D
F

1/2

r sin q cos j e−Z*r/2a0

The same integration as before gives

�1 − 3 cos2q
r3 � = Z*3

60a0
3

Therefore,

(a) A = −gegegNm0H2Z*3

120pa0
3

 (b) A = gegegNm0H2Z*3

240pa0
3

The numerical values (expressed as frequencies by dividing by h) are (a) 72 MHz 
and (b) −36 MHz.

Comment The values obtained by using SCF orbitals are (a) 134 MHz and (b) −67
MHz. Slater orbitals are not very accurate close to the nucleus, where 1/r3 is 
important.

Self-test 13.3 Show analytically that the magnitude of the hyperfine interaction 
parallel to the axis of a p-orbital is exactly twice the value perpendicular to the axis.



468 | 13 THE MAGNETIC PROPERTIES OF MOLECULES

This second electron has a hyperfine interaction with the second nucleus, and 
consequently one orientation of that nucleus is favoured over the other orienta-
tion. As a result, there is an energy diCerence between the relative orientations of 
the two nuclear spins. Intuitively, we can suspect that there will be a contribution 
to the spin hamiltonian of the form I1 · I2, because the scalar product is a measure 
of the angle between the two spins.

(a) The formulation of the problem

The explicit calculation runs as follows. First, we need to decide which hyperfine 
mechanism to use. In many cases the contact interaction is the most important, 
and we shall confine our attention to it.

The contact interaction for the two nuclei is

H(1) = −2
3m0gege

!
@gA ∑

i

 IA · sid(riA) + gB ∑
i

 IB · sid(riB)
#
$ (13.99)

where the sum over i is over all the electrons in the molecule and riA is the vector 
from nucleus A to electron i (and likewise for B). When this operator is integrated 
over all the spatial variables of the electrons, the d-functions pick out the value of 
|y(0) |2 at each nucleus for each electron, and so we get the familiar form of the 
spin hamiltonian for the contact interactions of the electrons with each nucleus. 
For simplicity of notation we write

A = ∑
i

 sid(riA) B = ∑
i

 sid(riB) (13.100)

Then the hamiltonian becomes

H(1) = −2
3m0gege{gAIA · A + gBIB · B} (13.101)

The first-order correction is zero because in a singlet-state molecule the expect-
ation values of the electron spin operators are zero.

When the first-order perturbation hamiltonian is used to calculate the second-
order correction to the energy, it gives rise to four terms of the form I . . . I. We 
are interested in the contribution to the spin hamiltonian of the form JIA · IB, and 
so we need retain only two of these four terms, those proportional to IA . . . IB

and IB . . . IA. The second-order contribution to the spin hamiltonian then has the 
form

H(spin) = −8
9m0

2ge
2ge

2gAgB ∑
n≠0

IA · 〈0 |A |n〉〈n |B | 0〉 · IB

En
(0) − E0

(0)
(13.102)

We make the usual replacement DEn0 = En
(0) − E0

(0).
Upon taking the spherical average, as shown in the following Justification we 

can write

〈(IA · A)(B · IB)〉 = 1
3 IA · IB〈A · B〉 (13.103)

Consequently

H(spin) = JIA · IB (13.104a)

with

J = − 8
27 m0

2ge
2ge

2gAgB ∑
n≠0

〈0 |A |n〉 · 〈n |B | 0〉
DEn0

(13.104b)

A brief comment
The dipolar interaction can 
make a contribution, even in 
fluids, because it occurs as 
its square in second-order 
perturbation theory (Section 
6.2), and (1 − 3 cos2q)2 does 
not vanish when averaged over 
a sphere (see Exercise 13.22).
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Justification 13.4 The evaluation of a spherical average

The product of scalar products on the left of eqn 13.103 expands as follows:

〈(IA · A)(B · IB)〉 = 〈(IAxAx + · · ·)(IBxBx + · · ·)〉
 = IAxIBx〈AxBx〉 + IAxIBy〈AxBy〉 + IAyIBy〈AyBy〉 + · · ·

All terms of the form 〈AqBq′〉 with q ≠ q′ are zero and all terms of the form 〈AqBq〉
are equal to each other and therefore to 1/3〈A·B〉. The first of these conclusions 
follows from the fact that in a term like 〈AxBy〉 we are always free to reverse the 
direction of one coordinate, which turns 〈AxBy〉 into −〈AxBy〉. The averages must 
be independent of the choice of coordinates, so 〈AxBy〉 must be zero. The second 
conclusion follows from being able to rename x to y or z without changing the 
value of the average, so 〈AxBx〉 = 〈AyBy〉 = 〈AzBz〉. It follows that

〈(IA · A)(B · IB)〉 = 1
3 IAxIBx〈A · B〉 + 0 + 1

3 〈A · B〉IAyIBy + · · ·

 = 1
3 (IAxIBx + IAyIBy + · · · )〈A · B〉 = 1

3 IA · IB〈A · B〉

as in eqn 13.103.

Example 13.7 Evaluating the expectation value of a scalar product

Evaluate the expectation value of the operator I1 · I2 for the triplet (I = 1) and 
singlet (I = 0) states of two spin- 1

2 nuclei and hence find the angles between the 
spins in the two states.

Method The scalar product of the two operators should first be expressed in terms 
of operators with known expectation values: a good starting point is to express it 
in terms of I = I1 + I2, because the expectation values of the magnitudes of I, I1, and 
I2 are known. For the second part, use the expression for a scalar product in terms 
of the angle (q) between two vectors, a · b = ab cos q.

Answer We first note that

I1 · I2 = 1
2 (I1 + I2) · (I1 + I2) − 1

2 I1 · I1 − 1
2 I2 · I2 = 1

2 I2 − 1
2 I1

2 − 1
2 I2

2

The expectation values we require can therefore be calculated from

〈IMI | I1 · I2 | IMI〉 = 1
2 {I(I + 1) − I1(I1 + 1) − I2(I2 + 1)}H2

Note that the expectation values are independent of MI. It follows that with 
I1 = I2 = 1

2,

〈1,MI | I1 · I2 | 1,MI〉 = 1
4 H2 〈0,0 | I1 · I2 | 0,0〉 = − 3

4 H2

To calculate the angles, we use

I1 · I2 = | I1 | | I2 | cos q = 3
4 H2 cos q

It follows that for the triplet state,

q = arccos 
(1/4)

(3/4)
= arccos 13 = 70.5°

and for the singlet state,

q = arccos 
(−3/4)

(3/4)
= arccos(−1) = 180°

Comment Note that the expectation values of the scalar products have opposite 
signs in each case, so if the energy is written as proportional to the scalar product, 
in one case it rises and in the other case it falls.
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(b) Coupling through a chemical bond

Equation 13.104 is the basic expression for the calculation of the spin–spin 
coupling constant J, but it obviously needs to be simplified if we are to give it 
a physical interpretation. The major diAculty lies in the eCects of the operators 
A and B. If we confine our attention to a two-electron system (such as a chemical 
bond between the two nuclei), the operator A would be

A = s1d(r1A) + s2d(r2A)

 = 1
2(s1 + s2){d(r1A) + d(r2A)} + 1

2(s1 − s2){d(r1A) − d(r2A)} (13.105)

and likewise for the operator B. The antisymmetric parts of these operators (the 
ones with minus signs) have the same general form as the spin–orbit operator in 
Section 11.9, where we saw that its eCect was to mix in triplet excited states into 
a singlet ground state. Because the triplet state of an excited configuration can be 
expected to lie lower in energy than the corresponding singlet, we can expect the 
triplet to dominate in the perturbation expression. That implies that in an appli-
cation of the closure approximation, we should use the mean triplet excitation 
energy DE(T). In that case, under closure we obtain

J ≈ − 8
27 m

2
0g2

eg e
2gAgB

〈0 |A · B | 0〉
DE(T)

(13.106)

For two electrons,

A · B = {s1d(r1A) + s2d(r2A)} · {s1d(r1B) + s2d(r2B)} (13.107)

 = s1 · s1d(r1A)d(r1B) + s2 · s2d(r2A)d(r2B) + s1 · s2d(r1A)d(r2B) + s2 · s1d(r2A)d(r1B)

The first two terms give zero when integrated over the wavefunction, because an 
electron cannot simultaneously be at two diCerent nuclei. The action of s1·s2 has 
already been established in Example 13.7, where we saw that (with change of 
detail, writing the operator for electrons rather than nuclei)

s1·s2 = 3
4 (S

2 − s2
1 − s2

2) (13.108)

The expectation value of this operator in the singlet ground state of the molecule 
is −3

4H2. It follows that (introducing the Bohr magneton mB = −geH)

J ≈ 2
9m

2
0g2

em2
BgAgB

〈0 |d(r1A)d(r2B) + d(r2A)d(r1B) | 0〉
DE(T)

(13.109)

At this point we shall suppose that the electrons occupy an orbital of the form 
y = cAcA + cBcB where the cs are atomic orbitals on the two nuclei and the 
coeAcients are real. It follows that

J ≈ 4
9m

2
0g2

em2
BgAgB |cA(0) |2 |cB(0) |2 A

C
c2

Ac2
B

DE(T)

D
F (13.110)

Because only s-orbitals have non-zero amplitudes at their nucleus, the coeAcients
that appear in this expression must be those of s-orbitals in the molecular orbital. 
Therefore, the spin–spin coupling constant increases with greater electron prob-
ability densities on each nucleus and with smaller triplet excitation energies.
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Further information

13.1  The hamiltonian in the presence of 
a magnetic field

In this section, we begin by setting up a formalism that 
defines and formulates a general form of the linear 
momentum and then the hamiltonian.

Step 1. Choose a lagrangian L(q, Q) such that the Euler–
Lagrange equation

A
C
[L
[q

D
F −

d

dt
A
C
[L
[Q

D
F = 0 (13.111)

where Q = dq/dt, corresponds to the known equation of 
motion.

Step 2. Form the canonical momentum, which is defined as

pq =
[L
[Q

 (13.112)

Step 3. Form the hamiltonian, which is defined as

H = p · è − L (13.113)

and express it in terms of p and r as variables.

As an example of each step, we shall construct the 
expression for the linear momentum in the presence 
of electric and magnetic fields.

Step 1. The equation of motion of an electron in the 
presence of electric and magnetic fields is given by the 
Lorentz force law:

meë = −e(E + è × B) (13.114)

This equation of motion is reproduced by the Euler–Lagrange 
equations if we take as the lagrangian the expression

L = 1
2 meR2 + ej − eè ·A (13.115)

where j is the scalar potential and A is the vector potential 
describing the fields. To confirm that this lagrangian is 
suitable, we note that

[L
[x

= e
[j
[x

− e
[
[x

 (è · A) (13.116a)

so that in three dimensions

∇L = e∇j − e∇(è · A)  (13.116b)
= e∇j − eè · ∇A − eè × (∇ × A)

To derive this result, we have used the vector relations listed 
in Mathematical background 6; note that F· ∇G should be 
interpreted as (F· ∇)G. Likewise,

d

dt
A
C
[L
[Ö

D
F =

d

dt
 (meÖ − eAx) = meẍ − e

dAx

dt
 (13.117a)

 = meẍ − e A
C
[Ax

[t
D
F − e!

@
A
C
[x
[t

D
F

A
C
dAx

[x
D
F + · · · #$

where the ellipses indicate the analogous terms with y and z
in place of x, and in three dimensions (in a notation that 
should be self-explanatory by comparison with the 
expression above)

d

dt
A
C
[L
[è

D
F = meë − eí − e(è · ∇)A (13.117b)

It follows that the Euler–Lagrange equation is

e∇j − eè · ∇A − eè × (∇ × A) = meë − eA· − e(è · ∇)A
 (13.118)

which reduces to the Lorentz expression by using eqns 
12.116 and 12.118. Hence, the lagrangian in eqn 13.115 
is acceptable.

Step 2. From the lagrangian developed above, it follows that

px = meÖ − eAx (13.119a)

and hence in three dimensions

p = meè − eA (13.119b)

Step 3. Because è = (p + eA)/me we obtain

H =
1

me

p · (p + eA) −
1

2me

 (p + eA)2 − ej +
e

me

 (p + eA) · A

 =
1

2me

 (p + eA)2 − ej (13.120)

The same expression would be obtained by replacing p,
wherever it occurs in the hamiltonian, by p + eA, which is 
the rule used in the text (Section 13.4).

13.2  The dipolar vector potential

In this section, we deduce the form of the magnetic field 
corresponding to the vector potential

A = a
m × r

r3
a =

m0

4p
 (13.121)

This potential was introduced in Section 13.9 in connection 
with the discussion of the field of a magnetic dipole.

First, note that as ∇(1/r) = −r/r3,

A = −am × ∇
A
C
1

r
D
F  (13.122)

Then, from Mathematical background 6 (eqn MB6.5) with 
F = m and G = (∇r−1),

∇ × A = −a∇ × A
Cm × ∇

1

r
D
F = −a!

@m A
C∇ · ∇

1

r
D
F   (13.123)

− (∇ · m) A
C∇

1

r
D
F + A

C∇
1

r
 · ∇D

F m − (m · ∇) A
C∇

1

r
D
F

#
$

 = −a!
@m A

C∇2 1

r
D
F − (m · ∇) A

C∇
1

r
D
F

#
$

because m is a constant and ∇ · ∇ = ∇2. The second term may 
be written

(m · ∇) A
C∇

1

r
D
F = −(m · ∇) A

C
r

r3

D
F  (13.124)

 = − A
Cmx

[
[x

+ my

[
[y

+ mz

[
[z

D
F

xi + yj + zk

r3

 = −
m

r3
− rm · AC∇

1

r3

D
F = −

m

r3
+ 3 

r(m · r)

r5

 = −
m − 3(m · ì)ì

r3
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Therefore, this part of the vector potential accounts for the 
contribution

Bdipolar = −
a

r3
 {m − 3(m · r̂)r̂ (13.125)

as in eqn 13.61 with r̂ = r/r.
When the system is spherically symmetrical, detailed 

analysis shows that the first term of the last line in 
eqn 13.123 does not necessarily vanish when it is averaged 
over the appropriate wavefunctions. Furthermore, the 
spherical average of the second term in the last line 
produces

�(m · ∇) A
C∇

1

r
D
F � =

1

3
m A

C∇2 1

r
D
F  (13.126)

Therefore, in this case

∇ × A = −
2

3
am ∇2 1

r
 (13.127)

A standard mathematical property is

∇2 1

r
= −4pd(r) (13.128)

where d(r) is the Dirac delta-function. Therefore, this term 
contributes

Bcontact = A
C

8p
3

D
F amd(r) =

2

3
m0md(r) (13.129)

which corresponds to the Fermi contact interaction 
(Section 13.14).

Exercises

*13.1 What is the magnetic field strength in a vacuum 
where the magnetic induction is 1.0 T?

*13.2 The magnetic susceptibility of water at 25oC is 
−9.02 × 10−6. What is (a) the magnetization, (b) the 
magnetic induction when a sample is exposed to a field 
of strength 80 kA m−1?

*13.3 Calculate the magnetic susceptibility of a sample 
of mass density 5.0 g cm−3 and molar mass 210 g mol−1

at 20oC and composed of complexes with S = 1.

*13.4 Calculate the molar magnetic susceptibility of the 
same sample as in the preceding exercise.

*13.5 Evaluate the Curie constant for the sample in 
Exercise 13.3 and 13.4.

*13.6 Calculate the spin contribution to the molar magnetic 
susceptibility of hydrogen atoms at 298 K.

*13.7 The average value of S2
z can be evaluated by noting 

that in the absence of fields 〈S2
x〉 = 〈S2

y〉 = 〈S2
z〉. Find the 

average value of S2
z for a complex with spin S.

*13.8 Sketch the form of the vector function F = xk − zi
and calculate its divergence and curl.

*13.9 Find expressions for vector potentials corresponding 
to a uniform magnetic field (a) parallel to the x-axis,
(b) along the direction of the unit vector (1,1,0); see 
Fig. 13.3. Find an expression for A2 for the vector 
potential A, and evaluate it for the two special cases.

*13.10 Use mathematical software to draw streamlines 
representing the vector function C + lD for various values 
of l.

*13.11 Evaluate the magnetic field corresponding to the 
vector potential Ce−k·r with k parallel to the z-axis. Has it 
a non-zero divergence?

*13.12 Calculate the contribution to the molar diamagnetic 
susceptibility of (a) a 1s-electron, (b) a 2s-electron, taking 
Slater orbitals. Specialize to (i) the hydrogen atom, (ii) the 
carbon atom.

*13.13 Evaluate the magnetizability of each case in the 
preceding exercise.

*13.14 Plot contour diagrams of the type shown in Fig. 13.10 
for planes parallel to the equatorial plane of the hydrogen 
atom at heights 0, a0, and 2a0 above the nucleus.

*13.15 Sketch the form of the diamagnetic current density 
for an electron in (a) a 2s-orbital, (b) a 3pz-orbital for 
a field along the z-axis.

*13.16 Show that the divergence of the vector potential 
given in eqn 13.62b is zero.

*13.17 Suppose that a magnetic dipole has only 
a z-component; what form does A then take?

*13.18 Calculate the diamagnetic contribution to the 
mean shielding constant of an electron in (a) a 2s-orbital, 
(b) a 2p-orbital. Take Slater orbitals, and then specialize 
to an electron of a carbon atom.

*13.19 Calculate the magnitude of the paramagnetic 
contribution to the mean shielding constant for the same 
species as in Exercise 13.18. Assume that the field mixes in 
an orbital lying about 5.0 eV above the orbital of interest.

*13.20 The ground state of the NO2 molecule is 2A1, and 
that of the ClO2 molecule is 2B1. What states contribute 
to the deviations of the g-value of the radicals from ge?

*13.21 Evaluate the average value of 1 − 3 cos2q for an 
electron that occupies a dz2 orbital.

*13.22 Confirm that the spherical average of (1 − 3 cos2q)2

does not vanish, and evaluate it.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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Problems

*13.1 Consider a molecule in which there is an excited state 
at an energy DE above the non-degenerate ground state. 
Show that the angular momentum is no longer completely 
quenched when a magnetic field is present. Hint. Review the 
argument in Section 13.2 and consider how it is modified 
when the ground state is perturbed.

13.2 Calculate the expectation values of S2
z,SxSz, and S4

z for 
a state with spin quantum number S and with all MS states 
equally occupied. Hint. Use

n

∑
r=1

r2 = 1
6 n(n + 1)(2n + 1)

For the sum over higher powers, see M. Abramowitz and 
I.A. Stegun, Handbook of mathematical functions, Dover, 
New York (1965), Chapter 23, especially Section 23.1.4, 
or use mathematical software.

13.3 Take a vector potential of the form in eqn 13.19 and 
find expressions for the hamiltonian in the presence of the 
corresponding magnetic field but for general values of the 
gauge transformation parameter l. Is it possible to choose 
a value of l such that H(2) is absent (that is, such that H is 
linear in B)?

*13.4 Consider a nitrogen monoxide molecule (nitric oxide, 
NO) in which the unpaired electron occupies a 2pp*-orbital
formed from a linear combination of the nitrogen and 
oxygen 2p-orbitals. For simplicity, take the molecular 
orbital to be (1/21/2)(yN − yO); we have ignored the overlap 
integral. Consider a plane containing both nuclei. Plot 
contours of the magnitude of the diamagnetic current density 
taking the p-orbitals to be Slater atomic orbitals: note that 
this produces a broadside view of the current density.

13.5 Suppose that the NO molecule treated in Problem 13.4 
is trapped in a matrix that removes the degeneracy of the 
p*-orbitals and separates them by 1.0 eV. What magnetic 
flux density is needed to restore 10 per cent of the original 
current density?

13.6 Calculate the form of the diamagnetic and 
paramagnetic contributions to the current density induced 
by a magnetic field in the z-direction when the electron 
occupies (a) a 3dxy-orbital, (b) a 3dx2−y2-orbital. Suppose that 
all the degeneracies have been removed by a crystal field. 
Sketch the form of the current density in the equatorial 
plane. Hint. For the diamagnetic contribution, follow 
Section 13.7, and for the paramagnetic, follow Section 13.8.

*13.7 Estimate the contribution to the molar diamagnetic 
susceptibility of a 2p-electron when the field is (a) parallel, 
(b) perpendicular to the axis. Use Slater orbitals, and then 
specialize to the carbon atom. What is the mean value?

13.8 An electron occupies one of a doubly degenerate 
pair of d-orbitals, and its orbital angular momentum 
corresponds to L = +2. Compute an expression for the 
current density and plot it for a 3d Slater atomic orbital 
on carbon (take Z* ≈ 1).

13.9 Find an expression for the energy of interaction of 
the current density computed in Problem 13.4 with the 
magnetic moment of the nitrogen nucleus. To what 
magnetic flux density does the current give rise? Hint.
Use eqn 13.66.

*13.10 In tetrahedral complexes of Ti3+ (configuration d1),
a tetragonal distortion removes the degeneracy of the 
d-orbitals almost completely. The lowest energy orbital is 
dz2, and the dxz- and dyz-orbitals, which remain degenerate, 
are at an energy DE above it. Find an expression for the
g-values when the field is applied along the x-, y-, and 
z-axes of the complex, and estimate their values. Take 
DE/hc ≈ 1.0 × 104 cm−1 and z = 154 cm−1.

13.11 Show that the energy of dipolar interaction of two 
electron spin magnetic moments may be expressed as
S ·D·S, where S = s1 + s2 and S ·D·S = ∑i,jSiDijSj with 
i,j = x, y, and z. Hint. The energy is proportional to
s1 · s2 − 3s1 · (rr/r2) · s2. Expand this expression in terms 
of its Cartesian components and employ relations such 
as s2

1x = 1
4 H2, S2

x = 2s1xs2x + 1
2 H2, etc.

13.12 Find an expression for the dipolar hyperfine 
interaction constant for an electron in a Slater 3dz2-orbital
when the field is (a) parallel, (b) perpendicular to the axis. 
Hint. Use eqn 13.97 for both (a) and (b) but for the latter, 
interpret 3dz2 as 3dx2, the same orbital rotated through 90o

and now lying along the x-axis.

*13.13 Estimate the spin–spin coupling constant for the 
molecule 1H2H. Hint. Use eqn 13.110 with a simple 
LCAO-MO. Take DE(T) = 10 eV. Express J as a frequency. 
The experimental value is 40 Hz.

13.14 Write the NMR spin hamiltonian for a molecule 
containing two protons, one in an environment with 
chemical shift dA and the other with chemical shift dB. Let 
them be coupled through a constant J. Evaluate the matrix 
elements of the hamiltonian for the states |mIAmIB〉, and 
construct and solve the 4 × 4 secular determinant for 
the eigenvalues and eigenstates. Determine the allowed 
magnetic dipole transitions (they correspond to matrix 
elements of IAx + IBx), and find their relative intensities. 
Draw a diagram of the spectrum expected when (a) J = 0, 
(b) J << (dA − dB)n0, (c) J = (dA − dB)n0, (d) dA = dB, where n0

is the spectrometer frequency. Hint. Construct the matrix 
of the hamiltonian and evaluate its eigenvalues and 
eigenvectors. Intensities are proportional to the squares 
of the matrix elements of IAx + IBx.

13.15 Long ago, in Problem 8.11, the structure of H2O
was investigated. Take the same molecular orbitals for 
the molecular ion H2O

+ and estimate its g-values.

*13.16 A Slater 2s-orbital has a node at the nucleus. Adopt 
the orthogonalization procedure mentioned in Problem 
7.12, which also removes the node, and find a relation 
for the Fermi contact interaction first for general Z*,
and then for 14N.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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MB6.1 Defi nitions

A scalar function is a function that associates a single 
number with each point in space. The Coulomb poten-
tial is an example, and in general the electric potential 
is called a scalar potential. A vector function associates 
a vector of a certain magnitude and direction with each 
point in space. The electric and magnetic vectors of a 
plane-polarized light ray are examples of vector func-
tions. In general a vector function in three-dimensional 
space is

F(x,y,z) = fxi + fyj + fzk (MB6.1)

where each of the fq is in general a function of x, y,
and z.

MB6.2 Diff erentiation

The gradient of a scalar function was introduced in 
Mathematical background 3 (eqn MB3.9) and is

∇f = AC
[f
[x

D
F i + A

C
[f
[y

D
F j + A

C
[f
[z

D
F k (MB6.2)

The quantity ∇f is a vector. The divergence of a vector 
function, ∇ · F or div F, is defined as

∇ · F = A
C
[fx

[x
D
F + A

C
[fy

[y
D
F + A

C
[fz

[z
D
F (MB6.3)

The divergence of a vector function is a scalar function 
(or a constant). The curl of a vector function F, ∇ × F
or curl F, is defined as follows:

x

y
i

j

Fig. MB6.1 Equal-magnitude contours of the vector function 
C(x,y) = −yi + xj; this function has non-zero curl but zero 
divergence.

x

y
i

j

Fig. MB6.2 Equal-magnitude contours of the vector function 
D(x,y) = xi + yj; this function has non-zero divergence but 
zero curl.

A brief illustration

Consider the vector function (see Section 13.3)

C(x,y) = −yi + xj

where i and j are unit vectors in the (x,y)-plane. This 
function is drawn in Fig. MB6.1. It can be constructed 
by concentrating first on the values it takes at points 
along the line y = 0, for then C = xj. Along this line, the 
magnitude of the vector increases in proportion to x
and it points in the direction of j for x > 0 and along 
−j for x < 0. These values are denoted by the arrows 
sprouting from the x-axis. Next, take x = 0, when
C = −yi. The magnitude of the vector increases in 
proportion to |y |, and the function points along −i
for y > 0 but along i for y < 0. The same technique can 
be used to find the function at any point in the plane, 
and overall the function can be represented in terms 
of a series of contours carrying directional arrows. The 
function C obviously represents a circulation of some 
kind around the unit vector k that points parallel to 
the z-axis. In contrast, the vector function

D(x,y) = xi + yj

which is illustrated in Fig. MB6.2, suggests a radial 
flow away from a central point.
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∇ × F =
i

[/[x
fx

j
[/[y

fy

k
[/[z
fz

(MB6.4)

The curl of a vector function is a vector. Moreover, as 
the following brief illustration shows, the orientation 
of the curl conveys the sense of rotation according to 
the right-hand screw rule (the same as for angular 
momentum, Section 3.4).

The following relations are useful:

∇(fg) = f ∇g + g∇f (MB6.5)

∇2f = ∇·∇f

∇ × (∇f ) = 0

∇ · (fF) = f(∇ · F) + F · (∇f)

∇ × (fF) = f(∇ × F) + (∇f ) × F

∇ · (F × G) = G · (∇ × F) − F · (∇ × G)

∇ × (∇ × F) = ∇(∇ · F) − ∇2F

∇ × (F × G) = F(∇ · G) − G(∇ · F) + (G · ∇)F − (F · ∇)G

∇(F · G) = (F · ∇)G + (G · ∇)F + F × (∇ × G) + G × (∇ × F)
A brief illustration

The significance of the names ‘divergence’ and ‘curl’ 
can be appreciated by evaluating the divergences and 
curls of the two vector functions C and D in the first 
brief illustration. We find

∇ · C = 0 ∇ · D = 2

∇ × C =
i

[/[x
−y

j
[/[y

x

k
[/[z

0
= 2k

∇ × D =
i

[/[x
x

j
[/[y

y

k
[/[z

0
= 0

These values reflect the appearances of the functions in 
the diagrams: C does not diverge but does curl (hence 
its designation C); D does diverge but does not curl 
(hence its designation D).
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Scattering theory

Scattering experiments are the focus of many experimental and theoretical studies in 
chemical physics. An early example of their use is the formulation by Rutherford of his 
nuclear model of the atom, which resulted from his famous experiments with a-particles 
scattered by platinum and gold foils. These experiments can provide a wealth of informa-
tion on the nature of the interactions between varieties of particles. In addition, the 
techniques presented here enable us to compute rate constants for chemical reactions 
from theoretical potential surfaces obtained by using techniques like those described 
in Chapter 9.

Collision events come in a variety of fl avours:

• Elastic scattering, when the total translational kinetic energy of the particles 
remains unchanged as translational kinetic energy is transferred between the 
two particles.

• Inelastic scattering, when the total translational kinetic energy changes and some 
of it is used to excite internal modes of the projectile or the target.

• Non-reactive scattering, when the composition of the particles remains unchanged 
(as in elastic and inelastic scattering).

• Reactive scattering, when the composition of the particles does change as old 
bonds are broken and new bonds form.

Most of our attention in the early parts of this chapter is directed towards elastic 
scattering, which introduces many of the basic ideas important for understanding 
the more complex inelastic and reactive scattering events. Although classical and 
semi-classical treatments of collision events are often informative, we focus mainly on 
the quantum mechanical treatment of collision problems and confi ne discussion to 
non-relativistic processes based on the Schrödinger equation.

The fundamental concepts

The central quantity obtained from solution of the Schrödinger equation in 
scattering theory is the scattering matrix, S, a matrix that relates the amplitude 
of the scattered waves to the incident waves. The central role in experimental 
investigations is played by the scattering cross-section, s, a quantity that relates 
the scattered particle flux to the incident particle flux. We introduce these two 
fundamental concepts in this section and later in the chapter develop relations 
between them.

14.1 The scattering matrix
Scattering by a one-dimensional potential energy barrier of finite width was con-
sidered in Section 2.8; we revisit it here but express it in a slightly diCerent way 
that will underlie the rest of the chapter.

14
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As we saw in Section 2.8, for a potential like that in Fig. 14.1, the wavefunc-
tion has the following form:

• In Zone I (x < 0), it is a linear combination of an incoming wave of amplitude 
A and an outgoing wave of amplitude B;

y = Aeikx + Be−ikx kH = {2mE}1/2

• In Zone II (0 ≤ x ≤ L), it is a linear combination of exponential functions of 
amplitudes A′ and B′;

y = A′eik′x + B′e−ikx k′H = {2m(E − V)}1/2

• In Zone III (x > L), it is a linear combination of an incoming wave of ampli-
tude B″ and an outgoing wave of amplitude A″.

y = A″eikx + B″e−ikx kH = {2mE}1/2

We also saw there that the continuity of the wavefunction and its slope at x = 0 
and x = L leads to the following four equations relating the six amplitudes:

At x = 0: A + B = A′ + B′ (14.1)

At x = 0: ikA − ikB = ik′A′ − ik′B′
At x = L: A′eik′L + B′e−ik′L = A″eikL + B″e−ikL

At x = L: ik′A′eik′L − ik′B′e−ik′L = ikA″eikL − ikB″e−ikL

These expressions are relations between the coeAcients of the incoming and 
outgoing waves. For the purposes of this chapter, we can summarize them suc-
cinctly by a matrix equation. First, we write

Cin = AC A
B″

DF Cout = AC B
A″

DF (14.2)

then we show in the Justification below that these two column vectors are 
related by

Cout = SCin (14.3a)

where the matrix S, which is called the scattering matrix or S matrix, has the form

S = AC −W21/W22

W11 − W21W12/W22

1/W22

W12/W22

DF (14.3b)

with

W = ei(k′−k)L

4k
AC k′ + k
(−k′ + k)e2ikL

(−k′ + k)e−2ik′L

(k′ + k)e2ikLe−2ik′L
DF AC1 + k/k′ 

1 − k/k′
1 − k/k′ 
1 + k/k′

DF (14.3c)
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Fig. 14.1 The potential energy 
for a barrier of finite width. The 
amplitudes of the incoming and 
outgoing waves are indicated.

Justification 14.1 The scattering matrix and the relation between incoming 
and outgoing waves

The unknown amplitudes in eqn 14.1 are written as the column vectors:

C = AC A
B

DF C′ = AC A′
B′

DF C″ = ACA″
B″

DF
for Zones I, II, and III, respectively. The two equations of eqn 14.1 for the continu-
ity conditions at x = 0 can be expressed as

A′ = 1
2 (1 + k/k′)A + 1

2 (1 − k/k′)B

B′ = 1
2 (1 − k/k′)A + 1

2 (1 + k/k′)B ››
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One of the many advantages of introducing the scattering matrix is that 
reflection and transmission probabilities can be expressed in terms of its ele-
ments. For example, if the particle is incident from the left of the barrier, so that 
B″ = 0 (there cannot be an incoming wave on the right of the barrier), then it 
follows from eqn 14.3 that

B = S11A A″ = S21A (14.4)

Therefore, the reflection and transmission probabilities (eqn 2.21)

R = | B | 2

| A | 2
T = | A″ | 2

| A | 2

are given by

R = | S11 | 2 T = | S21 | 2 (14.5)

That the sum of the reflection and transmission probabilities must be unity is 
guaranteed by a fundamental property of the S matrix, namely that it is unitary. 
Recall from Mathematical background 4 that a matrix M is unitary if M† = M−1

where M† = (MT)* and where T denotes the transpose of the matrix. To demon-
strate the unitarity of S, we note that the preservation of the number of particles 

It follows that

C′ = MC M = 1
2

AC 1 + k/k′ 
1 − k/k′

1 − k/k′ 
1 + k/k′

DF
Likewise, the continuity relations at x = L can be expressed (Exercise 14.2) as

C″ = QC′ Q = ei(k′−k)L

2k
AC k′ + k
(−k′ + k)e2ikL

(−k′ + k)e−2ik′L

(k′ + k)e2ikLe−2ik′L
DF

It follows that the relation between C″ and C is

C″ = WC W = QM

This is a relation between two sets of coeAcients; however, we actually need the 
relation between the coeAcients as summarized by the vectors Cin and Cout. To find 
it, we need to express the latter in terms of the elements of C and C″:

Cin = AC C1

C2″
DF Cout = AC C2

C1″
DF

From C″ = WC we can write

C1″ = (WC)1 = W11C1 + W12C2 and C2″ = (WC)2 = W21C1 + W22C2

and therefore

C2 = (−W21/ W22)C1 + (1/W22)C2″

C1″ = (W11 − W12W21/W22)C1 + (W12/W22)C2″

It then follows that

Cout = AC (−W21/W22)C1 + (1/W22)C2″
(W11 − W12W21/W22)C1 + (W12/W22)C2″

DF

= AC −W21/W22 
W11 − W12W21/W22

1/W22

W12/W22

DF AC C1

C2″
DF

This expression has the form of eqn 14.3a with S given by eqn 14.3b.



requires that the total outgoing flux (| A″ |2 + | B |2) must be the same as the total 
incoming flux (| A |2 + | B″ |2) and therefore that CT

out*Cout = CT
in*Cin; that is,

C†
outCout = C†

inCin

However, because Cout = SCin (eqn 14.3a) and CT
out = CT

inS
T, it follows from the 

above equation that C†
inS

†SCin = C†
inCin and therefore that

S†S = 1.

The proof of unitarity requires showing both that S†S = 1 and SS† = 1. However, 
if we left-multiply both sides of S†S = 1 by S, we have SS†S = S, which requires 
SS† = 1. Therefore S is unitary. In the context of scattering theory, the property 
of unitarity can always be thought of as implying the conservation of particles 
during the scattering event.

A brief comment
Though we have demonstrated 
that the unitarity of the matrix 
S for scattering by a one-
dimensional finite barrier 
follows from R + T = 1, it is not 
immediately obvious that the S
matrix is unitary for the more 
general type of multichannel 
scattering processes discussed 
in Section 14.7. That S is in 
general unitary can be proved 
by using arguments based on 
time-dependent scattering 
theory.

14.2 The scattering cross-section
As we have remarked, the central outcome of the experimental investigation of 
scattering is the scattering cross-section. The cross-section comes in two varieties, 
diCerential and integral, and we define them in this section.

Consider the arrangement shown in Fig. 14.2 in which a beam of incident 
particles is directed towards the target particles. A detector far from the area of 
interaction of the incident and target particles presents an ‘eye’ of area r2 dW at 
the orientation (q,j), where dW = sin q dqdj is the solid angle subtended by the 
‘eye’. Suppose that the incident flux of particles, the number of particles passing 
through an area in a given time interval divided by the area and the duration of 
the interval, is Ji, and that the detection frequency, the number of particles falling 
on the detector in that time interval divided by the duration of the interval, is 
dZdet(q,j), then we can write

dZdet(q,j) = s(q,j)Ji dW (14.6)

where the constant of proportionality s is called the diIerential cross-section.
Like the detection frequency, the diCerential cross-section varies with the orien-
tation of the detector with respect to the incident beam. A minor inconvenience 
is that because we cannot distinguish experimentally between a particle that is 
not scattered and a particle scattered in the forward direction (q = 0), the diCer-
ential cross-section in the forward direction is not a directly experimentally 
observable quantity. However, in many cases, it can be determined by extrapola-
tion of the experimental results close to the forward direction.

The integral scattering cross-section, stot, is the total cross-section for scatter-
ing over all angles. It is obtained by integrating the diCerential cross-section:

stot = �
0

p

�
0

2p

s(q,j)sinq dq dj (14.7)

The integral scattering cross-section is the constant of proportionality between 
the total detection frequency Zdet, the total number of scattered particles detected 
in a time interval divided by the length of the interval, and the flux of incident 
particles:

Zdet = stot Ji (14.8)

Self-test 14.1 Suppose the particle flux is incident from the right of the barrier. 
Define T and R in terms of the appropriate S matrix elements and confirm that 
T + R = 1.

r
q

j

dW

Target

Incident
beam

Detector

z

Fig. 14.2 The definition of the 
scattering cross-section.
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Because the dimensions of Zdet are [number][time]−1 and those of Ji are [number]
[area]−1[time]−1, the dimensions of stot are those of area (for instance, m2). Cross-
sections are often expressed as multiples of a0

2 where a0 is the Bohr radius. 
They represent the eCective area presented to the incident beam for a particular 
kind of scattering. The non-SI, and faintly jocular unit, the ‘barn’, with 1 barn =
10−28 m2, is also encountered, particularly in particle physics.

There are three hidden assumptions in the interpretation of the cross-sections 
that need to be brought into the open.

1. The collisions are independent events between a given incident particle and 
a single target particle.

2. Multiple scattering of one incident particle by several target particles does 
not occur.

3. There is no interference between the waves scattered by each of the target 
particles.

For the first condition to be realized experimentally, the incident beam must not 
be so intense that the incident particles interact with one another. For the second 
and third conditions, the de Broglie wavelength of the incident particle must not 
be comparable to the average spacing between target particles and the density of 
target particles must not be so large that an incident particle interacts with mul-
tiple target particles. In many experiments, these assumptions are valid, although 
there are notable exceptions such as the Davisson–Germer experiment, in which 
an electron beam is scattered oC a nickel crystal and an extensive interference 
pattern is observed.

Elastic scattering

We consider first the case of elastic scattering between two structureless particles 
of mass mA and mB. We assume that their interaction is described by a time-
independent potential energy, V(r), that depends only on the relative location 
r = (r,q,j) of the two particles. As demonstrated in Further information 3.2, a 
two-particle problem can be expressed in terms of the motion of the centre of 
mass (which does not concern us here as we can imagine that we are travelling 
with the centre of mass of the system) and the relative motion of a particle of 
reduced mass m, where

1
m

= 1
mA

+ 1
mB

(14.9)

We shall also limit consideration to potentials that approach zero more rapidly 
than 1/r as r → ∞ (as in Justification 14.2 below). This restriction rules out scat-
tering by a pure Coulomb potential but not by a shielded Coulomb potential.

14.3 Stationary scattering states

The time-dependent Schrödinger equation we must solve for the elastic scatter-
ing problem is

HY(r,t) = iH
[Y(r,t)

[ t
H = − H2

2m
∇2 + V(r) (14.10)

where Y(r,t) is the wavefunction describing the evolution in time of a particle 
of mass m. However, because the potential energy is independent of time, the 
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equation can be separated in the usual way and written in terms of solutions of 
the form

Y(r,t) = y(r)e−iEt/H (14.11)

where the time-independent wavefunction is the solution of

Hy(r) = Ey(r) (14.12)

Because there is an infinite number of solutions y(r) with E > 0, we must find 
the particular solution that satisfies the boundary conditions for the problem of 
interest. The asymptotic form of the solutions, the form of the functions as 
r → ∞, is thus a very important quantity because it enables us to pin down the 
solutions by referring to their form when the particles are far apart. The function 
y(r) that has the proper asymptotic form is called the stationary scattering state.

(a) The scattering amplitude

At large distances from the target, the stationary scattering state consists of three 
components (Fig. 14.3):

• a plane wave of definite linear momentum directed towards the target;

• a wave that corresponds to transmission through the target without scatter-
ing: this component is a continuation of the incident plane wave;

• a scattered wave.

We now construct these various components.
The wavefunction for a particle with linear momentum p = kH, where k is the

wavevector of the motion, is eik · r. (We ignore normalization questions at this 
stage.) This form of wavefunction was discussed in Section 2.4. It is customary 
to choose the z-direction for the incident plane wave, in which case the single-
momentum wavefunction is given by eikz. The magnitude, k, of the wavevector k
is related to the relative kinetic energy of the particle and the target by

E = k
2H2

2m
(14.13)

Because the transmitted wave is a continuation of the incident wave, the plane 
incident wave is also the form of the component corresponding to transmission.

Now consider the contribution of the scattered wave to the stationary scatter-
ing state. In the region of the target molecule, the wavefunction is distorted from 
the simple form of a plane wave, perhaps in a very complicated manner. However, 
we are interested only in the shape of the wavefunction far from the target, where 
V � 0. At these great distances, the wavefunction has the form of an outgoing 
spherical wave with amplitude that varies with angle; such a function has the 
following form:

fk(q,j)
eikr

r

The appearance of the term 1/r in the spherical wave ensures that the total flux 
through any spherical sheet (which has an area proportional to r2) surrounding 
the target is constant. The angle-dependent function also depends on the energy, 
so we have included an index k on f. It follows that the asymptotic form of the 
stationary scattering state, allowing for incident, transmitted, and scattered com-
ponents, is of the form

y(r) � eikz + fk(q,j)
eikr

r
(14.14)

Incident
wave

Scattered
wave

Transmitted
wave

Target

Fig. 14.3 In a scattering 
experiment, an incident plane 
wave gives rise to a transmitted 
wave in the same direction (with 
the same linear momentum) and 
a scattered wave.
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The function fk(q,j) is called the scattering amplitude; it reflects the anisotropy of 
the scattering event and has the dimensions of length. The normalization of the 
wavefunction in eqn 14.14 is of no concern because only the relative magnitudes 
and phases of the two terms on the right-hand side of the equation will turn out to 
be important. We demonstrate in the following Justification that the asymptotic 
form of the stationary scattering state (eqn 14.14) satisfies the time-independent 
Schrödinger equation 14.12 in the limit r → ∞.

Justification 14.2 The asymptotic form of the stationary scattering state

We assume that the potential energy V → 0 as r → ∞ more rapidly than 1/r. Since, 
as we will show below, the kinetic energy contribution to the hamiltonian has a 
contribution that is proportional to 1/r, only the latter need be retained and in the 
limit r → ∞ eqn 14.12 becomes

Hy(r) = − H2

2m
∇2y(r) = Ey(r)

We need to show that the terms eikz and fk(q,j)eikr/r are eigenfunctions of the kinetic 
energy operator with the eigenvalue E given by eqn 14.13. If both terms are eigen-
functions with the same eigenvalue, then the sum of terms (eqn 14.14) is also an 
eigenfunction with the same eigenvalue. By using the first term in the asymptotic 
form (eqn 14.14) and Cartesian coordinates for the laplacian, we obtain

− H2

2m
∇2eikz = − H2

2m
d2

dz2 e
ikz = k

2H2

2m
 eikz

The first term of eqn 14.14 is an eigenfunction of H with an eigenvalue given by 
eqn 14.13. Now we consider the second term in the asymptotic form (eqn 14.14) 
and use spherical polar coordinates for the laplacian (see eqn 3.28 and Math-
ematical background 3):

− H2

2m
∇2fk(q,j)

eikr

r
= − H2

2m
AC

1

r

[2

[r2
r + 

1

r2
Λ2DF fk(q,j)

eikr

r

where the legendrian L2, given in eqn 3.29 and eqn MB3.15, is a function of q
and j. Because in the limit r → ∞ the term (1/r2)L2(feikr/r) approaches zero faster 
than does 1/r, we have

− H2

2m
∇2 fk(q,j)

eikr

r
= − H2

2m
AC

1

r

[2

[r2
rDF fk(q,j)

eikr

r
= k

2H2

2m
fk(q,j)

eikr

r

The second term of eqn 14.14 is also an eigenfunction of H with an eigenvalue given 
by eqn 14.13. Therefore, the wavefunction given by the sum in eqn 14.14 is an eigen-
function of H with eigenvalue given by eqn 14.13, as we needed to demonstrate.

(b) The diff erential cross-section

We now need to establish the link between the asymptotic form of the stationary 
scattering state and the outcome of observations as expressed by the scattering 
cross-section. Indeed, we shall now show in the following Justification that the 
diCerential cross-section is related to the scattering amplitude by

s(q,j) = | fk(q,j) |2 (14.15)

and therefore that the integral cross-section is

stot = �
p

0
�

0

2p

 | fk(q,j) |2 sin qdqdj (14.16)
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14.4 Scattering by a central potential

We now focus on elastic scattering by a central potential, V(r), a potential that 
depends only on the distance, r, between the incident and target particles and not 
on the angles (q,j). It follows from the cylindrical symmetry of the system that 
the scattering amplitude and the asymptotic form of the stationary scattering 
state depend only on k, r, and the angle between the incident wavevector k and 
scattering direction ì. (The scattering direction ì = r/r is the unit vector in the 
radial direction.) Because we have chosen k to lie along the z-axis, the scattering 
amplitude depends on q but is independent of j. In our system of coordinates, 
z = r cos q.

(a) The partial-wave stationary scattering state

The asymptotic form, eqn 14.14, of the stationary scattering state can be 
written as

y(r,q) � eikr cos q + fk(q)
eikr

r
(14.17)

Justification 14.3 The relation between the scattering amplitude and the 
differential cross-section

Consider the flux density, J (Section 2.5),

J = 1
2m

(y*py + yp*y*) = H
2mi

(y*∇y − y∇y*)

where p*y* is to be interpreted as (py)*. For a plane wave in the z-direction we 
can replace ∇ by d/dz:

Jz = H
2mi

AC e−ikz d

dz
 eikz − eikz d

dz
 e−ikzDF = kH

m

(The fact that Jz appears to have the dimensions of a velocity rather than a velocity 
density is due to the neglect of the normalization factor: when included, Jz is 
correctly a velocity density.) We identify this flux density with the flux density of 
particles incident on the target, Ji. For the scattered wave we use ∇ in spherical 
polar coordinates (Mathematical background 3):

∇y = [y
[r

K + 1
r
[y
[q

. + 1
r sinq

[y
[j

:

The angular components have an additional factor of 1/r and as we are interested 
only in the asymptotic wavefunction, may be ignored relative to the radial com-
ponent, which is

Jr = H
2mi

fk*(q,j)fk(q,j) AC
e−ikr

r

d

dr

eikr

r
−

eikr

r

d

dr

e−ikr

r
DF = kH | fk(q,j) |2

mr2

The detection frequency is the scattered radial flux multiplied by the area of the 
detector, r2dW:

dZdet = Jrr
2 dW = kH | fk(q,j) |2

m
dW

However, the detection frequency is related to the incident flux Ji = kH/m by the 
diCerential cross-section (eqn 4.6, dZdet = sJidW). Equation 14.15 immediately 
follows.
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For elastic scattering by a central potential, the orbital angular momentum l of 
the incident particle relative to the target particle is conserved during the colli-
sion because there are no external torques present to accelerate it. Therefore, we 
should be able to decompose the scattering problem into a set of smaller prob-
lems, each characterized by a unique value of l.

The separation is accomplished by expanding the stationary scattering state 
y(r,q) and scattering amplitude fk(q) in a complete set of basis functions. The 
natural choice for this central-potential problem are the spherical harmonics, but 
because the scattering states are independent of j and have cylindrical symmetry 
about the direction k, we need consider only the spherical harmonics with ml = 0. 
The spherical harmonics Yl,0(q,j) are proportional to the Legendre polynomials, 
Pl(cosq), which are reasonably simple polynomials in cos q, such as

P0(cosq) = 1

P1(cosq) = cos q
P2(cosq) = 1

2 (3 cos2q − 1)

and so on. (These functions will be recognized as components of atomic orbitals 
with ml = 0; see Table 3.2.) It then follows that we can expand the scattering 
amplitude and the stationary scattering state as

fk(q) = ∑
l

flPl(cosq) (14.18a)

y(r,q) = ∑
l

Rl(r)Pl(cosq) (14.18b)

where, here and in the equations that follow, all sums over l range over the com-
plete set of values, from 0 to ∞.

Each product RlPl in eqn 14.18b, which we denote yl, is called the partial-wave 
stationary scattering state, and our first task is to find the equation these products 
satisfy. Each one is the solution of a Schrödinger equation, and after we have 
solved these individual equations, we can reconstruct the overall wavefunction 
by adding their individual solutions together. This approach is called a partial-
wave analysis of the stationary scattering state. Likewise, the decomposition of 
fk(q) is a partial-wave analysis of the scattering amplitude. The contribution with 
l = 0 is called S-wave scattering, that with l = 1 is called P-wave scattering, and 
so on by analogy with atomic orbitals (Fig. 14.4).

(b) The partial-wave equation

We now derive the diCerential equation and boundary conditions satisfied by 
each partial-wave stationary scattering state yl. This analysis will lead us to the 
concept of the scattering ‘phase shift’, and, by making use of that concept, to 
expressions for the scattering amplitude, scattering matrix element, and integral 
cross-section.

To construct the partial-wave equation we insert the partial-wave expansion 
(eqn 14.18b) into eqn 14.12. The eCect of the laplacian, ∇2, in spherical coordin-
ates is

∇2RlPl = Pl
1
r

d2

dr2
rRl + Rl

1
r2

L2Pl (14.19)

where L2 is the legendrian operator (eqn 3.29 and Mathematical background 3). 
It should be recalled from Section 3.6 (see eqn 3.33) that

L2Ylml
= −l(l + 1)Ylml

, which implies that L2Pl = −l(l + 1)Pl

S-wave
P-wave
D-wave

Target

z

Fig. 14.4 A representation of the 
S-, P-, and D-wave contributions 
to the total scattered wave. Note 
that they diCer in their angular 
distribution but have cylindrical 
symmetry around the direction 
of propagation of the incident 
particles (the z-direction).
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because Yl,0 is proportional to Pl. Equation 14.12 becomes

∑
l

!
@− H2

2m
Pl

1
r

d2

dr2
rRl + l(l + 1)H2

2mr2
RlPl + VRlPl

#
$ = E∑

l

RlPl

On multiplying both sides of this equation by Pl′, integrating over the angular 
coordinate q, and using the orthogonality of the Legendre polynomials, we 
obtain

− H2

2m
1
r

d2

dr2
rRl′ + l′(l′ + 1)H2

2mr2
Rl′ + VRl′ = ERl′

for each value of l′. To simplify the appearance of this equation we replace l′ by l
and introduce the function ul = rRl, which turns it into

− H2

2m
d2ul

dr2
+ l(l + 1)H2

2mr2
ul + Vul = Eul (14.20)

When we need to reconstruct the partial-wave scattering state, we use

yl(r,q) = r−1ul(r)Pl(cosq) (14.21)

(c) The scattering phase shift

To solve the partial-wave equation 14.20, we need the boundary conditions on 
ul. First we need to consider the value of ul at r = 0. Because the radial wavefunc-
tion Rl(0) is finite, it follows from ul = rRl that ul(0) = 0. Next, we need to consider 
the asymptotic behaviour as r → ∞; this step requires a discussion of states of the 
free particle.

For a free particle, V(r) = 0 for all values of r and the free-particle radial wave-
function u0

l(r) satisfies the equation

− H2

2m
 d2u0

l

dr2
+ l(l + 1)H2

2mr2
u0

l = Eu0
l (14.22)

This Schrödinger equation has a term proportional to l(l + 1)/r2 as its eCective
potential energy (Fig. 14.5), which represents the repulsive centrifugal eCect of 
the orbital motion of the particle around the target: the higher the orbital angular 
momentum, the more diAcult it is for the projectile to approach the target. A 
small manipulation of equation (14.22), and writing k = (2mE)1/2/H, turns it into

 d2u0
l

dr2
+ !

@k2 − l(l + 1)
r2

#
$ u0

l = 0 (14.23)

First we consider eqn 14.23 for S-wave (l = 0) scattering. The most general 
solution u0

0(r) of

 d2u0
0

dr2
+ k2u0

0 = 0 (14.24)

is the linear combination

u0
0(r) = A′0 sin(kr) + B′0 cos(kr)

However, the boundary condition at the origin, u0
0(0) = 0, requires that B′0 = 0, so

u0
0(r) = A′0 sin(kr) (14.25)

In the presence of the potential V(r), the S-wave scattering radial wavefunction 
u0(r) satisfies equation 14.20 which we write as

 d2u0

dr2
+ !

@k2 − 2mV
H2

#
$ u0 = 0 (14.26)
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Fig. 14.5 A fragment of the 
repulsive potential energy arising 
from the centrifugal eCect of 
orbital angular momentum. 
The numbers labelling the 
curves are the values of l.
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Because in the limit r → ∞, eqn 14.26 reduces to eqn 14.24, we can immediately 
write down the asymptotic form of the S-wave radial wavefunction:

u0(r) � A0 sin(kr) + B0 cos(kr) (14.27)

If we introduce the parameter d0, write

A0 = C0 cos d0 B0 = C0 sin d0 (14.28)

and use the trigonometric identity sin A cos B + cos A sin B = sin(A + B), this 
asymptotic wavefunction can be written succinctly as

u0(r) � C0 sin(kr + d0) (14.29)

By comparing eqns 14.25 and 14.29 we see that the potential V(r) has the eCect
of shifting the asymptotic phase of the S-wave radial wavefunction, and d0 is 
consequently called the scattering phase shift. From eqn 14.28, it would appear 
that we can calculate the phase shift from the coeAcients A0 and B0 by using the 
relation

tand0 = B0

A0

(14.30)

However, because tan q and tan(q + np) with n an integer have the same value, 
this relation leaves the scattering phase shift unspecified up to the addition of an 
arbitrary integral multiple of p. This ambiguity is referred to as the modulo-p
ambiguity in the scattering phase shift. Fortunately, the modulo-p ambiguity 
aCects neither the diCerential nor the integral cross-section computed from the 
phase shift (see below).

We now expand this discussion to include general values of l and return to 
eqn 14.23 for the free-particle radial wavefunction u0

l(r). This diCerential equa-
tion is well known to mathematicians. Its general solution is a linear combination 
of a Riccati–Bessel function, Pl(kr), and a Riccati–Neumann function, Ll(kr):

u0
l = A′l Pl(kr) + B′l Ll(kr) (14.31)

Although these functions (which we shall refer to jointly as the ‘Riccati func-
tions’) might be unfamiliar, there is nothing particularly mysterious about them 
and they can be written in terms of sine and cosine functions; a few of them are 
listed in Table 14.1 and plotted in Fig. 14.6. Some of their useful properties 
include:

• Their relation to the spherical Bessel functions jl(kr) and spherical Neumann 
functions nl(kr):

Pl(kr) = krjl(kr) Ll(kr) = krnl(kr) (14.32a)

• As kr → ∞:

Pl(kr) � sin(kr − 1
2 lp) Ll(kr) � cos(kr − 1

2 lp) (14.32b)

That is, as r → ∞ the Riccati functions become sine and cosine functions 
shifted in phase by 12 lp.

• As kr → 0: Pl(kr) ∝ (kr)l+1 Ll(kr) ∝ (kr)−l (14.32c)

A brief comment 
Spherical Bessel and Neumann 
functions, which are also 
familiar to mathematicians, 
frequently appear in 
vibrational problems that 
use spherical coordinates. 
They can be written in terms 
of sine and cosine functions 
and powers of kr. Spherical 
Bessel functions were used in 
Section 3.10.
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Fig. 14.6 Three examples of 
(a) Riccati–Bessel functions and 
(b) Riccati–Neumann functions.

Table 14.1 Riccati functions

P0(z) = sin z L0(z) = cos z

P1(z) = 1
z sinz − cos z L1(z) = sin z + 1

z cos z

P2(z) = ( 3
z 2 − 1)sin z − 3

z cos z L2(z) = 3
z sin z + ( 3

z 2 − 1)cos z
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For general l we proceed in a similar manner to S-wave scattering. The free-
particle radial wavefunction satisfies the boundary condition u0

l(0) = 0, which 
requires B′l = 0, leaving

u0
l (r) = A′l Pl(kr) (14.33)

In the presence of the potential V(r), the l-wave scattering radial wavefunction 
ul(r) satisfies (see eqn 14.20)

 d2ul

dr2
+ !

@k2 − l(l + 1)
r2

− 2mV
H2

#
$ ul = 0

As r → ∞, if V(r) → 0 faster than 1/r2 → 0, then the above equation asymptotic-
ally is identical to eqn 14.23. Therefore, we can immediately write down the 
asymptotic form of the radial wavefunction:

ul � Al Pl(kr) + BlLl(kr)

Using eqn 14.32b, we find for the asymptotic forms of ul and u0
l:

u0
l(r) � A′l  sin(kr − 1

2 lp) (14.34a)

ul(r) � Al sin(kr − 1
2 lp) + Bl cos(kr − 1

2 lp) (14.34b)

Upon comparing eqns 14.34b and 14.27, we see that −lp/2 is the shift in phase 
due to the presence of the centrifugal (l ≠ 0) potential. We can now introduce the 
l-wave scattering phase shift dl by expressing eqn 14.34b as

ul(r) � Cl sin(kr − 1
2 lp + dl) (14.35)

with

tandl = Bl

Al

(14.36)

where, as before, there is a modulo-p ambiguity in dl.
The scattering phase shift, dl, will prove to be of critical importance, for we 

shall see that it contains all the information necessary to compute scattering 
matrix elements and cross-sections for elastic scattering. For elastic scattering oC
a central potential, it can be demonstrated (see Problem 14.10) that attractive 
(V < 0 for all r) and repulsive (V > 0 for all r) potentials result in positive and 
negative phase shifts, respectively (Fig. 14.7). In eCect, the attractive potential 
traps the outgoing wave and retards its progress to increasing r, and the repulsive 
potential advances its progress.

We see above that when the potential V(r) = 0 for all r (that is, for a free par-
ticle), the phase shift dl is identically zero. Similarly, in the limit of large orbital 
angular momentum (l → ∞), the repulsive centrifugal barrier H2l(l + 1)/2mr2

dominates the potential V(r) at all distances r and the incident particle does 
not interact with the target particle. As a result, dl → 0 as l → ∞.

(d) The scattering matrix element

Once the values of the scattering phase shift dl are known, we also know the 
asymptotic form of the stationary scattering state y(r,q), because substitution of 
eqn 14.35 into eqn 14.21 gives

y(r,q) � ∑
l

Cl

r
Pl(cosq) sin(kr − 1

2 lp + dl) (14.37)

However, this expression must be consistent with eqn 14.17, which in terms of 
partial waves is

A brief comment 
We will not mention this 
modulo-p ambiguity again 
in this chapter but do keep 
it in the back of your mind 
whenever the scattering phase 
shift is encountered. This 
ambiguity is eliminated by 
requiring that dl be a smooth 
function of the energy that 
vanishes as the energy becomes 
infinite.

(a) Attractive potential

(b) Repulsive potential

Fig. 14.7 The phase shifts far 
from the scattering centre for 
(a) an attractive potential, 
(b) a repulsive potential. The 
phase shifts correspond to 
a trapping and boosting of the 
wave, respectively, by the centre.
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y(r,q) � eikr cos q + fk(q)
eikr

r
= eikrcosq + ∑

l

fl
eikr

r
Pl(cosq)

To bring the two expressions into a form in which they can be compared, we need 
the expansion

eikr cos q = ∑
l

 il(2l + 1)jl(kr)Pl(cosq) (14.38)

This expansion expresses a plane wave corresponding to linear momentum along 
the z-axis (the wavefunction eikz, where z = r cos q) as an infinite superposition of 
orbital angular momentum states with ml = 0. The asymptotic form of this expan-
sion as r → ∞ is obtained by substituting the asymptotic form of the spherical 
Bessel functions (see eqns 14.32a and 14.32b), and is

eikr cos q � ∑
l

 il(2l + 1) 
sin(kr − 1

2 lp)

kr
Pl(cosq) (14.39)

It follows that the asymptotic form of the stationary scattering state is

y(r,q) � ∑
l

!
@il(2l + 1) 

sin(kr − 1
2lp)

kr
+ fl

eikr

r
#
$Pl(cosq) (14.40)

By comparing this equation with eqn 14.37, we see that the two are equivalent 
if

Cl

r
 sin(kr − 1

2 lp + dl) = il(2l + 1) 
sin(kr − 1

2lp)

kr
+ fl

eikr

r

This expression can be manipulated into something much simpler by making use 
of the relations

sinx = eix − e−ix

2i
 il = eilp/2

and collecting terms with a common factor of e−ikr (see Problem 14.7). This pro-
cedure leads to the identification

Cl = il(2l + 1)
k

 eidl (14.41)

Similarly, when we equate terms with a common factor of eikr we find

fl = 2l + 1
2ik

 (e2idl − 1) = 2l + 1
k

 eidl sindl (14.42)

We shall use this result in Section 14.4(e) to find an expression for the scattering 
cross-section.

We are now in position to determine the scattering matrix element for l-wave
elastic scattering. From eqns 14.37 and 14.41, we can write the asymptotic form 
of the stationary scattering state y as

y(r,q) � ∑
l

il−1(2l + 1)
2kr

Pl(cosq){−e−i(kr−lp/2) + ei(kr−lp/2)e2idl} (14.43)

We see that the stationary scattering state is a superposition of an incoming 
spherical wave (1/r)e−i(kr−lp/2) and an outgoing spherical wave (1/r)ei(kr−lp/2). (Recall 
that the incoming spherical wave results from the expansion in eqn 14.38 of the 
incoming beam, a plane wave, in a basis of spherical functions.) The ratio of the 
amplitude of the outgoing spherical wave to that of the incoming spherical wave 
is given by the factor e2idl.



We can now identify the scattering matrix element for l-wave elastic scattering 
by generalizing the result from Section 14.1 (specifically eqn 14.4) that each scat-
tering matrix element is given by the ratio of the amplitude of an outgoing plane 
wave to that of an incoming plane wave. Whereas in Section 14.1 S was a 2 × 2 
matrix on account of the possibility of both reflection and transmission by the 
one-dimensional barrier, for l-wave elastic scattering the initial and final states of 
the particle coincide and therefore S is a 1 × 1 matrix. Because the scattering 
matrix element is still a ratio of amplitudes of outgoing and incoming waves (in 
this case spherical rather than plane waves), the factor e2idl can now be identified 
as the 1 × 1 scattering matrix for l-wave elastic scattering:

Sl = e2idl (14.44)

(e) The scattering cross-section

Now at last we can find an expression for the scattering cross-section in terms of 
the phase shift and the scattering matrix element, the quantities central to the 
computation of physical observables. First, according to eqn 14.18a, we add 
together the partial-wave contributions (fk = ∑lflPl) and use eqn 14.42:

fk (q) = ∑
l

2l + 1
k

 eidl sindlPl(cosq) = ∑
l

2l + 1
2ik

 (Sl − 1)Pl(cosq) (14.45)

This important formula is exactly what we need to relate the diCerential cross-
section to the phase shift (see eqn 14.15):

s(q,j) = 1
k2 ∑

l

 (2l + 1)eidl sin dlPl(cosq)
2

(14.46)

 = 1
k2 ∑

l,l′
 (2l + 1)(2l′ + 1)ei(dl−dl ′)sindl sin dl ′Pl(cosq)Pl ′(cosq)

Because P0(cosq) = 1, the contribution with l = l′ = 0 to the diCerential cross-
section is isotropic:

s(q,j) = sin2 d0

k2
(14.47)

This equation implies that if the experimental diCerential cross-section is aniso-
tropic, then partial waves with l > 0 are almost certainly important in the 
scattering.

To obtain the expression for the integral cross-section we make use of the 
following orthogonality property of the Legendre polynomials:

�
p

0

Pl(cosq)Pl′(cosq)sinq dq = 2
2l + 1

dll′ (14.48)

where dll ′ is the Kronecker delta (Section 1.6). This integration, when applied 
to eqn 14.46, eliminates all terms for which l′ ≠ l, and enables us to write the 
integral cross-section as a sum of partial-wave cross-sections, sl:

stot = ∑
l

sl with sl = 4p
k2

 (2l + 1) sin2dl = p
k2

 (2l + 1) | Sl − 1 |2 (14.49)

Equation 14.49 reveals that

• because of the presence of the factor 1/k2 in the expression for sl, the cross-
section is small for very high energies,

• because sl is proportional to sin2dl, it increases as the phase shift changes 
from 0 to p/2,

A brief comment 
Although s is independent 
of j for a central potential, we 
continue to write s(q,j): that 
will remind us to integrate 
over both angles when 
determining stot.
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• the factor 2l + 1 plays the role of a degeneracy factor and magnifies the 
increase in sl as dl increases.

The phase shifts dl and their variation with angular momentum l and energy 
(eCectively k) are indispensable for a calculation of elastic scattering cross-
sections. If the phase shift dl rapidly increases from 0 to p over a small energy range, 
the partial-wave cross-section sl rises rapidly from 0 to a maximum value (when 
dl = p /2) of

sl,max = 4p
k2

(2l + 1) (14.50)

and then rapidly falls back to 0. This rapid variation in dl (or sl) with energy is 
often associated with a phenomenon known as ‘resonance’, and we encounter it 
again in Section 14.5. Depending on the behaviour of the other phase shifts at 
this energy, this maximization of sl may result in a maximum in the integral 
cross-section stot.

For the sum stot = ∑l sl to converge, sl must vanish in the limit of large l.
However, sl is proportional to 2l + 1, so the sine function in eqn 14.49 must 
vanish as l grows large. The latter behaviour is in fact the case because, as we 
have discussed above, dl → 0 as l → ∞.

Example 14.1 Analysing scattering by a hard sphere

As an example of determining scattering phase shifts and cross-sections, consider 
the case of S-wave scattering by a hard sphere, where V(r) takes the form

V(r) = !
#

∞
0

if r ≤ a
if r > a

The constant a represents the distance of closest approach. Calculate s0 for this 
system.

Method Classically, we would expect a collision to occur if the incident particle 
(treated as structureless) approaches the target particle to within a distance a. The 
classical cross-section is therefore pa2 (Fig. 14.8). For S-wave scattering the cen-
trifugal potential is zero at all distances, so the equations are easier to solve than 
when the centrifugal potential is non-zero. We must first establish the appropriate 
boundary conditions for the problem. Because the potential energy is infinite for 
r ≤ a, the radial wavefunction u0 must vanish for r ≤ a.

Answer The potential energy is zero for r > a, so the solution u0 for r > a is of the 
form

u0 = A sin kr + B cos kr = C sin(kr + d0)

which is consistent with the asymptotic form given in eqn 14.29. Because the 
radial wavefunction must be continuous, the condition C sin(ka + d0) = 0 must be 
satisfied at r = a. This condition implies that d0 = −ka. The partial-wave scattering 
amplitude f0 (eqn 14.42) is

f0 = −
1

k
 e−ika sin ka

It then follows from eqn 14.15 that the S-wave diCerential cross-section is (sin2ka)/k2;
as expected, it is isotropic. The partial-wave cross-section from eqn 14.49 is

s0 =
4p
k2

 sin2 ka
››

a

Fig. 14.8 The classical collision 
cross-section for two hard 
spheres of diameter a.
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14.5 Scattering by a spherical square well

We now consider scattering by a central potential in the form of a spherical
square well:

V(r) = !
@

−V0

0
if r ≤ a
if r > a

Although this potential might be able to support bound states (that is, there may 
be solutions of eqn 14.20 for discrete energies E < 0 depending on the values of 
V0, a, m, and l), we shall consider only solutions ul corresponding to continuum 
(scattering) states with E > 0. Solution of the spherical square well problem will 
allow us to analyse the phase shift and scattering matrix element into two varieties 
of contribution that are termed ‘background’ and ‘resonance’ contributions.

(a) The S-wave radial wavefunction and phase shift

We consider here S-wave scattering by the well (for general l see Problem 14.16). 
The potential has two regions, one inside the well, the other outside, so we write 
the solution ul of eqn 14.20 in the two regions and then require the radial wave-
function and its first derivative to be continuous at r = a.

The equation to solve inside the well, r ≤ a, is

d2u0

dr2
+ K2u0 = 0

where

H2K2 = 2m(E + V0)

The general solution u0 is a linear combination of sine and cosine functions:

u0 = A0 sin(Kr) + B0 cos(Kr) (14.51)

To ensure that y is not infinite at the origin, we require u0(0) = 0. Therefore, we 
must have B0 = 0 and inside the well the solution is of the form

u0 = A0 sin(Kr) (14.52)

The potential has no direct influence in the outer region, r > a, and eqn 14.20 
reduces to the free-particle equation, eqn 14.24, with the solutions

u0 = C0 sin(kr) + D0 cos(kr)

where, as usual, k is related to the energy by E = k2H2/2m. As in the general case, 
we introduce the constant d0 by the relations C0 = B0 cos d0 and D0 = B0 sin d0 and 
write

For ka << 1, which corresponds to very low energies, we can write (sin x)/x ≈ 1, so 
s0 is to an excellent approximation 4pa2.

Comment At low energies, the S-wave scattering cross-section is independent of 
energy and four times the classical cross-section. The classical and quantum 
mechanical cross-sections do not coincide because in part the abrupt (discontinu-
ous) change in the potential energy V(r) at r = a gives rise to diCraction-like quan-
tum mechanical eCects.

Self-test 14.2 Consider the case of P-wave scattering by a hard sphere. By impos-
ing the condition that the radial wavefunction is continuous at r = a, find an 
expression for the l =1 phase shift d1.

[tan d1 = −P1(ka)/L1(ka)]
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u0 = B0 sin(kr) cos d0 + B0 cos(kr) sin d0 (14.53)

From the continuity of u0 at r = a

A0 sin(Ka) = B0 sin(ka) cos d0 + B0 cos(ka) sin d0 = B0 sin(ka + d0) (14.54a)

and from the continuity of the slope of u0 at r = a,

KA0 cos(Ka) = kB0 cos(ka) cos d0 − kB0 sin(ka) sin d0 (14.54b)

 = kB0 cos(ka + d0)

Division of eqn 14.54b by eqn 14.54a gives

K cot Ka = k cot(ka + d0)

and solving for the S-wave scattering phase shift yields

d0 = −ka + arctan AC
k
K

 tan KaD
F (14.55)

Therefore, for a given energy (and corresponding K and k), we can determine the 
phase shift d0 and, subsequently, the scattering matrix element, scattering ampli-
tude, diCerential cross-section, and partial-wave cross-section.

If we set B0 = 1 (the solution u0 is determined uniquely to within an arbitrary 
‘normalization’ constant), we can obtain an expression for A0 and subsequently 
expressions for u0 inside the well (eqn 14.52) and outside the well (eqn 14.53). 
From eqn 14.55, we find

sin(d0 + ka) = sin !@arctan A
C

k
K

 tan KaD
F#

$ = sin !@arctan A
C

k sin Ka
K cos Ka

D
F#

$ (14.56)

 = k sin Ka
(k2 sin2 Ka + K2 cos2 Ka)1/2

It follows from the eqns 14.56 and 14.54a (with B0 set equal to 1) that

A0 = k
(k2 sin2 Ka + K2 cos2 Ka)1/2

= k
(k2 + K2

0 cos2 Ka)1/2
(14.57)

where

K2
0 = K2 − k2 = 2mV0

H2
(14.58)

Therefore, the solution u0 is given by

for r ≤ a: u0(r) = A0 sin Kr (14.59)

for r > a: u0(r) = sin(kr + d0)

This solution has the following properties (Fig. 14.9):

• inside the well, u0(r) is harmonic with a wavelength determined by K;

• outside the well, u0(r) is harmonic, but its wavelength depends on k and it 
has undergone a phase shift;

• at the junction of the regions, u0(r) and its slope are continuous.

(b) Background and resonance phase shifts

According to eqn 14.55, there are two contributions to the S-wave scattering 
phase shift. We write

d0(E) = dbg(E) + dres(E) (14.60a)

A brief comment 
We have used the trigonometric 
identities sin A cos B +
cosA sin B = sin(A + B) and 
cosA cos B − sin A sin B
= cos(A + B).

A brief comment 
To obtain eqn 14.57 we 
have used the identity 
sin2 x + cos2 x = 1 with x = Ka.
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Fig. 14.9 (a) The function u0(r)
and (b) the accompanying radial 
wavefunction R0(r) for S-wave 
scattering by a spherical square 
well. The illustration is based on 
a(2mV0)

1/2/H = 3 and E/V0 = 0.4.
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with

dbg(E) = −ka (14.60b)

dres(E) = arctan AC
k
K

 tan KaD
F (14.60c)

where bg denotes ‘background’ and res ‘resonance’. The origin of these names is 
that dres exhibits a rapid variation with energy that is associated with the type of 
resonance phenomenon mentioned in Section 14.4. As it happens, for scattering 
by a spherical square well, the background term dbg also varies rapidly with 
energy, with the net result that d0 itself does not demonstrate resonance behavior; 
nonetheless, an analysis of the resonance term dres leads to expressions that are 
very useful for investigations of resonances in other, more realistic systems.

InterActivity Use the Worksheet entitled Equation 14.60 on this text’s website 
to explore the dependence of d0, dbg and dres on energy and their variation with V0,

a and m.

The S-wave partial-wave cross-section (eqn 14.49) can be written

s0(E) = 4p
k2

 sin2(dbg + dres) (14.61)

For energies in the range 0 ≤ E << V0, k/K << 1, which implies that dres(E) ≈ 0 for 
most of the energy range (note the ‘most’, which we elaborate on shortly). 
Therefore, for most of the energy range, the partial-wave cross-section s0(E) is 
dominated by the contribution from dbg and the spherical square well potential 
has virtually the same eCect as a hard-sphere potential (Example 14.1). 
Correspondingly, from eqns 14.57 and 14.59, we see that the incident particle 
does not penetrate appreciably into the region r ≤ a (Fig. 14.10).

For a very deep square well (V0 >> E), there are energies at which the incident 
particles are partly captured and as a result s0 is no longer dominated by the 
hard-sphere scattering phase shift. If we look more closely at dres (Fig. 14.11 and 
eqn 14.60c), we see that it jumps by p as the energy increases in the vicinity of 
Eres, the energy corresponding to

Kres = (2n + 1)p
2a

(14.62)

with n a non-negative integer. The physical reason for this strong eCect is that 
the wavelength of the incident particle matches the diameter of the well, and in 
a sense becomes trapped. At these energies, which are formally given by (see 
Exercise 14.8)

Eres = (2n + 1)2p2 H2

8ma2
− V0

the resonance phase shift dres(Eres) is 
1
2p and this shift contributes to the partial-

wave cross-section s0 of eqn 14.61. Scattering energies must be positive so we 
consider only values of n in this expression such that the first term on the right 
exceeds V0. Note that it is only at energies E in the vicinity of Eres that dres will 
contribute, but when it does, the rapid increase in dres(E) by p with changing 
energy can be responsible for a rapid variation in s0. Furthermore, note that A0

in eqn 14.57 reaches its maximum value of 1 at E = Eres (because cos Kresa = 0). 
We conclude that it is only in the vicinity of Eres that the incident particle will have 
appreciable intensity in the region r ≤ a (see Fig. 14.10). These observations are 
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Fig. 14.11 Resonance phase 
shifts as a function of the energy 
of the incident particles for 
S-wave scattering by a spherical 
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Fig. 14.10 The function u0(r) for 
S-wave scattering by a spherical 
square well at an energy (i) below 
resonance and (ii) equal to Eres.
The illustration is based on 
a(2mV0)

1/2/H = 3 and (i) E/V0 = 0.1 
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characteristically associated with resonance phenomena (Section 14.4), which 
we introduce more formally shortly. For now, we note that Eres is referred to as 
the (real part of the) resonance energy.

We now have to admit that the above discussion has been somewhat mislead-
ing for the reason mentioned at the beginning of this section. For S-wave scatter-
ing by a spherical square well, the background phase shift dbg = −ka decreases 
with energy at least as fast as the resonance phase shift dres increases as the energy 
passes through Eres. The net result is rapid variation in neither d0 nor s0. However, 
in many types of realistic potentials (for which eqn 14.20 must be solved numeric-
ally), the background phase shift dbg is either very close to zero or very slowly 
varying in energy and rapid changes in the resonance phase shift dres(E) do indeed 
produce rapid variations in the partial-wave cross-section.

Because the concepts introduced by considering S-wave scattering by a spheri-
cal square well are commonly observed for other potentials even though they are 
not in fact observed for that actual case, we continue our discussion. We define a 
resonant part of sl analogous to eqn 14.49:

sres = 4p
k2

(2l + 1) sin2dres (14.63)

Then, from eqns 14.55, 14.56 and 14.60(c), for S-wave scattering by a spherical 
square well (see Fig. 14.12)

sin2dres = k2

k2 + K2 cot2 Ka
(14.64)

This expression implies (Fig. 14.13) that sin2dres

• increases from 0 to 1 as the energy approaches Eres

• reaches a maximum at K = Kres and

• then decreases from 1 to 0 as the energy leaves the vicinity of the resonance.

This behaviour is the analogue in space of resonance in transition rates in 
time-dependent processes, with the resonance contribution to the scattering 
cross-section most significant at energies close to the resonance energy.

(c) The Breit–Wigner formula

We are now prepared to make a connection between the expression for sin2dres

in eqn 14.64 and a formula originally derived by G. Breit and E.P. Wigner. 
It is shown in the following Justification that for energies E in the vicinity of the 
resonance energy Eres (in particular, energies such that |E − Eres | << Eres + V0) the 
expression

tandres(E) = k
K

 tan Ka (14.65)

can be written in the simplified form

tandres(E) = G/2
Eres − E

(14.66a)

where

G = 2H2kres

ma
(14.66b)

and where kres is related to Eres in the normal way through E = k2H2/2m.

k

K cot Ka

{k 2 + K 2 cot2 Ka}1/2

Fig. 14.12 The construction 
required for the derivation of 
eqn 14.64.
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Fig. 14.13 The function sin2dres

as a function of energy for 
S-wave scattering from a 
spherical square well. The 
illustration shows the eCects
of three resonances. For the 
purposes of the plot, we have 
set Kres equal to 3p/2a.
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As can be seen by reference to Fig. 14.14, eqn 14.66 can be rewritten as the 
Breit–Wigner formula for the resonance phase shift:

sin2dres = (G/2)2

(G/2)2 + (Eres − E)2
(14.67)

The quantity G is called the resonance width.

InterActivity Use the Worksheet entitled Equation 14.67 on this text’s website 
to explore the dependence sin2dres on energy and its variation with G.

Equation 14.67 is a general expression for the behaviour of the resonance 
phase shift near Eres. Although we have derived it for S-wave scattering by a 
square well potential, it is in fact applicable to partial-wave scattering from 
potentials displaying resonance phenomenon. The formula shows that sin2dres

(Fig. 14.15)

• peaks at E = Eres,

• is zero at energies where |Eres − E | >> G and

• has a full width at half-maximum equal to G.

Justification 14.4 The Breit–Wigner formula

The confirmation that eqn 14.66 is equivalent to eqn 14.65 close to resonance is 
an exercise in making approximations. We can expect to use DE = E − Eres as a 
parameter, and invoke |DE/Eres | << 1. The art of approximation is to express all 
factors in terms of DE and then to expand them to first-order in DE. We shall use 
the trigonometric relations in the first brief comment in Section 14.5 and

sinx = x + · · · cos x = 1 − · · · (1 + x)1/2 = 1 + 1
2 x + · · ·

Close to resonance

kH = (2mEres)
1/2AC 1 +

DE

Eres

DF
1/2

≈ Hkres
AC 1 +

DE

2Eres

DF

KH = {2m(Eres + V0)}
1/2 AC 1 +

DE

Eres + V0

DF
1/2

≈ HKres
AC 1 +

DE

2(Eres + V0)
DF

Now consider tan Ka = sin Ka/cosKa. First, we expand the sine and cosine terms, 
and use eqn 14.62, which implies that cos Kresa = 0 and sin Kresa = ±1:

±1 0123 123

tanKa ≈ 
sinKresa cos� KresaDE

2(Eres + V0) � + cos Kresa sin� KresaDE
2(Eres + V0)�

cosKresa cos� KresaDE
2(Eres + V0) � − sin Kresa sin� KresaDE

2(Eres + V0) �567 567

 0 ±1

 ≈ −
cos� KresaDE

2(Eres + V0)�
sin� KresaDE

2(Eres + V0)�
≈ −

2(Eres +V0)

KresaDE

Then, with k/K ≈ kres/Kres (any correction to this expression results in a DE in the 
numerator, which is close to zero), we obtain

tandres(E) ≈ AC
kres

Kres

DF AC −
2(Eres +V0)

KresaDE
DF = −

kresH2

maDE

This result coincides with eqn 14.66.
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Fig. 14.15 The phase shift 
according to the Breit–Wigner 
formula close to resonance. 
*The 2 indicates that on an 
energy scale (rather than the 
dimensionless coordinate 
shown) the width is G.

{b2 + (Eres – E )2}1/2

|Eres – E |

b
q

Fig. 14.14 The construction 
required for the derivation of 
eqn 14.65.
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The range of energies over which the resonance significantly aCects the scattering 
cross-section is governed by the width G of the resonance because now slightly 
oC-resonance energies permit a considerable interaction between target and 
projectile.

The Breit–Wigner formula has very important implications for scattering 
experiments. If the form of the potential energy V(r) is such that the background 
phase shift dbg is insignificant, then the partial-wave cross-section is dominated 
by dres (that is, by sres) and is given by

sl(E) = 4p
k2

(2l + 1)
(G/2)2

(G/2)2 + (Eres − E)2
(14.68)

Thus, the partial-wave cross-section will vary rapidly with energy and show a 
peak in the vicinity of Eres. A resonance that produces this kind of behaviour for 
sl(E) is called a Breit–Wigner resonance. Furthermore, if there is a resonance of 
angular momentum l with its associated Eres and all other phase shifts (of all 
other angular momenta) are slowly varying in the neighbourhood of Eres, then 
the peak in sl will also result in a rapid variation of the total integral cross-section 
stot. Of course, we should be mindful of the fact that if dbg is non-zero or is vary-
ing significantly with energy, then a Breit–Wigner resonance will not be apparent 
and we should not expect the partial-wave cross-section to vary in the simple 
way given by eqn 14.68.

(d) The resonance contribution to the scattering matrix element

The scattering matrix element for elastic scattering was introduced in Section 
14.4 (eqn 14.44) and is given by Sl = e2idl. We now explore the relation between Sl

and a resonance of angular momentum l. The scattering phase shift dl(E) can be 
written in general as the sum of background and resonance contributions (as in 
eqn 14.60a):

dl(E) = dl,bg(E) + dl,res(E) (14.69)

It follows that we can write the scattering matrix element as a product of two 
factors:

Sl = e2idl,bge2idl,res (14.70)

and hence that

Sl = e2idl,bg(cosdl,res + i sin dl,res)
2

 = e2idl,bg(cos2dl,res − sin2dl,res + 2i cos dl,res sin dl,res)

We now use eqn 14.66a (as illustrated in Fig. 14.14), which is valid for E in the 
vicinity of Eres, to obtain

Sl = e2idl,bg !@
(Eres − E)2 − (G/2)2 + 2i(Eres − E)(G/2)

(Eres − E)2 + (G /2)2
#
$ (14.71)

 = e2idl,bg !@
[(E − Eres) − iG/2)][(E − Eres) − iG/2)]
[(E − Eres) + iG/2)][(E − Eres) − iG/2)]

#
$

 = e2idl,bg !@
(E − Eres) − iG/2
(E − Eres) + iG/2

#
$

In scattering experiments, we are interested in measurements and calculations 
at real scattering energies E. However, the above expression for Sl is valid math-
ematically at both real and complex energies in the vicinity of Eres. Therefore, if 
we think of the scattering matrix (and its elements) as a function of real and 
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imaginary energies (Fig. 14.16), then we see that Sl has a pole at the complex 
energy B given by

B = Eres − iG/2 (14.72)

The complex energy B is called the resonance energy; its real component is Eres

and its negative imaginary part is G/2. From now on, we shall take the existence 
of a pole in the scattering matrix element as the definition of a resonance. From 
what we have already seen about the physical significance of resonances, we now 
know that a pole in the scattering matrix element for the orbital angular momen-
tum l signifies the likelihood of a rapid variation of the partial-wave cross-section 
close to the real part of B, and the rapidity of the variation is determined by the 
imaginary part of B (provided the background phase shift is well behaved).

Now consider the nature of the state associated with the resonance energy. 
From eqn 14.43, we see that at E ≈ B because Sl is so large close to a resonance, 
the partial-wave stationary scattering state asymptotically behaves as

yl(r,q) � il−1(2l + 1)
2kr

Pl(cosq)Sl(B)ei(kr−lp/2) (14.73)

and yl(r,q) is purely an outgoing wave. We can think of this state as the solution 
of the time-independent Schrödinger equation for a particular value l with com-
plex energy Eres − iG/2; the wavefunction decays with time because

e−itB /H = e−itEres/He−tG/2H (14.74)

Thus, the intensity of the resonance state wavefunction, which is given by 
|Y(r,q,t) |2 (for a particular l), decays exponentially with time as e−Gt/H. If we define 
the mean lifetime, t, of the resonance state as the time at which its intensity has 
decreased to 1/e of its intensity at t = 0, then we immediately see that

t = H
G

(14.75)

It follows that the mean lifetime of the resonance state is inversely propor-
tional to its width G, in accord with the general principles of lifetime broadening 
(Section 6.11, see eqn 6.97). At this point, we can make a connection with the 
discussion of predissociation in Section 11.5. In the language of scattering theory, 
a predissociating state of lifetime t is a resonance of width G.

We now possess several equivalent descriptions of the resonance. We can char-
acterize the resonance by a state at the complex energy B = Eres − iG/2 with a mean 
lifetime H/G. To characterize the resonance at real physical energies E, we must 
regard it as having an imprecise energy. This imprecision is associated with the 
resonance width G. In a range of real energies about Eres the resonance may have 
physically observable eCects. These descriptions of the resonance are also appli-
cable to inelastic and reactive scattering although we shall need to generalize our 
definition of a resonance.

14.6 Methods of approximation

We have considered two central potentials, namely the hard sphere (Example 
14.1) and the spherical square well (Section 14.5), for which analytical expres-
sions for scattering phase shifts (and subsequently scattering matrix elements 
and cross-sections) can be obtained. However, for the majority of potential ener-
gies encountered in scattering problems, we must resort to some type of approxi-
mation to determine phase shifts. We discuss two such approximations in this 
section.

A brief comment 
A pole is a point at which 
a function becomes infinite; 
for example, the function 
f(x) = 1/x has a pole at x = 0.

im E

re E

Eres

–G/2

Fig. 14.16 The interpretation 
of a pole in the complex energy 
plane. The real coordinate is the 
real part of the resonance energy 
and the complex coordinate is 
proportional to the width of the 
resonance.
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(a) The WKB approximation

Chapter 6 introduced the semiclassical WKB approximation. We now apply this 
approximation to scattering at an energy E by a central potential. If we write the 
partial-wave equation 14.20 in the form

H2 d2ul

dr2
+ p2ul = 0 (14.76)

where p(r) is the classical position-dependent linear momentum

p(r) = !
@2m G

IE − V(r) − l(l + 1)H2

2mr2

J
L
#
$

1/2

(14.77)

then the first-order WKB solution (see eqns 6.1 and 6.5) is in general given by the 
linear combination

ul(r) = 1
p(r)1/2

!
@c+ exp A

C
i
H�

r

0

p(r)drD
F + c− expA

C− i
H�

r

0

p(r)drD
F#

$ (14.78)

We introduce an eCective potential, VeC, defined as the sum of the central 
potential V(r) and the centrifugal potential l(l + 1)H2/2mr2:

VeC(r) = V(r) + l(l + 1)H2

2mr2
(14.79)

The classical turning point of the scattering, rtp, is the point at which E = VeC(r)
and p(r) vanishes. In classically allowed regions (r > rtp and E > VeC), p(r) is real 
and the solution in eqn 14.78 is oscillatory. In classically forbidden regions 
(r < rtp and E < VeC), p(r) is imaginary; of the two terms in the WKB solution of 
eqn 14.78, only the decreasing exponential term survives because the scattering 
wavefunction must remain finite. Close to the turning point, the semiclassical 
expression in eqn 14.78 is not applicable and the WKB method uses Airy func-
tions to provide a match between the oscillatory and exponentially decreasing 
functions. An analysis (which is beyond the scope of this book1) can be performed 
which provides this connection and, in addition, yields the standard asymptotic 
form (eqn 14.35) for ul(r), with the WKB scattering phases shift given by

d = lim
r6∞

!
@
p
4

+ 1
H 

A
C�

∞

tp

p(r′)dr′ − p(∞)rD
F#

$ (14.80)

 = p
4

− p(∞)rtp

H 
+ 1

H 
A
C�

∞

tp

 [p(r′) − p(∞)]dr′DF
with p(∞) the asymptotic value of the momentum.

1 See M.S. Child, Semiclassical mechanics with molecular applications, Clarendon Press, 
Oxford (1991).

Example 14.2 Determining the WKB phase shift

Find an expression for the WKB phase shift for S-wave scattering at an energy E
by a central potential of the form V = Ae−ar.

Method The momentum is given by p(r) = {2m(E−V)}1/2 because l = 0; the asymp-
totic momentum is p(∞) = (2mE)1/2 because V(∞) = 0. The turning point rtp is found 
by setting V(rtp) = E. The scattering phase shift is given by eqn 14.80; the integral 
is most easily evaluated by using symbolic mathematical software. ››



(b) The Born approximation

The Schrödinger equation (eqn 14.12) and its asymptotic boundary condition 
(eqn 14.14) can be combined into a single equation that, although diAcult to 
solve, is ideally suited to the formulation of approximations. We show in the 
following Justification that, by introducing the concept of ‘Green’s functions’, 
the formal solution for the time-independent wavefunction is given by the integral
scattering equation

y(r) = y(0)(r) − 1
4p

 � e
ik | r−r ′ |

| r − r ′ |
U(r ′)y(r ′)dr ′ (14.81)

where U(r) = 2mV(r)/H2, k = (2mE)1/2/H, and the function y(0)(r) satisfies the 
equation

(∇2 + k2)y(0)(r) = 0 (14.82)

and the scattering amplitude is given by

fk(q,j) = − 1
4p

 � e−ikK·r ′U(r ′)y(r ′)dr ′ (14.83)

Answer At the classical turning point, V(rtp) = E, implying

rtp =
1

a
ln AC

A

E
DF

The scattering phase shift, from eqn 14.80, is given by

d =
p 
4

−
(2mE)1/2

aH
ln AC

A

E
DF +

1

H�
∞ 

ln(A/E)/a

{[2m(E − V)]1/2 − [2mE]1/2}dr′

 =
p 
4

−
(2mE)1/2

aH
ln AC

A

E
DF −

(2mE)1/2

H �
∞ 

ln(A/E)/a

{1 − [1 − V/E]1/2}dr′

The integral required (with b = A/E) is

�
∞ 

(ln b)/a

{1 − [1 − be−ar′]1/2}dr′ =
2 − ln 4

a

so that

d =
p 
4

+
(2mE)1/2

aH
!
@ ln 4 − ln AC

A

E
DF − 2#

$ =
p 
4

+
(2mE)1/2

aH
ln AC

4E

Ae2

DF
Comment We see that the WKB phase shift increases with scattering energy. For 
a rapidly decreasing potential (a >> 1), the phase shift is approximately p/4 and 
changes very slowly with scattering energy.

Self-test 14.3 Repeat the above with the screened Coulombic potential V =
(a/r)e−r/b.

Justification 14.5 The integral scattering equation and the form of the 
scattering amplitude

The Schrödinger equation 14.12 combined with the expression for the energy in 
eqn 14.13 (E = k2h2/2m) can be written as

(∇2 + k2)y(r) = U(r)y(r) ››
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where U(r) = 2mV(r)/H2. A Green’s function, G(r,r ′) is a solution of the equation

(∇2 + k2)G(r,r ′) = −4pd(r − r ′)

where d(r − r ′) is the Dirac d-function (Section 2.1). The Dirac d-function can be 
pictured as being zero everywhere except at r = r ′, and has the following eCect:

�g(r)d(r − r ′)dr = g(r ′)

That is, a d-function picks out of a function g its value at one particular point. It 
follows that a contribution to the solution y(r) is

y(r) = −
1

4p�G(r,r ′)U(r ′)y(r ′)dr ′

To verify that the above function is a solution, we proceed as follows:

−4pd(r−r ′) 14243
(∇2 + k2)y(r) = −

1

4p�(∇2 + k2)G(r,r ′)U(r ′)y(r ′)dr ′

 = �d(r − r ′)U(r ′)y(r ′)dr ′ = U(r)y(r)

as required. However, this is not the complete solution, because if there is a func-
tion y(0)(r) that satisfies eqn 14.82, then this function could be added to the previ-
ous solution and the sum would still satisfy the Schrödinger equation. Therefore, 
the complete general solution is given by

y(r) = y(0)(r) −
1

4p�G(r,r ′)U(r ′)y(r ′)dr ′

There are several diCerent forms for Green’s functions and the choice of which 
one to use depends on the boundary conditions on y(r). In particular, we require 
the Green’s function that results in an asymptotic solution of the form given in 
eqn 14.14. Such a function is called an outgoing Green’s function and is denoted 
G(+)(r,r ′). It is demonstrated in Further information 14.1 that

G(+)(r,r ′) =
eik| r − r ′ |

| r − r ′ |

It then follows that a formal solution of the Schrödinger equation for this scatter-
ing problem is given by eqn 14.81. It is also demonstrated in Further information 
14.1 that the outgoing Green’s function has the asymptotic form (r → ∞)

G(+)(r,r ′) �
eikre−ikK·r ′

r

where ì = r/r is a unit vector in the radial direction. Therefore, y(r) has the asymp-
totic form

y(r) � y(0)(r) −
1

4p
eikr

r �e−ikK·r ′U(r ′)y(r ′)dr ′

This expression is identical to eqn 14.14 if we take the free particle state y(0)(r) to 
be eikz (the latter is a solution of eqn 14.82) and the scattering amplitude is given 
by eqn 14.83.



At this point, we have achieved the conversion of a diCerential equation (the 
Schrödinger equation) together with its boundary conditions into a single inte-
gral scattering equation (eqn 14.81), an expression that contains, implicitly, the 
boundary conditions. Integral equations are in general much harder to solve than 
diCerential equations, so it may appear that we are moving away from finding 
solutions. However, we now show that the integral equation is well formed for 
finding approximate solutions by beginning to solve the equation iteratively.

The problem with eqn 14.81 is that we do not know the value of y(r ′), so we 
cannot evaluate the integral to find y(r). However, we can form an equation for 
y(r ′) by changing r ′ to r″ and r to r ′, for eqn 14.81 then becomes

y(r ′) = y(0)(r ′) − 1
4p � eik| r ′−r″ |

| r ′ − r″ |
U(r″)y(r″)dr″

This expression can now be substituted into the integrand in the equation 14.81, 
which results in

y(r) = y(0)(r) − 1
4p � eik | r−r ′ |

| r − r ′ |
U(r ′)y(0)(r ′)dr ′ (14.84)

 + A
C

1
4p

D
F

2

�� eik | r−r ′ |

| r − r ′ |
U(r ′) eik | r ′−r″ |

| r ′ − r″ |
U(r″)y(r″)dr ′dr″

Now the first two terms on the right-hand side of equation 14.84 are known and 
only the third (final) term contains the unknown function y. We can repeat this 
procedure, and substitute the equation for y(r″) into the integrand of the third 
term, and so successively generate terms of the Born expansion of y(r). The util-
ity of the Born expansion stems from the fact that each successive term has one 
higher power in U and so, if the potential is weak, successive terms get smaller 
and smaller. We can normally assume that the expansion converges and that for 
very weak scattering potentials that it does so quite rapidly.

We are now in a position to round oC the calculation by substituting the Born 
expansion for the stationary scattering state into the result derived for the 
scattering amplitude in eqn 14.83. This procedure generates the Born expansion 
of the scattering amplitude. The so-called Born approximation is the result of 
keeping only the first term in eqn 14.84, and neglecting all terms in the Born 
expansion of the scattering amplitude higher than first order in U:

fk(q,j) ≈ − 1
4p � e−ikK·r ′U(r ′)y(0)(r ′)dr ′ = − 1

4p � e−ikK·r ′U(r ′)eikz′dr ′ (14.85)

In short, the Born approximation, which proves to be useful for the elastic scat-
tering of electrons oC atoms, replaces the stationary scattering state by a plane 
wave in the expression for the scattering amplitude.

Example 14.3 Using the Born approximation

Calculate the diCerential cross-section for scattering from a ‘Yukawa potential’, 
a potential (actually a potential energy) of the form:

V(r) = V0
e−ar

r

where V0 and a are constants. The Yukawa potential is another example of a cen-
tral potential; it was originally introduced to represent the interaction between 
fundamental particles. ››
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Method The first step is to insert the Yukawa potential into the Born approxima-
tion for the scattering amplitude (eqn 14.85), and then to evaluate the integral. 
Then, with fk determined, the diCerential scattering cross-section can be deter-
mined by using eqn 14.15.

Answer Within the Born approximation, we have

fk(q,j) = −
1

4p
AC

2mV0

H2

DF � e−ikK·r′ e−ar ′

r ′
 eikz′dr ′

Because

−kì · r ′ + kz′ = −kì · r ′ + k · r ′ = (k − kì) · r ′ = | k − kì | r′ cos q′

and dr ′ = r′2 sin q′dr′dq′dj′, this expression is

fk(q,j) = −
1

4p
AC

2mV0

H2

DF�
0

∞

�
0

p

�
0

2p
e−ar ′

r′
 ei|k−kK | r′cosq′r′2 sinq′dr′dq′dj′

Integration over j′ gives a factor of 2p. The integral over q′ is

�
0

p

 ei | k−kK | r′cosq′ sinq′dq′ = �
1 

−1

 ei | k−kK | r′cosq′ d cos q′ =
ei | k−kì | r′ − e−i | k−kK | r′

i | k − kì | r ′
=

2 sin(| k − kì | r′)
| k − kì | r′

Therefore,

fk(q,j) = −AC
2mV0

H2

DF �
0

∞
e−ar ′ sin(| k − kì | r′)

| k − kì | r′
 dr ′ = −AC

2mV0

H2

DF
1

a2 + | k − kì |2

To obtain this result we have used the standard integral

�
0

∞

 e−ax sin bx dx =
b

a2 + b2

Because q is the angle between the incident wavevector k and the unit vector ì in
the scattered direction (see Fig. 14.17), it follows that

| k − kì | = 2k sin 12 q

and therefore that

fk(q,j) = −
2mV0/H2

a2 + 4k2 sin2 1
2 q

Note that the scattering amplitude (and consequently the diCerential cross-section) 
is independent of the angle j (though we continue to use the notations fk(q,j) and 
s(q,j) even if they are independent of j). This independence is a general result for 
elastic scattering by a central potential. It follows from eqn 14.15 that the diCer-
ential cross-section is

s(q,j) =
4m2V2

0/H4

(a2 + 4k2 sin2 1
2 q)

2

InterActivity Use the Worksheet entitled Example 14.3 on this text’s website 
to explore the dependence of the diCerential cross-section on the angle q and 

its variation with V0, a, k, m, and energy.

Comment  1 The diCerential cross-section varies with k, so it also varies with energy 
E. In the limit of zero energy (k → 0),

s(q,j) =
4m2V2

0

H4a4

q

kr̂ k – kr̂

r̂

k

Fig. 14.17 The vectors used in 
the calculation in Example 14.3. ››



The structure of the Born expansion of the stationary scattering state can be 
seen by writing it symbolically by using the Green’s function introduced in 
Justification 14.5. Thus, if we write eqn 14.81 as

y = y(0) + GUy (14.86)

where we have not shown the integrations explicitly (nor the numerical factor), 
then eqn 14.84 would be

y = y(0) + GUy(0) + GUGUy

and continuation of this series gives

y = y(0) + GUy(0) + GUGUy(0) + · · · (14.87)

a result commonly referred to as Dyson’s equation. A purely symbolic summary 
of this result, which is useful for formal manipulations, is obtained by noting that 
because 1 + x + x2 + · · · = (1 − x)−1, we can write eqn 14.87 as

y = (1 − GU)−1y(0) (14.88)

Multichannel scattering

Discussion in this chapter has so far been limited to elastic scattering between 
two structureless particles. We now consider some of the fundamental concepts 
pertinent to inelastic and reactive scattering, many of the concepts being straight-
forward generalizations of the findings for elastic scattering.

We restrict consideration to the scattering of an incident atom A oC a target 
diatomic molecule BC. In elastic scattering, the initial and final states of the pro-
cess are identical; however, when we allow for inelastic and reactive scattering, 
there are many possible outcomes of the collision even if we restrict discussion, 
as we do here, to the electronic ground states of all the species.
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Fig. 14.18 The diCerential
scattering cross-section for 
a Yukawa potential as a function 
of scattering angle. The numbers 
labelling the curves are the values 
of 4k2/a2.

and is independent of q as well as of j. Except at zero energy, s peaks in the 
forward direction (q = 0) and decreases monotonically as q varies from 0 to p
(Fig. 14.18). Note that, within the Born approximation, the diCerential cross-
section is independent of the sign of V0, and gives the same result if the Yukawa 
potential is attractive (V0 < 0) or repulsive (V0 > 0).

Comment 2 If the value of a is set to zero, the Yukawa potential becomes the 
Coulomb potential and the Born approximation results in the expression

s(q,j) =
m2V2

0

4H4k4 sin4 1
2 q

It turns out to be the case that this expression is the same as for the quantum 
mechanical scattering diCerential cross-section for the Coulomb potential, a result 
known as Rutherford’s formula.

Self-test 14.4 Use the Born approximation to calculate the diCerential cross-
section for scattering from the central potential V(r) = a/r2, where a is a constant. 
A useful definite integral is

�
0

∞
sinx

x
 dx = 1

2p

[s = (p2m2a2)/(4k2H2 sin2 1
2 q)]
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14.7 The scattering matrix for multichannel processes

Some possible outcomes of the scattering of an atom A by a diatomic molecule 
BC are

(1) A + BC → A + BC (5) A + BC → AC + B

(2) A + BC → A + BC* (6) A + BC → AC* + B

(3) A + BC → AB + C (7) A + BC → A + B + C

(4) A + BC → AB* + C  

where * indicates a vibrationally or rotationally excited state of the molecule. 
Each grouping on the right or left of the arrow represents a channel; a more pre-
cise definition of a channel in terms of quantum numbers will be given shortly. 
The collision of A and BC is an example of a multichannel process, of which

• process (1) represents the elastic scattering event, in which the relative trans-
lational energy of A and BC is unchanged by the collision, and the energy of 
the internal modes of motion of the diatomic molecule (its vibration and 
rotation) remain the same;

• process (2) represents an inelastic scattering event in which the internal state 
of BC is changed;

• processes (3)–(6) represent reactive scattering events;

• process (7) represents a dissociative event.

Which processes are actually possible depends on the total scattering energy E.
Channels that are energetically accessible are called open channels and channels 
that are not energetically accessible are called closed channels. For example, if 
the total energy E is less than the energy of the internal state AB* then the channel 
AB* + C is closed and process 4 cannot occur.

If the scattering event begins with the particles in some incident channel, and 
if there are Nopen open channels, then there are Nopen possible processes. However 
each of the Nopen channels can also be an incident channel and thus there are N2

open

qualitatively diCerent processes that can be considered. The multichannel pro-
cess will therefore be described by an Nopen × Nopen scattering matrix in which 
each element conveys information about the process connecting an incident 
channel and a final channel.

If the initial internal (rotational–vibrational) state of the diatomic molecule BC 
is designated by a set of quantum numbers a0, then the multichannel stationary 
scattering state (the solution of the time-independent Schrödinger equation 
14.12) can be denoted ya0

(rA,rBC) where rA is the vector from A to the centre of 
mass of BC and rBC is the vector from B to C (Fig. 14.19). As in elastic scattering, 
we are interested in the asymptotic behaviour of ya0

(rA,rBC), but now diCerent
asymptotes correspond to diCerent channels. The asymptotic behaviour as rA → ∞
corresponds to final channels in which A is moving infinitely far away from B 
and C; that is, elastic, inelastic, and dissociative processes, processes (1), (2), and 
(7) above. The asymptotic behaviour as rBC → ∞ corresponds to channels in 
which B is moving infinitely far away from AC or likewise C is moving infinitely 
far away from AB; that is, it corresponds to the reactive and dissociative pro-
cesses, processes (3)–(7).

14.8 Inelastic scattering

The internal states of the diatomic molecule BC are labelled by the index a with 
a corresponding wavefunction ca(rBC) and energy Ea. (For example, ca represents 

rA

rBC

Centre
of mass

A
B

C

Fig. 14.19 The vectors used to 
specify the location of particles 
in an example of multichannel 
scattering.
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one of the vibrational–rotational states of BC.) Because the total scattering energy 
is E, if the diatomic molecule has energy Ea, then the relative translational kinetic 
energy of atom A with respect to BC is E − Ea and the corresponding wavevector 
has magnitude ka, with

E − Ea = k2
aH2

2m
(14.89)

where m is the reduced mass of A + BC:

1
m

= 1
mA

+ 1
mB + mC

(14.90)

Note that if E < Ea, then ka is formally imaginary; we use this feature shortly.

(a) The form of the multichannel stationary scattering state

The wavefunction that describes the system long before the scattering event is 
a product of a plane wave representing the relative translational motion (taken 
to be along the z-axis) of A with respect to the centre of mass of BC and the 
wavefunction representing the initial internal state of BC:

y = ca0
(rBC)eika0

z (14.91)

A channel, denoted l, is specified by a set of quantum numbers l, ml, and a, where 
l and ml describe the orbital angular momentum of A relative to BC and a specifies 
an internal state of BC. The incident channel l0 is specified by l0, ml0, and a0. It is 
important to distinguish the initial state a0, which is experimentally accessible, 
and the incident channel l0, which includes the orbital angular momentum l0 and its 
component ml0 relative to the target and therefore is not well defined experiment-
ally. We observe transitions experimentally between initial and final states. Scattering 
theory (and the scattering matrix) will provide information on transitions between 
initial and final channels that then must be related to state-to-state processes.

The asymptotic expression for the multichannel stationary scattering state 
as rA → ∞ is the generalization of the elastic scattering result, but instead of 
eqn 14.14,

y(r) � eikz + fk(q,j)
eikr

r

we write

y � eika0
zca0

(rBC) + ∑
a

faa0
(ìA)

eikarA

rA
ca(rBC) (14.92)

where faa0
 is the scattering amplitude into the final state from the incident state a0

and ìA is the unit vector in the direction of rA. Each term in the sum in eqn 14.92 
is the product of a scattering amplitude, an outgoing spherical wave for A with 
wavevector of magnitude ka, and an internal state wavefunction for BC with 
energy Ea. As remarked earlier, if E < Ea, then ka is imaginary, in which case eikarA

is an exponentially decreasing function of rA and vanishes as rA → ∞. Therefore, 
states of BC that are closed do not contribute to the sum in eqn 14.92 and we 
need consider only the open states a and their scattering amplitudes faa0

.

(b) Scattering amplitude and cross-sections

DiCerential cross-sections can be expressed in terms of the scattering amplitudes 
in a manner entirely analogous to that in Section 14.3 by considering flux dens-
ities (see Problem 14.19). The diCerential cross-section for scattering into the 
solid angle dW in the direction ìA for an initial state a0 and final state a is given 
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by a generalization of eqn 14.15 that takes into account the possibility that the 
incident and emergent wavevectors have diCerent magnitudes:

saa0
(ìA) = ka

ka0

 | faa0
(ìA) |2 (14.93)

The integral cross-section is obtained from this diCerential cross-section by inte-
gration over all orientations ìA.

To determine the scattering amplitudes the Schrödinger equation must be 
solved for the multichannel stationary scattering state with the asymptotic 
boundary condition in eqn 14.92. At first sight, the correct approach might seem 
to be to expand the scattering amplitude faa0

 as a sum over partial waves (l0,ml0)
and simultaneously to expand the multichannel stationary scattering state as 
a sum over partial waves:

ya0
(rA,rBC) = ∑

l0,ml0

ya0l0ml0
(rA,rBC) (14.94)

whereya0l0ml0
 is the partial-wave multichannel stationary scattering state. However, 

the discussion is greatly simplified by recognizing that the total angular momen-
tum J and its z-component MJ are conserved (provided there are no external fields 
present that can exert torques on the system). This conservation of total angular 
momentum during the scattering event allows us to decompose the scattering 
problem into independent equations, each one relating to one value of J.
Therefore, before expanding ya0l0ml0 in a basis set, we first expand it as

ya0l0ml0
(rA,rBC) = ∑

J,MJ

c(JMJ;a0l0ml0)yJMJ
a0l0ml0

(rA,rBC) (14.95)

where J ranges from 0 to infinity and MJ = J, J − 1, . . . , −J. The c(JMJ;a0l0ml0) are 
vector coupling coeAcients (Section 4.12) for the construction of the coupled 
angular momentum state (J,MJ) from its component angular momenta. These 
coeAcients are known from tables.

The expansion of yJMJ
l0

 is the generalization of eqn 14.21, yl(r,q) = r−1ul(r)Pl(cosq), 
and takes the form

yJMJ
l0

(rA,rBC) = rA
−1∑

l
uJ
ll0

(rA)Fl
JMJ(ìA,rBC) (14.96)

where the basis function Fl
JMJ(ìA,rBC) is the product of a BC vibrational–rotational 

wavefunction (a function of rBC) and a spherical harmonic (a function of ìA). The 
function uJ

ll0
(rA) is an as yet unknown radial function that depends on J but is 

independent of MJ due to the isotropy of space. The sum in eqn 14.95 runs over 
an infinite number of channels; that is, it includes channels in which the bound 
state of BC is energetically open, channels in which the bound state of BC is ener-
getically closed, and also channels involving continuum states of BC. Although 
the closed channels cannot contribute to the asymptotic rA → ∞ form of the 
partial-wave multichannel scattering state, both open and closed channels may 
contribute at shorter distances.

(c) The close-coupling approximation

Substitution of the expansions in eqns 14.94–14.96 into the Schrödinger equa-
tion, eqn 14.12, results in an infinite set of coupled diCerential equations for the 
radial functions uJ

ll0
(rA) for each value of J. As may be suspected, this infinite set 

of coupled diCerential equations is of little practical utility. However, in many 
cases it is possible, to a very good approximation, to retain only a small finite set 
of channels l in the expansion in eqn 14.96. If we let P be the number of channels 
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retained in the expansion, we have a set of P coupled diCerential equations for 
each value of J. This truncation is known as the close-coupling approximation or
the coupled-channel approximation. It is common to take P ≥ Nopen, where Nopen

is the number of open channels. the expectation being that although the closed 
states do not play a role in the asymptotic form of the multichannel stationary 
scattering state, some closed channels may be necessary to represent the multi-
channel scattering state accurately at all values of (rA,rBC).

To obtain expressions for the scattering amplitudes and cross-sections we need 
the asymptotic form of the radial functions uJ

ll0
(rA) as rA → ∞. These are given by 

a generalization of eqn 14.43:

uJ
ll0

� dll0
e−i(ka0

rA−l0p/2) − A
C

ka0

ka

D
F

1/2

SJ
ll0

ei(karA−lp/2) (14.97)

where

• the first term represents an incoming spherical wave in channel l0, the 
Kronecker delta ensuring a contribution only when the outgoing and incom-
ing channels coincide,

• the second term represents an outgoing spherical wave in channel l, the 
square root of the ratio of the wavevector magnitudes needed for consist-
ency with eqn 14.93,

• the minus sign between the two terms mirrors the sign diCerence between 
the incoming and outgoing spherical waves in eqn 14.43,

• SJ
ll0

 is an element of the scattering matrix S J.

The scattering matrix element represents the ratio of the amplitude of the outgo-
ing wave (in channel l) to the amplitude of the incoming wave (in channel l0), in 
accord with the discussion in Section 14.1. The probability of a transition (for 
total angular momentum J) from initial channel l0 to final channel l, the ratio of 
the outgoing and incoming flux, is | SJ

ll0
 |2. The scattering amplitude f J

aa0
and the 

diCerential cross-section (eqn 14.93) can now be written in terms of the scatter-
ing matrix elements by comparing the asymptotic forms in eqns 14.92 and 14.97 
and using the expansions in eqns 14.94–96.

14.9 Reactive scattering

In the discussion of the reactive scattering event A + BC → AB + C, the critical 
complication is that the asymptotic boundary condition for the multichannel 
stationary scattering state must also allow for the inclusion of terms such as

∑
a′

fa′a0
(ìC)

eika′rC

rC

ca′(rAB) (14.98)

where a′ represents vibrational–rotational states of the AB molecule and the sum 
includes outgoing spherical waves along the direction of relative separation of 
the products. (Because the elastic and inelastic scattering processes can accom-
pany reactive scattering, the terms shown in eqn 14.92 also survive.) One 
approach to treatments of reactive scattering is to use those expansions for the 
multichannel stationary scattering state in inelastic scattering (eqns 14.94–
14.96), supplemented by terms such as

∑
l′

uJ
l′l0

(rC)F JMJ
l ′ (ìC,rAB) (14.99)

The probability that a transition occurs from the reactant channel l0 to an open 
product channel l′ is given by |SJ

l′l0
|2. Taking the degeneracy of J into account, 
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we can write the channel-to-channel transition probability, at a given total energy 
E, as

Pl′l0
(E) = ∑

J

(2J + 1) | SJ
l′l0

(E) |2 (14.100)

At a reaction energy E, there are usually many reactant (l) and product (l′) chan-
nels open and the sum over all possible channel-to-channel reactive transition 
probabilities is called the cumulative reaction probability P(E):

P(E) = ∑
l′,l

 Pl′l(E) (14.101)

We can now conclude by making a connection between the cumulative reac-
tion probability and the rate constant for the chemical reaction, the function 
kr(T) in the rate law

A + BC → AB + C rate = kr(T)[A][BC]

The temperature-dependent rate constant is then

kr(T) ∝ �
0

∞

P(E)e−E/kT dE (14.102)

This relation provides a critical link between an experimentally measurable 
quantity (a rate constant) and a theoretically calculable quantity, P(E), and 
thus illustrates an example of the connection between ‘bulk’ data and scattering 
theory.

14.10 The S matrix and multichannel resonances

For elastic scattering, resonances of partial wave l correspond to poles in Sl at
complex energies B = Eres − iG/2. For multichannel scattering, a general form of 
the scattering matrix is

SJ = S J
bg − iC J

E − E J
res + iG J/2

(14.103)

where S J
bg is a unitary background scattering matrix and C J is another N × N

matrix with properties that do not concern us here.2 Thus, a pole will occur in the 
scattering matrix S J at complex energies B J = EJ

res − iG J/2. These poles correspond 
to resonances, the properties of which we have already described. Note that at 
B J, a pole will appear in each scattering matrix element SJ

ji. However, resonances 
need not occur for diCerent values of J. For example, there may be a scattering 
resonance for J = 0 but none for J > 0. Therefore, the eCect of a resonance may 
not be observed experimentally, because experiments reflect averages over all 
total angular momenta.

When resonances are found, they usually occur in multichannel systems (as 
opposed to the one-channel elastic case). They can have very important eCects on 
cross-sections and state-to-state transition probabilities at real energies in the 
vicinity of the real part Eres of the resonance energy. As such, they play a very import-
ant role in understanding the dynamics of scattering processes, and their study is 
one of the current growth points of modern molecular quantum mechanics.

2  The matrix C has elements related to the so-called ‘partial widths’ of a resonance, the 
widths for entering a resonance from a specific channel and the widths for leaving a resonance 
to go into a specific channel. For details, see Section 20-d of Scattering theory: the quantum 
theory of nonrelativistic collisions. J.R. Taylor, Dover, New York (2006).
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Further information

14.1  Green’s functions

In this section, we show that the outgoing Green’s function

G(+)(r,r ′) =
eik| r−r ′ |

| r − r ′ |
 (14.104)

is a solution of the equation

(∇2 + k2)G(r,r ′) = −4pd(r − r ′) (14.105)

where d(r − r ′) is the Dirac d-function. The Green’s 
function depends on the relative locations of r ′ and r and 
is independent of their absolute values, so it is convenient 
to locate r ′ at the origin and to regard G as a function only 
of r. This replacement implies that we need to demonstrate 
that the outgoing Green’s function

G(+) =
eikr

r
 (14.106)

is a solution of

(∇2 + k2)G = −4pd(r) (14.107)

First, note that because ∇2 = ∇ · ∇,

∇2G(+) = ∇ · (∇G(+)) = ∇ · AC
1

r
∇eikrDF + ∇ · ACeikr∇

1

r
D
F  (14.108)

 = 2 A
C∇

1

r
D
F  · ∇eikr +

1

r
∇2eikr + eikr∇2 1

r

To evaluate the first term on the right of eqn 14.108, we use

∇eikr = ikeikr∇r (14.109)

with

∇r = A
C
[r

[x
D
F i + A

C
[r

[y
D
F j + A

C
[r

[z
D
F k (14.110)

 =
xi + yj + zk

(x2 + y2 + z2)1/2
=

r

r

To evaluate the second term on the right of eqn 14.108, we 
use eqns 14.109 and 14.110:

∇2eikr = ∇ · AC
ikreikr

r
D
F =

ikr · (∇eikr)

r
+ ikeikr∇ · 

r

r
 (14.111)

Then, because ∇ · (r/r) = 2/r,

∇2eikr = −k2eikr +
2ikeikr

r
 (14.112)

To evaluate the third term on the right of eqn 14.108, we 
use the expression given in Further information 13.2:

∇2 1

r
= −4pd(r) (14.113)

When these three results are combined and we use 
∇(1/r) = −r/r3, we obtain

(∇2 + k2)G(+) = −4peikrd(r) = −4pd(r) (14.114)

The last equality follows from the fact that because d(r)
is non-vanishing only at the origin (r = 0), then eikr = 1.

The expression for G(+) in eqn 14.104 (with both 
arguments now restored) can be simplified in the limit 
of r → ∞ by noting that

| r − r ′ | = {(r − r ′) · (r − r ′)}1/2  (14.115)
= {r2 + r ′2 − 2r · r ′}1/2 ≈ r(1 − ì · r ′/r)

and hence

eik| r−r ′ | ≈ eikr(1−ì·r ′/r) = eikre−ikì·r ′ (14.116)

The asymptotic form of the denominator of eqn 14.104 is 
| r − r ′ | ≈ r and so the expression given in Justification 14.5
for the asymptotic form of G(+) immediately follows.

Exercises

*14.1 Characterize each of the following scattering processes 
as either elastic, inelastic, or reactive. (Note that j is the 
rotational quantum number; in this chapter, J denotes the 
total angular momentum.)

(a) O(3P) + O(3P) → O(3P) + O(1D)

(b) O(3P) + O(3P) → O(3P) + O(3P)

(c) Cl(2P) + HF(v = 0,j = 0) → Cl(2P) + HF(v = 1,j = 0)

(d) Cl(2P) + HF(v = 0,j = 0) → F(2P) + HCl(v = 0,j = 0)

(e) Cl(2P) + HF(v = 0,j = 0) → Cl(2P) + HF(v = 0,j = 0)

*14.2 Confirm the form of the matrix Q given in 
Justification 14.1.

*14.3 Derive the expressions analogous to eqns 14.4 and 
14.5 but for a particle incident from the right of the 
one-dimensional barrier.

*14.4 Given that the scattering amplitude has the simple 
analytical form fk(q,j) = sin q cosj, find an expression for 
the diCerential cross-section.

*14.5 Evaluate the integral scattering cross-section for 
a case in which the diCerential cross-section is a constant C
independent of the angles q and j.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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*14.6 In Justification 14.2, we showed that in the limit 
of r → ∞, both eik·r and fke

ikr/r satisfy eqn 14.12. Proceed to 
show that the asymptotic form of the total wavefunction 
is given by eik·r + fke

ikr/r.

*14.7 The first two (l = 0,1) Riccati–Bessel functions are

P0(kr) = sin kr P1(kr) =
sinkr

kr
− cos kr

Confirm that they are solutions of the free-particle radial 
wave equation, eqn 14.23.

*14.8 Derive the expression for Eres given in Section 14.5b.

*14.9 In a scattering experiment, Breit–Wigner resonances 
give rise to peaks in the cross-section having full widths at 
half-maxima of (a) 0.05 cm−1, (b) 3.5 cm−1, (c) 45 cm−1.
What are the mean lifetimes of the resonances?

*14.10 At a total collision energy E1 for the scattering 
process involving atom A and diatomic molecule BC, the 
products include A + BC, AB + C, and AC + B. It is known 
that there are eleven A + BC channels, six AB + C channels, 
and sixteen AC + B channels that are energetically accessible 
at energy E1. What is the dimension of the scattering matrix 
at this scattering energy?

*14.11 If the cumulative reaction probability were 
independent of energy, what is the temperature dependence 
of the rate constant predicted by eqn 14.102?

*14.12 Assume the following classical model of chemical 
reactivity:

1. The reaction proceeds by passage over a potential 
energy barrier of height V0.

2. For a total reaction energy E < V0, the reaction 
probability is zero.

3. For a total reaction energy E ≥ V0, the reaction 
probability is unity.

What is the temperature dependence of the rate constant 
predicted by eqn 14.102? Compare your result to the 
Arrhenius equation. (This simple model is revisited in 
Problem 14.22.)

*14.13 When low kinetic energy neutrons collide with 123Te 
atoms, two processes are possible: (i) elastic scattering and 
(ii) production of g + 124Te. The scattering cross-sections for 
both processes show Breit–Wigner peaks at the same energy 
and of the same width. Explain this observation.

*14.14 Consider a scattering process in which there are two 
possible channels, denoted 1 and 2. According to the 
principle of microscopic reversibility (also called the 
principle of detailed balance), the probability of being 
incident in channel 1 and ending up in channel 2 is equal to 
the probability of being incident in channel 2 and ending up 
in channel 1. Discuss this principle in light of the properties 
of the scattering matrix.

Problems

*14.1 Equation 14.3 gives the form of the S matrix for 
a one-dimensional system in which a particle is scattered 
from an abrupt blip in the potential energy. Write down the 
analogous expression for scattering from a comparable dip 
in the potential energy. Proceed to compute the transmission 
probability for positive energies given that the particle is 
incident from the left.

14.2 Calculate the angular components of the flux density, 
Jq and Jj, for the scattered wave

y = fk(q,j)
eikr

r

and confirm that in the limit r → ∞, only the radial 
component Jr given in Justification 14.3 need be retained.

14.3 The incoming Green’s function is given by

G(−)(r,r ′) =
e−ik| r−r ′ |

| r − r ′ |

Show that G(−) is a solution of the equation

(∇2 + k2)G(r,r ′) = −4pd(r − r ′)

Hint. Use an analysis similar to that given in Further
information 14.1. Although the incoming Green’s function 
does not yield the desired asymptotic form of the stationary 
scattering state (eqn 14.14), G(−) appears in some of the 
formal expressions of scattering theory.

*14.4 The diCerential cross-section for the Yukawa potential 
using the Born approximation is given in Example 14.3. 
Plot it as a function of the angle q for (a) zero energy, 
(b) moderate energy (k ≈ a), and (c) high energy (k >> a).
For the plots, choose the range of the y-axis to be 0 to 
{(2mV0)/(H2a2)}2. For moderate energy, take k = a/2; for 
high energy, take k = 10a.

14.5 Use the Born approximation to calculate the 
diCerential cross-section for scattering from the 
spherical square-well potential (Section 14.5). Hint.
Use integration by parts to determine the scattering 
amplitude.

14.6 Consider the scattering of an electron by an atom of 
atomic number Z. The interaction potential energy can be 
approximated by the screened Coulomb potential energy 

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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V(r) = −(Ze2/4pe0r)e
−r/a, where a is the screening length. 

(a) Use the Born approximation to calculate the diCerential
cross-section for scattering from the screened Coulomb 
potential. (b) Proceed to evaluate the integral scattering 
cross-section. (c) In the limit a → ∞, V(r) becomes exactly 
the Coulomb potential energy. Evaluate the diCerential
and integral cross-sections obtained in parts (a) and (b) in 
this limit.

*14.7 Derive the expressions given in eqns 14.41 and 14.42.

14.8 Consider the diCerential cross-section for elastic 
scattering given in eqn 14.46. At a given energy, sketch its 
dependence on the scattering angle q when the l = 1 partial 
wave dominates the scattering. Do the same for the l = 0 
and l = 2 partial waves.

14.9 Show for the elastic scattering of a particle by a central 
potential V(r) that approaches zero more rapidly than 1/r
as r → ∞ that the integral cross-section can be written as

stot =
4p
k

 im fk(0)

where im fk(0) is the imaginary part of the forward 
scattering amplitude (q = 0). This is the so-called optical
theorem. Hint. The Legendre polynomials are required 
to satisfy Pl(1) = 1 for all values of l.

*14.10 For elastic scattering by a central potential, it is 
possible to show analytically that if the potential is 
repulsive, with V(r) > 0 for all r, then the scattering phase 
shift dl(E) is negative; likewise, if the potential is attractive, 
with V(r) < 0 for all r, then the phase shift dl is positive. 
Explain this result qualitatively by considering the eCect
of a repulsive (or attractive) potential on the wavelength 
of the scattered particle.

14.11 Derive an expression for the scattering phase shift dl

for l-wave scattering by a hard sphere, where V(r) is given 
in Example 14.1. Hint. Use the asymptotic forms given in 
eqn 14.32b.

14.12 Show that in the limit of low energies, the scattering 
phase shift for P-wave scattering by a hard sphere is 
proportional to (ka)3 and therefore is negligible compared 
to the S-wave scattering phase shift. Hint. Use the 
asymptotic forms given in eqn 14.32c.

*14.13 A particle of mass m is scattered oC a central 
potential V(r) of the form

V(r) =
1
2
3

∞ if r = 0
V0 if 0 < r < a
0 if r ≥ a

where V0 is a positive constant. For energies E > V0, find an 
expression for the S-wave scattering phase shift d0. Hint.
Require that the wavefunction and its first derivative be 
continuous at r = a.

14.14 A particle of mass m is scattered oC a central 
potential V(r) of the form

V(r) =

14243

∞ if r = 0
0 if 0 < r < a
V0 if a < r < b
0 if r ≥ b

where V0 is a positive constant. For energies E > V0, find an 
expression for the S-wave scattering phase shift d0. Hint.
Require the wavefunction and its first derivative to be 
continuous at r = a and at r = b.

14.15 For scattering by a spherical square-well potential 
(Section 14.5), show that the S-wave cross-section in eqn 
14.61 can be written at low energies (that is, ka << 1) as

s0 = 4pa2 A
C

tanKa

Ka
− 1D

F
2

*14.16 Derive an expression for the scattering phase 
shift dl for l-wave scattering by a spherical square-well 
potential.

14.17 In the Ramsauer–Townsend eFect it is observed that 
when electrons are scattered oC some noble gas atoms, 
there is a nearly complete transmission of the bombarding 
electrons at low energies around 0.7 eV. For energies 
above and below 0.7 eV, the scattering cross-section is 
significantly greater than zero. Model the interaction 
between the bombarding electrons and the inert gas 
atom as a spherical square-well potential and give an 
explanation for the Ramsauer–Townsend eCect on 
the basis of the expression given in Problem 14.15. 
Conjecture as to why this eCect is not observed for 
non-noble gas atoms.

14.18 For elastic scattering oC a central potential, the 
scattering phase shift for partial wave l can be written 
as dl(E) = dbg(E) + dres(E), where the resonant part of 
the phase shift is given by

tandres(E) =
G

2(Eres − E)

and the background phase shift is often a slowly varying 
function of energy. (a) Sketch the behaviour of dl as
a function of energy in the vicinity of Eres if dbg is taken to be 
independent of energy with a constant value of (i) 0; (ii) p/4;
(iii) p/2; (iv) 3p/4. (b) The partial wave cross-section sl(E)
is proportional to sin2dl(E). Sketch the dependence of the 
latter on energy in the vicinity of Eres for the four values 
of dbg given in part (a). Note that for dbg = 0, sin2dl(E) has 
the Breit–Wigner form (eqn 14.67).

*14.19 By considering flux densities, explain the appearance 
of the factor ka/ka0

 in eqn 14.93 for the diCerential cross-
section for scattering from an initial state a0 to 
a final state a.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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14.20 The reactance matrix, K, defined in relation to the 
scattering matrix through K = i(1 − S)(1 + S)−1, also appears 
in scattering theory. Show for elastic scattering by a central 
potential with partial wave l that K is a 1 × 1 matrix with 
element Kl = tan dl.

14.21 During a scattering process, a system in incident 
channel i undergoes a transition to final channel j. It is 
possible to define a channel-to-channel delay time Dtji

in terms of the scattering matrix element Sji by

Dtji = im !@
H

Sji

dSji

dE
#
$

The delay time represents the time diCerence between 
starting in channel i and ending in channel j, relative to the 
time diCerence in the absence of the potential V. Because 
a resonance represents a metastable state with a non-zero 
lifetime, one would expect that at real energies near Eres,
the scattered particle should experience a significant delay 
time. Demonstrate the latter statement by showing that the 
maximum in Dtji occurs precisely at E = Eres and, in addition, 

that the product of the maximum Dtji and the resonance 
width equals 2H, reminiscent of the lifetime broadening 
relation (Section 6.11). Hint. Begin with eqn 14.103 for 
the scattering matrix element Sji and assume that the 
background contribution Sji,bg is negligible and that Cji is
independent of energy. (See R.S. Friedman, V.D. Hullinger, 
and D.G. Truhlar, J. Phys. Chem., 3184, 99 (1995).)

*14.22 We revisit the model of chemical reactivity 
presented in Exercise 14.12 allowing for quantum 
mechanical tunnelling and non-classical reflection 
(Section 2.8). In particular, assume that the reaction 
probability is (a) 0 as E → 0, (b) 1/2 at E = V0, the potential 
barrier maximum, and (c) 1 as E → ∞. Modelling the 
cumulative reaction probability (the transmission 
probability) as (i) P(E) = a arctan(bE), find expressions 
for a and b, and as (ii) P(E) = 1 − e−aE, find an expression for 
a. Proceed to determine the temperature dependence of the 
rate constant predicted by eqn 14.102 for part (ii).

14.23 Find an expression for the WKB phase shift for 
S-wave scattering at an energy E by the potential V = A/r2.

* Indicates that the solution can be found in the Student’s solution manual, which is available in the Online Resource 
Centre accompanying this book. Go to www.oxfordtextbooks.co.uk/orc/mqm5e/

www.oxfordtextbooks.co.uk/orc/mqm5e/
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University Press, Cambridge (1980).

Symmetry and the hydrogen atom. H.V. MacIntosh; Group theory 
and its applications, II (ed. E.M. Loebl), Academic Press, New York 
(1971).

Group theory and the hydrogen atom. M. Bander and C. Itzykson; 
Rev. Mod. Phys., 330 and 346, 38 (1966).

Group theory and the Coulomb problem. M.J. Englefield; Wiley, 
New York (1972).

Chapter 4
Elementary theory of angular momentum. M.E. Rose; Wiley, 
New York (1975).

Companion to angular momentum. V.D. Kleiman, H.-Kun Park, 
R.J. Gordon, and R.N. Zare; Wiley, New York (1998).

Angular momentum in quantum mechanics. A.R. Edmonds; 
Princeton University Press, Princeton, N.J. (1996).

Angular momentum techniques in quantum mechanics.
V. Devanathan; Kluwer, Dordrecht (1999).

Atomic structure. E.U. Condon and H. Odabaşi; Cambridge 
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University Press, Cambridge (1980).

The theory of transition metal ions. J.S. GriAth; Cambridge 
University Press, Cambridge (1964).

Computational quantum chemistry: an interactive guide to basis set 
theory. C.M. Quinn, Academic Press, London (2002).

Data
American Institute of Physics Handbook. D.E. Gray (ed.); 
McGraw-Hill, New York (1972).

Atomic energy levels, Vols 1–3. C.E. Moore; NBS-Circ. 467, 
Washington, DC (1949–58).

Tables of spectral lines of neutral and ionized atoms. A.R. Striganov 
and N.S. Sventitskii; Plenum, New York (1968).

Atomic energy levels and Grotrian diagrams. S. Bashkin and 
J.O. Stoner Jr; North-Holland, Amsterdam (1978 et seq.).

The website http://www.nist.gov/srd/atomic.htm has a link to 
atomic spectroscopic data.

Chapter 8
Coulson’s valence. R. McWeeny; Oxford University Press, Oxford 
(1979).

Introduction to applied quantum chemistry. S.P. McGlynn, 
L.G. Vanquickenborne, M. Kinoshita, and D.G. Carroll; Holt, 
Reinhart, and Winston, New York (1972).

The theory of transition metal ions. J.S. GriAth; Cambridge 
University Press, Cambridge (1964).

The origin of binding and antibinding in the hydrogen molecule–
ion. M.J. Feinberg, K. Ruedenberg, and E.L. Mehler; Adv. Quantum 
Chem., 5, 27 (1970).

Aromaticity. P.J. Garratt; Wiley, Chichester (1986).

Valence bond theory. D.L. Cooper (ed.); Elsevier, Amsterdam (2002).

Chapter 9
A guide to molecular mechanics and quantum chemical calculations.
W.J. Hehre; Wavefunction, Irvine (2003).

Essentials of computational chemistry: Theories and models.
C.J. Cramer; Wiley, New York (2003).

Acronyms used in theoretical chemistry. R.D. Brown, J.E. Boggs, 
R. Hilderbrandt, K.F. Lim, I.M. Mills, E. Nikitin, and M.H. Palmer, 
Pure Appl. Chem., 387, 68 (1996).

A computational approach to chemistry. D.M. Hirst; Blackwell 
Scientific, Oxford (1990).

A handbook of computational chemistry: A practical guide to 
chemical structure and energy calculations. T. Clark; 
Wiley, New York (1985).

Molecular electronic-structure theory. T. Helgaker, P. Jørgensen, and 
J. Olsen; Wiley, New York (2000).

Theory and applications of computational chemistry: The first forty 
years. C.E. Dykstra, G. Frenking, K.S. Kim, and G.E. Scuseria; 
Elsevier, Amsterdam (2005).

Ab initio methods
Modern electronic structure theory. D.R. Yarkony (ed.); World 
Scientific, London (1995).

Ab initio calculation of the structures and properties of molecules.
C.E. Dykstra; Elsevier, Amsterdam (1988).

Electron correlation in molecules. S. Wilson; Clarendon Press, 
Oxford (1984).

Modern quantum chemistry: introduction to advanced electronic 
structure theory. A. Szabo and N.S. Ostlund; Dover, New York 
(1996).

Ab initio molecular orbital theory. W.J. Hehre, L. Radom, 
P.V. Schleyer, and J. Pople; Wiley, New York (1986).

Practical strategies for electronic structure calculation. W.J. Hehre; 
Wavefunction, Irvine (1995).

Introduction to computational chemistry. F. Jensen; Wiley, New 
York (2006).

Semiempirical methods
Approximate molecular orbital theory. J.A. Pople and D.L. 
Beveridge; McGraw-Hill, New York (1970).

Semi-empirical methods of quantum chemistry. J. Sadlej; Halstead 
Press, New York (1985).

Semiempirical methods of electronic structure calculation.
G.A. Segal; Plenum (1977).

Density functional theory
Modern density functional theory: a tool for chemistry.
J.M. Seminario and P. Politzer (ed.); Elsevier, Amsterdam (1995).

Density-functional theory of atoms and molecules. R.G. Parr and 
W. Yang; Oxford University Press, New York (1989).

Density functional theory: a practical introduction. D.S. Sholl and 
J.A. Steckel; Wiley, New York (2009).

Electronic structure: basic theory and practical methods. 
R.M. Martin; Cambridge University Press, Cambridge (2004).

Chemical reactivity theory: a density functional view. P.K. Chattaraj 
(ed.); CRC  Press, Boca Raton, FL. (2009).

Quantal density functional theory II: Approximation methods and 
applications. V. Sahni; Springer, Berlin (2009).

Chapter 10
Fundamentals of molecular spectroscopy. C.N. Banwell and 
E. McCash; McGraw-Hill, New York (1994).

Rotational spectroscopy of diatomic molecules. J.M. Brown and 
A. Carrington; Cambridge University Press, Cambridge (2003).

Molecular structure and dynamics. W.H. Flygare; Prentice-Hall, 
Englewood CliCs, N.J. (1978).

Molecular vibrations: the theory of infrared and Raman vibrational 
spectra. E.B. Wilson, J.C. Decius, and P.C. Cross; McGraw-Hill, 
New York (1955).

Symmetry and spectroscopy: an introduction to vibrational and 
electronic spectroscopy. D.C. Harris and M.D. Bertolucci; Oxford 
University Press, New York (1977).

Spectra of atoms and molecules. P.F. Bernath; Oxford University 
Press, New York (1995).

Acronyms and abbreviations in molecular spectroscopy: an 
encyclopedic dictionary. D.A.W. Wendish; Springer, New York (1990).

Molecular spectra and molecular structure. II. Infrared and Raman 
spectra of polyatomic molecules. G. Herzberg; Van Nostrand, 
New York (1945).

Molecular symmetry and spectroscopy. P.R. Bunker and P. Jensen; 
NRC Research Press, Ottawa (1998).

Frontiers of molecular spectroscopy. J. Laane (ed.); Elsevier, 
Amsterdam (2009).

Computational molecular spectroscopy. P. Jensen and P.R. Bunker 
(ed.). Wiley, Chichester (2000).

http://www.nist.gov/srd/atomic.htm


 FURTHER READING | 515

The Raman eFect: A unified treatment of the theory of Raman 
scattering by molecules. D.A. Long; Wiley, Chichester (2002).

The website http://www.nist.gov/srd/atomic.htm has a link to 
molecular spectroscopic data.

Chapter 11
Modern spectroscopy. J.M. Hollas; Wiley, Chichester (2003).

High resolution spectroscopy. J.M. Hollas; Wiley, Chichester 
(1998).

Molecules and radiation: An introduction to modern molecular 
spectroscopy. J.I. Steinfeld; MIT Press, Cambridge, Mass. (1985).

Molecular spectra and molecular structure. I. Spectra of diatomic 
molecules. G. Herzberg; Van Nostrand, Princeton, N.J. (1950).

Molecular spectra and molecular structure. III. Electronic spectra 
and electronic structure of polyatomic molecules. G. Herzberg; 
Van Nostrand, Princeton, N.J. (1967).

The theory of transition metal ions. J.S. GriAth; Cambridge 
University Press, Cambridge (1964).

Non-radiative decay of ions and molecules in solids. R. Englman; 
North-Holland, Amsterdam (1979).

The conservation of orbital symmetry. R.B. Woodward and 
R. HoCmann; VCH and Academic Press, New York (1970).

Organic reactions and orbital symmetry. T.L. Gilchrist and 
R.C. Storr; Cambridge University Press, Cambridge (1979).

Pericyclic reactions. I. Fleming; Oxford University Press, Oxford 
(1998).

Radiationless transitions in polyatomic molecules. E.S. Medvedev 
and V.I. Osherov; Springer, New York (1995).

The spectra and dynamics of diatomic molecules. H. Lefebvre-Brion 
and R.W. Field; Elsevier, Amsterdam (2004).

Chapter 12
Classical electrodynamics. J.D. Jackson; Wiley, New York (1999).

The theory of the electric and magnetic properties of molecules.
D.W. Davies; Wiley, New York (1967).

Theory of electric polarization, Vols 1 and 2. C.J.F. Böttcher, 
O.C. van Belle, P. Bordewijk, and A. Rip; Elsevier, Amsterdam (1978).

Intermolecular forces: their origin and determination. G.C. 
Maitland, M. Rigby, E.B. Smith, and W.A. Wakeham; Oxford 
University Press, Oxford (1981).

The theory of optical activity. D.J. Caldwell and H. Eyring; 
Wiley–Interscience, New York (1971).

The molecular basis of optical activity: Optical rotatory dispersion 
and circular dichroism. E. Charney; Wiley, New York (1979).

Molecular light scattering and optical activity. L.D. Barron; 
Cambridge University Press, Cambridge (2004).

Advances in quantum chemistry 50: Response theory and molecular 
properties. Anon. (ed.). Elsevier, Amsterdam (2005).

Chapter 13
Classical electrodynamics. J.D. Jackson; Wiley, New York (1999).

Magnetochemistry. R.L. Carlin; Springer, Berlin (1986).

Principles of magnetic resonance. C.P. Slichter; Springer, New York 
(1990).

Quantum theory of magnetic resonance parameters. J.D. Memory; 
McGraw-Hill, New York (1968).

Ab initio determination of molecular properties. A. HinchcliCe;
Adam Hilger, Bristol (1987).

Molecular electromagnetism. A. HinchcliCe and R.W. Munn; Wiley, 
Chichester (1985).

Spin dynamics: basics of nuclear magnetic resonance. M.H. Levitt; 
Wiley, Chichester (2001).

Calculation of NMR and EPR parameters: theory and applications.
M. Kaupp, M. Bühl, and V.G. Malkin (ed.); Wiley–VCH, Weinheim 
(2004).

Chapter 14
Chemical kinetics and reaction dynamics. P.L. Houston; 
McGraw-Hill, New York (2001).

Molecular reaction dynamics and chemical reactivity. R.D. Levine 
and R.B. Bernstein; Oxford University Press, Oxford (1987).

The theory of chemical reaction dynamics. D.C. Clary (ed.); Reidel, 
Dordrecht (1986).

Scattering theory of waves and particles. R.G. Newton; Springer, 
New York (2003).

Molecular collision theory. M.S. Child; Dover, New York (1996).

Semiclassical mechanics with molecular applications. M.S. Child; 
Clarendon Press, Oxford (1991).

Principles of quantum scattering theory. D. Belkić. Institute of 
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Character tables

Cs, m E sh h = 2

A′ 1  1 x, y, x2, y2, z2, xy Rz

A″ 1 −1 z, yz, xz Rx, Ry

C2v, 2mm E C2 sv sv′ h = 4

A1 1  1  1  1 z, z2, x2, y2

A2 1  1 −1 −1 xy Rz

B1 1 −1  1 −1 x, xz Ry

B2 1 −1 −1  1 y, yz Rx

C3v, 3m E 2C3 3sv h = 6

A1 1  1  1 z, z2, x2 + y2

A2 1  1 −1 Rz

E 2 −1  0 (x,y), (xy,x2 − y2), (xz,yz) (Rx,Ry)

C4v, 4mm E C2 2C4 2sv 2sd h = 8

A1 1  1  1  1  1 z, z2, x2 + y2

A2 1  1  1 −1 −1 Rz

B1 1  1 −1  1 −1 x2 − y2

B2 1  1 −1 −1  1 xy

E 2 −2  0  0  0 (x,y), (xz,yz) (Rx,Ry)

C5v E 2C5 2C5
2 5sv h = 10, a == 72o

A1 1 1 1  1 z, z2, x2 + y2

A2 1 1 1 −1 Rz

E1 2 2 cos a 2 cos 2a  0 (x,y), (xz,yz) (Rx,Ry)

E2 2 2 cos 2a 2 cos a  0 (xy,x2 − y2)
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1 Character tables and direct products
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C6v, 6mm E C2 2C3 2C6 3sd 3sv h = 12

A1 1  1  1  1  1  1 z, z2, x2 + y2

A2 1  1  1  1 −1 −1  Rz

B1 1 −1  1 −1 −1  1

B2 1 −1  1 −1  1 −1

E1 2 −2 −1  1  0  0 (x,y), (xz,yz) (Rx,Ry)

E2 2  2 −1 −1  0  0 (xy,x2 − y2)

C∞v E 2C†
j ∞sv h = ∞∞

A1(Σ+) 1 1  1 z, z2, x2 + y2

A2(Σ−) 1 1 −1 Rz

E1(Π) 2 2 cos j  0 (x,y), (xz,yz) (Rx,Ry)

E2(D) 2 2 cos 2j  0 (xy,x2 − y2)

\

†There is only one member of this class if j = p.

D2, 222 E Cz
2 Cy

2 Cx
2 h = 4

A 1  1  1  1 x2, y2, z2

B1 1  1 −1 −1 z, xy Rz

B2 1 −1  1 −1 y, xz Ry

B3 1 −1 −1  1 x, yz Rx

D3, 32 E 2C3 3C2′′ h = 6

A1 1  1  1 z2, x2 + y2

A2 1  1 −1 z Rz

E 2 −1  0 (x,y), (xz,yz) (xy,x2 − y2) (Rx,Ry)

D4, 422 E C2 2C4 2C2′ 2C2″ h = 8

A1 1  1  1  1  1 z2, x2 + y2

A2 1  1  1 −1 −1 z Rz

B1 1  1 −1  1 −1 x2 − y2

B2 1  1 −1 −1  1 xy

E 2 −2  0  0  0 (x,y), (xz,yz) (Rx,Ry)
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D3h, 62m E sh 2C3 2S3 3C2′ 3sv h = 12

A1′ 1  1  1  1  1  1 z2, x2 + y2

A2′ 1  1  1  1 −1 −1 Rz

A1″ 1 −1  1 −1  1 −1

A2″ 1 −1  1 −1 −1  1 z

E′ 2  2 −1 −1  0  0 (x,y), (xy,x2 − y2)

E″ 2 −2 −1  1  0  0 (xz,yz) (Rx,Ry)

D∞h E 2Cj ∞sv i 2Sj ∞C2′ h = ∞∞

A1g(Σ+
g) 1 1  1  1  1  1 z2, x2 + y2

A1u(Σ+
u) 1 1  1 −1 −1 −1 z

A2g(Σg
−) 1 1 −1  1  1 −1  Rz

A2u(Σu
−) 1 1 −1 −1 −1  1

E1g(Πg) 2 2 cos j  0  2 −2 cos j  0 (xz,yz) (Rx,Ry)

E1u(Πu) 2 2 cos j  0 −2  2 cos j  0 (x,y)

E2g(Dg) 2 2 cos 2j  0  2  2 cos 2j  0 (xy,x2 − y2)

E2u(Du) 2 2 cos 2j  0 −2 −2 cos 2j  0

\

Td, 43m E 8C3 3C2 6sd 6S4 h = 24

A1 1  1  1  1  1 x2 + y2 + z2

A2 1  1  1 −1 −1

E 2 −1  2  0  0 (3z2 − r2,x2 − y2)

T1 3  0 −1 −1  1  (Rx,Ry,Rz)

T2 3  0 −1  1 −1 (x,y,z), (xy,xz,yz)

O, 432 E 8C3 3C2 6C2′ 6C4 h = 24

A1 1  1  1  1  1 x2 + y2 + z2

A2 1  1  1 −1 −1

E 2 −1  2  0  0 (x2 − y2,3z2 − r2)

T1 3  0 −1 −1  1 (x,y,z) (Rx,Ry,Rz)

T2 3  0 −1  1 −1 (xy,yz,zx)
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Oh, m3m E 8C3 6C2 6C4 3C2 i 6S4 8S6 3sh 6sd h = 48

A1g 1  1  1  1  1  1  1  1  1  1 x2 + y2 + z2

A2g 1  1 −1 −1  1  1 −1  1  1 −1

Eg 2 −1  0  0  2  2  0 −1  2  0 (3z2 − r2,x2 − y2)

T1g 3  0 −1  1 −1  3  1  0 −1 −1  (Rx,Ry,Rz)

T2g 3  0  1 −1 −1  3 −1  0 −1  1 (xy,yz,zx)

A1u 1  1  1  1  1 −1 −1 −1 −1 −1

A2u 1  1 −1 −1  1 −1  1 −1 −1  1

Eu 2 −1  0  0  2 −2  0  1 −2  0

T1u 3  0 −1  1 −1 −3 −1  0  1  1 (x,y,z)

T2u 3  0  1 −1 −1 −3  1  0  1 −1

Direct products

In general g × g = g, g × u = u, u × u = g;

G′ × G′ = G′, G′ × G″ = G″, G″ × G″ = G′

For C2, C2v, C2h; C3, C3v, C3h; D3, D3h, D3d; C6, C6v, C6h, D6, S6

A1 A2 B1 B2 E1 E2

A1 A1 A2 B1 B2 E1 E2

A2 A1 B2 B1 E1 E2

B1 A1 A2 E2 E1

B2 A1 E2 E1

E1 A1 + [A2] + E2 B1 + B2 + E1

E2 A1 + [A2] + E2

For T, Th, Td; O, Oh:

A1 A2 E T1 T2

A1 A1 A2 E T1 T2

A2 A1 E T2 T1

E A1 + [A2] + E T1 + T2 T1 + T2

T1 A1 + E + [T1] + T2 A2 + E + T1 + T2

T2 A1 + E + [T1] + T2

For C∞v, D∞h:

Σ+ Σ− Π D . . .

Σ+ Σ+ Σ− Π D . . .

Σ− Σ+ Π D . . .

Π Σ+ + [Σ−] + D Π + F . . .

D Σ+ + [Σ−] + G . . .

\ . . .

1. j1 = j2 = 1
2. | j,mj〉



mj1 mj2 |1,1〉 |1,0〉 |0,0〉 |1,−1〉

1
2

1
2 1

1
2 − 1

2
1
2

1
2

− 1
2

1
2

1
2 − 1

2

− 1
2 − 1

2 1

2. j1 = 1, j2 = 1
2. | j,mj〉

mj1 mj2 | 3
2,

3
2〉 | 3

2,
1
2〉 | 1

2,
1
2〉 | 3

2,−
1
2〉 | 1

2,−
1
2〉 | 3

2,−
3
2〉

 1 1
2 1

 1 − 1
2

1
3

2
3

 0 1
2

2
3 − 1

3

 0 − 1
2

2
3

1
3

−1 1
2

1
3 − 2

3

−1 − 1
2 1

3. j1 = 1, j2 = 1.  | j,mj〉

mj1 mj2 |2,2〉 |2,1〉 |1,1〉 |2,0〉 |1,0〉 |0,0〉 |2,−1〉 |1,−1〉 |2,−2〉

 1  1 1

 1  0 1
2

1
2

 0  1 1
2 − 1

2

 1 −1 1
6

1
2

1
3

 0  0 2
3   0 − 1

3

−1  1 1
6 − 1

2
1
3

−1  0 1
2

1
2

 0 −1 1
2 − 1

2

−1 −1 1

Resource section
2 Vector coupling coefficients



Resource section
3 Wigner–Witmer rules

Data abbreviated from E. Wigner and E.E. Witmer, Z. Physik 859, 51 (1928); 
see also G. Herzberg, Spectra of diatomic molecules, van Nostrand (1950). 
The notation nX indicates that there are n versions of the state of symmetry 
classification X.

1 Multiplicities (and spin)

Atomic multiplicity (spin) Molecular multiplicity (spin)

Singlet (0) + singlet (0) Singlet (0)

Singlet (0) + doublet (1/2) Doublet (1/2)

Singlet (0) + triplet (1) Triplet (1)

Doublet (1/2) + doublet (1/2) Singlet (0) + triplet (1)

Doublet (1/2) + triplet (1) Doublet (1/2) + quartet (3/2)

Triplet (1) + triplet (1) Singlet (0) + triplet (1) + quintet (2)

2 Orbital momenta: heteronuclear diatomic molecules

Atomic term* Molecular term

Sg + Sg, Su + Su Σ+

Sg + Su Σ−

Sg + Pg, Su + Pu Σ−, Π

Sg + Pu, Su + Pg Σ+, Π

Sg + Dg, Su + Du Σ+, Δ

Sg + Du, Su + Dg Σ−, Δ

Pg + Pg, Pu + Pu 2Σ+, Σ−, 2Π, Δ

Pg + Pu Σ+, 2Σ−, 2Π, Δ

Pg + Dg, Pu + Du Σ+, 2Σ−, 3Π, 2Δ, F

Pg + Du, Pu + Dg 2Σ+, Σ−, 3Π, 2Δ, F

Dg + Dg, Du + Du 3Σ+, 2Σ−, 4Π, 3Δ, 2F, G
Dg + Du 2Σ+, 3Σ−, 4Π, 3Δ, 2F, G

*The parity of an atomic term is g if the sum of the individual l is 
even, and is u if the sum is odd.
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3 Homonuclear diatomic molecules and atoms in the same state

Atomic term* Molecular term

1S + 1S 1Σg
+

2S + 2S 1Σg
+, 3Σu

+

3S + 3S 1Σg
+, 3Σu

+, 5Σg
+

1P + 1P 21Σg
+, 1Σu

−, 1Πg,
1Πu,

1Δg

2P + 2P 21Σg
+, 1Σu

−, 1Πg,
1Πu,

1Δg

23Σu
+, 3Σg

−, 3Πg,
3Πu,

3Δu

3P + 3P As for 2P + 2P plus  25Σg
+, 5Σu

−, 5Πg,
5Πu,

5Δg

1D + 1D 31Σg
+, 21Σu

−, 21Πg, 2
1Πu, 2

1Δg,
1Δu,

1Fg,
1Fu,

1Gg

2D + 2D As for 1D + 1D plus 33Σu
+, 23Σg

−, 23Πg, 2
3Πu, 2

3Δu,
3Δg,

3Fg,
3Fu,

3Gu

3D + 3D 1X as for 1D + 1D; 3X as for 2D + 2D; 5X as for 1X

*The parity of an atomic term is g if the sum of the individual l is even, and is u if the sum is odd.



Answers to selected Exercises 
and Problems

Chapter 0
Exercises

 0.1 (a) 6.626 × 10−19 J, (b) 6.626 × 10−20 J, (c) 6.626 × 10−34 J.

 0.2 6000 K. 

 0.3 Al.

 0.4 (a) 2.3 × 105 J, (b) 1.20 × 10−3 J, (c) 9.2 × 108 J. 

 0.5 27.091 pm.

 0.6 (a) 8.0 × 105 m s−1, (b) no electrons emitted. 

 0.7 2.743 × 104 cm−1, 364.6 nm; 1.524 × 104 cm−1, 656.3 nm. 

 0.8 −2.18 × 10−18 J, −13.6 eV; −5.45 × 10−19 J, −3.40 eV. 

 0.9 5.2 × 10−34 m.

Problems

 0.1 hc/5lkT = 1 − e−hc/lkT, c2 = hc/5k.

 0.3 4.4 × 1026 W, 8.8 × 1021 J. 

 0.5 (a) 3R(qE/T)2e−qE/T, (b) 3R.

 0.7 2.94R, 0.23R.

 0.8 3.144R.

 0.9 2.97 × 1020.

 0.10 9.93 × 105 m s−1.

 0.13 RH = 1.097 × 105 cm−1, I = 13.6 eV = hcRH.

 0.16 meca2/2h.

 0.17 (a) 6.6 × 10−29 m, (b) 7.3 × 10−40 m, (c) 0.145 nm, 
(d) (i) 1.23 nm, (ii) 12.3 pm.

Chapter 1
Exercises

 1.1 (a) linear; (b) nonlinear; (c) linear; (d) linear. 

 1.2 (a) Eigenfunction is (i) with eigenvalue of a;
(b) Eigenfunctions and eigenvalues are (i) and a2;
(iii) and 0; (v) and 0; (vi) and −1.

 1.4 (a) 3.6 × 106 m s−1, (b) 6.0 × 10−18 J. 

 1.5 DxDp = (2p/ 3){1 − (3/2p2)}1/2(H/2); product increases as n
increases.

 1.6 e−4.

 1.7 [H,lz] = 0. 

 1.8 ±G.

 1.9 (a) 2.1 × 10−6 pm−3, (b) 2.9 × 10−7 pm−3; 2.1 × 10−6,
2.9 × 10−7.

Problems

 1.1 0; h2/4L2.

 1.2 no.

 1.5 H2lz.

 1.7 N = (b3/p)1/2.

 1.10 (a) H/(ix2), (b) (2H/x3)(H − ixpx), (c) iH(zpx − xpz),
(d) 2x2([2/[x[y) − 2xy([2/[y2).

 1.11 (a) iH([V/[x), (b) (H/im)px; For (i) (a) 0, (b) (H/im)px; For 
(ii) (a) iHkx, (b) (H/im)px; For (iii) (a) −(iHe2/4pe0)(x/r3),
(b) (H/im)px.

 1.13 (a) −(H2/2m)(d2/dx2) in one dimension, −(H2/2m)∇2

in three dimensions, (b) multiplication by (1/x),
(c) multiplication by ∑ iQiri, (d) (H/i){x([/[y) − y([/[x)},
(e) multiplication by x2 − 〈x〉2, −H2([2/[x2) − 〈p〉2.

 1.17 Eigenvalue = ea.

 1.19 f = 1/2[A,B].

 1.22 (d/dt)〈x〉 = (1/m)〈px〉, (d/dt)〈px〉 = −kf〈x〉; 〈x〉 = A cos wt +
B sin wt, 〈px〉 = −Amw sin wt + Bmw cos wt; w2 = kf/m.

 1.26 (a) 0.323, (b) 141 pm. 

 1.27 (a) only −H found, (b) −H, 3/4 of time; 2H, 1/4 of time, −1/4H.

Chapter 2
Exercises

 2.1 (a) (i) A exp{5.123i(x/nm)}, (ii) A exp{512.3i(x/nm)},
(b) A exp{9.48 × 1031i (x/m)}.

 2.2 A2 = 1/L; L → ∞.

 2.4 0.

 2.5 1.76 eV. 

 2.6 6.361 × 10−1.

 2.7 1/4L, 1/2L, 3/4L.

 2.9 Points (x, y) such that (i) (a) x = L/2, (b) x = L/4 or 3L/4,
y = L/2; (ii) (a) x = L/3 or 2L/3, y = L/2,
(b) x = L/6, L/2 or 5L/6, y = L/4 or 3L/4.

 2.10 3.

 2.11 ±(1/2)1/2/a.

 2.12 4.14 × 10−5 m, 241 cm−1.

Problems

 2.2 A = 1/2(C − iD), B = 1/2(C + iD).

 2.4 Y(x, 0) = (2/pDk)1/2 (eikx sin 1/2Dkx)/x, x = ±2.784/Dk so
Dx ≈ 5.568/Dk.

 2.7 4g2/{4g2 + (1 − g2)2 sin2 k′L} where g = k/k′ with k2 = 2mE/H2

and k′2 = 2m(E − V )/H2.

 2.10 (a) 1
2 for all n; (b) (1

4){1 − (2/pn)sin(np/2)}, (i) 0.09085, 
(ii) 1/4; (c) (2/L){dx − (−1)n(L/2pn)sin(2npdx/L)},
(i) (2/L){dx + (L/2p)sin(2pdx/L), (ii) 2dx/L.

 2.12 (a) n2h2/4mL3, (b) 0.49 pm. 

 2.15 〈p〉 = 0, 〈p2〉 = n2h2/4L2, Dp = nh/2L. For general n, we 
have DxDp = (np/ 3){1 − (6/n2p2)}1/2(H/2); For n = 1, 
we get DxDp = 1.1357(H/2).

 2.17 En = n2h2/8meL
2, l/nm = 3.297 × 10−3 (RCC/pm)2(N − 1)2/

(N + 1), 1240 nm, 1490 nm. 
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 2.19 2.

 2.23 ±2.351/a, ±1.336/a, ±0.436/a.

 2.25 (a) (v + 1)1/2/a 2, (b) {(v + 2)(v + 1)}1/2/2a2.

 2.28 0.0786.

 2.31 (a) h2/8mL2, 9h2/8mL2, 25h2/8mL2, (b) 1/9, 1/9, 7/9, 
(c) 185h2/72mL2.

Chapter 3
Exercises

 3.1 E = (1.30 × 10−22 J)ml
2.

 3.2 1.53 mm, microwave. 

 3.5 E = (2.2 × 10−65 J)ml
2, −1.5 × 1033.

 3.7 Q″ sin2q + Q′ sin q cos q − {ml
2 − (2IE/H2)sin2q}Q = 0, 

Q′ = dQ/dq.
 3.11 l = 0, E = 0, non-degenerate; l = 1, E = 2.60 × 10−22 J, triply 

degenerate; l = 2, E = 7.80 × 10−22 J, fi ve-fold degenerate. 

 3.12 0.764 nm, far infrared. 

 3.16 (a) 105.8 pm, (b) 101 pm, 376 pm. 

 3.18 For 1s, (1/p)(Z/a)3; For 2s, (1/8p)(Z/a)3; For 3s, (1/27p)(Z/a)3;
For hydrogen, 2.15 × 10−6 pm−3, 2.69 × 10−7 pm−3,
7.96 × 10−8 pm−3.

 3.19 (1/24)(Z/a)3, 2.82 × 10−7 pm−3.

 3.20 I(H) − I(D) = −0.357 kJ mol−1.

Problems

 3.2 For 1s, (a) 3a/2Z, (b) 3(a/Z)2, (c) a/Z; For 2s, (a) 6a/Z,
(b) 42(a/Z)2, (c) 5.24a/Z; For 3s, (a) 27a/2Z, (b) 207(a/Z)2,
(c) 13.07a/Z.

 3.4 For 3s: (a) 27a/2Z, (b) Z/9a; For 3p: (a) 25a/2Z, (b) Z/9a.

 3.8 0.647.

 3.10 r = l/(12)1/2.

 3.13 0.50.

 3.17 (a) 5.450 × 10−19 J, (b) 21/2 H, (c) H.

Chapter 4
Exercises

 4.3 (a) 0; 61/2H | 3,2〉, (b) 61/2H | 3,−2〉, 0. 

 4.4 (a) 12H2 | 3,2〉; 2H | 3,2〉, (b) 2H2 | 1,−1〉; −H | 1,−1〉.
 4.5 (a) 4, 3, 2, 1, 0, −1, −2, −3, −4, (b) 5/2, 3/2, 1/2, −1/2,

−3/2, −5/2.

 4.7 (a) 0, (b) 21/2H.

 4.8 (a) 9.133 × 10−35 Js, 5.273 × 10−35 Js, (b) 9.133 × 10−35 Js, 
−5.273 × 10−35 Js. 

 4.10 j = 5/2, 3/2, 1/2; | j1mj1; j2mj2〉 states are | 1,1;3/2,3/2〉,
| 1,0;3/2,3/2〉, | 1,−1;3/2,3/2〉, | 1,1;3/2,1/2〉, | 1,0;3/2,1/2〉,
| 1,−1;3/2,1/2〉, | 1,1;3/2,−1/2〉, | 1,0;3/2,−1/2〉, | 1,−1;3/2,−1/2〉,
| 1,1;3/2,−3/2〉, | 1,0;3/2,−3/2〉, | 1,−1;3/2,−3/2〉; | j1j2; jmj〉
states are | 1,3/2;5/2,5/2〉, | 1,3/2;5/2,3/2〉, | 1,3/2;5/2,1/2〉,
| 1,3/2;5/2,−1/2〉, | 1,3/2;5/2,−3/2〉, | 1,3/2;5/2,−5/2〉,
| 1,3/2;3/2,3/2〉, | 1,3/2;3/2,1/2〉, | 1,3/2;3/2,−1/2〉,
| 1,3/2;3/2,−3/2〉, | 1,3/2;1/2,1/2〉, | 1,3/2;1/2,−1/2〉.

 4.11 (2/3)1/2 | 1,1;1/2,−1/2〉 − (1/3)1/2 | 1,0;1/2,1/2〉.
 4.12 3/2, 1/2 (twice).

Problems

 4.1 iHlz.

 4.2 (a) −iH(lzly + lylz), (b) −iH(lxlzly + lxlylz + lzlylx + lylzlx), (c) H2ly.

 4.7 (a) [sx,sy] = iHsz,
(b) eigenvalues of s2 = sx

2 + sy
2 + sz

2 are 3
4H2 = s(s + 1)H2.

 4.10 l+ would be a lowering operator and l− a raising operator. 

 4.13 (a) −iH, (b) 0, (c) −iH, (d) iH, (e) 0. 

 4.14 (a) (H3/8)[j(j + 1) − mj(mj + 1)]1/2{3j(j + 1) − 3mj
2 − 3mj − 2}, 

(b) (H3/8)[j(j + 1) − mj(mj + 1)]1/2[j(j + 1) −
(mj + 1)(mj + 2)]1/2[j(j + 1) − (mj + 2)(mj + 3)]1/2.

 4.21 (a) 7, 6, . . . , 1; (b)(i) 2,1,0, (b)(ii) 4,3,2,1,0, (b)(iii) 3,2,1, 
(c) 2,1,1,1,0,0. 

 4.22 See Resource section 1 for vector coupling coeffi cients. 
If | j,mj〉 = ∑

m1m2

c(j1m1j2m2 | jmj) | j1m1j2m2〉, then 

  〈 j′mj′ | j1z | j,mj〉 = H ∑
m1m2

c(j1m1j2m2 | j′mj′)c(j1m1j2m2 | jmj)m1.

 4.25 The angles between the spins projected onto the xy-plane are 
137.06° and 68.529°. The actual inter-spin angle is 70.53°. 

 4.27 〈G,ML | l1z | G,ML〉 = MLH/2.

 4.29 H/2 (1/4 of time), −H/2 (3/4 of time). 

Chapter 5
Exercises

 5.1 (a) E, sh, 2C3, 2S3, 3C2, 3sv, (b) E, C2, sv, s ′v,
(c) E, 2C6, 2C3, C2, 3C2′ , 3C2″, i, 2S3, 2S6, 3C2, sh, 3sd, 3sv.

 5.2 (a) E, C2(z), C2(y), C2(x), i, s(xy), s(xz), s(yz),
(b) E, C2, i, sh, (c) E, C2, i, sh.

 5.3 (a) D3h, (b) C2v, (c) D6h.

 5.4 (a) D2h, (b) C2h, (c) C2h.

 5.5 (a) C2v, (b) D∞h, (c) D2h, (d) C2v.

 5.6 (a) C2h, (b) D6h, (c) D2h, (d) C1, (e) C3h.

 5.7 (a) PF5 (pentagonal pyramid), corannulene C20H10,
(b) all cis-C5H5F5 (planar), (c) Fe(C5H5)2 (staggered). 

 5.8 Td: CH4; Oh: SF6; I: C60.

 5.16 3.

 5.17 A1 + E. 

 5.18 Σg
−.

Problems

 5.1 3A1 + B1 + 2B2; For A1:
1
2(H1sA + H1sB), O2s, O2pz; For 

B1: O2px; For B2:
1
2(H1sB − H1sA), O2py.

 5.6 A1 + T2; For A1: H1sA + H1sB + H1sC + H1sD; For 
T2: H1sA − H1sB − H1sC + H1sD, H1sA + H1sB − H1sC

− H1sD, H1sA − H1sB + H1sC − H1sD.

 5.7 (a) A1, (b) E, (c) E2, (d) A1 + A2 + E2,
(e) A1 + A2 + 2E + 2T1 + 2T2.

 5.10 (a) 1A2,
3A2; (b)(i) 1E, 3E, (ii) 1A1,

3A2,
1E; (c)(i) 1E, 3E,

(ii) 1T1,
3T1,

1T2,
3T2, (iii) 

1A2,
3A2,

1E, 3E, 1T1,
3T1,

1T2,
3T2,

(iv) 1A1,
1E, 1T2,

3T1, (v) 1A1,
1E, 1T2,

3T1; (d)(i) 1A1,
3A2,

1E,
(ii) 1T1,

3T1,
1T2,

3T2, (iii) 
1A1,

1E, 3T1,
1T2.

 5.13 (a) For NO2:
2A1,

2B1,
2B2; For ClO2:

2B1,
2A1,

2A2; For 
O2:

3Σu
−, 3Πu, (b) For NO2:

2A2,
2B1,

2B2; For ClO2:
2B2,

2A1,
2A2; For O2:

3Σg
+, 3Πg.

 5.16 (a) 3A + 2E, (b) A + 2T. 

 5.18 A1 + B1 + E1 + E2; In D6h, it is A2u + B2g + E1g + E2u.

Chapter 6
Exercises

 6.1 Y(x) = C/(2max2)1/4sin[(ma/2H2)1/2x2 + d].

 6.2 10 049.51 and 4 950.49 cm−1.

 6.3 
a

2ap1/2 (1 − e−a2b2

).

 6.4 −a2/hw.

 6.5 5th.
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 6.6 py.

 6.7 2pmcRH/Ha0.

 6.8 dE/dP = 〈x2〉.
 6.9 Remove perturbation at t = (arcsin 1/31/2)/ |V | . 
 6.10 2.24 × 1014 s−1.

 6.11 5.49 × 10−11 s.

Problems

 6.3 (a) 25 739.45 cm−1 (99.998% Y1),
50 267.29 cm−1 (99.998% Y2);
(b) 25 699.16 cm−1 (99.835% Y1),
50 307.58 cm−1 (99.835% Y2);
(c) 25 759.74 cm−1 (96.300% Y1),
51 246.99 cm−1 (96.300% Y2).

 6.5 (a) −74.8 eV, (b) 20.4 eV. 

 6.7 E(1) = mgL/2, E(1)/L = 4.47 × 10−30 J m−1.

 6.10 (a) 3b/4a4, (b) 3b/8a4 + a/2a3p1/2, (c) 3b/8a4 − a/2a3p1/2.

 6.13 (a) B1, (b) B2.

 6.16 First-order energies and linear combinations are 3e/4,
(y1 − y−1)/ 2, and e/4, (y1 + y−1)/ 2; second-order energies 
are A + 3e/4 − e2/128A, A + e/4 − e2/128A with 
A = H2/2mr2.

 6.19 E = ae with e = 3.911 − 4.023l ±

  {22.845l2 − 33.052l + 11.956}, l = b/a.

 6.22 With w = w2p,1s and H fi
(1)(t) = ezgt, probability =

(eg/H)2〈2pz |z | 1s〉2(2/w4)/{1 − cos wt − wt sin wt + (wt)2/2}.

 6.25 stimulated: 2.036 × 10−2 s−1; spontaneous: 6.728 × 107 s−1.

 6.28 (a) 530 ps, (b) 3.5 ps, (c) 130 fs.

Chapter 7
Exercises

 7.1 a2/2lC.

 7.2 (4.3889 × 105 cm−1)(1/4 − 1/n2), n = 3,4, . . .

 7.3 (a) 121.50 nm, 82 303 cm−1; 91.127 nm, 109 737 cm−1,
(b) 656.12 nm, 15 241 cm−1; 364.51 nm, 27 434 cm−1,
(c) 1874.6 nm, 5334.5 cm−1; 820.14 nm, 12 193 cm−1,
(d) 4050.1 nm, 2469.1 cm−1; 1458.0 nm, 6858.6 cm−1.

 7.4 (1.092 × 105 cm−1)(1/n1
2 − 1/n2

2).

 7.5 (b), (c), and (e).

 7.6 B4+, 3.283 × 104 kJ mol−1.

 7.7 (729/4 648)ea0/Z.

 7.8 (a) 19.72 cm−1, (b) 1.17 cm−1.

 7.9 Li 2S1/2; Be 1S0; B E(2P1/2) < E(2P3/2); C E(3P0) < E(3P1) < E(3P2)
< E(1D2) < E(1S0); N E(4S) < E(2D) < E(2P); O E(3P2) < E(3P1)
< E(3P0) < E(1D2) < E(1S0); F E(2P3/2) < E(2P1/2); Ne 1S0.

 7.13 (a) 21a0/2Zeff, (b) Zeff /9a0, (c) Z3
eff /405a0

3.

 7.15 1S0;
2P3/2,1/2;

3P2,1,0;
3D3,2,1;

2D5/2,3/2;
1D2;

4D7/2,5/2,3/2,1/2.

 7.16 3P0 < 3P1 < 3P2 < 1P1;
3D1 < 3D2 < 3D3 < 3P0 < 3P1 < 3P2 < 3S1

< 1D2 < 1P1 < 1S0,
3F2 < 3F3 < 3F4 < 3D1 < 3D2 < 3D3 < 3P0 < 3P1

< 3P2 < 1F3 < 1D2 < 1P1.

 7.17 (a) 1G, 3F, 1D, 3P, 1S, (b) 1I, 3H, 1G, 3F, 1D, 3P, 1S.

 7.18 See Exercise 7.17. 

 7.19 2.14 T. 

 7.20 (a) 1 + S/(L + S), (b) 1 − S/(L − S + 1). 

 7.21 Three lines with separation 1.87 cm−1.

Problems

 7.5 z2p = (ZZ*3/24)a2R∞, in cm−1 B : 17; C : 45; N : 96; O : 172; 
F : 290.

 7.7 Eso(j) − Eso(j − 1) = jhcznl.

 7.8 z3d,mean = 95.6 cm−1.

 7.10 For 1s, E(1)/hc = −7.299 cm−1.

 7.14 −(36/27)hcR∞; z = 1.69/a0; 23.1eV and 54.4eV. 

 7.16 3211 and 814 cm−1, respectively. 

 7.18 (a) 3H6,5,4,
1H5,

3G5,4,3,
1G4,

3F4,3,2,
1F3,

3D3,2,1,
1D2,

3P2,1,0,
1P1,

(b) 3H4, (c) 3G3,
3F3,2,

3D3,2,1.

 7.20 r/a0 = 1.328 Z−1/3; r/a0 = 0.921 (Li), 0.837 (Be), 0.777 (B), 
0.731 (C), 0.694 (N), 0.664 (O), 0.638 (F), 0.616 (Ne).

Chapter 8
Exercises

 8.4 1Σu
+, 3Σu

+.

 8.8 (a) 1Σg
+, (b) 2Πu, (c) 2Σg

+, (d) 2Σg
+, (e) 2Πg, (f) 2Πg, (g) 2Σu

+.

 8.9 (a) 2, (b) 1.5, (c) 2.5, (d) 2.5, (e) 2.5, (f) 1.5, (g) 0.5. 

 8.10 E = a − b, a − b, a + 2b; delocalization energy = 0. 

 8.11 (a) 2b, (b) −2b.
 8.12 3; 2; 1; 2. 

 8.13 5; 6. 

 8.14 (a) E and T2 (symmetry group Td);
(b) A and T (symmetry group T).

Problems

 8.1 130 pm, 170 kJ mol−1 (neglecting zero-point vibration). 

 8.4 3.41 × 1014 s−1.

 8.8 (a) see eqn 8.27, (b) 74 pm, 350 kJ mol−1.

 8.10 (a) 1Σ+, bond order = 3, (b) 2Π, bond order = 2.5. 

 8.14 (a) E = a ± 1.80b, a ± 1.25b, a ± 0.445b, delocalization
energy = 0.99b, (b) a + 2b, a + 0.618b (twice), a − 1.618b
(twice), delocalization energy = 0.854b.

 8.16 3a + 23/2b.
 8.19 Letting a = aC: E = a ± b, a + 2.1074b, a + 1.1672b,

a − 0.8410b, a − 1.9337b, electron energy = 6a + 8.5492b,
delocalization energy = 2.0492b.

 8.22 Free ion → complex: 1I → 1A1 + 1A2 + 1E + 1T1 + 21T2:
3H → 3E + 23T1 + 3T2:

1G → 1A1 + 1E + 1T1 + 1T2:
3F → 3A2 + 3T1 + 3T2:

1D → 1E + 1T2:
3P → 3T1:

1S → 1A1.

 8.27 For b2/b1 = 0.9, width is 3.8 b1. In general, 2(b1 + b2).

Chapter 9
Exercises

 9.1 E0
a + Eb

0 + Ec
0 + . . . + E0

z.

 9.3 FAAcAs ′ + FABcBs ′ = esSAAcAs ′ + esSABcBs ′;
FBAcAs + FBBcBs = es ′SBAcAs + es ′SBBcBs;
FBAcAs ′ + FBBcBs ′ = es ′SBAcAs ′ + es ′SBBcBs ′.

 9.4 FAA = hAA + PAA{1/2(AA | AA) + 1/2(AB | AB)} + PAB{
1/2(AA | AB) 

+ 1/2(AB | AA)}, FBB = hBB + PAA{1/2(BA | BA) + 1/2(BB | BB)} +
PAB{

1/2(BA | BB) + 1/2(BB | BA)}, FBA = hBA + PAA(BA | AA) 
+ PAB(BB | AA). 

 9.6 23.

 9.7 10.

 9.9 (a) 8, (b) 17. 

 9.10 (a) 15, (b) 31. 

 9.11 (i) 39 basis functions, 90 primitives; (ii) 57 basis functions, 
108 primitives; (iii) 75 basis functions, 126 primitives. 

 9.12 9.406 × 1028.

 9.13 (a), (b), (d), and (e).

 9.14 (a), (d), and (e).
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 9.15 (AA | AA) + (AA | AB) + (AA | BA) + (AA | BB) − (AB | BA) 
− (AB | AB) − (AB | BA) − (AB | BB) − (BA | BA) − (BA | AB) 
− (BA | BA) − (BA | BB) + (BB | AA) + (BB | AB) + (BB | BA) 
+ (BB | BB). 

 9.18 H11 = −a2 sin ax cos by, H12 = H21 = −ab cos ax sin by,
H22 = −b2 sin ax cos by.

 9.19 (a) (iv), (v), (vi), (b) (i), (iii), (vii).

 9.21 (AA | BB), (AA | AB), (AB | AA), (BA | BB), (BB | BA), (BA | AA), 
(BB | AA).

Problems

 9.3 (ab |cd) = (cb |ad) = (ad |cb) = (cd |ab) = (ba |dc) = (bc |da)
= (da |bc) = (dc |ba).

 9.4 Most diffuse Gaussian (a = 0.123 317) is a single basis 
function; remaining three primitives used to form a single 
contracted basis function. 

 9.5 (a) S2F1 = 2H2 F1, S2F4 = 2H2 F4, (b) Let Fa = F2 + F3 and 
Fb = F2 − F3. Then S2Fa = 2H2Fa, SzFa = 0, S2Fb = 0 and 
SzFb = 0. 

 9.10 (a) Inactive (from 1s atomic orbitals): 1sg, 1su; Active (from 
2s and 2p atomic orbitals): 2sg, 2su, 1pu, 3sg, 3su, 1pg;
Virtual: 4sg, 4su, . . . ; (b) 4 inactive and 8 active electrons, 
(c) Three subsets with total number electrons fi xed at 8; 
subset I (minimum of 2 electrons) consists of 2sg, 2su;
subset II consists of 1pu, 3sg, 1pg; subset III (maximum of 
2 electrons) consists of 3su.

 9.15 (i) (a) and (f); (ii) (a), (b) and (f); (iii) (a), (b), (d), (e), and (f).

 9.16 With energies in hartrees, internuclear distances in 
ångströms: (a) H2: −1.1268, 0.7299; F2: −198.6461, 1.4125, 
(b) H2: −1.1313, 0.7326; F2: −198.6778, 1.3449. 

 9.19 With enthalpies in kcal mol−1, internuclear distances in 
ångströms: (a) AM1: C – C: 1.5116, C – O: 1.4195, O – H: 
0.9637, (methyl) C – H: 1.1161, 1.1161, 1.1153, (methylene) 
C – H: 1.1237, 1.1237, enthalpy: −62.6632, (a) PM3: C – C: 
1.5179, C – O: 1.4095, O – H: 0.9472, (methyl) C – H: 1.0978, 
1.0979, 1.0971, (methylene) C – H: 1.1080, 1.1079, 
enthalpy: −56.8549; (b) AM1: C – C: 1.3899, C – Cl: 3.0890, 
C – H: 2.5011, enthalpy: 7.9737, (b) PM3: C – C: 1.3799, 
C – Cl: 3.0648, C – H: 2.4938, enthalpy: 10.1113.

Chapter 10
Exercises

 10.1 (a) 1/(e483000 − 1), (b) 1/(e4830 − 1), (c) 1/(e80.5 − 1). 

 10.4 (a) 4.718 × 10−48 kg m2, (b) 9.429 × 10−48 kg m2,
(c) 2.644 × 10−47 kg m2.

 10.5 I = 4mBR
2.

 10.7 Designate states as ( J,K,MJ): (0,0,0), 0 cm−1; (1,±1,±1 or 0), 
7.321 cm−1; (1,0,±1 or 0), 1.954 cm−1; (2,±2,±1 or 0), 
27.330 cm−1; (2,±1,±1 or 0), 11.229 cm−1; (2,0,±1 or 0), 
5.862 cm−1.

 10.8 (c), (d) (e).

 10.9 162 pm. 

 10.10 6.46 cm−1.

 10.11 ±62.4 cm−1, ±104.4 cm−1, ±146.16 cm−1; + is anti-Stokes 
and – is Stokes. 

 10.12 ±62.6256 cm−1, ±104.344 cm−1, ±146.0144 cm−1; + is 
anti-Stokes and – is Stokes. 

 10.13 ortho-hydrogen to para-hydrogen conversion very slow. 

 10.14 Effective masses (as multiples of mu), force constants 
(in N m−1); (a) 0.5039, 574.9; (b) 0.9570, 965.7; 
(c) 0.9796, 516.3; (d) 0.9954, 411.5; (e) 0.9999, 313.8. 

 10.15 In cm−1: (a) 3811, (b) 3000, (c) 2145, (d) 1885, (e) 1639. 

 10.16 (a), (c), (d).

 10.17 4054.7 cm−1.

 10.18 Molecular polarizability, but not dipole moment, varies with 
distance.

 10.19 (a) 6, (b) 30, (c) 13, (d) 4. 

 10.20 4501.5 cm−1.

 10.21 (a) All modes, (b) All modes. 

 10.22 Overtones: 3190, 4785, 6380 cm−1; Combination bands: 
5247, 5351, 6842 cm−1.

Problems

 10.1 (a) I = 1/2mR2, (b) I = 2/5 mR2.

 10.4 F = J{ J( J + 1) − 1
2K

2} as I = 1
2J.

 10.7 J = (J/6ç)1/2 −1 = 65. 

 10.10 (a) 4 ← 3 most intense transition, (b) 3 ← 2. 

 10.13 w = 4.038 × 1014 s−1, wxe = 5.013 × 1012 s−1.

 10.17 (a) â = 3142.3 cm−1, J = 10.6 cm−1, (b) 3099.9 cm−1,
(c) 3163.5 cm−1, (d) higher. 

 10.19 (a) 11 471.8 cm−1, (b) 12 199.6 cm−1,
(c) 20 274.2 cm−1; higher wavenumber. 

 10.22 (a) All 3 modes, (b) all 3 modes. 

 10.24 6A′ + 3A″.

Chapter 11
Exercises

 11.1 (i) Focusing on orbital and spin angular momenta: case 
(a) W, L, Σ; case (b) L, S; case (c) E, W; case 
(d) L, S; (ii) 2J + 1 in each case, where J is the total 
angular momentum. 

 11.2 2Σg
−, 2Πg,

2Dg,
2Fg,

2Gg.

 11.3 (a), (b), (e), (f).

 11.4 (S1, S2) = (0, 3/2), (3/2, 0), (1/2, 1), (1, 1/2), (1/2, 2), (2, 1/2),
(1, 3/2) and so on. 

 11.5 (F, S), (S, F), (D, P), (P, D), (D, D), (F, D), (D, F) and so on. 

 11.6 O(1P) + O+(4S), O(3P) + O+(4S), O(3P) + O+(2S),
O(1D) + O+(4S), O(3D) + O+(4S), O(1P) + O+(2D),
O(1S) + O+(2P), and so on. 

 11.8 1B2u,
1E2u into 3B1u;

1B1u,
1E2u into 3B2u.

Problems

 11.1 (a) 12a0/Z (318 pm), (b) 9.1a0/Z (241 pm). 

 11.4 With a2 = mw/H, |S10 |2 = (a2/2)DR2 exp{−(a2/2)DR2}.

 11.7 In H2CO: 1A2 ← 1A1 is allowed only if it is vibronic with 
possible singly excited B1 (for x-polarized) and B2 (for 
y-polarized) vibronic states of the upper electronic state; 
In ethene, 1B2u ← 1Ag is allowed for y-polarized radiation, 
and, in addition, singly excited B2u and B3u vibronic states 
of the upper electronic state are electric-dipole allowed. 

 11.10 P(T0) = {2x2/(J2 + 2x2)}sin2{1/2(J2 + 2x2)1/2t}, P(T±)
= {x2/(J2 + x2)}sin2{1/2(J2 + x2)1/2t}, P(T) = P(T0) + P(T+)
+ P(T−); P(T) = (2J2 + 3x2)x2/{(J2 + x2)(J2 + 2x2)}.

 11.12 (a) 1.96 × 10−6 (hartree)1/2, (b) 2.77 × 10−5 (hartree)1/2.

Chapter 12
Exercises

 12.1 3.5 × 10−6 D, −3.52 × 10−11 kJ mol−1.

 12.2 6.60 × 10−41 J−1 C2 m2; 5.93 × 10−31 m3; 10.%. 

 12.3 5 × 10−31 m3.

 12.4 −4.29 × 10−10 kJ mol−1.
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 12.5 −1.52 × 10−9 kJ mol−1.

 12.6 2.135.

Problems

 12.1 0.021 66 e2 L2/(h2/8mL2).

 12.4 5.97 × 10−41 J−1 C2 m2; 5.37 × 10−25 cm3.

 12.6 bzzz = 6 ∑
m,n≠0

mz,0mmz,mnmz,n0

DEm0DEn0

.

 12.11 (a) 1.5 × 10−40 J−1 C2 m2, (b) 4.8 × 10−41 J−1 C2 m2; 1s 
contribution is 6.39 × 10−44 J−1 C2 m2; 2s contribution 
is 4.21 × 10−41 J−1 C2 m2; total mean polarizability for 
confi guration 1s2 2s1 2px

1 2py
1 2pz

1 is 2.84 × 10−40 J−1 C2 m2.

 12.13 nr − 1 ≈ 3.6 × 10−25.

 12.17 With the upper orbital wavefunction denoted 
2pz cos z + 3dxy sin z, R = (−4.39 × 10−54 C2 m3 s−1) sin 2z
is obtained; Dq ≈ −0.136 sin 2z in radians.

Chapter 13
Exercises

 13.1 8.0 × 105 A m−1.

 13.2 (a) −0.722 A m−1, (b) 0.101 T. 

 13.3 1.0 × 10−3.

 13.4 4.3 × 10−8 m3 mol−1.

 13.5 1.3 × 10−5 m3 K mol−1.

 13.6 1.6 × 10−8 m3 mol−1.

 13.7 〈Sz
2〉 = 1

3S(S + 1)H2.

 13.8 ∇ · V = 0,∇ × V = −2j.

 13.9 (a) A = (B /2){−zj + yk}, A2 = 1
4 B2(z2 + y2);

(b) A = (B /2 3){(z − y)i − (z − x)j + (y − x)k},
A2 = 1

4 B2{r2 − 1
3(x + y + z)2}.

 13.11 e−kz(kxi + kyj + 2k); zero divergence. 

 13.12 (a) (i) cm(H) = −2.99 × 10−11 m3 mol−1,
(ii) cm(C) = −9.28 × 10−13 m3 mol−1;
(b) (ii) cm(C) = −2.88 × 10−11 m3 mol−1.

 13.13 (a) (i) −3.95 × 10−29 N−1 A2 m3, (ii) −1.23 × 10−30 N−1 A2 m3,
(b) (ii) −3.81 × 10−29 N−1 A2 m3.

 13.17 (m0mz /4pr3)(xj − yi).

 13.18 For each type of orbital, sd = e2m0Z*/48pmea0. For an 
electron in carbon: (a) 1.43 × 10−5, (b) 1.39 × 10−5.

 13.19 The 2s-orbital gives zero paramagnetic contribution. For a 
2p-electron, sp = −(e2m0H2/288pme

2a0
3)(Z*3/DE). For carbon, 

with DE/eV = 5.0, sp = −1.2 × 10−4.

 13.20 For NO2:
2B2,

2B1,
2A2; For ClO2:

2A2,
2A1,

2B2.

 13.21 −4/7.

 13.22 16p/5.

Problems

 13.2 〈Sz
2〉 = 1

3S(S + 1)H2, 〈SxSz〉 = 0, 

  〈Sz
4〉 = H4(S + 1)

15(2S + 1)
{6(S + 1)4 − 15(S + 1)3 + 10(S + 1)2 − 1}.

 13.5 1.7 × 103 T. 

 13.7 All values in m3 mol−1: (a) −1.791 × 10−10/Z*2, carbon: 
−1.82 × 10−11; (b) −3.583 × 10−10/Z*2, carbon: −3.63 × 10−11;
mean value = −2.985 × 10−10/Z*2, carbon: −3.03 × 10−11.

 13.10 gzz = ge = 2.002; gxx = gyy = ge − 6hcz/DE = 1.910. 

 13.13 32 Hz. 

 13.16 With H(spin) = (C/H2)IzSz, C = 1.1 × 10−24 J for nitrogen.

Chapter 14
Exercises

 14.1 (i) Inelastic, (ii) elastic, (iii) inelastic, (iv) reactive, 
(v) elastic. 

 14.3 B = S12B″, A″ = S22B″, T = |S12 |2, R = |S22 |2.
 14.4 sin2q cos2j.

 14.5 4pC.

 14.9 (a) 0.11 ns, (b) 1.5 ps, (c) 0.12 ps. 

 14.10 33.

 14.11 T.

 14.12 T exp(−V0/kT).

 14.14 S matrix is symmetric; S12 = S21 then implies P12 = P21.

Problems

 14.2 Jq = (H/mr3) Re{−if*k([fk/[q)};
Jj = (H/mr3 sin q) Re{−if*k([fk/[j)}.

 14.5 (2mV0/H2q3)2 {sin qa − qa cos qa}2 with q = 2k sin 12q.
 14.6 (a) Let q = 2k sin 12 q; s = (mZe2/2pe0H2q)2{qa2/(q2a2 + 1)}2,

(b) stot = m2Z2e4a2/{pH4e0
2[4k2 + (1/a2)]};

(c) s = (m2Z2e4/4p2e0
2 H4q4), stot → ∞.

 14.11 tandl = −P l(ka)/Ll(ka).

 14.13 With k2 = 2mE/H2, k1
2 = 2m(E − V0)/H2, tan d0 = {(k/k1)

tank1a cos ka − sin ka}/{(k/k1) tan k1a sin ka + cos ka}.

 14.16 With K2 = 2m(E + V0)/H2, k2 = 2mE/H2, and primes (′)
denoting the derivatives of Riccati–Bessel functions 
with respect to r, tan dl = {KPl′(Ka)Pl(ka) − kPl(Ka)Pl′(ka)}/
{(kPl(Ka)L l′(ka) − KP l′(Ka)Ll(ka)}.

 14.17 s = 0 at energies E such that tan (Ka) = Ka, where 
K2 = 2m(E + V0)/H2. Non-inert gas atoms have a much 
greater effective range a and thus the condition ka << 1 is 
not satisfi ed. 

 14.22 (i) a = 2/p, b = 1/V0, (ii) a = (ln 2)/V0;
kT{1 − V0/(kT ln 2 + V0)}.



This page intentionally left blank 



Index

3j-symbols, 115
6j-symbols, 118

A
Ab initio calculation, 295
Abelian group, 133
Absolute value, 35
Absorption, 203
Absorption intensity, 432
Accidental degeneracy, 53, 94
Acronyms, 334
Active orbital, 312
Airy function, 172
Alternant hydrocarbon, 278
AM1, 331
AMBER, 332
Ammonia molecule, 276
 inversion doubling, 373
Angular momentum
 classical expression, 70
 commutation relations, 100, 161
 coupled and symmetry, 162 
 coupled picture, 112
 coupled states, 111
 defi ned, 99
 introduced, 70
 magnitude, 78
 matrix elements, 106
 molecular rotation, 343
 operators, 71, 100
 properties, 105
 quantum number, 78
 several sources, 118
 symmetry, 160
 total, 111, 247
 uncoupled picture, 112
 vector model, 114, 248
 vector representation, 71, 102
Angular wavefunction, 95
Anharmonic vibration, 354
Anharmonicity, 370
Anharmonicity constant, 355
Annihilation operator, 61
Anomalous g-factor, 215, 250
Anomalous Zeeman effect, 249
Antibonding orbital, 265
Antiparallel spins, 115, 350
Anti-Stokes lines, 339, 348
Antisymmetric stretch, 363
Antisymmetrized direct product, 154, 

244
Antisymmetry of wavefunction, 227
Anti-tunnelling, 48
Applied fi eld, effect on atoms, 248

Approximation
 Born, 501
 Born–Oppenheimer, 258
 central-fi eld, 230
 close-coupling, 507
 closure, 183
 coupled-channel, 507
 generalized gradient, 322
 Hückel, 277
 local density, 243, 321
 meta-generalized gradient, 323
 orbital, 222
 semiclassical, 170
 Stirling’s, 56
 tight-binding, 286
 WKB, 171, 498
 zero differential overlap, 328
Argument (of complex number), 35
Associated Laguerre function, 87, 96
Associated Legendre function, 95
Associative multiplication, 131
Asymptotic equality, 62
Asymptotic form, scattering, 481
Atom shrinkage, 227
Atomic orbital, 90
Atomic spectra
 fi ne structure, 217
 introduced, 4
Atomic units, 221
Aufbau principle, 232
Austin model, 331
Average value, classical physics, 32
Average value, quantum mechanics 22 
Axis of improper rotation, 126
Axis of symmetry, 126
Azimuth, 76

B
Background phase shift, 492
Balmer formula, 4
Balmer series, 211
Balmer, J., 4
Band gap, 287
Band structure, 291
Band theory, 286
Barrier penetration, 45, 477
Basis
 double-zeta, 305 
 LCAO, 262
 minimal, 276
 representation, 134 
 symmetry-adapted, 147
Basis-set superposition error, 306
Basis-set truncation error, 302

Benzene, 279
 electronic transitions, 393
Bessel function, 74
Bessel’s equation, 73
Birefringence, 434
Bixon–Jortner theory, 397, 406
Black-body radiation, 1
Bloch function, 288
Bloch theorem, 288
Block-diagonal form, 140
Bohr atom, 5
Bohr magneton, 215
Bohr model of hydrogen atom, 8
Bohr radius, 88, 221
Bohr, N., 5
Bohr–Sommerfeld quantization condition, 

173
Boltzmann distribution, 204, 339, 349
Boltzmann’s constant, 2
Bond formation, criteria, 269
Bond length, 308
Bond order, 270
Bonding, contributions to, 261
Bonding orbital, 265
Born approximation, 501
Born expansion, 501
Born interpretation, 24
Born, M., 24
Born–Oppenheimer approximation, 258
Boson, 227
Boundary condition, 66
 cyclic, 70
Boundary surface
 atom, 91
 particle on a sphere, 81
Boys, S.F., 303
Bra, 17
Bracket, 17
Brackett series, 211
Branch structure, 359
Breit, G., 494
Breit–Wigner formula, 495
Breit–Wigner resonance, 496
Brillouin zone, 290
Brillouin, L., 171
Brillouin’s theorem, 311
Building-up principle, 232
Bulk electrical properties, 417
Butadiene, 278, 399

C
Carbon dioxide
 normal modes, 363
 rotational states, 349

A

B

C
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Carbon monoxide molecule, 273
Carbon–carbon double bond transition, 

392
Carbonyl group, 392, 394
 rotational strength, 430
Cases a, b, c, and d, 383
CASSCF, 312 
CC method, 315
CCD, 315
CCSD, 315
CCSDT, 315
Central potential, 69, 483
Central-fi eld approximation, 230
Centre of symmetry, 126
Centrifugal barrier, 487
Centrifugal distortion, 374
Centrifugal distortion constant, 344
Channel, 504
Character
 defi nition, 138 
 full rotation group, 161
 invariance, 138
Character table, 142
Charge, as an angular momentum, 101
Charge density, 433
CHARMM, 332
Chemical shift, 454
Chiral media, 434
Chromophore, 391, 392
CI, 267
Circular polarization, 426
Circular square well, 73
Class
 number of, 144
 symmetry operation, 139
Classical physics and average values, 32
Clebsch–Gordan coeffi cients, 115
Clebsch–Gordan series, 113, 163, 243
Close-coupling approximation, 507
Closed channel, 504
Closure approximation, 183
Closure relation, 17
CNDO, 329
CNPI, 352
Cofactor, 167
Coherent state, 59
Colatitude, 76
Collapse of the wavefunction, 23
Combination band, 370
Commutation relations, angular 

momentum, 100
Commutative multiplication, 131
Commutator, 13
 in rotating frame, 385
 relation to geometry, 165
 simultaneous eigenstate, 27
Commute, 13, 131
Complementarity, 6, 28
Complementary observables, 28
Complete active-space self-consistent fi eld 

method, 312
Complete nuclear permutation–inversion 

group, 352
Complete set, 11
Completeness relation, 17
Complex conjugate, 35
Complex number, 35

Complex plane, 35
Complex wavefunction, 26, 43
Compound doublet, 220
Compton effect, 4, 7
Compton wavelength, 4
Compton, A.H., 4
Computational chemistry, 295
Condon–Slater rules, 234
Conduction band, 287
Confi guration, 219
Confi guration interaction, 267
 introduced, 247
 molecules, 309
Confi guration state function, 308
Conjugate symmetry elements, 139
Conjugated p-systems, 276, 327
Conrotatory path, 399
Conservation law, 31
Conservation of orbital symmetry, 399
Constant
 anharmonicity, 355
 Boltzmann’s, 2
 centrifugal distortion, 344
 Euler’s, 292
 fi ne-structure, 8, 217
 force, 54
 gas, 3
 generalized force, 362
 nuclear screening, 231
 Planck’s, 2
 rotational, 343
 Rydberg, 5, 210
 second radiation, 7
 shielding (NMR), 454
 spin–orbit coupling, 216
Constant of the motion, 31
Continuum, transition to, 201
Contracted Gaussian function, 304
Contraction schemes, 306
Convergence, 181
Convolution theorem, 381
Core hamiltonian, 327
Coriolis force, 372
Correlation diagram, 401
 atomic terms, 248
Correlation energy, 309
Correlation problem, 238
Correspondence principle, 51
Cosine law, 122
Coulomb gauge, 443
Coulomb integral, 236
 atom, 223
 MO theory, 263
Coulomb operator, 236, 297
Coulomb potential energy, 15
Coulombic fi eld, motion in, 84
Coulson–Rushbrooke theorem, 278
Counterpoise correction, 307
Coupled-cluster method, 315
Coupled angular momenta, construction 

of states, 116
Coupled picture, 112
Coupled states, 111
Coupled-channel approximation, 507
Coupling schemes, 247
Creation operator, 61
Cross product, 122

Cross-section, 479, 482
CSF, 308
Cumulative reaction probability, 508
Curie law, 440
Curl, 474
Current density, 433, 449
 relation to energy, 455
Curvature, 39
Cyclic boundary condition, 70
Cyclic polyenes graphical mnemonic, 281
Cycloaddition reaction, 399, 401
Cyclobutene, 399

D

d2 states, 116
Davisson–Germer experiment, 6, 480
DCI, 311
d–d transition, 394
de Broglie relation, 5, 42
de Broglie wavelength, 480
de Broglie, L., 5
Debye temperature, 3
Debye, P., 3
Debye’s theory of heat capacity, 3
Decoupled angular momenta, 382, 384
Degeneracy
 accidental, 53, 94
 degree of, 159
 symmetry, 158
Degenerate state perturbation theory, 185
Degenerate systems as loose systems, 195
Delay time, 511
Delocalization energy, 279
δ function, 509
Density functional theory, 295 
 atom, 239
 full treatment, 317
Density matrix elements, 301
Density of lines of force, 438
Density of radiation states, 203, 339
Density of states
 electron gas, 240
 molecular, 201
 one-dimensional solid, 287
Detailed balance, 510
Determinant, 166
Dewar, M.J.S., 329
Dextrorotatory, 426
DFT, 239, 295, 317
 time-dependent, 382
Diagonal matrix, 166
Diamagnetic, 438
Diamagnetic contribution to shielding 

constant, 458
Diamagnetic current density, 451
Diamagnetic molar susceptibility, 446
Dicarbon molecule, 272
Dielectric medium, 417
Diels–Alder reaction, 399, 401
Differential cross-section, 479, 482
Differential equation, 66
Differential overlap, 328
Differential scattering cross-section, 489
Dihedral plane, 126
Dioxygen potential energy curves, 272

D
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Dipolar fi eld, 454
Dipolar vector potential, 471
Dipole moment, induced, 408
Dipole–dipole interaction, 463
Dirac bracket, 16
Dirac δ function, 38, 509
Dirac equation, 215, 238
Dirac, P.A.M., 196, 242
Direct product
 antisymmetrized, 154, 244
 symmetrized, 153
 reduction of, 152
 representation, 152
 table, 153, 519
Direct sum, 141
Direct-product group, 154
Dispersion, 425
Dispersion interaction, 413
Disrotatory path, 399
Dissociation, Wigner–Witmer rules, 386
Dissociation energy, 355
Divergence, 474
d-Orbital, 90
 properties, 93
Dot product, 121
Doublet term, 219
Double-zeta basis set, 305
Double-zeta plus polarization basis, 305
Doubling, 373
Doubly excited determinant, 308
Duality, 5
Dulong and Petit’s law, 2
Dynamic polarizability, 421
Dynamic polarizability volume, 421
Dyson’s equation, 503
DZ basis set, 305
DZP basis set, 305

E

Eckart potential barrier, 49
Eckart, C., 49
Effect
 Compton, 4, 7
 Paschen–Back, 251
 photoelectric, 3
 Ramsauer–Townsend, 511
 Stark, 248, 251
 Zeeman, 248
Effective mass, 353
Effective nuclear charge, 229
Effective potential energy, 85
Ehrenfest, P., 2
Ehrenfest’s theorem, 32
Eigenfunction, 10 
 orbital angular momentum, 108
 orthogonality of, 19
Eigenvalue, 10, 167
 reality of, 19
Eigenvalue equation, 10, 167
Eigenvector, 167
Einstein coeffi cient
 spontaneous emission, 204
 stimulated absorption, 203
 stimulated emission, 203
Einstein coeffi cients, 207

Einstein temperature, 3
Einstein, A., 3, 203
Einstein’s theory of heat capacity, 3
Elastic scattering, 476, 480
Electric dipole transition, 206
Electric dipole transition moment, 338, 

356, 361, 389
Electric displacement, 433
Electric fi eld in medium, 417
Electric fi eld strength, 433
Electric quadrupole transition, 213
Electric susceptibility, 418
Electrical anharmonicity, 358
Electrical properties, 417
Electrocyclic reaction, 399
Electromagnetic fi eld
 energy density, 206
 zero-point oscillations, 204
Electromagnetism, gauge origin, 449
Electron beam, magnetic interaction, 456
Electron correlation, 308
Electron density, 239
 two-point, 242
Electron diffraction, 6
Electron exchange,Thomas–Fermi method, 

242
Electron gas, 240
Electron paramagnetic resonance, 454
Electron slip, 384
Electron spin, 214
Electron tunnelling, 252
Electron–electron coupling, 462
Electronic spectra, 391
Electron–nucleus spin coupling, 463
Electrostatic potential, DFT, 241
Element
 matrix, 166
 symmetry, 126
Ellipsoidal coordinates, 260, 264
Emission, 203
Energy
 fi rst-order correction, 177
 molecular vibration, 353 
 one-electron, 237
 relation to current density, 455
 rotational, 342
 SCF, 307
 second-order correction, 177, 180 
 zero-point, 51, 58
Energy density, 2
Energy density of radiation states, 203, 

339
Energy fl ux, 432
Energy levels
 harmonic oscillator, 55
 hydrogen atom, 89, 210
 particle in a box, 50
 particle in a circular square well, 74
 particle in a spherical well, 83
 particle on a ring, 70
 particle on a sphere, 78
 rigid rotor, 82
Energy–time uncertainty, 205
EPR, 454
equation
 Bessel’s, 73
 differential, 66

 Dyson’s, 503
 eigenvalue, 10
 Euler–Lagrange, 471
 Hartree–Fock, 235
 Kohn–Sham, 320, 321
 Maxwell, 433
 Poisson’s, 254
 radial, 86
 Roothaan, 298
 Rosenfeld, 429
 Schrödinger, 24, 480
 secular, 263
 Thomas–Fermi, 254
Error function, 65
Ethene, 277
 dimerization, 404
Euler’s constant, 292
Euler’s formula, 35
Euler’s relation, 26
Euler–Lagrange equation, 471
Exchange integral, 237
 atom, 224
Exchange operator, 236, 297
Exchange–correlation energy, 320
Exchange–correlation potential, 320
Excitance, 1
Excited state decay, 396
Excluded terms, 244
Exclusion rule, 368
Expectation value, 22
 as a functional, 253
 time evolution, 31
Exponential integral, 292
Exponential operator, 34, 315
Exponentially switched perturbation, 199
Extended Hückel theory, 281
External fi eld, effect on atoms, 248

F

Factorial, 56
Factorization method, 61
FEMO, 64
Fermi contact interaction, 465, 472
Fermi heap, 225
Fermi hole, 225, 246
Fermi, E., 239
Fermi’s golden rule, 202
Fermion, 227
Feynman diagram, 198
Feynman, R.P., 198
Fine structure
 atomic spectra, 217
 NMR, 463
Fine-structure constant, 8, 217
Finite lifetime, 205
First overtone, 358, 370
First-order correction
 energy, 177
 wavefunction, 178
First-order WKB approximation, 171
Flatland, 95
Fluctuation, 411
Fluctuation–dissipation theorem, 411
Fluctuations of electromagnetic fi eld, 204
Fluorescence, 398

FE
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Flux density, translational motion, 43
Fock matrix, 299
Fock operator, 253, 297
Forbidden transition, 392
f-Orbital, 90
Force constant, 54
Forced oscillator, 423
Formula
 Balmer, 4
 Breit–Wigner, 495
 Euler’s, 35
 Lorenz–Lorentz, 424
 Rabi, 195
 Rutherford’s, 503
Fourier transform, 380
Franck–Condon factor, 389
Franck–Condon principle, 388
Free electron molecular orbital model, 64
Frequency offset, 200
Frontier orbital, 271, 400
Full CI, 310
Full rotation group, 159
 characters, 161
Functional
 details, 253
 introduced, 240
Functional derivative, 254, 320
Fundamental progression, 388
Fundamental transition, 365

G
Gas constant, 3
Gauge, 443, 448
Gauge invariance, 442
Gaussian, 304
 contracted, 304
Gaussian function, 60
Gaussian-type orbital, 303
GDA, 322
General solution of a differential equation, 

66
Generalized force constant, 362
Generalized gradient approximation, 322
Generator of rotation, 160
Gerade, 266
Gerlach, W., 110
g-factor, 215
Golden rule, 202
GOT, 142
Goudsmit. S., 110
Grad, 123
Gradient, 123, 323, 474
Gradient method, 323
Graph theory, 281
Great orthogonality theorem, 142
Green’s function, 499, 503, 509
Gross selection rule, 339
Group, defi nition, 131
Group multiplication table, 132
Group theory, 125, 132
 molecular vibration, 366
Group velocity, 60
GTO, 303
g-value, 250
 EPR, 460

Gyromagnetic ratio, see magnetogyric ratio, 
215

H
Hall, G.G., 298
Hamilton, W.R., 15
Hamiltonian, 15
 contact interaction, 465 
 core, 327
 dipolar coupling, 463
 dipole–dipole interaction, 413
 electric dipole interaction, 407
 electron–nucleus magnetic interaction, 464
 harmonic oscillator, 55
 hydrogen molecule, 266
 hydrogen molecule–ion, 260
 hyperfi ne interaction, 464
 magnetic interactions (NMR), 455
 many-electron system, 295
 molecular rotation, 342
 molecular vibration, 353
 one-electron, 219, 236
 particle in a box, 50
 particle in a circular square well, 73
 particle in a two-dimensional well, 52
 particle on a ring, 69
 particle on a sphere, 76
 polyatomic vibration, 364
 presence of magnetic fi eld, 443, 471
 reference system (DFT), 320
 rigid rotor, 82
 spin, 460 
 valence-electron, 329
Hard sphere scattering, 490
Harmonic oscillator, 54, 353
 dispersion interaction, 415
 dynamic polarizability, 423
 energy levels, 55
 hidden symmetry, 55
 matrix elements, 34, 57
 oscillator strength, 432
 properties, 57
 solution by factorization, 61
 standard solution, 62
 static polarizability, 410 
 wavepacket, 59
 wavefunctions, 55
 WKB method, 173 
 zero-point energy, 58
Hartree energy, 221
Hartree–Fock equations
 atom, 235 
 derivation, 253
Hartree–Fock limit, 302
Hartree–Fock method, 296
Hartree–Fock orbitals, 235
Heat capacity, 2, 7
Heisenberg, W., 6, 14, 28
Heisenberg’s uncertainty principle, 28
Helical wavefunction, 43
Helium
 allowed and forbidden terms, 226
 excited states, 224
 spectrum, 225
 structure, 221

Hellmann–Feynman theorem, 191, 408
Hermann–Mauguin system, 127
Hermite polynomial, 55, 357
 alternative defi nition, 62
 properties, 56
 table, 56
Hermitian conjugate, 107
Hermitian operator, 18
Hermiticity, 18
Hessian matrix, 325
Heteronuclear diatomic molecules, 272
HF limit, 302
HF method, 297
Hidden symmetry, 53 
 harmonic oscillator, 55
Hierarchy of names, 219
High-spin complex, 284
HMO, 327
Hohenberg–Kohn existence theorem, 317
Hohenberg–Kohn variational theorem, 319
HOMO, 271
Homonuclear diatomic molecules, 270
Hooke’s law, 54
Horizontal plane, 126
Hückel approximation, 277
Hückel method, 327
Hückel molecular orbital theory, 327
Humphreys series, 211
Hund coupling cases, 382
Hund, F., 245, 383
Hund’s rule, maximum multiplicity, 232
Hydrogen atom
 accidental degeneracy, 94
 analysis of spectrum, 219 
 Bohr model, 8 
 energy levels, 210
 spectrum, 210
Hydrogen molecule
 DFT treatment, 322
 HF approach, 298
 MO theory, 266 
 molecular potential energy curve, 267
 rotational states, 350
Hydrogen molecule–ion, 260 
 molecular orbital energy level diagram, 

265
Hydrogenic atom, 84
 accidental degeneracy, 94
 degeneracy, 94
 energy levels, 89
 quantum numbers, 89
Hydrogenic wavefunctions, table, 88
Hyperbolic function, 49
Hyperfi ne effects, 454
Hyperfi ne interaction, 463
 anisotropic, 466
Hyperfi ne structure, EPR, 463
Hyperpolarizability, 408
Hypervirial theorems, 63

I
Identity, 126
Improper rotation, 126
Inactive orbital, 312
Incident channel, 505

I

G

H
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Incident fl ux, 479
Incoming wave, 46
INDO, 329
Induced magnetic moment, 438
Inelastic scattering, 476, 504
Infrared activity, 365
Initial conditions, 66
Insulator, 288
Integral, vanishing, 156
Integral scattering cross-section, 479, 489
Integration of a differential equation, 66
Intensity of radiation, 206
Intercombination transition, 393
Intermediate neglect of differential overlap, 

329
Intermolecular forces, 413
International system, 127
Intersystem crossing, 398
Inverse Fourier transform, 380
Inversion, 126
 symmetry operation, 126
Inversion doubling, 373
Ionization energy, 211
 periodicity, 233
Irreducible representation, 142
Irrep, 142
Iteration procedure, 301

J
Jahn–Teller theorem, 284
Jeans, J., 2
Jeffreys, H., 171
jj-coupling, 248
JWKB approximation, 171

K
Ket, 17
Kohn, W., 319
Kohn–Sham equation, 320, 321
Kohn–Sham orbital, 320
Koopmans’ theorem, 237
Kramers, H., 171
Kronecker delta, 16
Kronig–Penney model, 288
KS equation, 321
Kuhn–Thomas sum rule, 412, 432

L
Laevorotatory, 426
Lagrange multiplier, 241, 253
Laguerre function, 87, 96
Lamb formula, 458
Lamb shift, 220
Lambda doubling, 384
Landé g-factor, 250
Landé interval rule, 256
Langevin function, 419, 439
Langevin term, 446
Laplacian, 14, 69, 123
Laporte selection rule, 211
Law
 conservation, 31 

 cosines, 122
 Curie, 440
 Dulong and Petit’s, 2
 Hooke’s, 54
 Lorentz force, 471
 Stefan–Boltzmann, 1
 Wien’s displacement, 1
LCAO, 262
LDA, 243, 321
Legendre function, 95
Legendrian, 124
Level, 219
Lewis, G.N., 4
Lifetime and energy uncertainty, 205
Lifetime broadening, 205
Ligand fi eld splitting parameter, 282
Ligand fi eld theory, 282
Limit of spectral series, 211
Limited CI, 310
Line spectra, 210
Linear combination, 11 
 symmetry-adapted, 147
Linear differential equation, 66
Linear independence, 12
Linear momentum, 42
Linear operator, 10
Linear rotor, 344
Linear Stark effect, 251
Lines of force, 438
Little orthogonality theorem, 143
Local density approximation, 243, 321
Local fi eld, 418
London formula, 416
London interaction, 413
Lorentz force law, 471
Lorentz local fi eld, 418
Lorenz–Lorentz formula, 424
LOT, 143
Lowering operator, 102
Low-spin complex, 284
LS-coupling, 247
l-type doubling, 372
LUMO, 271
Lyman series, 211

M

Magnetic dipolar fi eld, 454
Magnetic dipole interaction, 463
Magnetic dipole moment, 437 
Magnetic dipole transition, 213
Magnetic fi eld strength, 433, 438
Magnetic induction, 433, 438
Magnetic moment, 214, 250
 orbital, 214
Magnetic resonance, 454
Magnetic susceptibility, 438, 445
Magnetically induced polarization, 427
Magnetic dipole density, 439
Magnetizability, 445
Magnetization, 433
Magnetogyric ratio, 215
Many-body perturbation theory, 313
Many-electron atom, 229
Many-level system, perturbation theory, 

176

Maser, 374
Mass-weighted coordinate, 362
Matrix, 17
 defi nition, 166 
 unit, 14
Matrix element, 17, 166
 angular momentum, 106 
 harmonic oscillator, 57
 shift operators, 106
 spin, 110 
 symmetry, 157, 182
Matrix inverse, 167
Matrix mechanics, 14
Matrix notation, 17
Matrix product, 166
Matrix representation, 133
Matrix representative, 133
Matrix sum, 166
Maximum multiplicity, 232
Maxwell equations, 427, 433
MBPT, 313
MCSCF, 312
Mean dynamic polarizability, 423
Mean lifetime, scattering, 497
Mean magnetizability, 445
Mean polarizability, 410
Mean radius of orbitals, 94
Measurement, outcome of, 23
Mechanical anharmonicity, 358
Meta-generalized gradient approximation, 

323
Metallic conductor, 288
Methane, orbitals in, 147
mGGA, 323
Microscopic reversibility, 510
Microstate, 244
MINDO, 330
Minimal basis set, 276
Minimum-uncertainty state, 59
Mirror plane, 126
MM, 332
MNDO, 331
MO, 260
Modifi ed intermediate neglect of differential 

overlap, 330
Modifi ed neglect of differential overlap, 331
Modulo-p ambiguity, 486
Modulus, 35
Molar magnetic susceptibility, 440
Molar refractivity, 424
Molecular collisions, 339
Molecular density of states, 201
Molecular integrals, 292
Molecular mechanics, 332
Molecular orbital, 262, 274 
 benzene, 279 
 diatomic molecules, 269
 introduced, 260
 octahedral complex, 282 
 one-dimensional solid, 287 
 polyatomic molecules, 274
 water, 274
Molecular potential energy curve, 258
 hydrogen, 267
 oxygen, 272
Molecular potential energy surface, 258
Molecular rotation, 340

M

L

K

J
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Molecular symmetry classifi cation, 127
Molecular vibration, 353
Møller, C., 313
Møller–Plesset perturbation theory, 313
Moment of inertia, 76, 340, 341
 table, 341 
Momentum representation, 13
Morse potential energy, 354
MP3, 314
MP4, 314
MPPT, 313
Multichannel process, 504
Multichannel scattering, 508
Multiconfi guration self-consistent fi eld 

method, 312
Multiple-quantum dipole transition, 214
Multiplicity, 219

N
NDDO, 331
Neglect of datomic differential overlap, 331
n-fold improper rotation, 126
n-fold rotation, 126
Nitric oxide, 384
Nitrogen dioxide, 391
Nitrogen monoxide, 384
NMR, 454
Node, 51
 radial, 88
Non-Abelian group, 133
Non-adiabatic process, 403
Non-alternant hydrocarbon, 278
Non-classical refl ection, 48
Non-local exchange, 243
Non-radiative decay, 396
Non-reactive scattering, 476
Normal coordinate, 363
Normal mode, 362, 364, 375
 symmetry, 366
Normal Zeeman effect, 248
Normalization, 16
Normalization factor, 16
n-to-p* transition, 392
Nuclear hyperfi ne effects, 383
Nuclear magnetic resonance, 454
Nuclear screening constant, 231
Nuclear spin properties, 466
Nuclear spin–spin coupling, 467
Nuclear statistics, 349
Nucleus–nucleus spin coupling, 463, 467

O
Oblate top, 343
O-branch, 361
Observable, 9
Octahedral complex, 282
One-dimensional solid, 287
One-dimensional square well, 49
One-electron energy, 237
One-electron hamiltonian, 219, 236, 296
One-electron operator, 235
One-electron orbital energy, 236
Open channel, 504
Operation, symmetry, 126

Operator, 9
 angular momentum, 71
 annihilation, 61
 Coulomb, 236, 297
 creation, 61
 exchange, 236, 297
 exponential, 34, 315
 Fock, 253, 297
 hamiltonian, 15
 Hermitian, 18
 Hermitian conjugate, 107
 linear, 10
 lowering, 102
 one-electron, 235
 potential energy, 14
 projection, 148
 raising, 102
 shift, 102
 total energy, 15
 two-electron, 235
 vector, 102
Optical activity, 425
Optical birefringence, 425
Optical rotatory dispersion, 430
Optical theorem, 511
Orbital, 90
 active, 312 
 atomic, 90
 antibonding, 265
 bonding, 265
 Hartree–Fock, 235
 inactive, 312
 Kohn–Sham, 320
 mean radius, 94 
 order of occupation, 232
 Slater type, 233, 303
 virtual, 308, 312
Orbital angular momentum, see angular 

momentum, 100
Orbital approximation, 222
Orbital exponent, 303
Orbital magnetic moment, 214
Orbital symmetry, conservation of, 399
ORD, 430
Order of group, 132
 relation to dimensions, 145
Ordinary differential equation, 66
Orthogonal, 16
Orthogonality, symmetry, 156
Orthogonalization procedure, 257
Ortho-hydrogen, 351
Orthonormality condition, 16
Oscillating perturbation, 199
Oscillator strength, 432
 relation to polarizability, 412
Outgoing Green’s function, 500
Outgoing wave, 46
Overlap charge density, 265
Overlap integral
 evaluation, 264 
 introduced, 15
 nuclear states, 389
 p-orbital, 294
Overlap matrix, 299
Overtone, 358
Oxygen molecule, 271
 molecular potential energy curves, 272

P
Parabolic potential energy, 54
Para-hydrogen, 351
Parallel electron spins, 115
Parallel spins, 350
Paramagnetic, 438
Paramagnetic contribution, shielding 

constant, 459
Paramagnetic current density, 451
Paramagnetic molar susceptibility, 446
Paramagnetism, 439
Pariser–Parr–Pople method, 328
Parity classifi cation, 266
Partial differential equation, 66
Partial width, 508
Partial-wave analysis, 484
Partial-wave stationary scattering state, 

484
Particle in a box, 49 
 energy levels, 50 
 perturbation theory, 178, 180
Particle in a circular square well, 73, 74
Particle in a fi nite well, 64
Particle in a spherical well, 83
Particle on a ring, 69
 classical limit, 72
 properties, 72
 wavepacket, 72
Particle on a sphere, 75
 boundary surface, 81 
 properties, 80
 wavefunctions, 80
 wavepacket, 81
Paschen series, 211
Paschen–Back effect, 251
Pauli exclusion principle, 228
Pauli matrices, 111, 119
Pauli principle, 21, 227, 350
p-Band, 287
P-branch, 359, 390
Penetration, 41, 44, 45, 231
Penetration  depth, 45
Pericyclic reaction, 399
Periodic solid, 290
Periodicity, 232
Permanent magnetic dipole moment, 437
Permittivity, 417
Permutation–inversion operator, 352
Perturbation, 174   
 exponentially switched, 199 
 oscillating, 199 
Perturbation theory, 174
 convergence, 181
 degenerate states, 185
 exponentially switched perturbation, 

199
 many-body, 313
 many-level system, 176
 Møller–Plesset, 313
 orders of perturbation, 181
 oscillating perturbation, 199
 particle in a box, 180
 role of symmetry, 182
 slowly switched, 198
 time-dependent, 192
 two-level system, 174

P

N

O
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Pfund series, 211
Phase shift
 background, 492
 resonance, 492
 WKB approximation, 498
Phase velocity, 60
Phosphorescence, 398
Photochemical reaction, 402
Photoelectric effect, 3
Photon, 4
 orbital angular momentum, 214
 spin, 212
Photon spin, 212
p Bonding, d-metal complex, 285
p-Lines, 249
p Orbital, 269
p-to-p* transition, 392
Planck distribution, 2, 204
Planck, M., 2
Planck’s constant, 2
Plesset, M.S., 313
PM1, 331
Point group, 127
Point group fl ow chart, 130
Poisson’s equation, 254
Polarizability, 360, 366, 407
 relation to molecular properties, 411
Polarizability volume, 410
Polarization, 418, 433
 magnetically induced, 427
Pole (of function), 497
Polyatomic molecule
 electronic spectra, 391
 vibration, 361
Pople, J.A., 329
p-Orbital, 90
 properties, 91
 transformation, 151
Position representation, 13
Postulates, 20
Potential energy
 effective, 85
 parabolic, 54
Potential energy operator, 14
PPP, 328
Predissociation, 391
Primitive Gaussian function, 304
Principal axis, 126, 408
Principal quantum number, 89
principle
 Aufbau, 232
 building-up, 232
 correspondence, 51
 detailed balance, 510
 microscopic reversibility, 510
 Pauli exclusion, 228
 Pauli, 21, 227, 350
 Ritz combination, 5
 uncertainty, 6
Probability amplitude, 24
Probability density, 24
Progression, 389
Projection operator, 148
Prolate top, 343
Propagation of fi elds, 434
Pulay, P., 324
P-wave scattering, 484

Q
Q-branch, 359, 390
QM/MM, 333
Quadratic Stark effect, 252
Quantization
 boundary conditions, 40
 introduced, 2
 space, 79
Quantum electrodynamics, 215
Quantum mechanics–molecular mechanics, 

333
Quantum number, 5, 21, 78
 hydrogenic atom, 89
 principal, 89

R
Rabi formula, 195
Racah coeffi cents, 118
Racah parameter, 246
Radial distribution function, 90
Radial equation, 86, 96
Radial node, 88
Radial wavefunction, scattering, 487
Radiation, intensity of, 206
Radiationless transition, 396
Radiative decay, 398
Radius of gyration, 69, 75
Raising operator, 102
Raman active, 366
Raman processes, 339
Raman spectra, branches, 361
Raman transition, 340, 360
Ramsauer–Townsend effect, 511
RAS method, 312
Rate constant, 508
Rate of transition, 339
Rayleigh ratio, 187
Rayleigh, Lord, 2, 189
Rayleigh–Jeans law, 2
Rayleigh–Ritz method, 189
R-branch, 359, 390
Reactance matrix, 511
Reactive scattering, 476, 507
Reduced mass, 340, 354, 480
 hydrogenic atom, 85
 rigid rotor, 82
 separation of translation, 95
Reduction of representation, 141
Refl ection, 126
Refl ection probability, 47, 478
Refractive index, 420, 434
 dispersion of, 425
relation
 de Broglie, 42
 Euler’s, 26
Relative permeability, 438
Relative permittivity, 417
Relativistic effects, 238
Rellich–Kato theorem, 181
Representation
 irreducible, 142
 momentum, 13
 operator, 12
 position, 13
 reduction of, 141, 146

Resonance
 Breit–Wigner, 496
 multichannel scattering, 508
 scattering, 490, 496
Resonance energy, 497
 scattering, 494
Resonance integral, 263, 265
Resonance phase shift, 492
Resonance width, 495
Restricted active-space method, 312
Restricted Hartree–Fock wavefunction, 238
Restricted open-shell formalism, 238
Resultant vector, 122
Retardation, 416
RHF, 238
Riccati function, 486
Riccati–Bessel function, 486
Riccati–Neumann function, 486
Right-hand rule, 122
Rigid rotor, 81, 342
Ritz combination principle, 5
Robertson, H.P., 28
Root mean square deviation, 28
Roothaan equations, 298, 299
Roothaan, C.C.J., 298
Rosenfeld equation, 429
Rotary-refl ection axis, 126
Rotating frame, 385
Rotation, 340

n-fold, 126
Rotational constant, 343
Rotational Raman transitions, 340
Rotational strength, 429
Rotational structure
 vibronic transition, 390
rule
 Condon–Slater, 234
 exclusion, 368
 Hund’s, 232, 245
 Kuhn–Thomas sum, 412, 432
 Landé interval, 256
 maximum multiplicity, 232
 Wigner–Witmer, 386, 521
Russell–Saunders coupling, 243, 247
Rutherford’s formula, 503
Rydberg constant, 5, 210
Rydberg level, 383
Rydberg, J., 5

S
S matrix, 476
SALC, 147, 274
 ammonia, 276
 benzene, 279
 octahedral complex, 282

π orbitals in complexes, 285
S-branch, 361
Scalar function, 474
Scalar physical property, 121
Scalar potential, 433, 443
Scalar product, 121
Scattering, 476
 Coulomb, 503
 delay time, 511
 Rutherford, 503
 spherical square well, 491

S
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Scattering amplitude, 482
Scattering cross-section, 489
Scattering matrix, 476
Scattering matrix element, 489
Scattering phase shift, 486
SCF, 235
Schmidt orthogonalization procedure, 257
Schoenfl ies system, 127
Schrödinger equation, 24
 factorization, 61
 gauge invariance, 448
 hydrogenic atom, 84
 scattering, 480
 time-independent, 26
Schrödinger, E., 6, 24
SDCI, 311
Second harmonic, 358
Second radiation constant, 7
Second-order correction, energy, 177, 

180
Secular determinant, 186, 263
Secular equation, 167, 186
Secular equations, 263
Selection rule, 211 
 diatomic molecules, 386
 gross, 339
 many-electron atom, 245
 molecular vibration, 356
 photon spin, 212
 polyatomic vibration, 365
 rotational Raman, 347
 specifi c, 339
 symmetry, 212
 vibrational Raman, 361
s-Electron, 90 
Self-consistent fi eld, 296
 atom, 235
Semiclassical approximation, 170
Semiconductor, 288
Semiempirical method, 295, 326
Separation of variables, 25, 52, 67
 hydrogenic atom, 85
Sham, L.J., 319
Shape function, 44
Shell, 230
Shielded Coulomb potential, 256
Shielding, 231
Shielding constant, 454
 contributions to, 457
Shift operator, 102, 106 
 in rotating frame, 385
s-Lines, 249
s Orbital, 261
Similarity relation, 137
Similarity transformation, 136, 168
Simultaneous equations, 168
Simultaneous observables, 27
Single valued, 38
Singlet state, 115
 vector representation, 116
Singlet–triplet transition, 394
Singly excited determinant, 308
Size-consistent method, 311
Slater determinant, 228, 296
 full development, 234
Slater type orbital, 233
Slater, J.C., 234, 321

Slater–Condon rules, see Condon–Slater 
rules, 234

Slater-type orbital, 233, 303
S-matrix
 multichannel scattering, 508
s-Orbital, 90
 properties, 91
Space group, 127
Space quantization, 79
Specifi c selection rule, 339
Specifi ed state preparation, 196
Spectral density function, 205
Spectral density of states, 2
Spectral term, 5
Spectroscopic transition, 211, 338
Spherical Bessel function, 83, 486
Spherical harmonics, 77
 table, 78 
Spherical Neumann function, 486
Spherical polar coordinates, 76
Spherical rotor, 344
Spherical square well 
 scattering, 491 
Spin, 21, 101
 introduced, 110
 matrix elements, 110
 properties, 110
Spin correlation, 225, 229, 246
Spin hamiltonian, 460
Spin magnetic moment, 215
Spin-only formula, 440
Spin–orbit coupling, 215
 g-value in EPR, 461
 spin–spin coupling, 463 
 singlet–triplet transition, 394
Spin–orbit coupling constant, 216
Spinorbital, 228, 296
Spin–spin coupling, 454, 462
Split-valence basis set, 305
Spontaneous emission, 204
Spontaneous transition, 339
Spreading of wavepacket, 60
Square integrable, 24
Square modulus, 35
Square well 
 circular, 73
 one-dimensional, 49
 two-dimensional, 52
Stark effect, 248, 251
State of a system, 20
 specifi cation of, 26
Static electric polarizability, 409
Stationary scattering state, 481
Stationary state, 26
Stefan–Boltzmann constant, 1
Stefan–Boltzmann law, 1
Stern, O., 110
Stern–Gerlach experiment, 110
Stimulated absorption, 203
Stimulated emission, 203
Stirling’s approximation, 56
STO, 233, 303
Stokes lines, 339, 348
STO-NgG, 306
Strong-fi eld case, 283
Subshell, 230
Superposition, 43, 44

Superposition error, 306
SV basis set, 305
S-wave scattering, 484
Symmetric rotor, 342
Symmetric stretch, 363
Symmetric top, 342
Symmetrized direct product, 153 
Symmetry, 125
 angular momentum, 160
 degeneracy, 158
 hidden, 53
 matrix element, 182
 perturbation theory, 182
 selection rule, 212
Symmetry axis, 126
Symmetry classifi cation fl ow chart, 130
Symmetry element, 126 
 conjugate, 139
Symmetry operation, 126
Symmetry species, 142
Symmetry transformation
 functions, 151
 p-orbital, 151
Symmetry-adapted basis, 147
Symmetry-adapted linear combination, 147

T

Tanabe–Sugano diagram, 284
Taylor series, 353
TD-DFT, 382
Temperature-independent paramagnetism, 

446
Term, 5, 218
Term symbol, 219
 diatomic molecules, 271
 many-electron atom, 243
TFD, 243
Theorem
 Bloch, 288
 Brillouin’s, 311
 convolution, 381
 Coulson–Rushbrooke, 278
 Ehrenfest’s, 32
 fl uctuation–dissipation, 411
 great orthogonality, 142
 Hellmann–Feynman, 191
 Hohenberg–Kohn existence, 317
 Hohenberg–Kohn variational, 319
 hypervirial, 63
 Jahn–Teller, 284
 Koopmans’, 237
 little orthogonality, 143
 optical, 511
 Rellich–Kato, 181
 van Leeuwen’s, 448
 variation, 187
 virial, 57, 62, 94
Theory
 band, 286 
 Bixon–Jortner, 397, 406
 Extended Hückel, 281
 heat capacity, 3, 7
 Hückel molecular orbital, 327
 ligand fi eld, 282
 molecular orbital, 262, 269

T
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Thomas precession, 216
Thomas, L.H., 239
Thomas–Fermi energy functional, 241
Thomas–Fermi equation, 254
Thomas–Fermi method, 239, 317
Thomas–Fermi universal function, 241, 254
Thomas–Fermi–Dirac method, 242
Thompson, G.P., 6
Tight-binding approximation, 286
Time, 31
Time evolution, 31
Time, as a parameter, 31
Time-dependent DFT, 382
Time-dependent perturbation theory, 192
 general case, 196
Time-independent perturbation theory, 174
Time-independent Schrödinger equation, 26
Time-independent wavefunction, 21
TIP, 446
Total angular momentum, 111, 247
 molecular, 383
Total detection frequency, 479
Total energy operator, 15
Total magnetic moment, 250
Trace invariance, 139
Transition
 d–d, 394
 electric dipole, 206
 intercombination, 393

n-to-p, 392
p-to-p*, 392

 vibronic, 393
 virtual, 179
Transition dipole moment, 211, 345
 introduced, 203
Transition moment, 338, 356, 361
Transition rate, 202, 206, 339
Transition state, 399
Translation, direction and phase, 43
Translational motion, 41
Transmission probability, 47, 478
Transpose of matrix, 166
Triangle condition, 114
Tridiagonal determinant, 278
Triplet state, 115
 vector representation, 116
Triple-zeta basis set, 305
Truncation error, 302
Tunnelling, 47
Turning point, 58
Two-dimensional square well, 52
Two-electron operator, 235
Two-level system
 perturbation theory, 174
 time-dependent perturbation theory, 193
Two-point electron density, 242
TZ basis set, 305

U
UHF, 238
Uhlenbeck, G., 110
Ultraviolet catastrophe, 2
Uncertainty principle
 derivation, 28

 energy and time, 31
 introduced, 6
 periodic variables, 72
Uncoupled picture, 112
Unfaithful representation, 140
Ungerade, 266 
Uniform electron gas model, 239
Unit matrix, 14, 166
Unit vector, 121
Unitary matrix, 167, 478
Unrestricted open-shell Hartree–Fock 

formalism, 238
Upper bound, 187

V
Vacuum fl uctuation, 215, 220
Vacuum permeability, 438
Valence band, 288
Valence theory, 258
Valence-electron hamiltonian, 329
van der Waals interaction, 413
van Leeuwen’s theorem, 448
Variation of constants, 196
Variation theorem, 187
Vector
 addition, 121
 defi nition, 121
 multiplication, 121
 subtraction, 121
Vector coupling coeffi cients, 115, 116, 520
Vector coupling schemes, 253
Vector differentiation, 123
Vector function, 474
Vector model, 114, 248
Vector operator, 102
Vector physical property, 121
Vector potential, 433, 441
Vector product, 122
Vector relations, 475
Vector representation, 71, 102
Vector triple product, 429
Velocity–dipole relation, 432
Vertical transition, 388
Vibrational mode, number of, 361
Vibrational Raman transition, 340, 360
Vibrational transition, 357
Vibration–rotation transition, 359
Vibronic transition, 387, 393
Vierer group, 127
Virial theorem, 57, 94
 derivation, 62
 hydrogenic atom, 94
Virtual orbital, 308, 312
Virtual transition, 179
Volume element, 15

W

Water molecule, 274
Wavefunction
 angular, 95
 antisymmetry, 227
 close to nucleus, 87

 collapse of, 23
 complex, 26, 43
 constraints on, 37
 curvature, 38
 far from nucleus, 87
 fi rst-order correction, 178
 harmonic oscillator, 55
 helical, 43
 hydrogenic, 88
 introduced, 21
 particle in a box, 50
 particle in a circular square well, 74
 particle in a spherical well, 83
 particle on a ring, 70
 particle on a sphere, 77, 80
 polyatomic vibration, 365
 presence of barrier, 45
 restricted Hartree–Fock, 238
 rotational, 349
 time evolution, 26
 time-independent, 21
 translation, 41
 WKB approximation, 171
Wavelength, Compton, 4
Wavenumber, 210
Wavepacket, 44
 harmonic oscillator, 59
 motion of, 60
 particle on a ring, 72
 particle on a sphere, 81
 spreading of, 60
Wave–particle duality, 5
Wavevector representation, 291
Weak-fi eld case, 283
Wentzel, G., 171
Wien’s displacement law, 1
Wigner coeffi cients, 115
Wigner–Witmer rules, 386, 521
Wigner, E.P., 494
WKB approximation, 171, 498
Woodward, R.B., 401
Woodward–Hoffmann rules, 401
Work function, 4

X

Xa method, 321

Y

Yukawa potential, 501

Z

ZDO, 328
Zeeman effect, 248
Zerner, Z., 330
Zero differential overlap approximation, 
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Zero-point energy, 51
 harmonic oscillator, 58
Zero-point oscillations, 204
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